590.05 Expanders, High-dimensional Expanders, and their Applications Fall 2025

Homework 3 Solution

Release date: Oct. 16, Due date: Oct. 23.

Guidelines: Submit your self-grade in pdf format on Gradescope by 5pm on Oct. 23. Please
compare your solutions with the posted ones and assign yourself points honestly:

e Full credit: essentially correct
o 50% credit: good progress but errors/incomplete
o 25% credit: some relevant ideas only
e No credit: no real attempt
If you take partial credit, briefly note why.

Q 1 (Sampling on bipartite expanders, 3 pts). Let G = (L, R, E') be a biregular bipartite graph

with normalized biadjacency matrix B whose second largest singular value is A\. Prove the following

concentration result. For any subset S C L s.t. % =¢ and any C > 0,

IN(v) N 9] \?

v~Uniform(R) ‘N(’U) ’

From this concentration result, we can deduce that when A\? < ¢, most of the v € R has ~ e-fraction
of its neighbors inside S. So in other words N(v) (where v ~ Uniform(R)) samples L well.

Hint: Expander mixing lemma.

Solution
Let f =15 : L — {0,1} denote the indicator function of the set S. For each v € R, define

_IN@OS|_
Xo= SN = BNw)

where B is the normalized bipartite biadjacency matrix. Equip these function spaces with the inner
product

<97 h>Uniform(R) = vaUniform(R) [g(v)h(v)}v

and the induced norm HgH%mform(R) =E[g(v)?.

Expectation. Since B preserves the constant function 1, we have

vaUniform(R) [XU] = <Bfa T>Uniform(R) = <fa T>Uniform(L) =&



Variance. By definition,
Var(X,) = E[(Xy — )°] = | B(f = D) | Buitorm(r)-

Let g = f — €1, so that (g, >Un1f0rm( r) = 0. The singular values of B are 1 = 01 > 02 > -+, with
the top singular function I, then for all g L 1,

HBgHUniform(R) < )‘HgHUniform(L) :

Therefore,
Var(X’U) < >‘2”f - 5T||%Iniform(L) = )‘2(5 - 52) < >‘2€'

Concentration. By Chebyshev’s inequality, for any C' > 0,

2
Pr [X’U > (1 + C)E] = Pr“Xv — 5‘ > CE] S Va‘r(‘X'U) < )\

v~Uniform(R) v (C€)2 eC?’
Hence,
IN(v)N S| A2
P ———— > 14+ 0| < —5.
vty | N > L TOE| <

O

Q 2 (Expansion and correlation, 3 pts). Let G = (V = [n], E) be a graph on n vertices. Let m be
G’s associated edge distribution. As we have seen in the lectures, given G and m; we can define a
random walk on G with transition matrix P and from there get a stationary distribution my over
V.

Now define the distribution pg : V2 — R as

m({i3})/2 if{i,jt € E

0 0.W.

pa((i,5)) = {

Since pg is the joint distribution of 2 variables X and Y, their correlation coefficient is defined

" By XY] - EMG (X EglY]

p=
\/VarMG - Var,, (Y)

A variational definition of |p| is

i By [F(X)g(Y)] — E#G O] B (W]
f,g9 not constant functions \/Varﬂc VarHG ( Q(Y )

lp| =

Prove that |p| = |A|, (P) where the eigenvalues of P are defined with respect to the inner prod-
uct (u, w)ﬂo = Eypr [u(v) - w(v)].

Solution
Since P is the transition matrix of the random walk on G, it has real eigenvalues

1= M2>2X2>- >N, > —1,



where the constant function 1 is the eigenvector for A\, = 1.
For any functions f,g: V — R, note that

B [F(X)g(V)] = D nali: 5)f(D)9() = 3 mo(i)f (i) X P, )9(i) = (f, Pg)mo:
%) 7

J

Thus
By [f(X)g(YV)] = By [f () By [9(Y)] = (f, Pg)mo — {f+ Do (1, 9o

Let f = f —E,[f] and § = g — Er,[g] be the mean-0 functions. Since PT =1, we get
By [f(X)g(Y)] = By [f (X)) By [9(Y)] = (f, PGy

Moreover, B
Varyg (f(X)) = £l Varu(9(Y) = |3,

Plugging these into the variational definition gives

_ [(fs PG|
lpl= sup T Tt
7.5+0, E[f1=E[g]=0 [|fllzo |l

This is exactly the operator norm of P restricted to the subspace
"t ={heRV:(h 1), =0}

Therefore,
|p| = max(Aa(P), A (P)]) = |A|2(P).

