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1 Copeland-Deliberation Rule on 2 Candidates

1.1 The Copeland-Deliberation Rule

In the notation of ABE18, let us revisit the 2-candidate voting problem. Let A, B be the candidates. We partition the
voters into AB and BA where a voter in the former prefers A over B and vice versa in BA. The standard Copeland
rule declares A as winner if a = |AB| > |BA| = b. Let m = min{|AB|,|BA|} = min{a, b}. Our deliberation step
arbitrarily forms a maximal size-m matching M = {(s;, tj)}.’/?’:l C AB x BA. For each pair (s;,;), we say that A wins
the deliberation if

d(sj,A)+d(t;,A) <d(s;,B)+d(t},B).

Say there are x, pairs in P that favor A, and x;, pairs that favor B. Then our rule declares A as winner if and only if

a+x, > b+ xp. Compare this against standard Copeland, which simply compares a against b.

1.2 Copeland-Deliberation Analysis: 2 Candidates

For convenience, let A = d(A, B), and let M be the matching formed by deliberations. Define
My ={(u,v) e M : Awins} = {(u,v) € M : d(u,A) +d(v,A) < d(u,B) +d(v,B)}

Mg = {(u,v) € M : Bwins} = {(u,v) € M : d(u, A) +d(v, A) > d(u, B) +d(v, B)}.

Observe My N Mp = 0 and My U Mg = M. By definition, |Ms| = x, and |[Mg| = x,. Define the “remainders”
Ra=AB\{u: (u,v) € M} and Rg = BA\{v : (u,v) € M}. Immediately, one (or both) of R4 or Rg must be empty. We
WLOG assume that the algorithm declares A as winner. To bound the distortion, we aim to maximize SC(A)/SC(B)

and so we upper bound SC(A) and lower bound SC(B).
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STEP 1. UPPER-BOUNDING SC(A). Clearly, for every voter v, by triangle inequality

d(v,B) ifveAB
d(v,A) <d(v,B)+1[v e BA]-A= 1D
d(v,B)+d(B,A) ifve BA.

Using M, R to partition the voters, we obtain

SC(A) = Z [d(u, A) +d(v, A)] + Z d(v,A)

(u,v)eM VER
= D [dw A +de, M+ D [dw A)+dv, A+ Y A, A)+ Y d(v, A). @
(u,v)eEMa (u,v)eMp VERA VERE

We analyze the costs term by term.
(A1) On each (u,v) € M4: As A wins the deliberation, d(u, A) + d(v,A) < d(u, B) +d(v, B).
(A2) On each (u,v) € Mp: Two applications of (1) give d(u, A) + d(v, A) < d(u, B) + d(v, B) + A.
(A3) (1) is also directly applicable on the last two terms in R4 ¢ AB and Rp C BA.
Summing over everything,
SC(A) < SC(B)+ (xp + |Rp|) -A=SC(B)+ (b —x,) - A 3

asxp + |Rp| = (m —x4) + (b —m) = b — x,. [Recall m = min(a, b) the matching size.]

STEP 2. LOWER-BOUNDING SC(B). For any pair (u,v) € M4, two applications of the triangle inequality gives
d(u,B)+d(v,B) > d(u,A) +d(v,A)
d(u,A) +d(u,B) > A = d(u,B)+d(v,B) > A 4
d(v,A)+d(v,B) > A

With this in mind, we consider certain subsets of voters and analyze their contribution to SC(B):

(B1) Each (u,v) € My collectively contributes A to SC(B) by (4). There are x, such pairs.

(B2) The remaining a — x, voters in AB each contribute at least A/2 to SC(B).

Ignoring everything else, overall

SC(B) 2 x4 -A+(a—x4)A/2=(a+x,)/2-A. 5)

Combining (3) and (5), we see that
SC(A) < SC(B) + (b — x4)A <1+ (b—x4) A

SC(B) SC(B) h (a+x2)/2-A
< 1+2(b—xa) _ a+x,+2b-2x,
a+x, a+Xx,
:2a+2b—a—xa: 2n Y ©)
a+x, a+xg
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Theorem 1.1. Suppose there are two candidates A, B and n voters. Among the electorate, suppose a < n voters prefer
A. Further, suppose that during the deliberation round, x, pairs end up favoring A. Define score(A) = a + x, and
likewise for score(B). Then,

SC(A) b — x4 2n 2n
< + = — 1 = 1
SC(B) (a+x4)/2 a+x, score(A)

(7)

Proposition 1.2. Under this rule, the distortion for any 2-candidate instance is bounded by 2.

Proof. By the theorem, it suffices to show that if A wins, then score(A) > 2n/3.
To prove this claim, we WLOG assume |AB| < |BA|. If A is the winner, then a +x, > b +xp, = b+ (a — x,) iff

2x4 > b = n— a. But we also have x, < a, s0 2x, < 2a and n — a < 2a implies a > n/3. Hence

n—a n+a _n+{n/3) 2n
A) = 0> = > ==
score(A) =a+x, > a+ 5 5 5 3

If instead |AB| > |BA|, then the winner condition forces a + x, > b+ xp = b+ (b — x4) = 2b — x,, or equivalently
2x, > 2b — a. If a > 2n/3 there is nothing to show, so we assume n/2 < a < 2n/3. In this case, the requirement

becomes 2x, > 2(n — a) — a = 2n — 3a. Then,

score(A) =a+x, > +2”_3a_2”—a>2n—2n/3_2n i
=a+txg za 3 = 5 > 2 — 3

1.3 Comparison Against Standard Copeland

Recall that the standard Copeland rule only compares a = |AB| against b = |[BA|. It is well known that given two
candidates A, B, we always have SC(A)/SC(B) < 2n/|AB| — 1, to which our Theorem 1.1 is analogous. To prove

this, we note that

SC(A) = Z d(v,A) + Z d(v,A) < Z d(v,B) + Z [d(v,A) +d(v,B)]

veAB veBA veAB veBA

= SC(B) +|BA| - d(A, B),

so SC(A)/SC(B) < 1+ |BA|-d(A, B)/SC(B). Like before, we note that each AB voter contributes at least d(A, B)/2
to SC(B), so
SC(A) B |BA| - d(A, B) <1+ (n—|ABJ|)-d(A,B) _ 2n

sc) ST T scm) AB| d(A.B)/2 _1AB| “

An interesting connection is as follows. In standard Copeland, we naturally define a normalized score g(AB) =
|AB|/n so that g(AB) + g(BA) = 1. Likewise, as seen in the following section, we can define a normalized Copeland-
deliberation score f(AB) = score(AB)/[score(AB) + score(BA)]. Below we show that the distortion as functions of
f(AB) and g(AB), differ by precisely 1 on [0, 1/2].

