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Problem 1

Find a minimal subset S ⊂ Z such that S contains 0,m = 27, n = 18 and is a group under usual integer

addition.

Solution

Since, as a group, S is closed under integer addition, we know that m−n = 9 ∈ S. Note that for all x, y ∈ Z,

we always have

xm + yn = 27x + 18y = 9 ⋅ 3x + 9 ⋅ 2y = 9 ⋅ (3x + 2y).

Thus any element obtained from a Z-combination of 27 and 18 is an element in the set of multiple of 9’s, and

the same logic can be applied to any addition of any elements obtained in this way. The set of all multiples

of 9 is a subset of Z satisfying the requirements (0 is a multiple of 9, of course). If we take away any element

in this set then we are missing an integer of form 9k, which can be obtained by adding 9’s k times. Hence

S = {9k ∣ k ∈ Z} is the minimal subset satisfying the conditions.
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Problem 2

Let p be a prime. We call a ∈ (Z/pZ) to be a generator if {. . . ,−a,0, a + a, a + a + a, . . .} = (Z/pZ). How

many generators does this group have? Explain your answer.

Solution

Clearly 0 ∈ (Z/pZ) is not a generator since adding 0’s always gives 0, not anything else. However, if p is

prime, x is a generator for all 1 ⩽ x ⩽ p − 1.

Proof

Pick an arbitrary x ∈ (Z/pZ) with x > 1, and we want to show that, for all y ∈ (Z/pZ), there exists t

such that x + x + ⋅ ⋅ ⋅ + x
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

t times

= y. This is equivalent to saying

tx ≡ y (mod p)

Since p is a prime, we know that gcd(x, p) = 1 for all 1 ⩽ x ⩽ p − 1. Therefore there is a solution to

kx ≡ 1 (mod p) by Euclid’s algorithm and substitution. Then (ky)x ≡ y (mod p) and we have found a

solution of t. The only exception is when y = 0, in which case we can solve it by letting t = p. Then

px ≡ 0 (mod p). With the exception handled, we conclude that, since y is arbitrary, x can generate any

element in (Z/pZ). Hence x is a generator.

Since x is also arbitrary, we claim that all x ∈ [1, p− 1] are generators of (Z/pZ). Therefore this group has

p − 1 generators.

Problem 3

Given 2 is a generator of (Z/29Z)∗, how many generators does this group have? Given 7 is a generator of

(Z/229Z)∗, how many generators does this group have?
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Solution

(1) Since 2 generates (Z/29Z)∗, we know that

{. . . ,2−2,2−1,1,2,22, . . .} = {1,2, . . . ,28},

i.e., the set on the LHS permutes the set on the RHS.

First, we claim that o(2) = 28. On the one hand, by Lagrange’s theorem we immediately know

o(2) ∣ ∣(Z/29Z)∗∣ = 28. On the other hand, if o(2) < 28, then the LHS can have at most 27 distinct

elements and the equation cannot hold. Hence o(2) = 28, i.e., 228 = e.

Also note that
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

2i2j = 2i+j

2i228−i = 228 = e Ô⇒ (2i)−1 = 228−i

Now if we only look at the exponents, the two equations give nothing else but the group (Z/28Z,+), and

the bijective map f ∶ Z/28Z→ (Z/29Z)∗ defined by f(x) = 2x shows that the two groups are isomorphic.

Clearly, as 2 generates (Z/29Z)∗, any other generator (and non-generator) has the form 2n, and to be a

generator, 2n has to satisfy that, given any b with 0 ⩽ b ⩽ 27, we can always find an a such that (2n)a = 2b

in Z/28Z. Alternatively, we can write this as

an ≡ b (mod 28)

which will always have a solution if and only if gcd(n,28) = 1. (The “if” part is immediate by applying

Euclid’s algorithm and solving the equation b(an) + b(28c) = b(1). The “only if” part can be proven by

taking the contrapositive: suppose gcd(n,28) = m > 1, then any Z-combination of n and 28 is still a

multiple of m. Hence if m ∤ b, it is impossible to find a solution for an ≡ b (mod 28).)

Therefore, x needs to be coprime with 28 to be a generator of (Z/29Z)∗. Hence there are φ(28) =

28 ⋅ (1/2) ⋅ (6/7) = 12† such generators.

(2) Likewise, for (Z/229Z)∗, we know it is isomorphic to (Z/228Z,+), and the number of generators is

φ(228) = 228 ⋅ (1/2) ⋅ (2/3) ⋅ (18/19) = 72†.

Remark

In general, (Z/mZ)∗ has φ(m − 1) generators.
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Remark: on Euler’s Totient Function

I computed φ(28) and φ(228) using the following proposition. The screenshot is taken from one of my

previous notes.
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