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1 Introduction
A fundamental problem in computational social choice is the voting problem: given 𝑛 voters who cast their ranks on 𝑚
candidates, the goal is to select a single winning candidate who is believed to maximize social welfare. We study this
problem in the metric distortion framework([1, 2]), where voters and candidates are embedded in an unknown metric
space, and voters prefer candidates that are closer to them. Traditionally, a social choice rule sees only the induced
rankings and must pick a single winner; its distortion is the worst-case ratio between the social cost, given by the sum
of distances to voters, of the chosen winner and that of the optimal candidate. It is well known that any deterministic
rule that only uses ordinal rankings (e.g., voter 𝑣 ranks candidate 𝐴 above candidate 𝐵) has distortion at least 3 ([1, 5]).
This intuitively is caused by the information loss as the social choice rule has no access to cardinal rankings, on how
strongly a voter favors a candidate over another. Since the advent of the metric distortion problem, a long line of
work had been developed under the objective of achieving distortion 3 deterministically. Gkatzelis, Halpern, and Shah
first resolved the optimal distortion conjecture by designing the PluralityMatching rule with distortion exactly 3
([5]). Subsequent work gave much simpler and more interpretable rules with the same guarantee, most notably the
PluralityVeto rule of Kizilkaya and Kempe ([7]) and its veto-core-based refinements and characterizations ([8]).

A prominently studied subclass of deterministic voting rules is based on tournament graphs, where the choice of
winner is based on pairwise contests between candidates. For voters, these rules are cognitively simple as they only
need to compare two alternatives at a time rather than ranking all options simultaneously. Unfortunately, a recent work
by Charikar et al. showed that deterministic tournament rules that use only ordinal information face a stronger lower
bound of around 3.11; in the same work, they improved the best known upper bound to 3.93, which is nevertheless
significantly higher than 3 ([3]).

A natural way to go beyond these limits is to enrich the information available to the rule. Ordinal rankings
exhaust all qualitative information (for instance, whether voter 𝑣 prefers 𝐴 over 𝐵) but do not touch upon quantitative
information (for instance, how strongly 𝑣 prefers 𝐴 over 𝐵). On the other hand, it is practically impossible to ask voters
themselves to reveal precise cardinal utilities: it is unrealistic to expect a voter to answer a question such as “do you
prefer candidate 𝐴 at least

√
2 times as much as candidate 𝐵?” A workaround, therefore, is to ask questions that act

as valid proxies to extract additional cardinal information. One example is deliberation, a procedure in which voters
discuss in small groups to exchange their opinions ([4, 6]). In this work, we focus on two-person deliberation: for a
pair of voters (𝑢, 𝑣) and a pair of candidates (𝐴, 𝐵), comparing 𝑑 (𝑢, 𝐴) + 𝑑 (𝑣, 𝐴) with 𝑑 (𝑢, 𝐵) + 𝑑 (𝑣, 𝐵) reveals coarse
geometric information about the latent metric, essentially indicating on which side of the bisector of (𝐴, 𝐵) the pair
(𝑢, 𝑣)’s barycenter lies. We describe the exact procedure to form such pairwise deliberations later.

This project focuses on the deliberation-via-matching protocol ([10]) and its geometric analysis. On a high level,
the write-up is structured as follows. See also Acknowledgments.

• We first review the metric and tournament preliminaries in Section 2, and describe the deliberation-via-matching
protocol in Section 3. The protocol involves parsimonious pairwise deliberations, where each voter participates
in at most one deliberation for each pair candidates. In most real-world voting instances, where the number of
candidates 𝑚 is small compared to the number of voters 𝑛, this per-voter overhead of

(𝑚
2
)

is modest.

• In Section 4, we apply the deliberation-via-matching protocol to the two-candidate setting. We show that the
deterministic deliberation-via-matching rule achieves distortion 2 (Theorem 4.1), which is optimal among any
deterministic rule that has access to ordinal rankings and outcomes of any pairwise deliberations (Theorem 4.2).
We then introduce a randomized variant for two candidates and show that it obtains distortion at most 1.53
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(Theorem 4.3), close to the 3/2 lower bound, again, for any randomized rule that only reads ordinal rankings
and outcomes of pairwise deliberations (Theorem 4.4).

• In Section 5, we extend this protocol to general instances with 𝑚 candidates via a weighted uncovered-set
tournament rule ([9]), and show that the deliberation-via-matching protocol achieves an overall distortion of
3 (Theorem 6.3). This is significant in three ways: (i) it breaks a previously known lower bound of 3.11 for
tournament rules that only use ordinal rankings ([3]), and (ii) it conceptually shows that tournament rules are
just as powerful as general deterministic rules (which are lower bounded by 3) given minimal additional cardinal
information, and finally, (iii) to our best knowledge, unlike previous literature in this line of work, our proof is
the first to be analytically tractable and is governed by clean geometric intuitions throughout.

2 Preliminaries
We now fix the geometric setting and notation that will be used throughout the rest of the write-up.

2.1 Metric Model and Social Cost
We first describe the classical, ordinal-ranking only, metric distortion framework. Let V be a finite set of 𝑛 voters and
C be a finite set of 𝑚 candidates. We use lowercase letters, most frequently 𝑢, 𝑣, to denote voters, and uppercase letters
to denote candidates. Both V and C are embedded as points in an unknown metric space with metric 𝑑 consistent with
the voters’ ordinal rankings. That is, if voter 𝑣 prefers candidate 𝑋 to candidate 𝑌 , then 𝑑 (𝑣, 𝑋) ⩽ 𝑑 (𝑣,𝑌 ). The social
choice rule never sees the distances 𝑑 (𝑣, 𝑋) themselves; it only observes the induced ordinal rankings.

For two candidates 𝑋,𝑌 , let 𝑋𝑌 denote the set of voters who rank 𝑋 above 𝑌 . We break ties arbitrarily but
consistently, so every voter belongs to exactly one of 𝑋𝑌 or 𝑌𝑋 . The social cost of 𝑋 under a metric 𝑑 is
𝑆𝐶 (𝑋) = 𝑆𝐶 (𝑋, 𝑑) =

∑
𝑣∈𝑉 𝑑 (𝑣, 𝑋). The welfare-optimal candidate is the 1-median of the entire candidate set,

𝑋∗ = arg min𝑋 ∈C 𝑆𝐶 (𝑋, 𝑑). Let S be a social choice rule; it maps each ordinal ranking profile 𝜎 to a single winning
candidate S(𝜎) ∈ C. The distortion of rule S is given by its worst case approximation to the 1-median:

Distortion(S) = sup
𝜎

sup
𝑑 consistent with 𝜎

𝑆𝐶 (S(𝜎), 𝑑)
𝑆𝐶 (𝑋∗, 𝑑) . (1)

A smaller distortion means that the rule is a better geometric approximation to the 1-median using only ordinal
information. For most parts of the analysis, it is convenient to normalize the total voter mass to 1 and view voters
as a probability distribution over the latent metric space. In that view, social costs are viewed as expectations
𝑆𝐶 (𝑋) = E𝑣∈V [𝑑 (𝑣, 𝑋)].

2.2 Weighted Tournaments and the Weighted Uncovered Set
A tournament rule aggregates pairwise comparison statistics into a weighted directed graph, called a tournament
graph, where the weight 𝑓 (𝑋𝑌 ) ∈ [0, 1] satisfies the strength of 𝑋 against 𝑌 , satisfying 𝑓 (𝑋𝑌 ) + 𝑓 (𝑌𝑋) = 1. In our
framework, we build a tournament graph over the set of candidates C, detailed in Section 5. We utilize the 𝜆-weighted
uncovered set (𝜆-WUS) for aggregation ([9]). A candidate 𝑋 belongs to the 𝜆-WUS if, for every opponent 𝑌 , one of
the following holds:

• (Direct weak dominance.) 𝑓 (𝑋𝑌 ) ⩾ 1 − 𝜆, or

• (Two-step weak-strong dominance.) There exists a pivot candidate 𝑍 such that 𝑓 (𝑋𝑍) ⩾ 1 − 𝜆 and 𝑓 (𝑍𝑌 ) ⩾ 𝜆.

Munagala and Wang ([9]) proved that for 𝜆 ∈ [0.5, 1], the 𝜆-WUS is nonempty.

3 The Deliberation via Matching Protocol
We propose the deliberation-via-matching protocol. This is a tournament-based social choice mechanism that refines
ordinal preferences using selective pairwise deliberations. The protocol is governed by two scalar parameters:
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• Deliberation weight 𝑤 ⩾ 0: controls the strength of deliberation outcomes relative to ordinal information;

• Uncovering parameter 𝜆 ∈ [0.5, 1]: determines the final 𝜆-WUS from which a winner is chosen.

The protocol proceeds in three steps.

Step 1. Matching and Deliberation. For every (unordered) pair of distinct candidates (𝑋,𝑌 ), we identify the sets of
voters who disagree on their relative ranking of 𝑋,𝑌 : this partitions V into 𝑋𝑌 (those preferring 𝑋) and 𝑌𝑋 = V\𝑋𝑌
(those preferring 𝑌 ). We construct an arbitrary maximum cardinality matching 𝑀𝑋𝑌 between those two sets. This
results in 𝑀𝑋𝑌 = min{|𝑋𝑌 |, |𝑌𝑋 |} disjoint pairs of voters with opposing preferences.

Each matched pair (𝑢, 𝑣) ∈ 𝑀𝑋𝑌 deliberates. The pair favors 𝑋 if 𝑑 (𝑢, 𝑋) + 𝑑 (𝑣, 𝑋) ⩽ 𝑑 (𝑢,𝑌 ) + 𝑑 (𝑣,𝑌 ), 𝑌
otherwise, with ties handled arbitrarily, similar to the membership status of 𝑋𝑌 and 𝑌𝑋 . Let 𝑊𝑋𝑌 denote the number
of matched pairs that favor candidate 𝑋 .