From above, we already know that if g(AB) = |AB|/n > r, then the distortion is bounded by

G()=2/r - 1. (8)

On the other hand, if given f(AB) > r, to use Theorem 1.1 we need to minimize score(AB). Thus, we solve the

following program
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minimize a+x,
subjectto a+b=1
Xq +xp =min(a, b) 9
(a+xq) 2 A(a+b+x4+xp)
a,b,xq,xp = 0.
which equals 2r/(2 —r) if r € [0,1/2] and 2r/(1 +r) if r € [1/2, 1] (note the value w.r.t. r is continuous). Applying
the Theorem, we see that if f(AB) > r, then the distortion is bounded by
2-r/r-1=2/r-2 |if 0<r<1/2

F(1) = (10)
A+r)/r-1=1/r if 1/2<r<1.

Observe that G and F differ by precisely 1 on [0,1/2], and as r — 1, their difference converges to 0.
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2 Extending Copeland-Deliberation to General Instance

Now we consider instances with more candidates. Notation-wise, we still let score(AB) = |AB| + xap to be the
deliberation-augmented score of A when compared against B. We also introduce the notion of normalized score,
f(AB) := score(AB)/[score(AB) + score(BA)], the benefits being that f(AB) + f(BA) = 1 for all distinct pairs of
candidates A, B.

To construct a tournament graph, we will pick two candidates, X, Y, define a maximal matching between XY and
YX. Below we show that it suffices to choose the maximal matching that is X-optimal (cf. Theorem 2.2). Then,
using the rules of Copeland-deliberation as outlined in the previous section, we compute f(XY), f(YX) accordingly.

Now, we repeat this process for each pair of candidates X, Y until the entire tournament graph is defined.

2.1 A-Weighted Uncovered Sets

Standard literature defines a candidate A to be in the 1-weighted uncovered set (WUS) if for all other B, either
e (easycase) f(AB) >1—-24,or
e (hard case) there exists another C such that f(AC) > 1 -2 and f(CB) > A.

It is known that when A € [0.5, 1), the 2-WUS is nonempty. As an 1-weighted uncovered candidate can reach any
other candidate in at most 2 hops via one of the above cases, to perform distortion analysis on any element in the
A-WUS, it suffices to look at a 3-candidate instance.

By substituting 1 — 1 € (0,1/2) into Equation (10), the easy case immediately yields a distortion upper bound
of 24/(1 — 2). From now on, we will focus exclusively on the hard case: We aim to calculate the supremum of
SC(A)/SC(B) subjectto f(AC) > 1—-Aand f(CB) > 1-A.

The proof is rather long, but here is a high-level roadmap. We argue that in order to find the supremum distortion,
it suffices to conduct a series of reductions. In the end, we only consider only two parametric families, which are
sufficiently simple in structure that we can directly use LP to model and solve. More specifically, we show the

following reductions in the order they are listed:

(Current) We want to find sup SC(A)/SC(B) such that the instance admits an A —C deliberation with f(AC) > 1-2
and a C — B deliberation with f(CB) > A.

(Theorem 2.2) It suffices to consider the A-optimal deliberation for f(AC) and the C-optimal deliberation for
f(CB), i.e., given a fixed instance, consider the largest f(AC), f(CB) attainable.

(Theorem 2.4) It suffices to assume f(AC) =1 -1 and f(CB) = A instead of >.
(Theorem 2.8) It suffices to additionally assume that the sets AC = BC and CB = CA.

(Theorem 2.10) Given 4, it suffices to consider the following two parameterized families of instances (feasibility is

discussed in detail later):

* (ACmin, CBmay, i.e., C-loses-all) Let |[AC| be the smallest feasible quantity to meet f(AC) = 1 — A (by
letting A win all A — C deliberations) and |CB| be the largest feasible quantity to meet f(CB) = A (by
letting C lose all C — B deliberations).
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* (ACpax, CBmin, i-e., C-wins-all) Let |AC| be the largest feasible quantity to meet f(AC) =1 — A (A loses
all against C) and |CB| the smallest feasible quantity to meet f(CB) = A (C wins all against B).

Once established, Theorem 2.10 gives a very strong structural characterization of our instances of interest, from

which we conclude with Theorem 2.13 that

wp  SCA {g 21 }
7 (AC)>1-2 SC(B) A 1-2)"
F(CB)>A

2.2 Measure-Space Model and Other Technical Preliminaries

Section 1 worked with finite electorates, where sums, orderings, and matchings are purely combinatorial. Section
2, however, pursues a rather more analytical approach where we constantly use continuous approximations. To
use these tools freely, we therefore pass to an equivalent measure-space model: every finite instance embeds as
an atomic probability space, and all statements below specialize back to the finite case by interpreting integrals as
discrete sums.

To enhance readability, in the following sections, we will use simple terms as long as it doesn’t hurt rigor, and only

resort to technical statements when necessary. We first describe our generalized setup.

Voters & candidates. The electorate is a probability space (V, u) with u(V) = 1. For a measurable set S c V, write
|S| = u(S). An instance consists of an electorate V, three candidates A, B, C, and a metric defined on V U {A, B, C}.
We define the social cost of a candidate X as SC(X) = fV d(v,X) du(v).

For candidates X,Y € {A,B,C} and v € V, define the intensity Axy (v) = d(v,Y) — d(v, X) which quantifies how
much v prefers X over Y. The preference set partitions remain unchanged: XY = {v : Axy(v) > 0} and YX = {v :
Axy (v) < 0}, and let mxy = min{|XY|, |[YX|}.