Q 3. (High dimensional expansion and correlation, 6 pts) The previous problem says that expan-
sion of a graph G can be viewed as bounded correlation between random variables from the corre-
sponding distribution pug. This can be generalized to simplicial complexes. Given a d-dimensional
simplicial complex X with the distribution mw; over its d-faces. Now we define the distribution

px : X(0)! 5 R as

ma({Yo,..., Ya})/(d+ 1) if {Yp,..., Yy} € X(d)
0 0.w.

,LL)(((Y(), e ,Yd)) = {

Prove the following statements

1. (1.5 pts) The marginal distribution over the first two variables px |y, y; is equal to the distri-

bution pug where G is the 1-skeleton of X equipped with the edge distribution 7; induced by
d-

(1.5 pts) If we condition on Yy = v for some v € X(0), then the conditional distribution
(ux|Yo = v) is equal to py, which is the distribution associated with the link of v (the
(d — 1)-face distribution 7, in this complex is also induced by 7).

. (3 pts) Let P, be the random walk on the 1-skeleton of X, (with transition probability induced
by mq). Let v = (ux | Yo = v)|v;,v, be the marginal distribution of the first two variables Y;
and Y3 in the conditional distribution (ux | Yo = v). Prove that |p(v)| = ||, (Py).



So high dimensional expansion of X can be viewed as bounded correlation between two random vari-
ables from the corresponding px and also from the conditional distributions (ux|Yo = vo,...,Y; =
vy) for all t < d — 2 and {vg,..., v} € X(¢).

Solution

1. Fix vertices a,b € X(0). The marginal probability

,U/X|Y0,Y1((}/0, Yl) = (av b)) = Z HX((a7 ba Y2y, yd))

Y2;--5Yd

sums over all ordered (d + 1)-tuples whose first two coordinates are (a,b). Each unordered
d-face 7 € X (d) that contains the unordered pair {a, b} contributes to this sum exactly the
number of orderings of the remaining d — 1 vertices, i.e. (d — 1)! orderings. Hence

Td\T ma(T
(@)= Y T gy- v d<§(+)1)
TeX(d):{ab}CT ' 7{a,b}

On the other hand the edge distribution m; induced from m, is defined by: pick a random
d-face 7 ~ my and then pick an uniform unordered edge of 7. Thus for an unordered edge

{a,b}

m({a,b}) = Z ma(7) _ 2m4(7) ‘

d+1
7D{a,b} ( —5 ) 70{a,b} d(d + 1)

Comparing the two displays we get
1
pxlvoyi((a,0)) = gm({a,b}) = ue((a,b)).

2. Fix v € X(0). For an ordered (d—1)-tuple (y1,...,yq) of vertices we compute the conditional
probability

NX((Ua Yts- -y yd))

Pr[Yop =v]
If{v,y1,...,ya} ¢ X(d) the numerator is 0. If 7 = {v,y1,...,yq4} € X(d) then the numerator
equals m4(7)/(d+1)! (there is exactly one ordering of 7 with v in the first coordinate and the
remaining coordinates fixed). The denominator is

a7 1
Pr[Yy = ] :TZS;) (dﬁ 1))! dl = d+1§)7rd(7).

(bx [Yo=v)(y1,..-,ya) =

Thus for 7 = {v,y1,...,y4} € X(d),

7a(T)
(d+1)! 7a(T)

Zq—/av mq(7’) ! ZT’SU Wd(T/).

(bx [ Yo =0v)(y1, - 9a) = —
d+1

Define the link distribution , on (d — 1)-faces of the link of v by

ma(S U{v})

T‘-U(S> - Zf’av Wd(’r/)’

S e Xo(d—1).

4



Then the distribution px, associated to the (d — 1)-complex X, assigns to the ordered tuple
(y1,--.,yq) the probability

m({y1,- -, Ya}) ma(7)
X P = = )
i (1 ya) d! d' Y5, ma(T!)
which matches the expression for (ux | Yo = v)(y1,...,yq). Hence

(IU’X | Yb :U) :luXv'

3. By part (2) v is exactly the marginal of px, on its first two coordinates. As in part (1) the
distribution v can be described as follows: choose a (d — 1)-face S of the link according to
Ty, then choose an ordering of S uniformly and output its first two coordinates. Equivalently
v is the distribution on ordered pairs obtained by sampling an edge of the 1-skeleton of the
link according to the induced edge distribution and then ordering the endpoints uniformly.

Let « be the marginal distribution of Y] under v: «a(u) = Pr[Y; = u]|. Define the linear
operator T : L?(a) — L?(a) by

v(u, w)

(Tf)(u) =E[f(Y2) [ Y1 =u] =) f(w).