Step 2. Tournament Construction. We aggregate the results into a direct, weighted tournament graph. As mentioned
earlier, we assume that |V| has been normalized to a total mass of 1. The saw score for 𝑋 against 𝑌 is defined as a
weighted sum between the ordinal count and deliberation outcomes: score(𝑋𝑌 ) = score(𝑋𝑌 ;𝑤) = |𝑋𝑌 | + 𝑤 ·𝑊𝑋𝑌 .
Note that unmatched voters contribute only to their ordinal vote (with weight 1, while matched voters contribute to
their ordinal vote and a weighted share of deliberation outcome). It naturally follows that we can define the normalized
edge weight 𝑓 (𝑋𝑌 ) = 𝑓 (𝑋𝑌 ;𝑤) for the tournament graph as

𝑓 (𝑋𝑌 ) = 𝑓 (𝑋𝑌 ;𝑤) = score(𝑋𝑌 ;𝑤)
score(𝑋𝑌 ;𝑤) + score(𝑌𝑋;𝑤) =

|𝑋𝑌 | + 𝑤 ·𝑊𝑋𝑌

1 + 𝑤 · 𝑀𝑋𝑌
. (2)

Step 3. Winner Selection. Once the weighted tournament graph is constructed, we select any candidate in the
𝜆-WUS as the winner. Recall 𝜆-WUS is nonempty given 𝜆 ∈ [0.5, 1].

4 Deliberation via Matching on 2 Candidates
We first consider a simple scenario in which there are only two candidates 𝐴, 𝐵, so the tournament graph consists
of only two vertices. The 𝜆-WUG winner, WLOG assumed to be 𝐴, must satisfy 𝑓 (𝐴𝐵) ⩾ 1 − 𝜆. Subject to this
constraint, we aim to find the supremum of 𝑆𝐶 (𝐴)/𝑆𝐶 (𝐵).

In this section, we establish tight bounds for this setting.
We consider the simplest setup with 𝑤 = 1, equal weight for information obtained from ordinal rankings and

deliberations. And we choose 𝜆 = 0.5, i.e., we essentially consider the classic Copeland/majority tournament rule
applied to the weighted graph.

We first show in Section 4.1 that the deterministic deliberation-via-matching rule achieves a distortion of exactly 2,
matching the theoretical lower bound for deterministic rules. Then, in Section 4.2, we introduce a randomized variant
that achieves a distortion of approximately 1.523, nearly matching the theoretical randomized lower bound of 1.5.

4.1 An Optimal Deterministic Algorithm
Assume 𝐴 is the winner. Then to upper bound the distortion, we aim to adversarially maximize 𝑆𝐶 (𝐴)/𝑆𝐶 (𝐵) (for
clearly 𝑆𝐶 (𝐴)/𝑆𝐶 (𝐴) = 1). This is done by upper bounding 𝑆𝐶 (𝐴) and lower bounding 𝑆𝐶 (𝐵).

Let 𝑀 be the maximal cardinality of 𝐴𝐵 × 𝐵𝐴 that we formed, and decompose the pairs into 𝑀𝐴 = {(𝑢, 𝑣) ∈ 𝑀 :
(𝑢, 𝑣) favors 𝐴} and 𝑀𝐵 = {(𝑢, 𝑣) ∈ 𝑀 : (𝑢, 𝑣) favors 𝐵}. Then V is partitioned into 𝑀𝐴 and 𝑀𝐵, both expressed in
pairs of voters, as well as the unmatched voters (which must either all belong to 𝐴𝐵 or to 𝐵𝐴).

Upper-bounding 𝑆𝐶 (𝐴). For every voter 𝑣, by triangle inequality,
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𝑆𝐶 (𝐴) =
∑

(𝑢,𝑣) ∈𝑀𝐴

[𝑑 (𝑢, 𝐴) + 𝑑 (𝑣, 𝐴)] +
∑

(𝑢,𝑣) ∈𝑀𝐵

[𝑑 (𝑢, 𝐴) + 𝑑 (𝑣, 𝐴)] +
∑

𝑣 unmatched
𝑑 (𝑣, 𝐴)

⩽
∑

(𝑢,𝑣) ∈𝑀𝐴

[𝑑 (𝑢, 𝐵) + 𝑑 (𝑣, 𝐵)] +
∑

(𝑢,𝑣) ∈𝑀𝐵

[𝑑 (𝑢, 𝐵) + 𝑑 (𝑣, 𝐵) + 𝑑 (𝐴, 𝐵)] +
∑

𝑣 unmatched
[𝑑 (𝑣, 𝐵) + 𝑑 (𝐴, 𝐵)]

= 𝑆𝐶 (𝐵) + (|𝐵𝐴| −𝑊𝐴𝐵) · 𝑑 (𝐴, 𝐵). (3)

The first term uses the definition of 𝑀𝐴; the second term uses 𝑢 ∈ 𝐴𝐵 so 𝑑 (𝑢, 𝐴) ⩽ 𝑑 (𝑢, 𝐵), and triangle inequality
on (𝑣, 𝐵, 𝐴); and the third term also uses triangle inequality on (𝑣, 𝐵, 𝐴).

Lower-bounding 𝑆𝐶 (𝐵). For any (𝑢, 𝑣) ∈ 𝑀𝐵, two applications of triangle inequality imply
𝑑 (𝑢, 𝐵) + 𝑑 (𝑣, 𝐵) ⩾ 𝑑 (𝑢, 𝐴) + 𝑑 (𝑣, 𝐴)
𝑑 (𝑢, 𝐴) + 𝑑 (𝑢, 𝐵) ⩾ 𝑑 (𝐴, 𝐵)
𝑑 (𝑣, 𝐴) + 𝑑 (𝑣, 𝐵) ⩾ 𝑑 (𝐴, 𝐵)

=⇒ 𝑑 (𝑢, 𝐵) + 𝑑 (𝑣, 𝐵) ⩾ 𝑑 (𝐴, 𝐵). (4)

Therefore,

𝑆𝐶 (𝐵) =
∑

(𝑢,𝑣) ∈𝑀𝐴

[𝑑 (𝑢, 𝐵) + 𝑑 (𝑣, 𝐵)] +
∑

other 𝑣
𝑑 (𝑣, 𝐵)

⩾
∑

(𝑢,𝑣) ∈𝑀𝐴

𝑑 (𝐴, 𝐵) +
∑

(other 𝑣)∩𝐴𝐵
𝑑 (𝐴, 𝐵)/2 = (|𝐴𝐵 | +𝑊𝐴𝐵)/2 · 𝑑 (𝐴, 𝐵). (5)

Combining the two bounds, we see that

𝑆𝐶 (𝐴)
𝑆𝐶 (𝐵) ⩽

𝑆𝐶 (𝐵) + (|𝐵𝐴| −𝑊𝐴𝐵) · 𝑑 (𝐴, 𝐵)
𝑆𝐶 (𝐵) ⩽ 1 + (|𝐵𝐴| −𝑊𝐴𝐵) · 𝑑 (𝐴, 𝐵)

(|𝐴𝐵 | +𝑊𝐴𝐵)/2 · 𝑑 (𝐴, 𝐵)

= 1 + 2( |𝐵𝐴| −𝑊𝐴𝐵)
|𝐴𝐵 | +𝑊𝐴𝐵

=
2

|𝐴𝐵 | +𝑊𝐴𝐵
=

2
score(𝐴𝐵) − 1 (6)

as we assumed 𝑤 = 1. This implies the following claim.

Theorem 4.1. The metric distortion of deliberation-via-matching with 𝑤 = 1, 𝜆 = 0.5 for any 2-candidate instance is
bounded by 2.

Proof. By Equation (6), it suffices to show that if 𝐴 wins, then score(𝐴𝐵) ⩾ 2/3. This immediately follows from
solving tiny program,

minimize 𝑎 + 𝑤𝑎

subject to 𝑎 + 𝑏 = 1
𝑤𝑎 ⩽ min(𝑎, 𝑏)
𝑎 + 𝑤𝑎 ⩾ 0.5 · (𝑎 + 𝑏 + min(𝑎, 𝑏))

𝑎, 𝑏, 𝑤𝑎 ⩾ 0,

whose objective is minimized by (𝑎, 𝑏, 𝑤𝑎) = (1/3, 2/3, 1/3) or (2/3, 1/3, 0), both of which takes value 2/3. □

Corresponding Lower Bound. We prove a corresponding lower bound: any social choice that only uses voters’
ordinal preference and the outcome of pairwise deliberation cannot do better. This proves that Theorem 4.1 is tight for
2 candidates and cannot be improved by running the deliberations differently or using a different social choice rule.
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Theorem 4.2. Any deterministic social choice rule that considers only voters’ ordinal rankings and the outcomes of
pairwise deliberations have distortion at least 2, even with 2 candidates.

Proof. Consider two instances on R, each with two candidates, 𝐴 at −1, and 𝐵 at 1. To simplify the description we
temporarily drop the unit mass assumption on V.

For the first instance, place two voters at 𝐴 = −1 and one voter at 𝐵 = 1, and set the deliberation (between one
voter at −1 and one at 1) to prefer 𝐵. For the second instance, place two voters at 0 favoring 𝐴 and one voter at 𝐵.

In both instances, |𝐴𝐵| = 2, |𝐵𝐴| = 2, and the deliberation outcomes are identical. Thus no deterministic
social choice rule looking only at preference and deliberation profiles can distinguish them. Yet, in the first one
𝑆𝐶 (𝐵)/𝑆𝐶 (𝐴) = 2 and in the second, 𝑆𝐶 (𝐴)/𝑆𝐶 (𝐵) = 2. □

4.2 A Near-Optimal Randomized Variant
While the deterministic deliberation-via-matching rule achieves an optimal distortion of 2 for 2 candidates, we can
further improve this bound by allowing the social choice rule to be randomized. A deterministic rule is vulnerable
because it effectively applies a sharp threshold at 𝑠 = 0.5; consequently, an adversary can exploit this by constructing
instances where the scores are symmetric, but the underlying metric costs are significantly skewed, as seen in the proof
of Theorem 4.2.

To mitigate this, we introduce a randomized rule that selects candidates with probabilities proportional to a function
of their scores. We consider a natural choice: the power of 𝑘 . This “smooths” the decision boundary, ensuring that
slight advantages in score translate to marginal increases in winning probability, rather than all-or-nothing outcomes.