Deliberation & maximal matchings. The first real generalization appears in defining a maximal matching in the
deliberation step. A maximal matching between XY and Y X is a finite measure y on XY x YX such that there exist
measurable S ¢ XY, T c YX with |S| = |T| = mxy and

Y(AXYX)=|ANS|, v(XY xXB)=|BNT|, for all measurable A, B.

Given a maximal matching v, the win mass for X is

Wxy () = y{(u,v) : Axy (1) + Axy (v) > 0}).

An X-optimal matching is a maximizer y* = argmax, Wxy (y) (existence & characterization given by Theorem 2.2).

The f(-) (Copeland-deliberation) function and the objective. Given X,Y and a maximal matching y on X,7,
we defined f(XY) = (|XY| + Wxy(y))/(1 + mxy). Our goal is to compute sup SC(A)/SC(B) subject to f(AC) >
1 -4, f(CB) > A. Observe that it is WLOG to assume that we take the X-optimal matching y when computing
f(XY): indeed, tautologically V admits an XY — Y X matching with f(XY) > c if and only if its X-optimal matching
satisfies f(XY) > c. Therefore, to require f(AC) > 1 — 4, it suffices to require that the A-optimal AC — CA matching
satisfies this, and likewise for f(CB).

Therefore, from now on, we define

|XY|+ Wxy (v")

where y* is the X-optimal XY — Y X maximal matching,
1+ mxy

f(XY) =
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and we seek to upper bound, with the updated f(-)-constraints, the same objective:

SC(A)
SC(B)

sup subject to f(AC) 21-2,f(CB) = A.

X-optimal matching and greedy pairing. We now prove the existence and characterize the structure of an X-
optimal matching y* of on (XY, YX). The intuition is that we need to “sort” XY from the most pro-X to the most
indifferent voters (start with u € XY who really prefers X over Y, or equivalently, large Axy («)), and “sort” Y X from
the most indifferent to the most pro-Y voters, and pair them up “greedily.” The discrete version of this claim is easy

to establish and prove via a standard exchange argument.

We first formalize the notion of “sorting” as well as “rank” in a continuum.

Definition 2.1 (Tail Counts and Ascending Quantiles). Let X,Y be given, and Axy be defined as above. For t > 0, we

define the tail counts as
" (1) ={u € XY : Axy (u) > 1}, o ()=HveYX:-Axy(t) >t}

to be the subsets of XY,YX whose A intensity is at least as strong as t in magnitude. We also define the ascending

quantiles of Axy on XY and of —Axy on YX as follows:
0% (q) =inf{t : |[{u € XY : Axy (u) < t}| > q}, 0 < g < |XY]|
O (q)=inf{r: |{ve¥YX:-Axy(v) <t} > q}, 0<g¢g<|YX|
Intuitively, this describes the continuous “rank” of a voter whose intensity’s magnitude = t.

Theorem 2.2 (Characterization of X-Optimal Matchings). Fix X,Y, and let m = mxy = min{|XY|, |YX|}. Define

a = sup max {O, max{|¢~(t)| = (Y X| — m), 0} — min{|¢*(¢)|, m} } € [0,m]. an

t>0

hard Y X that must be included strong enough XY

Let y be any matching on (XY,YX). Then the X-win mass Wxy (y) < m — a. Moreover, there exists a y* attaining this
equality, so in particular an X-optimal matching y* exists (sup,, Wxy (y) is attained). Furthermore, in plain terms, such
v* greedily matches the most pro-X voter in XY with the least pro-Y voter in Y X until one side of XY,Y X is exhausted.

We note that the monstrosity of Equation (11) is not important; its sole purpose is to prove the existence of y*.

Proof. We first prove that Wxy (y) < m — a. Let y be any maximal matching with marginals § ¢ XY,T c YX. Since
le™ () NT| > e~ ()] - [YX\T| = [¢™ ()] = (IYX]| = m),

we have in particular |¢~(r) N T| > max{0, ¢~ (¢)| — (][YX| — m)}. Intuitively, voters in ¢~ (¢) are the sufficiently
pro-Y (with intensity < —) so they are “hard” to be convinced into W-wins. The inequality above lower bounds the
total number of “hard” YX voters that must be present in a maximal matching. On the other hand, |¢*(z) N S| <
min{|¢* ()|, m} upper bounds the number of XY voters that are sufficiently pro-X (with intensity > ¢) to possibly
beat the “hard” voters. Every voter in ¢~ () N T must be matched, and an A-loss is guaranteed if matched to a voter
outside ¢*(¢). Hence, the number of A-losses is at least (o~ (¢) N T| — |¢*(z) N S|) which upper bounds Equation (11)

after taking supremum over ¢ > 0. Hence Wxy (y) < m — a.
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We now exhibit a maximal matching y* that incurs precisely @ X-losses. First assume |XY| < |[YX| so m = |XY|. Let
S = XY and choose T c Y X to be the “easiest” m-mass of Y X, i.e., the subset with measure m and the smallest values
of Axy. Intuitively, we greedily pair the most pro-X voters in S with the least pro-Y voters in T until we exhaust both
sets and show this matching has precisely @ X-losses. The rest of the proof is to formalize this in measure theory.

Observe for all 7, ¢~ () N T| = max{¢~(¢) — (J]YX| — m), 0}. This allows us to define CDFs on S and T via
F'(t) = |[{u € S : Axy (u) < 1}| = |XY| - 5" (1), Fr(t)=KveT:-Axy(v) <t}=m—|e~ (1) NT|. (12)

By the definition of a, we have F~(¢) < F*(t) + « for all z. Now let 0*(g), O~ (¢) be the ascending quantiles of Axy

on S and of —Axy on T. Define measure-preserving parameterizations 7+ : [0,m] — S, 7~ : [0,m] — T with
Axy (n*(q)) = 0" (q), —Axy (7= (r)) = Q" (r) a.e.

and a shift map f : [0,m] — [0,m] by f(q) = ¢ — @« mod m. Finally, set y* to be the pushforward of Lebesgue
measure on [0, m] by ¢ — (7*(gq), 7~ (f(g))). By construction, y* has marginals S and 7.