()

By construction T is exactly the transition operator P, of the random walk on the 1-skeleton
of the link X,. Moreover v satisfies v(u,w) = a(u)P,(u,w), and because v arises by sym-
metrically ordering edges we have detailed balance: a(u)P,(u,w) = a(w)P,(w,u). Thus the
spectrum of P, is in [—1,1]. The constant function I is an eigenfunction with eigenvalue 1;
denote the second largest eigenvalue in absolute value by |A], (P,).

Now applying the statement from Q2 to P,, v, and «, we conclude that
[p()] = (Al (P).

O

Q 4. (Challenge question , 0 pt) In lecture we proved that any d-dimensional two-sided y-expander
satisfies HM;r —U;_1D; <~ for 0 < i < d. We now prove the following (almost) converse:
op

If X satisfies | M;" — Us_1D;

expander.

< vy for 0 <i < d, X is also a d-dimensional two-sided 3d - -
op

Hint: If the 1-skeleton of a link has a bad eigenfunction, what is the natural way to extend it to
the entire complex? Also consider using the decompositions of Mf and U;_1D; that we used to
show the original statement.

Solution from Theorem 5.5 of https://arxiv.org/abs/1804.08155

Step 1: extending a local eigenfunction

Fix an index i € {1,...,d — 1} and a face ¢ € X(i —1). Let X, denote the link of o, and let
P, be the transition operator of the simple random walk on the 1-skeleton of X, with stationary
distribution .


 https://arxiv.org/abs/1804.08155

Consider any eigenfunction h : X5(0) = R of X, with E._[h] = 0.
We extend h to a function f: X (i) — R by setting

f(r) = {h(”)’ if 7 = o U {v} for some v € X,(0),
07 if o §Z T.

That is, f is supported on the i-faces that contain o, and within that support f corresponds exactly
to h on the link vertices.
Note that by construction Hfor(l) =({+1) -m_1(o)-||r]2,.

Step 2: Inner products with respect to M;" and U;_,D;

Both operators (the down-then-up operator) preserve the subspace V. As shown in lecture, M;r
and U;_1D; actions on f as follows
Specifically, we have that

(M1, 1) = Bangimry (flss Pofls)n, = mic1(0) (hy Poh),
For U;_1D; we aim to show
i+1
i

(Uiea Dif ) < —— 1120 -

Consider the inner product (D;f, D;f):

(Difs Dif) = Egr(im1) 1 s (0)2[f (1) f (22)]
= mi-1(0) By pyom, (0)2[f (t1) f(t2)] + (1 = 7i-1(0)) Egor(im1) 11 o~ (0)2 [f (£1) f (22) | 5 # o]
(1)

The first term is zero, because
Et1,t2~7ra(0)2[f(tl)f(tQ)] = Eﬂ'a [h]2 = 0

We now analyze the second term. For any s # o, there is at most one i-face t = s U o such that
f(t) # 0. Therefore, f(t1)f(t2) # 0 only when ¢; =ty = sUo. For each t; € X (i), define the event
E4, to be [ty = t1]. Then equation (1) becomes

(1= 7i1(0)) By [F2(1) _Pr_ By | s #0]].

sCt1,t2Ds

If we prove that for every t; € X (i),

)+ 1
B |s#0] <t

Pr
sCt1,t2Ds 7 v

then it follows that

(1) = (1 = 71(0)) Eey o [F2(02) P [En]] < 22

sCty,t2Ds 7

v 1 ) - (2)

Thus, we are left to prove that for all t; € X (i),
1+ 1

[Et1 ‘S#U]S v

Pr
sCt1,t2Ds



We first bound the unconditioned probability Prscs, 1,os[Et] = Proce, t,0s[t2 = t1]. Fix an
t1 € X(1), and let 1;, : X (i) — {0,1} denote its indicator. Notice that U;_;D;1, (t1) = Pr[E},],
and so

<Ui71Di1t17 1t1> == Wi(tl) Uilei]-tl (tl) == 7'[‘1'(151) PT[Etl].

Because the operator M has no self-loops, (M; 14,14, ) = 0. So have
(Uim1Dilyy, 1e,) = (U1 Di — M )14y, 14y ) < ymi(ty).

Hence Pr[Ey, | <.
Now consider ¢t; € X () containing o, and let s be a random (i — 1)-face contained in ¢;. The

probability that s # o is 77, so

141 1+ 1
Pr[Etl] =7 7>

Pr(B, | s # 0] <

1

and (2) holds. Finally we plug in the bounds to get that,

(. Poh), | G4+ 1)- (0 1, )

Inl2, 1712
_ @+ 1) ({5 = Uia D), £)| + [{UiaDif, 1))
B ||f|!2
< e (7 20)
<36+ 1)1 [1£ 1%
Hence every link X, has
Ala(Py) < 3dy.