The Power-of-𝑘 Algorithm. Let 𝑓 (𝐴𝐵) and 𝑓 (𝐵𝐴) be the normalized edge weights derived in the previous section,
and let 𝑘 ≥ 0 be a parameter. Our randomized rule elects 𝐴 with probability

𝑝𝐴(𝑘) =
𝑓 (𝐴𝐵)𝑘

𝑓 (𝐴𝐵)𝑘 + 𝑓 (𝐵𝐴)𝑘
,

and elects 𝐵 otherwise. When 𝑘 = 1, this reduces to choosing 𝐴 with probability proportional to its edge weight.
As 𝑘 → ∞, this rule converges to the deterministic version. For intermediate 𝑘 , the rule behaves like a “smoothed”
majority based on the geometric evidence. Numerical optimization1of this parameter yields a worst-case distortion of
approximately 1.523, attained around 𝑘 ≈ 2.84, significantly improving upon the deterministic limit.

Theorem 4.3. On two candidates, there is a randomized social choice rule that considers only voters’ ordinal rankings
and the outcomes of pairwise deliberations, whose (expected) distortion is at most 1.53.

We now show this bound is almost tight.

Theorem 4.4. Any randomized social choice rule that considers only voters’ ordinal rankings and the outcomes of
pairwise deliberations has distortion at least 3/2.

Proof. We use Yao’s minimax principle. Let 𝐼1 and 𝐼2 be the two 2-candidate instances constructed in the proof of
Theorem 4.2. By construction, the ordinal preferences and all deliberation outcomes are identical in both instances,
yet the underlying costs differ: 𝑆𝐶 (𝐵)/𝑆𝐶 (𝐴) = 2 in 𝐼1, whereas 𝑆𝐶 (𝐴)/𝑆𝐶 (𝐵) = 2 in 𝐼2.

Consider the distribution D that assigns probability 1/2 to 𝐼1 and 1/2 to 𝐼2. Let 𝑅 be any deterministic rule that
uses rankings and deliberation outcomes. Since the observable information for 𝐼1 and 𝐼2 is identical, 𝑅 must output
the same winner for both instances.

• If 𝑅 always outputs 𝐴, the distortion is 1 on 𝐼1 (where 𝐴 is optimal) and 2 on 𝐼2 (where 𝐵 is optimal). Thus, the
expected distortion of 𝑅 on 𝐼 ∼ D is (1 + 2)/2 = 3/2.

• If 𝑅 always outputs 𝐵, the roles of 𝐼1 and 𝐼2 are swapped, and the calculation remains identical.

Therefore, for every deterministic rule 𝑅, E𝐼∼D [distortion of 𝑅 on 𝐼] ⩾ 3/2. By Yao’s minimax principle, this implies
that for any randomized rule, there exists some instance on which the rule has expected distortion at least 3/2. In other
words, no randomized rule using only rankings and deliberation outcomes can achieve a distortion below 3/2. □

1The optimization objective for the worst-case distortion does not admit a simple closed-form expression.
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5 Distortion 3 for Many Candidates
We now move on from the two-candidate toy setting of Section 4 to general instances with 𝑚 ⩾ 3 candidates. The
protocol is exactly deliberation-via-matching from Section 3: we build a weighted tournament graph using ordinal
information and pairwise deliberations, then pick any winner from the 𝜆-WUS. Our goal in this section is to show that for
a suitable choice of parameters (𝜆, 𝑤), this protocol has metric distortion at most 3 on every instance. Correspondingly,
we show that this result is tight, both with respect to the parameter choice (𝜆, 𝑤), and to the choice of matching which
justifies the somewhat vague phrase of “forming a arbitrary maximal cardinality matchings” described in the protocol.

The proof will reduce the analysis to a carefully structured three-candidate subproblem and then exploit the geometry
of that subproblem (via a reparametrization of distances, triangle inequalities, and convexity) to bound distortion. Until
the last section, we treat (𝜆, 𝑤) symbolically and use them implicitly to ease notation. We optimally choose these
parameters at the end.

5.1 Reduction to a Three-Candidate Witness
Fix parameters (𝜆, 𝑤) and a metric instance. Let 𝐵 be an optimal candidate (the 1-median among candidates), and
let 𝐴 be the winner returned by the deliberation-via-matching protocol with these parameters. Our goal is to bound
𝑆𝐶 (𝐴)/𝑆𝐶 (𝐵). Because 𝐴 lies in the 𝜆-WUS of the weighted tournament built in Section 3, applied to candidate 𝐵,
there must exist a witness candidate 𝐶 such that either

• 𝐴 directly dominates 𝐵: 𝑓 (𝐴𝐵) ⩾ 1 − 𝜆, or

• 𝐴 dominates 𝐵 in two steps through 𝐶: 𝑓 (𝐴𝐶) ⩾ 1 − 𝜆 and 𝑓 (𝐶𝐵) ⩾ 𝜆.

Observe that the first case can be viewed as a degenerate instance of the second: if 𝐴 directly dominates 𝐵, we may
simply take 𝐶 = 𝐵, and the second inequality is then trivially satisfied. Thus it suffices to analyze the two-step witness
case, and we henceforth solve the following optimization problem:

find sup
𝑆𝐶 (𝐴)
𝑆𝐶 (𝐵) subject to 𝑓 (𝐴𝐶) ⩾ 1 − 𝜆, 𝑓 (𝐶𝐵) ⩾ 𝜆. (7)

In this situation, the fact that 𝐴 is allowed to beat 𝐵 in this tournament is fully certified by the triangle {𝐴, 𝐵, 𝐶};
the remaining candidates are irrelevant for this particular relation. Therefore, we may WLOG narrow our focus to
them, deleting all other candidates while leaving the metric on V and on {𝐴, 𝐵, 𝐶} unchanged. This preserves both
social costs 𝑆𝐶 (𝐴), 𝑆𝐶 (𝐵) and the relevant constraints, so the distortion on this reduced 3-candidate instance is the
same as the original one.

Consequently, for fixed (𝜆, 𝑤), the worst-case distortion of the protocol is attained on some 3-candidate instance
with candidates {𝐴, 𝐵, 𝐶} satisfying one of the two witnesses conditions above.

5.2 Geometric Reparameterization and the Bilinear Objecitive
We now specialize to the three candidates 𝐴, 𝐵, 𝐶 as in Equation (7) and reparameterize all voter-candidate distances
in a geometric way that makes the distortion objective linear in a small set of expectations.

Change of Variables. For each voter 𝑣, define three real-valued functions on the electorate:

𝑋 (𝑣) = 𝑑 (𝑣, 𝐶) − 𝑑 (𝑣, 𝐴), 𝑌 (𝑣) = 𝑑 (𝑣, 𝐵) − 𝑑 (𝑣, 𝐶), 𝑍 (𝑣) = 𝑑 (𝑣, 𝐶) (8)

so equivalently 𝑑 (·, 𝐴) = 𝑍 − 𝑋, 𝑑 (·, 𝐵) = 𝑍 +𝑌 , and 𝑑 (·, 𝐶) = 𝑍 . Then 𝑋 captures voters’ relative preference between
𝐴 and 𝐶, positive when voters prefer 𝐴, and 𝑌 captures the same for 𝐶 versus 𝐵 (positive when 𝐶 is preferred). This
reparameterization is tailored to our protocol: the (𝐴,𝐶) matching and its deliberation outcomes depend only on
comparisons of form

𝑑 (𝑣, 𝐴) ⩽ 𝑑 (𝑣, 𝐶) if and only if 𝑋 (𝑣) ⩾ 0
and

𝑑 (𝑢, 𝐴) + 𝑑 (𝑣, 𝐴) ⩽ 𝑑 (𝑢, 𝐶) + 𝑑 (𝑣, 𝐶) if and only if 𝑋 (𝑢) + 𝑋 (𝑣) ⩾ 0,
so the values {𝑋 (𝑣)} completely determine |𝐴𝐶 |, |𝐶𝐴|, and the result of every (𝐴,𝐶) deliberation. Likewise for 𝑌 .
Consequently, 𝑋,𝑌 encode all information of interest to our protocol.
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Viewing Voters as a Distribution. As in Section 2, we normalize total voter mass to 1 and view voters as drawn
from a probability distribution over the metric space. In this view, 𝑋,𝑌, 𝑍 become random variables and social costs
expectations:

𝑆𝐶 (𝐴) = E𝑣∈V [𝑑 (𝑣, 𝐴)] = E𝑍 − E𝑋, 𝑆𝐶 (𝐵) = E𝑣∈V [𝑑 (𝑣, 𝐵)] = E𝑍 + E𝑌, (9)

so that 𝑆𝐶 (𝐴)/𝑆𝐶 (𝐵) = [E𝑍 − E𝑋]/[E𝑍 + E𝑌 ]. We are interested in upper bounding this ratio under the constraints
𝑓 (𝐴𝐶) ⩾ 1 − 𝜆, 𝑓 (𝐶𝐵) ⩾ 𝜆, which are now purely expressed in terms of the distributions of 𝑋 and 𝑌 .

Linearizing the Distortion Objective. Fix a threshold 𝑅 > 0. Observe that if 𝑆𝐶 (𝐴)/𝑆𝐶 (𝐵) = [E𝑍−E𝑋]/[E𝑍+E𝑌 ]
exceeds 𝑅 + 1, then the functional

Φ𝑅 (𝑋,𝑌, 𝑍) = E𝑋 + (𝑅 + 1) · E𝑌 + R · E𝑍 < 0. (10)

Later, we will choose 𝑅 appropriately and show that the global minimum of the LHS of Equation (10) is at least
zero, and this will imply a distortion of at most 𝑅 + 1. Notice that Φ𝑅 is bilinear in the natural variables:

• For fixed (𝑋,𝑌, 𝑍), it is linear in the voter distribution, and

• For fixed masses on each voter type, it is linear in the coordinates 𝑋,𝑌, 𝑍 themselves.