We claim that for almost every g € [a,m], Q" (q) > QO (g — a). Set ¢t = Q™ (¢ — «). By definition of Q~, for every
€>0,wehave F-(t—€) <g—aand F(t) > g — «. Recall that F~(¢) < F*(¢) + a, so

Frt-e)<F (t-e)+a<gq.

Letting € \, 0 and using right-continuity of F* yields F*(t-) < ¢, hence 0*(g) > ¢ by the definition of the quantile

as a generalized inverse. Hence, for a.e. g € [, m] we have

Axy (7*(q)) + Axy (7~ (f(¢))) =0"(q) —Q (¢ —a) >0,

so those pairs are X-wins. Therefore Wxy (y*) > m—«. Combining this with the upper bound Wxy < m—a completes
the proof.
If | XY| > |[YX| thenwe set T =YX and S C XY to be the subset of measure m and largest values of Axy. The rest of

the proof follows analogously. m]

Metric realizability and omission of candidate-candidate distances. So far — and throughout this section — we
will only perform analysis, modify instances, or create new ones by changing or defining the candidate-candidate
distances d(X,Y) and the voter-candidate distances d(v, X). Voter-voter distance d(u, v) never enters the definitions
or analyses we use. We claim and justify that it is harmless to specify just these values and ignore d(u, v) entirely:
When a full metric on V U {A, B, C} is desired, any partial specification that satisfies triangle inequalities on each
voter-candidate-candidate triple (v, X,Y) and on {A, B, C} extends to a bona fide metric via

d(u,v) = X,Yer?/ng,c} (du,X)+d(X,Y)+d(Y,v))

which preserves all variables that social costs and f(-)-values depend on.

2.3 Reduction I: Making the f-Constraints Tight

In this section, we argue that in order to find sup SC(A)/SC(B) subject to f(AC) > 1 — A and f(CB) > 4, it suffices
to restrict our attention to instance where f(AC) = 1 - A and f(CB) = A. Overall, we first show an easy claim
(Lemma 2.3): it suffices to assume (at least) one of them is tight. The heavy lifting (Theorem 2.4) is to show that

conditioned on one f(-) being tight, it is WLOG to assume that the other one also is.
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Lemma 2.3. For the purpose of maximizing distortion, it suffices to assume that at least one f(-) constraint is tight,

ie.:
SC(A) SC(A) SC(A)
sup = max sup ,  su —_
f(aC)>1-2 SC(B) £(aC)=1-2 SC(B) " 5 (ac)>1-4 SC(B)
F(CB)>A F(CB)>A F(CB)=a

Proof. Pick any instance with f(AC) > 1 -1 and f(CB) > A. Continuously pad voters at B (and re-normalize) so
that SC(A)/SC(B) strictly increases. Doing so will drive f(CB) down. Stop when either f(AC) hits 1 — A or f(CB)
hits A. mi

The next two claims together will indicate that it suffices to assume that both constraints are tight. For convenience,

we will normalize the total voter mass to 1 and use u(v) to denote the measure/weight of a voter cluster v.

; : SC(A SC(A

Theorem 2.4 (From one tight constraint to two).  sup (4) = sup ( ).
f(ACﬁJwisC(B) f(ACﬁqﬁ15C(B)
f(CB)za f(CB)=A

Proof. Throughout, write A(v) = d(v, B) — d(v, C) for the C vs. B intensity.

STEP 1. TIE-BREAKING VIA PRODUCT EXTENSION. We first refine the instance so that C — B related ties occur on sets
with measure 0, all while keeping f(AC) fixed and either increasing or keeping f(CB) fixed too.

Fix € > 0, and pass V and u to the product space. We define

V' =V x(0,¢), du’(v,r) = dy(v)g.
€
In this product space, define a metric d’ on V’ by

d'((v,r),A) =d(v,A) +r, d'((v,r),C)=d(v,C) +r, d'((v,r),B)=d(v,B) +€
d'(A,B) = d(A,B) +e,  d'(C,B)=d(C,B)+e, d'(A,C)=d(A,C).

Intuitively, for each voter v, we clone it uniformly onto a continuum of (0, €) and preserve the total mass. Observe
that the changes made to d’(-,A) and d’(-,C) are identical, so the sets AC,CA, the A — C maximal matching

outcomes, as well as f(AC), all remain unchanged. On the other hand,
AN, r)=d((v,r),B) —d'((v,r),C) = A(v) + (e = r) > A(v),

so every voter’s CB intensity strictly increases. Under the C-optimal matching, f(CB) cannot decrease.

Crucially, we observe that (CB, BC)-related level sets have measure zero:

* For a voter v and any x € R,

w {(v,r): N(v,r)=x}) = /V Lebesgue ({r | e —r =x — A(v)}) du(v) =0,

=0

so the distribution of A’ is non-atomic and u’ ({A’ = 0}) = 0.

* For two voters u € CB,v € BC, and any ¢ € R,

(u'xu’y {(u,r1), (v,ro) : A(u,r1) + A'(v,r3) =c}) = /

CBxB

. 1 ({(v,r2) s A (v, r2) = ¢ = A(u,r1)}) dp'(u,r1) =0
=0

by Fubini and non-atomicity of A’.



2.3 Reduction I: Making the f-Constraints Tight YQL

Therefore, both single ties (with respect to candidate preferences) and pair-sum ties have measure 0 (w.r.t. appro-
priate measure). Furthermore, because E[r] = €/2, we have SC’(A) = SC(A) +E[r] = ¢/2 and SC’(B) = SC(B) + €.
Hence in this step the distortion changes by SC’(A)/SC’(B) — SC(A)/SC(B) = O(e).

