ASSIGNMENT 1 COURSE: COMPSCI 390.01

Due date: February 04, 2025

Problem 1: Bloom filters can be used to estimate set differences. Suppose Alice has a set X
and Bob has a set Y, both with n elements. For example, the sets might represent their top
100 favorite songs. They both create Bloom filters of their sets, using the same number of
bits m and the same k hash functions. Determine the expected number of bits where their
Bloom filters differ as a function of m, 1, k, and | X N Y|. Explain how this could be used as a
tool to find people with the same taste in music more easily than comparing their playlists
by brute force. (Hint: Special cases for small values of | X N'Y | may help.)

Problem 2: Suppose we are using an open-addressed hash table of size m to store n items,
with n < m/2. Assume an ideal random hash function. For any i, let X; denote the number
of probes required for the i" insertion into the table, and let X = max; X; denote the length
of the longest probe sequence. (Unless otherwise specified, we use log to denote the natural
logarithm.)

(i) Prove that Pr(X; > k) < 1/2* for all i and k.

(ii) Prove that Pr(X; > 2logn) < 1/n? for all i.

(iii) Prove that Pr(X > 2logn) < 1/n. (Hint: Each of the first three parts should be a one-liner,
if done right.)

(iv) Prove that E[X]| = O(logn). (Hint: For a discrete variable, E[X] = Y, k- Pr(X = k).
Split the sum into two parts where one behaves “nicely” and the other sufficiently small.)

Problem 3: Leta = (ap,...,a,—1) and b = (by,...,b,_1) be two vectors, each of length n
with nonnegative elements. Let [n] = {0,1,...,n — 1}. We wish to perform two operations
on a and b:

(i) Update (x, i, A): For x € {a,b},i € [n],and A > 0, set x; < x; + A.

(ii) Product (a,b): Estimatea®b =Y ,a; X b;.

Describe a data structure of size O(¢ ! log 1) that estimates a ® b within error ¢||al|; -
Hb”l, i.e.,
|Product(a,b) —a ® b| < ¢||al|1 - ||b]]1 (1)

with probability at least 1 — 6, in O(e 'logd~!) time. (Recall that for a vector x =
(1), [lx[l = Koty [xil)

Describe how the two operations will be performed. Justify that your approach satis-
fies the error bound stated above in equation (??), and analyze the running time of each
operation. (Hint: Two Count-Min sketches.)

Problem 4: Suppose you are given a document of n characters from an alphabet of m
characters. Assume n > m (for example, n € [10%,107] for novels such as Count of Monte
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Cristo and A Tale of Two Cities, but m < 100). You are also given the frequencies p1, p2, ..., Pm
with which the m characters appear.

(i) Suppose we want to compress the document. We first build the Huffman code tree
and then encode the document using that tree. What difference does it make to the
overall running time if we use an unsorted array implementation of a priority queue
versus a binary heap implementation of a priority queue when building the Huffman
code tree? State the total runtime complexity of building the tree and encoding the
document for both cases as a function of n and m, and comment on the significance of
the difference under the assumption that n > m.

(ii) As mentioned in the lecture, encoding a document directly from the Huffman code
tree (without using a lookup table) could take O(nm) time in the worst case. Why is it
O(nm) instead of O(nlog(m)), even though the code tree is a binary tree?

(iii) Consider using the Huffman code tree directly to decode. Would you expect this to
be faster or slower than encoding (again directly using the Huffman code tree)? Why?
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