Our overall optimization problem is therefore

Minimize Φ𝑅 (𝑋,𝑌, 𝑍) = E𝑋 + (𝑅 + 1) · E𝑌 + 𝑅 · E𝑍
over 𝑋,𝑌, 𝑍 and a distribution over voters

Subject to (i) 𝑓 (𝐴𝐶) is induced by some matching determined by 𝑋;
(ii) 𝑓 (𝐶𝐵) is induced by some matching determined by 𝑌 ;
(iii) 𝑓 (𝐴𝐶) ⩾ 1 − 𝜆, 𝑓 (𝐶𝐵) ⩾ 𝜆,

(11)

and our goal is to plug in 𝑅 = 2 and argue that the objective is nonnegative.

5.3 Optimal Coupling of the Reparameterized Variables
We now simplify the metric side of Program (11). The two steps are:

(1) Use triangle inequalities to pin down, for each voter 𝑣, the smallest possible 𝑑 (𝑣, 𝐶), compatible with 𝑋 and 𝑌 ;

(2) Show that, for fixed one-dimensional distributions of 𝑋 and𝑌 (recall we can view them as distributions over V),
the worst (most adversarial) case occurs when 𝑋 and 𝑌 are coupled in an anti-monotone way: large 𝑋 (𝑣) paired
with small 𝑌 (𝑣).

Triangle Inequalities and the Function 𝑍min . Fix functions 𝑋,𝑌 on the electorate. From Equation (10), we should
pointw-ise minimize 𝑍 such that {(𝑋 (𝑣), 𝑌 (𝑣), 𝑍 (𝑣))}𝑣∈V is still metric feasible in the sense that Equation (8) can
still be realized in some latent metric space. This observation leads to the following key lemma. By ∥𝑋 ∥∞ we mean
max𝑣∈V |𝑋 (𝑣) |.

Lemma 5.1. Fix real-valued functions 𝑋,𝑌 on the electorate 𝑉 . For any real-valued function 𝑍 on 𝑉 , in order for
(𝑋,𝑌, 𝑍) to be realized by some metric 𝑑 under Equation (8), it is necessary and sufficient that

𝑍 (𝑣) ⩾ 𝑍min (𝑣) = max

{
∥𝑋 ∥∞ + 𝑋 (𝑣)

2
,
∥𝑌 ∥∞ − 𝑌 (𝑣)

2
,
∥𝑋 + 𝑌 ∥∞ + 𝑋 (𝑣) − 𝑌 (𝑣)

2

}
for all 𝑣. (12)

Intuitively, each term comes from one family of triangle inequalities, (𝑣, 𝐴, 𝐶), (𝑣, 𝐵, 𝐶), and (𝑣, 𝐴, 𝐵), respectively.
When written in terms of 𝑋,𝑌, 𝑍 , these inequalities impose the following constraints:

• For each voter 𝑣, 𝑍 (𝑣) must be at least the three simple linear expressions in 𝑋 (𝑣), 𝑌 (𝑣), reflecting the three
triangles we can draw with 𝑣 and any two candidates;
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• Globally, the ranges of 𝑋 and 𝑌 are bounded by the side lengths of the triangle (𝐴, 𝐵, 𝐶), and this explains the
presence of the ∥ · ∥∞ terms.

Geometrically 𝑍min (𝑥, 𝑦) can be viewed as the upper envelope of three planes in the (𝑥, 𝑦, 𝑧)-space, such that any
metric-feasible triple must lie above it. Since our objective Equation (10) is increasing in 𝑍 , the worst-case (smallest
value) of Φ𝑅 for given 𝑋,𝑌 is always obtained by pushing each voter down onto this envelope. Consequently, for our
task, we can therefore treat 𝑍 as a deterministic function of (𝑋,𝑌 ).

Couplings and Counter-Monotone Structure. Once we fix the functions 𝑋 and 𝑌 on the electorate, the metric
constraints imply it suffices to assign 𝑍 pointwise by 𝑍min (𝑋,𝑌 ). Recall that the value of 𝑓 (𝐴𝐶) depends only on the
multiset {𝑋 (𝑣)}, and 𝑓 (𝐶𝐵) depends only on {𝑌 (𝑣)}. Under the perspective of viewing 𝑋,𝑌 as distributions over V,
the tournament constraint fix the marginal distributions of 𝑋 and 𝑌 , but they do not constrain how the values of 𝑋 and
𝑌 are paired across voters. We now analyze this.

For worst-case analysis, we are free to change the coupling between 𝑋 and 𝑌 : we may reorder the 𝑋- and 𝑌 -values
arbitrarily among voters. Under such rearrangements, E𝑋,E𝑌 remain fixed; the only term in Equation (10) subject
to change is E[𝑍min (𝑋,𝑌 )]. We are interested in the smallest possible value of Φ𝑅, so we want the coupling that
minimizes E[𝑍min (𝑋,𝑌 )]. A key result from this write-up is the following structural lemma.

Lemma 5.2. Fix one-dimensional distributions of 𝑋,𝑌 onV as well as a parameter 𝑅 > 0. Among all joint distributions
(couplings) with these marginals, the functional Φ𝑅 (𝑋,𝑌 ) is minimized when 𝑋,𝑌 are counter-monotone: there is
an indexing of the electorate V by 𝑡 ∈ [0, 1] such that 𝑋 (𝑡) is non-increasing in 𝑡, and 𝑌 (𝑡) is non-decreasing in 𝑡.
Equivalently, whenever two voters 𝑣1, 𝑣2 satisfy 𝑋 (𝑣1) < 𝑋 (𝑣2), we also have 𝑌 (𝑣1) ⩾ 𝑌 (𝑣2).

Proof sketch. The key geometric fact is that 𝑍min (𝑥, 𝑦) is the maximum of three affine functions in (𝑥, 𝑦) in a specific
way, so that the mapping (𝑥, 𝑦) ↦→ 𝑍min (𝑥, 𝑦) is supermodular. Consequently, “aligning” large 𝑋 with large 𝑌 tends
to increase E[𝑍min (𝑋,𝑌 )]. This gives rise to a standard exchange argument that iteratively swaps “out-of-order” pairs
that is not yet coupled counter-monotonically.

In slightly more details, we note that this explanation is a slight oversimplification, for swapping the coupling may
lead to different ∥𝑋 + 𝑌 ∥∞. The full proof proceeds in two steps: first, it shows that against a frozen 𝑐, the mapping

(𝑥, 𝑦) ↦→ ℎ𝑐 (𝑥,−𝑦) = max{∥𝑋 ∥∞ + 𝑥, ∥𝑌 ∥∞ + (−𝑦), 𝑐 + 𝑥 + (−𝑦)} (13)

is supermodular; second, it shows that a local swap does not increase ∥𝑋 +𝑌 ∥∞. These together complete the proof. □

Lemma 5.2 allows us to impose a very clean structure on worst-case instances. We can now index voters by
a parameter 𝑡 ∈ [0, 1] such that 𝑋 (𝑡) is nonincreasing in 𝑡, 𝑌 (𝑡) is nondecreasing, and 𝑍 (𝑡) = 𝑍min (𝑋 (𝑡), 𝑌 (𝑡)).
In other words, the geometric worst case is completely captured by a one-dimensional parameterized curve 𝑡 ↦→
(𝑋 (𝑡), 𝑌 (𝑡), 𝑍min (𝑡)) running along the upper envelop surface in the (𝑥, 𝑦, 𝑧)-space, with 𝑋 decreasing and𝑌 increasing.
The remaining work will take place entirely in this 1D picture.

5.4 Optimal Matchings and Tight Constraints
At this point, we have made voter-candidate distances deterministic with respect to 𝑋 and 𝑌 . The remaining degree
of freedom is the choice of maximum matchings we use between (𝐴,𝐶) and between (𝐶, 𝐵). Different matchings can
give different numbers of deliberation wins and hence different values of 𝑓 (𝐴𝐶) and 𝑓 (𝐶𝐵), even for the voters and
candidates. First observe that when everything is fixed, the constraints for 𝑓 (𝐴𝐶), 𝑓 (𝐶𝐵) in Equation (11) are made
most slack by choosing the matchings with the most number of 𝐴-wins for 𝑋 (resp. 𝐶-wins for 𝑌 ). Call them the
𝐴-optimal (𝐴,𝐶) matching and the 𝐶-optimal (𝐶, 𝐵) matching, respectively. We will WLOG assume that these are
the matchings we seek and use.

This section proves two additional structural reductions, that it is WLOG to assume:

(1) The optimal matchings additionally admit a simple prefix-suffix structure along the [0, 1] line, and

(2) The constraints 𝑓 (𝐴𝐶) ⩾ 1 − 𝜆 and 𝑓 (𝐶𝐵) ⩾ 𝜆 attain equality.
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We focus on establishing both for (𝐴,𝐶); the results, once established, directly apply to the (𝐶, 𝐵) side. Notation
wise, we say a voter pair (𝑢, 𝑣) is an A ≻ C pair if the pair deliberates in the (𝐴,𝐶) matching and favors 𝐴. Similarly,
a 𝐶 ≻ 𝐴 pair is one that deliberates in the (𝐴,𝐶) matching but favors 𝐶. The 𝐶 ≻ 𝐵, 𝐵 ≻ 𝐶 pairs are defined
analogously.

Prefix Property of Matchings. Even among all 𝐴-optimal matchings for (𝐴,𝐶), the pattern of who is matched with
whom need not be unique. Our next lemma says that we can choose a particularly nice one: it pairs “most extreme”
voters on each side.

Lemma 5.3. Let 𝑊𝐴𝐶 be the mass of 𝐴 ≻ 𝐶 pairs in some 𝐴-optimal (𝐴,𝐶) matching. By definition, all 𝐴-optimal
(𝐴,𝐶) matchings have the same 𝐴 ≻ 𝐶 mass. In particular, there exists another 𝐴-optimal (𝐴,𝐶) matching in which:

(i) All 𝐴 ≻ 𝐶 pairs are formed by the leftmost 𝑊𝐴𝐶 mass (voters with the largest 𝑋 (𝑡) ⩾ 0) to the rightmost 𝑊𝐴𝐶

mass of the 𝐶𝐴 side (voters with the most negative 𝑋 (𝑡) < 0), and

(ii) These two blocks are matched counter-monotonically: the largest 𝑋 on 𝐴𝐶 pairs with the smallest 𝑋 on 𝐶𝐴,
and so on.