STEP 2. MONOTONICALLY PUSHING f(CB) DOWN ONLY. We now describe an operation that preserves f(AC) =1-2
but continuously pushes down f(CB). Based on d’ defined in STEP 1, for ¢ > 0, we define
d;((v,r),A) =d'((v,r),A) +1 di((v,r),C)=d' ((v,r),C) +1 d:((v,r),B)=d'((v,r),B) (13)
d,(A,B) =d’'(A,B) +1 d,(C,B) =d'(C,B) +1 d,(A,C)=d'(A,C) +2t
Once again, the changes to d; (-, A) and d,(-, C) are identical, so the f(AC) remains unchanged. On the other hand,
for every (v, r) we have
Ar(v,r) =d;((v,r),B) —d;((v,r),C) = A'(v,r) —1t.

Consider the partition of V by CB; = {(v,r) : A’(v,r) > t} and BC, = {(v,r) : N'(v,r) < t}. Let m; = min{|CB,|, |BC;|}.
Consider constructing the C-optimal (CB, BC) matching using the quantile argument (Definition 2.1 and Theo-
rem 2.2). Let Qf be the ascending quantile of A’ on CB; and Q; the ascending quantile of —A’ on BC;, both
parameterized on [0, m,]. By definition, a matched pair ((u*,r*), (u™,r7)) € CB x BC at rank ¢ is a C-win if and
only if

AW ) =)+ (AW, r) =1) > 0 & 0f(q) - 0; (q) > 2r.

The C-win mass and the Copeland-deliberation score can be respectively written as

|CB; |+ Wc(1)

1+ ny (14)

we = [ 100 - 0@ > 21 da. (B -
STEP 3. THE MONOTONIC PUSH IS CONTINUOUS. We now argue that t+ — Wc(r) is continuous. This, along with
t — m, being continuous, establishes that r — f(CB;t) is also continuous. It is clear that when 7 = 0, we recover
the results from STEP 1, so f(CB;t = 0) > A. As t gets sufficiently large, every voter will rank B over C according
to Equation (13), at which point f(CB;t) is guaranteed to be 0. Then continuity result implies there exists t* such
that f(CB;t*) = A, and furthermore,

SCi(A) _ SC'(A) _ SC(A)
SC;(B) ~ SC’'(B) ~ SC(B)

- 0(e),

where the first < is by Equation (13) and the second by the last line of STEP 1. As € is arbitrary, the proof is then

complete.

Coming back, now we prove the continuity of r — W (¢). To this end let 7,, — ¢; we show W¢(¢,,) — Wc(t). Because
A’ is made non-atomic by STEP 1, its CDF F(x) = |{A’ < x}| is continuous. Thus |CB,| =1 - F(¢), |BC;| = F(t), and
m, vary continuously in 7. The quantiles Q¥ (-) are also continuous a.e. Crucially, from STEP 1, the pair-sum tie set

{q € [0,m;] : OF (q) — Q7 (q¢) = 2t} has Lebesgue measure 0, so the indicators converge pointwise a.e.:

HO; (9) - 0y, (q) > 2t} = 1{O7 (9) - 0; (q) > 2t}

The integrands of W¢ are bounded by 1, so by dominated convergence, W¢(z,) — Wc(2), as desired. O
SC(A SC(A
Corollary 2.5 (From one tight constraint to two, mirrored). sup (4) = sup (4) .
£(AC)>1-24 SC(B) £ (ac)=1-2 SC(B)
f(CB)=4 f(CB)=a
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Proof. The idea of the other case also works here. We only outline the changes made to d’ and d;. To define d’ we
let

d ((v,r),A) =d(v,A), d((v,r),C)=d(v,C) +r, d ((v,r),B)=d(v,B) +r.
We realize this by defining d’(A, B) = d(A, B)+¢,d’(C,B) = d(C, B), and d’(A, C) = d(A, C) + €. For the second step,

forz > 0 we let
d,((v,r),A) =d'((v,r),A)+t, dt((‘}?r)’c) =d'((v,r),C), dt((v7r)’B) =d’((v,r),B),
with d,(A, B) = d’(A, B) +1, d,(C, B) = d'(C, B), and d, (A, C) = d’(A, C) +1. O

Theorem 2.6. Combining the previous three claims, we achieve the following reduction, and from now on we will
assume the two f(-) constraints are tight:
SC(A SC(A
sup (4) su (A)

7(AC)>1-2 SC(B) £ (ac)=1-2 SC(B)’
f(CB)>A F(CB)=A

2.4 Reduction II: Reusing the Partition

In this section, we show that we may further restrict our attention to instances free of voters who rank C as their
second choice; in other words, those who prefer A > C must also rank B > C, and those prefer C > B must also rank
C > A. Hence, the (AC, CA) partition is identical to the (BC, CB) partition.

This claim, once proved, along with the tight constraints as assumed in Theorem 2.6, gives us a very powerful
characterization: the mass of A-wins (in the A — C deliberation) plus the mass of C-wins (in the C — B deliberation)
must add up to min{|AC]|, |CA|} = min{|CB]|, |BC|}, which we crucially exploit in the next section (Theorem 2.10).

We first present a simple yet powerful Lemma whose result we will repeatedly apply throughout this section.

Lemma 2.7 (Deliberation tuning & scaling). Fix an ordered pair of candidates X,Y € {A,B,C}. Let s = |XY| and
write m = min{|XY|,1 — |XY|} as the deliberation matching size. Define the intensity function A on the electorate by
A(v) =d(v,Y) —d(v,X). Then for any instance with |XY| = s, necessarily f(XY) € [s/(1+m), (s +m)/(1+m)]. We

claim the following.

(i) (Full feasible range is attainable by three-level profiles). For any target value T € [s/(1 +m), (s + m)/(1 + m)],
there exists an intensity function A taking (at most) three distinct values, such that under the X-optimal matching,
f(XY)=r1.

(ii) (Scaling). If we multiply (i)’s A by any scalar ¢ > 0, the matching outcomes and therefore f(XY) remain

unchanged. In particular, for any € > 0 we can realize f(XY) =t with ||A]|« < €.