𝐴𝐶

𝐶𝐴

irrelevant

prefix of 𝐴𝐶
for 𝐴 ≻ 𝐶 pairs

most pro-𝐴
(largest 𝑋 (𝑣))

irrelevant

suffix of 𝐶𝐴
for 𝐴 ≻ 𝐶 pairs

most pro-𝐶
(most negative 𝑋 (𝑣))

most indifferent
(𝑋 (𝑣) close to 0)

Figure 1: The prefix-suffix structure of 𝐴 ≻ 𝐶 pairs.

It might be helpful to simply refer to Fig-
ure 1, where the blue blocks are involved in
the 𝐴 ≻ 𝐶 pairs, whereas the white ones are
unmatched or contribute to 𝐶 ≻ 𝐴.

Proof. This proof is an exchange argu-
ment at heart, similar to that of Lemma 5.2,

Suppose 𝑋 (𝑢1) ⩾ 𝑋 (𝑢2) ⩾ 0 ⩾ 𝑋 (𝑣1) ⩾
𝑋 (𝑣2). Then we have 𝑋 (𝑢1) + 𝑋 (𝑣1) ⩾ 0
and 𝑋 (𝑢2) + 𝑋 (𝑣2) ⩾ 0. It is easy to check
that 𝑋 (𝑢1) +𝑋 (𝑣2) ⩾ 0 and 𝑋 (𝑢2) +𝑋 (𝑣1) ⩾
0. This means we can replace the matchings
with (𝑢1, 𝑣2) and (𝑢2, 𝑣1). This means the
matchings can be made counter-monotone.
Further, suppose 𝑋 (𝑢1) ⩾ 𝑋 (𝑢2) ⩾ 0 and 𝑢1
does not participate in an 𝐴 ≻ 𝐶 pair, while
𝑢2 is matched to 𝑣2 in an 𝐴 ≻ 𝐶 pair. Then
we can replace (𝑢2, 𝑣2) with (𝑢1, 𝑣2).

Analogously, if 0 ⩾ 𝑋 (𝑣1) ⩾ 𝑋 (𝑣2) and
𝑣1 does not participate in an 𝐴 ≻ 𝐶 pair while 𝑣2 is matched to 𝑢2 in an 𝐴 ≻ 𝐶 pair, we can replace (𝑢2, 𝑣2) with
(𝑢2, 𝑣1). This is feasible for the 𝑓 constraint since 𝑊𝐶𝐴 cannot increase in this process, and 𝑊𝐴𝐶 is preserved.

Iterating this process, we obtain a new (𝐴,𝐶) matching with 𝑊𝐴𝐶 pairs satisfying 𝐴 ≻ 𝐶 that additionally meets
the criteria described in the lemma statement. This concludes the proof. □

Tightening the 𝑓 -Constraints. The second structural simplification is that we replace 𝑓 (𝐴𝐶) ⩾ 1 − 𝜆, 𝑓 (𝐶𝐵) ⩾ 𝜆
with 𝑓 (𝐴𝐶) = 1 − 𝜆 and 𝑓 (𝐶𝐵) = 𝜆. This intuitively makes sense, as larger values of 𝑓 (𝐴𝐶) and 𝑓 (𝐶𝐵) mean that
the electorate likes 𝐴 over 𝐶 and 𝐶 over 𝐵 more strongly, which overall helps 𝐴 and hurts 𝐵. On the other hand, the
distortion is large exactly when 𝐴 is unpopular and 𝐵 is popular (large 𝑆𝐶 (𝐴), small 𝑆𝐶 (𝐵)). Therefore, it makes
sense that the worst case is obtained when these 𝑓 -constraints are as weak as possible.

Lemma 5.4. Given any instance with (𝑋,𝑌 ) and couplings as above satisfying 𝑓 (𝐴𝐶) ⩾ 1 − 𝜆, 𝑓 (𝐶𝐵) ⩾ 𝜆, there
exists another instance (with the same three candidates and voter mass) such that

(i) 𝑓 (𝐴𝐶) = 1 − 𝜆 and 𝑓 (𝐶𝐵) is unchanged,

(ii) The new (𝑋 ′, 𝑌 ′) still comes from some latent metric, and

(iii) distortion of the new instance is at least that of the old instance.
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A symmetric statement holds for tightening 𝑓 (𝐶𝐵) ⩾ 𝜆.

Proof sketch. The idea is purely geometric: we “slide” all 𝑋-values uniformly away from 𝐴 by a parameter 𝑡 ⩾ 0, so
that over time, 𝑓 (𝐴𝐶) decreases, and argue that there exists a moment along this trajectory at which 𝑓 (𝐴𝐶) hits exactly
1−𝜆. Formally, we replace 𝑋 (𝑣) by 𝑋 (𝑣) − 𝑡, leave𝑌 unchanged, and make other adjustments to the underlying metric
as necessary (e.g. candidate-candidate distances). Given 𝑡 ⩾ 0, the adjustments can be realized by

𝑑𝑡 (𝑣, 𝐴) = 𝑑 (𝑣, 𝐴) + 𝑡 𝑑𝑡 (𝑣, 𝐶) = 𝑑 (𝑣, 𝐶), 𝑑𝑡 (𝑣, 𝐵) = 𝑑 (𝑣, 𝐵)
𝑑𝑡 (𝐴,𝐶) = 𝑑 (𝐴,𝐶) + 𝑡 𝑑𝑡 (𝐶, 𝐵) = 𝑑 (𝐶, 𝐵), 𝑑𝑡 (𝐴, 𝐵) = 𝑑 (𝐴, 𝐵) + 𝑡, (14)

which proves (ii). The comparisons between 𝐶 and 𝐵 is unaffected, so under 𝐶-optimal matchings, the value of 𝑓 (𝐶𝐵)
stays fixed. For (𝐴,𝐶), as we increase 𝑡, more voters and matched pairs move from “𝐴 strictly better to 𝐶” eventually
to “𝐶 strictly better than 𝐴,” so 𝑓 (𝐴𝐶), as a function of 𝑡, is nonincreasing. When 𝑡 is sufficiently large, everyone
prefers 𝐶 over 𝐴, at which point 𝑓 (𝐴𝐶) becomes 0. The complication is that 𝑓 (𝐴𝐶), defined by Equation (2), need
not be continuous when |𝐴𝐶 | or 𝑊𝐴𝐶 admits a jump. We omit the technical proof here, but the high-level idea is that
we can smooth out these jumps by apportioning ordinal preference and/or deliberation ties carefully. This proves (i).
Finally, (iii) trivially follows from Equation (14) as 𝑆𝐶 (𝐴) increases in 𝑡 but 𝑆𝐶 (𝐵) stays unchanged. □

We now restate Program (11) in its updated form.

Minimize Φ𝑅 (𝑋,𝑌 ) = E𝑋 + (𝑅 + 1) · E𝑌 + 𝑅 · E𝑍
over 𝑋,𝑌 on V, 𝑍 = 𝑍min (𝑋,𝑌 ) from Equation (12)

Subject to [Lemma 5.3] 𝑓 (𝐴𝐶) is induced by an 𝐴-optimal (𝐴𝐶,𝐶𝐴) matching;
[Lemma 5.3] 𝑓 (𝐶𝐵) is induced by a 𝐶-optimal (𝐶𝐵, 𝐵𝐶) matching;
[Lemma 5.4] 𝑓 (𝐴𝐶) = 1 − 𝜆, 𝑓 (𝐶𝐵) = 𝜆.

(15)

6 The Bilinear Program and Distortion 3
In this section we fix 𝜆∗ = (3−

√
3)/2 ≈ 0.634 and𝑤∗ =

√
3−1 ≈ 0.732. We show that (i) the deliberation-via-matching

protocol has distortion at most 3, and (ii) we prove a complementary lower bound that for any choice of (𝜆, 𝑤), the
deliberation-via-matching protocol has distortion at least 3. These combined justify the optimality of (𝜆∗, 𝑤∗).

We begin by characterizing the range of possible sizes of |𝐴𝐶 | and |𝐶𝐵 | when 𝑓 (𝐴𝐶) = 1−𝜆∗ and 𝑓 (𝐶𝐵) = 𝜆∗. It
is clear that the range of feasible values for |𝐴𝐶 | is continuous, and hence an interval [𝐴𝐶min , 𝐴𝐶max ], whose endpoints
are given by solving the following tiny programs:

find |𝐴𝐶 | = 𝐴𝐶min

s.t. 𝑚𝐴𝐶 = min{|𝐴𝐶 |, |𝐶𝐴|},

0 ⩽ |𝐴𝐶 | ⩽ 1, 𝑊𝐴𝐶 = 𝑚𝐴𝐶 ,

|𝐴𝐶 | + 𝑤∗ ·𝑊𝐴𝐶 = (1 − 𝜆∗)(1 + 𝑤∗ · 𝑚𝐴𝐶 )

find |𝐴𝐶 | = 𝐴𝐶max

s.t. 𝑚𝐴𝐶 = min{|𝐴𝐶 |, |𝐶𝐴|},

0 ⩽ |𝐴𝐶 | ⩽ 1, 𝑊𝐴𝐶 = 0,
|𝐴𝐶 | + 𝑤∗ ·𝑊𝐴𝐶 = (1 − 𝜆∗)(1 + 𝑤∗ · 𝑚𝐴𝐶 )

(16)

The first program calculates the size of 𝐴𝐶 when the deliberation favors 𝐴 as much as possible, which gives the
smallest |𝐴𝐶 | necessary to reach the 1 − 𝜆∗ threshold, and the second program does the opposite by setting 𝑊𝐴𝐶 = 0.
We omit the tedious algebra — the two solutions are 𝐴𝐶min = 0.25 and 𝐴𝐶max = 0.50. Likewise, 𝐶𝐵min = 0.50
and 𝐶𝐵max = 0.75. In particular, this implies that under our choice of (𝜆∗, 𝑤∗), we always have |𝐴𝐶 | ⩽ |𝐶𝐴| and
|𝐵𝐶 | ⩽ |𝐶𝐵 |.

We now exploit the prefix-suffix structure of optimal matchings as described in Lemma 5.3. With 𝑋 (𝑡) nonincreasing
and 𝑌 (𝑡) nondecreasing on [0, 1], each matching (𝐴,𝐶) and (𝐶, 𝐵) partitions [0, 1] into a small number of contiguous
blocks, according to whether a voter lies on the “𝐴-side” or the “𝐶-side,” as well as whether the correpsonding
deliberation is a win or loss (or unmatched). Overlaying the two matchings yields a constant number of intervals such
that on each interval, all voters have identical preferences and deliberation outcomes. We later write a bilinear program
on this interval partition.
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Four-Interval Partitions for 𝑋 and𝑌 . Consider the (𝐴,𝐶) matching. The prefix property (Lemma 5.3) implies that
the range [0, 1] can be partitioned into four consecutive, possibly empty intervals that describe the (𝐴,𝐶) matching.
By the structure of the prefix-suffix 𝐴-optimal matching, the 𝐴 ≻ 𝐶 blocks always lie on the leftmost of [0, |𝐴𝐶 |] (the
𝐴𝐶 block) and of [|𝐴𝐶 |, 1] (𝐶𝐴 block). These correspond to the blue blocks in Figure 1. Likewise, we can perform
the same partition based on 𝑌 . As we analyze the 𝐶-optimal matching and 𝑌 is increasing, the 𝐶-win blocks lie on the
rightmost of [0, |𝐵𝐶 |] and [|𝐵𝐶 |, 1].

𝑋

Interval [0,𝑊𝐴𝐶 ] [𝑊𝐴𝐶 , |𝐴𝐶 |] [|𝐴𝐶 | , |𝐴𝐶 | +𝑊𝐴𝐶 ] [|𝐴𝐶 | +𝑊𝐴𝐶 , 1]

Role 𝐴𝐶 𝐴-win 𝐴𝐶 𝐴-loss 𝐶𝐴 𝐴-win 𝐶𝐴 𝐴-loss/unmatched

Length 𝑊𝐴𝐶 𝑊𝐶𝐴 𝑊𝐴𝐶 𝑊𝐶𝐴 + (1 − 2 |𝐴𝐶 |)

𝑌

Interval [0,𝑊𝐵𝐶 ] [𝑊𝐵𝐶 , |𝐵𝐶 |] [|𝐵𝐶 | , 1 − |𝐵𝐶 | +𝑊𝐵𝐶 ] [1 − |𝐵𝐶 | +𝑊𝐵𝐶 , 1]

Role 𝐵𝐶 𝐶-loss 𝐵𝐶 𝐶-win 𝐶𝐵 unmatched/𝐶-loss 𝐶𝐵 𝐶-win

Length 𝑊𝐵𝐶 𝑊𝐶𝐵 (1 − 2 |𝐵𝐶 |) +𝑊𝐵𝐶 𝑊𝐶𝐵

Table 1: Two different partitions of [0, 1] induced by 𝑋 and 𝑌 . Cells highlighted in violet correspond to the identity
|𝐴𝐶 | +𝑊𝐴𝐶 = 0.5 proven in Lemma 6.1.

Nine-Interval Refinement of [0, 1]. We now overlay the four-interval partitions induced by 𝑋 and by 𝑌 . There are
two separate cases here, depending on whether |𝐴𝐶 | ⩽ |𝐵𝐶 |. For brevity we fully display the analysis for the case
|𝐴𝐶 | ⩽ |𝐵𝐶 | and briefly describe the analogous results for the other case.

We first prove a useful algebraic identity:

Lemma 6.1. If 𝑓 (𝐴𝐶) = 1 − 𝜆∗ then |𝐴𝐶 | +𝑊𝐴𝐶 = 0.5. Similarly, 𝑓 (𝐶𝐵) = 𝜆∗ implies |𝐵𝐶 | +𝑊𝐵𝐶 = 0.5.

Proof. Under our choice of (𝜆∗, 𝑤∗), we have |𝐴𝐶 | ⩽ |𝐶𝐴|, so

1 − 𝜆∗ = 𝑓 (𝐴𝐶) = |𝐴𝐶 | + 𝑤∗ ·𝑊𝐴𝐶

1 + 𝑤∗ · |𝐴𝐶 | .

Solving for |𝐴𝐶 | in terms of 𝑊𝐴𝐶 , we have |𝐴𝐶 | +𝑊𝐴𝐶 = 0.5 as desired. The other case for 𝐶𝐵 is analogous. □

We now consider the case where |𝐴𝐶 | ⩽ |𝐵𝐶 |, where the four-interval partitions of [0, 1] by each of 𝑋,𝑌 are given
by Table 1. As shown in Figure 2, we partition the range into 9 intervals labeled 1 through 9. The top row of the figure
depicts how the 9 intervals relate to the partition induced by 𝑋 , while the bottom row depicts how the same 9 intervals
relate to the partition induced by 𝑌 . The exact breakdown is as follows.

• For the 𝑋 partition, intervals 1 and 2 correspond to [0,𝑊𝐴𝐶 ], interval 3 corresponds to [𝑊𝐴𝐶 , |𝐴𝐶 |], intervals
4 and 5 correspond to [|𝐴𝐶 | , |𝐴𝐶 | +𝑊𝐴𝐶 ], and intervals 6 through 9 correspond to [|𝐴𝐶 | +𝑊𝐴𝐶 , 1].

• For the𝑌 partition, interval 1 corresponds to [0,𝑊𝐵𝐶 ], intervals 2 through 4 correspond to [𝑊𝐵𝐶 , |𝐵𝐶 |], intervals
5 and 6 correspond to [|𝐵𝐶 | , 1 − |𝐵𝐶 | +𝑊𝐵𝐶 ], and intervals 7 through 9 correspond to [1 − |𝐵𝐶 | +𝑊𝐵𝐶 , 1].

We first explain the rationale behind the nine intervals outlined in Figure 2. Whenever two intervals are connected
by an arc, the corresponding masses are matched in an 𝐴 ≻ 𝐶 or 𝐶 ≻ 𝐵 deliberation. We call an interval relevant if
it appears in at least one end of such an arc, that is, its voters either directly form an 𝐴 ≻ 𝐶 pair or a 𝐶 ≻ 𝐵 pair (e.g.
𝑝1 for 𝑋 and 𝑝7 for 𝑌 ), or they serve as the partner of such a pair (e.g. 𝑝1 for 𝑌 and 𝑝7 for 𝑋). In the configuration
of Figure 2, explained in more details later, 𝑝5 is the unique irrelevant interval: no mass on 𝑝6 participates in any
deliberation, for 𝑋 (on (𝐴,𝐶)) or for 𝑌 (on (𝐶, 𝐵)). In the bilinear program described later, only relevant intervals
show up in the matching constraints (e.g. 𝑋1 + 𝑋5 ⩾ 0 indicating intervals 1 and 5 are 𝐴 ≻ 𝐶 pairs), whereas irrelevant
intervals contribute only through their mass and average (𝑋,𝑌, 𝑍) values in the expectations.

We now show that it suffices to consider instances where for each interval, the values of 𝑋 and 𝑌 are constant
across it. That is, we can then model the entire instance by an electorate supported on at most nine distinct points.
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𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 𝑝6 𝑝7 𝑝8 𝑝9

𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 𝑝6 𝑝7 𝑝8 𝑝9

0 1

0

|𝐶𝐵 |

1

|𝐵𝐶 |

𝐵𝐶 side of
(𝐶 ≻ 𝐵) pairs

𝐴𝐶 side of
(𝐴 ≻ 𝐶) pairs

|𝐴𝐶 | |𝐶𝐴|

0.50.25

𝐶𝐵 side of
(𝐶 ≻ 𝐵) pairs

𝐶𝐴 side of
(𝐴 ≻ 𝐶) pairs

Figure 2: The lines go from 0 to 1, capturing cumulative voter mass. The top line represents 𝑋 values in decreasing
order and the bottom line represents 𝑌 values in increasing order. A voter appears at the same position in both lines.
The pink masses 𝑝1 and 𝑝5 represent a set of 𝐴 ≻ 𝐶 matching pairs. This means 𝑝1 = 𝑝5. The same holds for the
purple masses 𝑝2 and 𝑝4. The masses 𝑝1, 𝑝2, 𝑝3 correspond to non-negative 𝑋 values, hence together capture |𝐴𝐶 |.
The masses 𝑝1, . . . , 𝑝4 have non-positive 𝑌 values and together capture |𝐵𝐶 |. The 𝐶 ≻ 𝐵 pairs are captured by the
pairs of masses (𝑝2, 𝑝9), (𝑝3, 𝑝8) and (𝑝4, 𝑝7).

In particular, we can replace the voters in an interval with a weighted voter whose 𝑋 (resp. 𝑌 ) value is equal to the
average of the 𝑋 (resp. 𝑌 ) values of the voters in that interval, and the weight being the probability mass of voters in
that interval. This will follow from the lemma below.

Lemma 6.2. For any two voters 𝑢, 𝑣 with values (𝑋 (𝑢), 𝑌 (𝑢)) and (𝑋 (𝑣), 𝑌 (𝑣)), let 𝜇 = (𝑋 (𝑢) + 𝑋 (𝑣))/2 and
𝜈 = (𝑌 (𝑢) + 𝑌 (𝑣))/2. Then if we replace 𝑢 and 𝑣 with two voters with identical values (𝜇, 𝜈), the objective in
Equation (10) does not increase.