Proof. (ii) is trivial (i) is established. For (i), fix 7 and set « = 7(1 + m) — s € [0, m] to be the total mass of X-wins
from the deliberation. Pick constants x~ < 0 < xg < x* such that x* +x~ > 0 but xg +x~ < 0. Define A as follows: on
XY, A = x" on a set of measure « and xo otherwise, and on Y X, set A = x~ uniformly. Then the X-optimal matching

will prioritize matching {X = x*} N XY with Y X, resulting in a total win mass of «. This proves the claim. m]

Theorem 2.8 (One partition, two uses). Fix A € (0.5,1). In maximizing SC(A)/SC(B) subject to f(AC) =1 -2 and
f(CB) = A, it is WLOG restrict to instances in which AC = BC and CA = CB (up to null sets), i.e., no voter has strict
ranking ACB or BCA.

11



2.4 Reduction II: Reusing the Partition YQL

Proof. STEP 1. f(AC), f(CB) AS ONE-DIMENSIONAL MARGINALS. Define three variables X,Y, Z by
X(v)=d(v,C)-d(v,A), Y(v)=d(v,B) —d(v,C), Z(v)=d(v,C).

Then AC = {X > 0},CA ={X <0},CB={Y > 0}, and BC = {Y < 0}. Also define mxy = min{|XY|, |[Y X|}.
For the A — C comparison, let Q% (¢) be the decreasing quantile of X restricted to AC, and Q% (¢) the increasing

quantile of X on CA, so 0 < g < |AC| or 0 < g < |CA| as appropriate. Then the A-win mass in A — C deliberation is

Wa(X) = /0 " 10%(0) + 0x(9) = 0} dg

and f(AC) = (JAC| + Wa(X))/(1 +mac). Likewise, for the C — B, define Q7 (¢) as the decreasing quantile of ¥ on
CB and Qy; (q) the increasing quantile of ¥ on BC, so that

|CB|+Wc(Y)
1+mCB ’

mcas
We)= [ U0 @+ 07 @) > 0 da. f(CB) -
In particular, we see that f(AC) (resp. f(CB)) is a functional of the one-dimensional laws of X (resp. Y) only.

STEP 2. CHOOSING MASSES AND TARGETS. We now aim to enforce |AC| = |BC| = m € (0,1/2] (so mac = mcp = m,
and |CA| = |CB| = 1 — m) while also preserving f(AC) =1 - A, f(CB) = A. Hence we need to enforce win masses
0 < Wa, We < m such that

These along with m < 1/2require m € [(1-2)/(1+4), min{1/2, (1-1)/A}]. This interval is nonempty for 1 € (0.5, 1).

Pick any feasible m and compute W4, W¢ correpsondingly.
STEP 3. THE OBJECTIVE DEPENDS ONLY ON MARGINALS. In this part, we show that we can in fact make AC = BC

and CA = CB up to null sets by decoupling X and Y as we wish. Indeed,
SC(A):/(Z—X) du =EZ - EX, SC(B):/(Z+Y) dy =EZ +EY,
1% 1%

so SC(A)/SC(B) = [EZ — EX]/[EZ + EY] which depends only on the marginal expectations. Consequently, altering
the coupling of X, Y across voters will not alter the constraint or the objective. With |AC| = |BC| = m as in STEP 3,

let B ~ Bernoulli(m). Conditioned on B, independently draw X, Y by

B=1: X from its law on AC; Y from its law on BC

B =0: X from its law on CA; Y from its law on CB.

This preserves the marginals of X and Y and hence preserves f(AC), f(CB),EX,EY, as well as the overall distortion
SC(A)/SC(B). Further, it enforces that 1{X > 0} = B = 1{Y < 0} almost surely, so AC = BC and CA = CB up to

null sets, as claimed. This establishes STEP 3.

STEP 4. REALIZATION IN A METRIC. To complete the proof, we show that the post-STEP 3 triple (X,Y, Z) (where AC =
BC,CA = CB up to null sets) can be realized by some metric d’ while preserving f(-) and arbitrarily approximates

SC(A)/SC(B). Pick any constant T > sup|X| + sup|Y| and define

dv,A)=ZW)+T - X(©v) d’(A,C) = sup|X|
d(v,C)=Z(v)+T and d’(C,B) = sup|Y|
d(v,B)=Z(W)+T+Y(v) d’(A,B) =sup|X +7Y|.

12
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It is easy to verify that d’ obeys triangle inequality among {A, B, C}, as well as among any triplets of form {v, X,Y}.
On the other hand, Lemma 2.7 implies that sup|X| and sup|Y| can be made arbitrarily small. Therefore we may

push T X\, 0 and see that
SC'(A) EZ+T-EX SC(A)+T  SC(A)

SC"(B) EZ+T+EY SC(B)+T - SC(B)’
Taking the supremum completes the proof. ]

2.5 Reduction III: Two Types of Instances Suffice

In this section, we argue that two types of instances suffice (in addition to previous assumptions: f(AC) =1 -2,
f(CB) = A, and AC = BC,CA = CB): we need to check either instances where C wins all deliberations from both
A — C and C - B contests, or ones where C loses all.

The key benefit of this result is that both deliberations are made unilateral, which greatly simplifies the structures

of the instances we wish to analyze (Theorem 2.11 from next section).

Remark 2.9. Fixa 2 € (1/2,1). With f(AC) =1 — A, one must have ACpi, < |AC| < ACpax Where

1-2 (2-21)/(2-2) A1<2/3
ACpin = m, ACnpax =
(1-2)/a otherwise.
Likewise, |CB| is bounded between
A/(2-2) A1<2/3 21
CBmin = CBmax =

2-1/4 otherwise, 1+4

These are the quantities that allow the f(-) constraints to be satisfied by winning all deliberations (min) or winning

zero deliberation (max).

Theorem 2.10 (Extremal instances suffice). Fix 2 € (1/2,1). For a € [0,1], let I,(a) be the class of instances

satisfying the following:
e Set size |AC| = a,
* Tight deliberation constraints f(AC) =1 - A, f(CB) = A, and
* Overlap: AC = BC and CA = CB up to null sets.

(Note tight constraints immediately imply that ACpin (1) < a < ACmax(1).) Then,

sup sup SC(4) _ max{ sup sca) sup sca)
a feasible I (a) SC(B) L(ACwi) SC(B) 1,(ACwm) SC(B) |

In other words, for any A, to find the supremum distortion, it suffices to analyze two cases: one where |AC| = |BC| =

ACpin and |CA| = |CB| = CBuay, the other where |AC| = |BC| = ACmax and |CA| = |CB| = CBuin.

Proof. With tight constraints f(AC) = 1 -4, f(CB) = 4, as well as AC = BC,CA = CB, we are in fact able to
completely characterize the deliberations: Indeed, the A-win mass in the A — C deliberation and the C-win mass in
the C — B deliberation, denoted W4 (a, 1) and W¢(a, ), are fixed by

a+ Wy —1-2

(1—a)+WC _ "
1+min{a,1-a} 4, )

1+min{a,1-a}

13
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which implies the identity Wa(a, 1) + W¢(a, 1) = min{a, 1 — a}; note this is independent of A.

In this proof, we resort to the following well-known result. (With abuse of notation) if ¢ : [a, b] — R is continuous,
and if for all x € (a, b) there exists € > 0 such that either p(x + €) > ¢(x) or p(x — €) > ¢(x), then ¢ attains its
maximum on an endpoint. Likewise, in this proof, given a € (ACnin, ACmax) and any instance in 7,(a) and a small

€ > 0, we consider the following operations:
* Move an e-mass of voters from AC to CA, so |AC| decreases by ¢, or
* Move an e-mass of voters from CA to AC, so |AC| increases by e.

We show that (at least) one of them strictly increases the distortion D = SC(A)/SC(B). This will help us conclude
that the supremum is attained by an endpoint where |AC| € {ACmin, ACmax}, as claimed. We continue using our
previous definitions of X, Y, Z and the observation that SC(A)/SC(B) = [EZ — EX|/[EZ + EY].

STEP 1. WHAT HAPPENS WHEN a CHANGES? From (*), we can obtain closed-form expression for W4 (a, 1) and
Wc(a, A) as functions of a:

Wa(a,1) =1-21-2a a<1/2 We(a, ) ==-1+A+(1+)a a<1/2
an

Wa(a,)=(1-1)(2-a)—-a a>1/2, We(a, ) =21-1+(1-Da a>1/2.
Differentiating with respect to a gives W) (a,1) = -1 if a < 1/2 and —(2 - 1) otherwise, as well as W/.(a,1) =1+ 1
ifa < 1/2 and 1 — A otherwise. Thus, when m +— m + €, we much change W4, W¢ by O(e).

STEP 2. IMPLEMENTING THE UPDATE. Concretely, we carry out the following procedure so the constraints (set sizes

and deliberation outcomes) remain exactly tight while the change in overall distortion is o(e):

* Prepare low-intensity buffers. Inside AC and CB, reserve buffers 84c ¢ AC and B¢cp C CB of measure
> e. Using Lemma 2.7 we may rescale the magnitudes of |X| and |Y| < ¢ for arbitrarily small ¢ > 0 without

changing |AC|, |CB|, or the f(-) constraints.
e Compute AW4 = Wa(a £ €,1) — Wa(a, 1) and AW analogously. They are O(e).

* Flip winners on ©(¢)-mass only. Again recall Lemma 2.7, in which we parameterize X by three values: a
“high” x* and a “low” x¢ positive value for AC, and a negative value x~ for CA, such that “high” corresponds
to A-wins (x* +x~ > 0) and “low” corresponds to C-wins (xg + x~ < 0). If AW, > 0, select a “low” subset of
Bac with measure AW, and raise its X levels to the “high,” so these pairs now become A-wins. If AW, < 0,
demote a set of measure |[AW,4| from “high” to “low” so they become C-wins. Perform actions symmetrically

on Bcp to adjust AWe. Doing so preserves f(AC) =1 -1 and f(CB) = A.

Because |X|, |Y| < ¢, we have |AEX| + |AEY| < O(ce) = o(€) as ¢ \, 0. Since the ratio depends only on (EX,EY,EZ),
using Theorem 2.8 STEP 4, we may recouple (X,Y) with Z to keep EZ unchanged. We quantify these effects below.

STEP 3. FIRST-ORDER EFFECTS OF THE UPDATE. We define four new quantities
px =E[X | AC], ux =E[X | CA], uy =E[Y [ AC], py =E[Y | CA]

so that u3, > 0 > uy and uy > 0 > u;,. We consider two actions: +e or —e mass to AC.

14



2.6 Proving Bound max{2/4,21/(1 - 1)} YQL

(i) (Move from AC to CA) Take S ¢ AC of measure € with means xs =E[X | S], ys = E[Y | S]. After STEP 2,
AEX = e(uy —xs) +0(€), AEY = €(uy — ys) +o(e).

(i) (Move from CA to AC) Analogously, take T ¢ CA of measure € with means x7, y7. Then
AEX = e(uy —xr) + o(e), AEY = €(uy —yr) +0(€).

Let D = SC(A)/SC(B) (old distortion) and D’ = [SC(A) — AEX]/[SC(B) + AEY] (new). First-order expansion gives

_ SC(A)—AEX SC(A) _ [EZ+EY](~AEX) — [EZ — EX](AEY)
= SC(B)+AEY SC(B) _ [EZ +EY 2 o

To determine the sign of D’ — D, we introduce

D'-D

(@ )

gv)=(EZ+EY)X(v)+ (EZ -EX)Y(v),

and for any set A write g, = [EZ+EY|E[X | A] + (EZ —EX)E[Y | A] as the weighted average of g over A. This gives

us a clean way to characterize the sign of (**):
* (Move from AC to CA) sgn(D’ — D) = sgn ([EZ + EY](xs — uy) + [EZ - EX](ys — u})) = sgn(gs — 8ca);
* (Move from CA to AC) sgn(D’ — D) = sgn ([EZ + EY](u} — x7) + [EZ —EX] (1 — y7)) = s80(gac — &7)-

Intuitively, these sign equations indicate that a tiny perturbation increases distortion iff the perturbed set’s g-average

beats the destination/source g-average.