Proof. First, note that

max{𝑋 (𝑢) + 𝑌 (𝑢), 𝑋 (𝑣) + 𝑌 (𝑣)} ⩾ 𝜇 + 𝜈 ⩾ min{𝑋 (𝑢) + 𝑌 (𝑢), 𝑋 (𝑣) + 𝑌 (𝑣)},

which means ∥𝑋 + 𝑌 ∥∞ cannot increase. A similar argument shows that ∥𝑋 ∥∞, ∥𝑌 ∥∞ cannot increase. Next, fixing
the values of these norms, 𝑍min in Equation (12) is the maximum of three linear functions, and is therefore a convex
function of 𝑋,𝑌 . By Jensen’s inequality, this means E𝑍 cannot increase when we replace values by their means.
Finally, E𝑋,E𝑌 are preserved by this transformation. □

Using this lemma in each interval, we can replace the voters in each interval with a weighted voter with 𝑋,𝑌 values
equal to the means of 𝑋,𝑌 values of voters in the interval. This does not increase the objective in Equation (10). It is
easy to verify that the 𝑓 -constraints are preserved. Consider for example the intervals (1, 5) that define a set of 𝐴 ≻ 𝐶
matchings, each with non-negative sum of 𝑋 values. Simple averaging over the pairs of matched voters shows that the
sum of the mean values of 𝑋 in the two intervals is non-negative, so that the new weighted voters also define an 𝐴 ≻ 𝐶
matching. Further, voters who initially preferred 𝐴 to 𝐶 map to a weighted voter with the same preference. This shows
the 𝑓 constraints are preserved in this process.

The Bilinear Program. For each interval 𝑖 ∈ [1, 9] let 𝑋𝑖 and 𝑌𝑖 denote the uniform value of 𝑋 and 𝑌 respectively
on that interval. Also let 𝑝𝑖 denote the length of interval 𝑖. We first show that 𝑝2 = 𝑝4. By Lemma 6.1, we have
𝑊𝐴𝐶 + |𝐴𝐶 | = 0.5, so the midpoint of interval 3 must be at 0.25. Similarly, we have𝑊𝐵𝐶 + |𝐵𝐶 | = 0.5 so the midpoint
of intervals 2, 3, and 4 collectively must also be at 0.25. Together, this implies 𝑝2 = 𝑝4. Since intervals 2 through 4
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collectively are centered around 0.25, and interval 5 ends at 𝑊𝐴𝐶 + |𝐴𝐶 | = 0.5, we also have 𝑝1 = 𝑝5. Finally, we
define intervals 7 through 9 to be the intervals that match with intervals 2 through 4 in the (𝐵,𝐶) matching. Thus we
have 𝑝2 = 𝑝9, 𝑝3 = 𝑝8, and 𝑝4 = 𝑝7. In total we have the constraints 𝑝1 = 𝑝5, 𝑝2 = 𝑝4 = 𝑝7 = 𝑝9, and 𝑝3 = 𝑝8.

We now describe the constraints on 𝑋 and 𝑌 induced by the matching constraints. Recall that intervals 1 and 2
correspond to the section of 𝐴𝐶 where 𝐴 wins the deliberation, and intervals 4 and 5 correspond to the section of 𝐶𝐴
where 𝐴 wins the deliberation. The 𝐴-optimal matching pairs interval 1 with interval 5 and interval 2 with interval
4. Thus we have the constraints 𝑋1 + 𝑋5 ⩾ 0 and 𝑋2 + 𝑋4 ⩾ 0. Similarly for 𝑌 , we have the constraints 𝑌2 + 𝑌9 ⩾ 0,
𝑌3 +𝑌8 ⩾ 0, and 𝑌4 +𝑌7 ⩾ 0. We note that our relaxation will not need to enforce the constraints that 𝑋 (𝑢) + 𝑋 (𝑣) ⩽ 0
for a deliberation where 𝐶 wins against 𝐴 (or the corresponding constraint for 𝑌 ).

By the counter-monotonic coupling of 𝑋 and 𝑌 , we have 𝑋𝑖 ⩾ 𝑋𝑖+1 and 𝑌𝑖 ⩽ 𝑌𝑖+1 for all 𝑖 ∈ [8]. Finally, since the
section 𝐴𝐶 corresponds to positive 𝑋 values and the section 𝐶𝐵 corresponds to positive 𝑌 values, we have 𝑋3 ⩾ 0 and
𝑌5 ⩾ 0. We have the following relaxation of Program (15):

Minimize Φ𝑅 (𝑋,𝑌 ) = E𝑋 + (𝑅 + 1) · E𝑌 + 𝑅 · E𝑍
Subject to E𝑋 =

∑9
𝑖=1 𝑝𝑖𝑋𝑖 , E𝑌 =

∑9
𝑖=1 𝑝𝑖𝑌𝑖 , E𝑍 =

∑9
𝑖=1 𝑝𝑖𝑍𝑖

𝑍𝑖 ⩾ 𝑍min (𝑋𝑖 , 𝑌𝑖) for 𝑖 ∈ [9] (Equation (12))
𝑋𝑖 ⩾ 𝑋𝑖+1 and 𝑌𝑖 ⩽ 𝑌𝑖+1 for 𝑖 ∈ [8] (Counter-monotone, Lemma 5.2)
𝑋3 ⩾ 0 and 𝑌5 ⩾ 0
𝑋1 + 𝑋5 ⩾ 0, 𝑋2 + 𝑋4 ⩾ 0 (𝐴 ≻ 𝐶 matchings in 𝑋)
𝑌2 + 𝑌9 ⩾ 0, 𝑌3 + 𝑌8 ⩾ 0, and 𝑌4 + 𝑌7 ⩾ 0 (𝐶 ≻ 𝐵 matchings in 𝑌 )∑9

𝑖=1 𝑝𝑖 = 1 and
∑𝑡

𝑖=1 𝑝𝑖 = 0.5 (|𝐴𝐶 | +𝑊𝐴𝐶 = 0.5, Lemma 6.1)
𝑝1 = 𝑝5, 𝑝2 = 𝑝4 = 𝑝7 = 𝑝9, and 𝑝3 = 𝑝8 (Coupling of masses)
𝑍𝑖 , 𝑝𝑖 ⩾ 0 for 𝑖 ∈ [9] .

(17)

Since the above program contains a multiplicative term when computing the expectation of each variable, it is a
bilinear program, where the objective multiplies the 𝑝𝑖 variables with the (𝑋𝑖 , 𝑌𝑖 , 𝑍𝑖) variables, and there are separate
linear constraints for the 𝑝𝑖 and the (𝑋𝑖 , 𝑌𝑖 , 𝑍𝑖). In order to solve this program efficiently, we separate the constraints
into two parts, where the first one has variables for each 𝑝𝑖 and the second one has the remaining variables. If we absorb
the E𝑋,E𝑌,E𝑍 constraints into the objective, the two sets of constraints are disjoint. Since for any fixed (𝑋𝑖 , 𝑌𝑖 , 𝑍𝑖)
variables, the bilinear program is linear in the 𝑝𝑖 variables, its optimum is achieved at a vertex of the polytope of the
𝑝𝑖 . This means the overall optimum is also achieved at such a point, and it therefore suffices to enumerate all extreme
points of the first set of constraints (the ones capturing 𝑝𝑖) and solve the bilinear program at every such extreme point.

Isolating the 𝑝𝑖 variables, and grouping the equal terms, we have a polytope defined by the following constraints:

2𝑝1 + 4𝑝2 + 2𝑝3 + 𝑝6 = 1,
2𝑝1 + 2𝑝2 + 𝑝3 = 0.5,
𝑝1, 𝑝2, 𝑝3, 𝑝6 ⩾ 0.

Eliminating 𝑝3, 𝑝6, the above reduces to the interior of a triangle on (𝑝1, 𝑝2) with vertices given by the point set
{(0, 0), (0, 0.25), (0.25, 0)}. Therefore, the 3 extreme points of the polytope are given by

(𝑝1, 𝑝2, 𝑝3, 𝑝6) = {(0, 0, 0.5, 0), (0, 0.25, 0, 0), (0.25, 0, 0, 0.5)}.

For each of the 3 extreme points, we substitute the 𝑝𝑖 variables into Program (17) and solve the resulting LP. For 𝑅 = 2,
the optimal objective value at each such extreme point is exactly 0, implying that the maximum distortion is at most 3.

The case for |𝐴𝐶 | ⩾ |𝐵𝐶 | is simpler and partitions [0, 1] only into seven subintervals. See Figure 3.
As such, we have established our main claim:

Theorem 6.3. The deliberation-via-matching protocol, when run with the
optimal parameters (𝜆∗, 𝑤∗), has distortion at most 3.

Lower Bound Instances for Any (𝝀, 𝒘). To complete the full picture, we now show that the analysis in the previous
section is tight by presenting a construction that yields a lower bound on distortion for any (𝜆, 𝑤). This lower bound
is optimized at 3, hence informing our choice of parameters above.
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𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 𝑝6 𝑝7

𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 𝑝6 𝑝7

0 1

0

|𝐶𝐵 |

1

|𝐵𝐶 |

𝐵𝐶 side of
(𝐶 ≻ 𝐵) pairs

𝐴𝐶 side of
(𝐴 ≻ 𝐶) pairs

|𝐴𝐶 | |𝐶𝐴|

0.50.25

𝐶𝐴 side of
(𝐴 ≻ 𝐶) pairs

𝐶𝐵 side of
(𝐶 ≻ 𝐵) pairs

Figure 3: Interval split for Case 2. The interpretation of this figure is similar to Figure 2. Note that analogous to that
case, we have 𝑝2 = 𝑝4.

Definition 6.4 (Permissible Ranges for |𝐴𝐶 |, |𝐶𝐵|). For 𝜆 ∈ (1/2, 1) and 𝑤 > 0, with 𝑓 (𝐴𝐶) = 1 − 𝜆, one must have
𝐴𝐶min ⩽ |𝐴𝐶 | ⩽ 𝐴𝐶max, and with 𝑓 (𝐶𝐵) = 𝜆, 𝐶𝐵min ⩽ |𝐶𝐵 | ⩽ 𝐶𝐵max, where

𝐴𝐶min (𝜆, 𝑤) =
1 − 𝜆

1 + 𝜆𝑤
𝐶𝐵max (𝜆, 𝑤) =

𝜆(1 + 𝑤)
1 + 𝜆𝑤

𝐶𝐵min (𝜆, 𝑤) =


𝜆 − (1 − 𝜆)𝑤
1 − (1 − 𝜆)𝑤 if 𝑤 ⩽

2𝜆 − 1
1 − 𝜆

𝜆

1 + (1 − 𝜆)𝑤 if 𝑤 >
2𝜆 − 1
1 − 𝜆

𝐴𝐶max (𝜆, 𝑤) =


1 − 𝜆

1 − (1 − 𝜆)𝑤 if 𝑤 ⩽
2𝜆 − 1
1 − 𝜆

(1 − 𝜆)(1 + 𝑤)
1 + (1 − 𝜆)𝑤 if 𝑤 >

2𝜆 − 1
1 − 𝜆

.