STEP 4. EXISTENCE OF A STRICTLY IMPROVING DIRECTION. Since the electorate is atomless, we may take small sets
with g-means as close as possible to the essential suprema/infima.

If g is essentially constant, apply Lemma 2.7 to perturb the magnitudes of X and Y inside AC, CA. This changes
1x, iy, and hence g4, 8¢ 4, by 0(1), while keeping all |XY| and f(XY) unchanged. After that, only two possibilities
exist. If esssup,c g > 8ca, choose S ¢ AC with sufficiently large gg so gg — gca > O; this guarantees that
the AC — CA move strictly increases distortion. Otherwise, we must have essinfca g < g4¢, S0 pick T c CA
sufficiently near the infimum, which guarantees that the CA — AC move strictly improves distortion.

Wrapping up, we showed that for any interior |AC| € (ACpin, ACmax), the distortion can always be strictly increased
along at least one side locally. This, along with continuity of distortion as a function of a continuously changing AC,

conclude the proof. m|

2.6 Proving Bound max{2/1,21/(1 - 1)}

Theorem 2.11 (Distortion of C-loses-all instances). Let A € (0.5,1). Consider a tight C-loses-all instance where:
* AC=BC,CA=CB,
* f(AC) =1 -2 and A wins every deliberation in the A — C matching, so |AC| = ACpin = (1 = )/(1 + ), and
* f(CB) = A2 and B wins every deliberation in the C — B matching, so |CB| = CBpax = 1 — ACmin = 24/(1 + ).

Among all such instances, the supremum distortion is given by

SC(A) 3 ifA1<3/5
sup =
C-loses-all SC(B) 21/(1-2) if/l > 3/5.
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Proof. We prove this by writing a linear program. First observe that ACp;, never exceeds 1/2 for all 2 € (0.5, 1), so

the AC/BC side is always exhausted in each matching. This allows us to partition the electorate into three parts:
e S=AC=BCofmass (1-2)/(1+2),
e 71 c CA =CB also of mass (1 —1)/(1 + A) that is matched against S in the A — C deliberation, and
* T, = CA\T; (this set has mass (31— 1)/(1+2)).

Note that S, 71, 7> cleanly partition the electorate by all events we use (individual preference, as well as matching
role). For instance, everyone in S ranks both A, B over C, and is paired with someone of type ranks C over both
{A, B}; further, everyone in S is matched in both deliberations and achieves the same outcome (wins AC — CA, loses
CB — BC). In particular, no finer subdivision of S, T7, T» changes which inequalities apply.

Thus, we may compress each part R € {S,71,T»} to a point r by d(r,X) = |R|™ fRd(v,X) dv for X € {A,B,C}.
Doing so does not break any constraints and enables us to instead analyze instances with just three atoms s, t1, t2

representing S, 71, T», respectively.

Now we describe the linear program, with base variables A, B, C (candidates) and s, 1,2 (voter locations). The
weights are fixed: w(s) = w(z1) = (1 —2)/(1 + ), and w(zp) = (32— 1)/(1 + 2). Consider the following program.
Throughout, v denotes arbitrary elements in {s, 1,72} and X,Y denote candidates € {A, B, C}.
maximize  SC(A) = Z w(v)d(v, A)
VE{S,tl,tz}

subject to d(A,B) < d(A,C)+d(C,B) and cyclic permutations

ld(v,X) —d(v,Y)| <d(X,Y) <dWv,X)+d(v,Y) (A-ineq)
d(s,A) < d(s,C), d(s,B) <d(s,C) (s e ACNBC)
d(t;,C) <d(t;, A), d(t;,C) < d(t;, B) ie{l,2} (t; e CANCB)
d(s,A)+d(t1,A) < d(s,C)+d(t1,C) (A - C deliberation & A-win)
d(s,B)+d(t;,B) <d(s,C)+d(t;,C) ie€{l,2} (C - B deliberation & B-wint)
SC(B) = Z w(v)d(v,B) = 1. (normalization)

vels,i,ta}
We put i € {1,2} in (}) because we assumed zero C-win in the C — B matching even if the matching is C-optimal (cf.
??), so if we pair any BC voter with any CB voter, the result must be a B-win. (Metric realizability is given by ??.)
Solving this program gives the claimed upper bounds. TODO: I think this problem is now much, much easier and
can be proven analytically quite easily. Will replace once I have that. (Observe the transition at A = 3/5 is precisely

when |Ty| = |T»].) O

Theorem 2.12 (Distortion of C-wins-all instances). Let 1 € (0.5,1). Symmetrically, consider a tight C-wins-all

instance where:
* AC=BC,CA=CB,
* f(AC) =1 - A is realized with zero A-wins, so

(2-22)/(2-2) A1<2/3
|AC| = ACmax =
(1-2)/2 otherwise,

16



2.6 Proving Bound max{2/4,21/(1 - 1)} YQL

* and f(CB) = A is realized with all C-wins, so

(2= 1<2/3
|CB| =CBmin =1-ACpax =

2-1/2  otherwise.

Among all feasible instances, the supremum distortion is given by

SC(A) _ 2/4 if1<2/3
C-wins-all SC(B) (3/1 _ 1)/(1 _ /l) l:f/l > 2/3.

Proof. Analogous to the previous proof, with the caveat that as 1 exceeds 2/3, the CB/CA side now becomes smaller

and exhausted in matchings, so two separate LPs may be needed. m]
We are now ready to restate the main theorem by combining Theorem 2.11 and Theorem 2.12:

Theorem 2.13 (Distortion of A-WUS Copeland-Deliberation). Fix 1 € (1/2,1). Consider any metric instance with
candidates A, B, C, an electorate V, and the deliberation-Copeland scores f(AC), f(CB) as specified by ??. If f(AC) >
1 -2 and f(CB) > A, then the distortion satisfies

pSC(A):max{g i}_ 2/ e (1/2,2%]
SC(B) V1= oyya-2 ae@.1)

where 1* = (V5 — 1)/2 ~ 0.618. In particular;, at A*, the distortion max{2/4,21/(1 — 1)} is minimized with value
1+V5 ~ 3.236.
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