These are the quantities that allow the 𝑓 (·) constraints to be satisfied by winning all deliberations (lower bounding the
set sizes) or winning zero deliberation (upper bounding the set sizes). Observe that 𝐴𝐶min +𝐶𝐵max = 𝐴𝐶max +𝐶𝐵min =
1, regardless of 𝜆, 𝑤. The four quantities are found by solving the following, which are direct generalizations of
Equation (16) by replacing 𝜆∗, 𝑤∗ with general values.

find |𝐴𝐶 | = 𝐴𝐶min

s.t. 𝑚𝐴𝐶 = min{|𝐴𝐶 |, |𝐶𝐴|},

0 ⩽ |𝐴𝐶 | ⩽ 1, 𝑊𝐴𝐶 = 𝑚𝐴𝐶 ,

|𝐴𝐶 | + 𝑤 ·𝑊𝐴𝐶 = (1 − 𝜆) (1 + 𝑤 · 𝑚𝐴𝐶 )

find |𝐴𝐶 | = 𝐴𝐶max

s.t. 𝑚𝐴𝐶 = min{|𝐴𝐶 |, |𝐶𝐴|},

0 ⩽ |𝐴𝐶 | ⩽ 1, 𝑊𝐴𝐶 = 0,
|𝐴𝐶 | + 𝑤 ·𝑊𝐴𝐶 = (1 − 𝜆)(1 + 𝑤 · 𝑚𝐴𝐶 )

(18)

The quantities 𝐶𝐵max, 𝐶𝐵min can be computed similarly. We now describe three types of instances. For all three
examples, we assume V has unit mass.

Example 6.5 (Collinear Points 𝐴 − 𝐵 − 𝐶). Embed 𝑉 ∪ {𝐴, 𝐵, 𝐶} on R. Put 𝐴 = 0, 𝐵 = 1, and 𝐶 = 2. Place voter 𝑣𝐵
of mass 𝐴𝐶max at 𝐵 and 𝑣𝐶 with the remaining mass 𝐶𝐵min = 1 − 𝐴𝐶max at 𝐶. Then:

• 𝐴 vs. 𝐶. Arbitrate 𝑣𝐵 in favor of 𝐴. Then 𝑓 (𝐴𝐶) = 1 − 𝜆 is satisfied by |𝐴𝐶 | = 𝐴𝐶max , with 𝐴 winning zero
deliberations.

• 𝐶 vs. 𝐵. All (𝐶, 𝐵) deliberations are ties, and we arbitrate all of them into 𝐶 ≻ 𝐵 pairs. Then 𝑓 (𝐶𝐵) = 𝜆 with
|𝐶𝐵 | = 𝐶𝐵min and 𝐶 winning every deliberation matching.

14



This instance has distortion 𝑆𝐶 (𝐴)/𝑆𝐶 (𝐵) = (𝐴𝐶max + 2𝐶𝐵min )/(𝐶𝐵min ).

Example 6.6 (Co-located 𝐵 and 𝐶). Embed 𝑉 ∪ {𝐴, 𝐵, 𝐶} on R. Put 𝐴 = 0 and 𝐵 = 𝐶 = 1. Place voter 𝑣𝐴 of mass
𝐴𝐶min at 𝐴, and 𝑣𝐵𝐶 of remaining mass 𝐶𝐴max = 1 − 𝐴𝐶min at 𝐵 (equivalently 𝐶). Then:

• 𝐴 vs. 𝐶. All (𝐴,𝐶) deliberations are ties and we arbitrate as 𝐴 ≻ 𝐶. Then 𝑓 (𝐴𝐶) = 1 − 𝜆 is satisfied by
|𝐴𝐶 | = 𝐴𝐶min along with 𝐴 winning all deliberations.

• 𝐶 vs. 𝐵. All (𝐶, 𝐵) deliberations are also ties; we arbitrate in favor of 𝐵 ≻ 𝐶. Then 𝑓 (𝐶𝐵) = 𝜆 by |𝐶𝐵| = 𝐶𝐵max ,
with 𝐶 winning zero deliberation.

This instance has distortion 𝑆𝐶 (𝐴)/𝑆𝐶 (𝐵) = 𝐶𝐵max/𝐴𝐶min .

Example 6.7 (Triangular Instance). Embed 𝐴, 𝐵, 𝐶 on an equilateral triangle with side length 2, and partition voters into
three point masses of ordinal preferences 𝐴𝐶𝐵,𝐶𝐵𝐴, and 𝐵𝐴𝐶, respectively. Define their voter-candidate distances
by the following table, where 𝜂 = 1 − 𝐶𝐵min − 𝐴𝐶min = 𝐴𝐶max − 𝐴𝐶min = 𝐶𝐵max − 𝐶𝐵min .

Cluster Mass 𝑑 (𝑣, 𝐴) 𝑑 (𝑣, 𝐵) 𝑑 (𝑣, 𝐶)
𝐴𝐶𝐵 𝜂 1 1 1
𝐶𝐵𝐴 𝐶𝐵min 3 1 1
𝐵𝐴𝐶 𝐴𝐶min 2 0 2

We note that this instance can be embedded in (R2, ℓ1) by placing 𝐴 = (0, 0), 𝐵 = (1, 1), 𝐶 = (2, 0), 𝐴𝐶𝐵 = (1, 0),
𝐶𝐵𝐴 = (2, 1), and 𝐵𝐴𝐶 = (1, 1).

• In this instance, |𝐴𝐶 | = 𝐴𝐶max and |𝐶𝐵| = 𝐶𝐵max .

• 𝐴 vs. 𝐶. In the (𝐴,𝐶) deliberation, 𝐴 is unable to win any: either 𝐴𝐶𝐵, 𝐵𝐴𝐶 when paired with 𝐶𝐵𝐴 results in
𝐶 ≻ 𝐴. However, because |𝐴𝐶 | = 𝐴𝐶max , this is exactly enough to ensure 𝑓 (𝐴𝐶) = 1 − 𝜆.

• 𝐶 vs. 𝐵. By the same token, 𝐵𝐴𝐶 beats both 𝐴𝐶𝐵,𝐶𝐵𝐴 in the (𝐶, 𝐵) deliberation, so every pair outputs
(𝐵 ≻ 𝐶). Still, as |𝐶𝐵 | = 𝐶𝐵max we nevertheless reach 𝑓 (𝐶𝐵) = 𝜆.

This instance has distortion

𝑆𝐶 (𝐴)
𝑆𝐶 (𝐵) =

(𝐴𝐶max − 𝐴𝐶min ) + 3 · 𝐶𝐵min + 2 · 𝐴𝐶min

(𝐴𝐶max − 𝐴𝐶min ) + 𝐶𝐵min
.

The Distortion Lower Bound Over (𝜆, 𝑤). Aggregating Examples 6.5 to 6.7, we obtain a (piecewise) lower
bound of the distortion of our rule with parameters (𝜆, 𝑤). For each (𝜆, 𝑤), we compute the distortions 𝑑1 (𝜆, 𝑤) from
Example 6.5, 𝑑2 (𝜆, 𝑤) from Example 6.6, and 𝑑3 (𝜆, 𝑤) from Example 6.7. We then set D(𝜆, 𝑤) = max𝑖 𝑑𝑖 (𝜆, 𝑤)
and plot it in Figure 4. This creates a 2D plane of lower bounds of the (𝜆, 𝑤) deliberation-via-matching protocol,
with global minimizer (𝜆∗, 𝑤∗) attaining value D(𝜆∗, 𝑤∗) = 3. Combined with Theorem 6.3, we conclude that our
parameter choice (𝜆∗, 𝑤∗) is tight and uniquely optimal.

Finally, observe that across all three examples, the lower bounds hold for every maximum cardinality matching, so
long as we apportion preference and deliberation ties as described. Therefore, the tightness of Theorem 6.3 is robust
to the choice of matchings, which justifies using an arbitrary maximum matching in our protocol.

7 Acknowledgments
This write-up is largely built on my concurrent work with Professor Kamesh Munagala and Ian Zhang in the paper
Deliberation via Matching ([10]), in which I designed the majority of the technical proof (Lemmas 5.2 to 5.4 as well as
Examples 6.5 to 6.7) in late October to early November, after submitting the project proposal mid-October. Many of
the definitions, structural lemmas, and distortion bounds appear here in essentially the same form as in that paper, both
in their statements and in their underlying proofs. These notes are not, however, a verbatim copy of our joint work.
In addition to incorporating new material, most notably on the randomized algorithm variant (Theorems 4.3 and 4.4),
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D(𝜆, 𝑤) = 𝑑1 (𝜆, 𝑤)
D(𝜆, 𝑤) = 𝑑2 (𝜆, 𝑤)
D(𝜆, 𝑤) = 𝑑3 (𝜆, 𝑤)

Figure 4: Distortion heatmap and the maximizer (arg max) partition of the (𝜆, 𝑤)-plane induced by 𝑑1, 𝑑2, 𝑑3. Each
color shows the decision region arg max𝑖 𝑑𝑖 (𝜆, 𝑤); dashed curves represent the decision boundaries 𝑑𝑖 = 𝑑 𝑗 . As 𝑑𝑖
quickly blows up, we only plot (𝜆, 𝑤) over [0.5, 0.7] × [0, 1.25]. The unique global minimum of D(𝜆, 𝑤) is 3, attained
by (𝜆∗, 𝑤∗) (this is also the unique intersection of all three decision boundaries).

I have refactored the exposition to emphasize the geometric perspective suited for CS 634. I have also deliberately
replaced some of the longer but less central proofs with sketches (see, e.g., Lemmas 5.2 and 5.4) when the underlying
intuitions can be conveyed clearly.

I’m happy to answer any further questions.
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