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Solution to problem 1. As a starter we consider the expected number of fixed points in a permutation: given
7 {1, k} - {1,--,n}, we let Z; = 1[x(i) = i] and Z = ¥, Z; to be the total number of fixed points.
Immediately EZ; = 1/k for each 4, so EZ = k- 1/k = 1, proving that E[ X | X1,-+, X;-1] = 1.

Now, going back to martingales, for notational simplicity let F; denote the filtration by { Xy, -, X;}, effective for
the entire problem set whenever context is clear. Since X; — 1 yields random variables with zero mean, we can

define a process whose new increment has expected value 0 given the past:

=Y (X;-1).
j=1
Indeed, {M,} forms a maringale, since
E[M; | Fi1] = Z —1)+E 1| Fic1] = M.

Now we define the stopping time 7' to be when all owners have received their keys, i.e., when ZiTzl X; = n.
Correspondingly M = n—T. By the optional stopping theorem, E[ M| = EM, = 0, which implies ET = n. Thus,
the expected number of rounds required for all owners to receive their keys is n.
Solution to problem 2. Let Y; denote the number of red balls drawn from the first ¢ draws and F; the correspond-
ing filtration. Define M, to be the fraction of fraction of red balls remaining w.r.t. to all remaining balls in the
bag after ¢ draws. It follows that among the (r+g) —t balls remaining, - Y; are red, so M; = (r-Y;)/((r+g) -1t).
Assuming { M, } forms a martingale, the martingale property implies EM,, = My =r/(r + g), i.e

r-EY, r r(r+g-n) nr

= — EY,, =r- = .
(r+g)-n r+g T+g T+g

Now, to conclude the proof, we show that {M,} is indeed a martingale. To do so, observe that
Elr =Y | Fe] =1 -Ye - M,
since the number of red balls after ¢ + 1 draws depends on that after ¢ draws, in conjunction with the outcome
of the (¢ + 1)™ draw. By definition r - Y; = M,((r + g) — t), so
E[r —Yiu | Fe] = Mg((r +g) —t) = My = My((r+g) -t -1)
which, by dividing both sides by (r + g — ¢ — 1), gives the desired claim E[ M, | F;] = M,

For the last part, consider N; = E(Y,, | F;), which tracks the evaluation of the expected final count of red balls as

more draws become known. It follows immediately that [N — Nj_1| < 1 for all k. Since Ny = EY,, and N,, - Y,,,

P(|N,, - No| > €) = P(Y;, - EY,,| > €) < 2exp(-€2/(2n)).

To get a high probability concentration we may set € = \/2nlogn so exp(-¢2/(2n)) = 1/n. Now, the Y,, follow a
hypergeomoetric distribution with variance

2 r g T+g n
g =n- .

r+qg r+qg r+g-1
In order for our bound obtained from Azuma’s inequality to be nontrivial, this variance must be bounded away
from 0. In other words, the last fraction needs to be ©(1). One assumption that ensures this is by imposing some
0 >0 such that n < (1-0)(r +g).
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Solution to problem 3. For a vertex to remain isolated, none of the cn edges can be incident to it. By linearity of
expectation, the expected number of isolated vertices equals n times the probability that any fixed v is isolated,

so we pick a vertex v and analyze P(v is isolated), which can be easily written as

P(v is isolated) = ((Z) _C(: - 1))((3))1 = Cﬁl (1 - n(n?l_)l/Q—z) . )

cn i=0

Upper bounding (*) is simple:

To lower bound, we note that the denominators can be replaced by n(n - 1)/2 — ¢n since i < en - 1:

(<) > (1n(nnl)/12n) -(1-5%)

When n > 4¢, we have n/(n - 2¢) < 2, and so

cn (n—-2c)-cn/(n-2c)
(1 _ 2 ) _ (1 _ 2 ) > e—2c-n/(n—2c) > e—c,
n-—2c n-—2c

and so the total expected number of isolated vertices is at least ne~“. Combining both parts, we conclude with

bound [ne™*¢, ne=2¢].

The second part of this problem is a simple application of Azuma’s inequality. Let X be the number of isolated
vertices eventually. For each i < ¢n, let F; be the o-algebra generated by the first i edges chosen, and we consider
the Doob martingale M; = E[X | F;] for 0 < i < cn. Clearly My = EX and M., = X. When a new edge is added,
the most dramatic effect it can cause is if it connects two previously isolated vertices. Therefore |M; - M;_4| < 2.

Applying Azuma’s inequality gives

t2 t2
P(IX -EX|>t)<2 - ]|=2 S
( >0) exp( 2~cn-22) exp( 8cn)

Replacing ¢ with 2\./cn we precisely recover

4N2
P(|X - EX| > 2\v/en) < 2exp (_ g C”) = 2eN/2,
cn

For the sake of completeness, we show that { M, } forms a martingale, as tower property implies

E[M; | Fioa] =E[E[X | Fi] | Fisa] =E[X | Fic1] = My

Solution to problem 4. Let X; be the individual process (bet), so p = EX; = 0 and 0% = var(X;) = 1. Write

S, =¥, X;. Then Z, = S2 — no? is known to be the quadratic martingale:

E[S2,, - (n+1)o? | F] = E[S? + 25, X1 + X2, - (n+1)0? | Fo]
=E[S? | Fn] + E[25, X et | Fr] +E[X2,, | Fr] - (n+1)0?
:S3L+0+02—(n+1)02 :S,zl—noz,
since

e E[S2 | F.] =52 due to total information; and
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* E[X2,,|F.]=E[X2,,]=1 also due to independence from F,.

* E[25,Xn+1 | Fu] = 2E[S, | Fu]E[X 41 | Fn] due to independence of S,,, X,,+1, and that the last term

=EX,+1 =0 since X, is independent of F,;

Now let T be the stopping time when either of the absorbing barriers at /1,5 is hit. The stopping time theorem
says E[Zr] =E[Zy] = 0.

It is well-known that for a SSRW, the probability of the walk reaching /; before I, is given by p = lo/(l1 + I2).
Therefore, at stopping time 7',

P-T wp. ly/(l;+1
N p- l2/(l1 +12)

l%—T W.p. ll/(ll +12).
Given E[Z7] = 0, we see

b Ll

_ _ l1l2(l1+l2)
ll+l2 ll +12

Z1+lg

E[Z7]

-ET=0 = E[T] =lllg.
Solution to problem 5. For any vertex v in the n-cube and any radius r > 0, define the ball w.r.t. Hamming
distance d(z,y) to be

B, (v) ={z€{0,1}" : d(z,v) <r}.

As any element in B, (v) must have hamming distance < r to v, for r < n/2, the volume can be monotonically
bounded by

A, :=|B,(v)| = Z(?)

1=0

It follows that the r-cover of S defined by | J B,(v) can contain at most |S|A, elements. If we can bound this
veS
quantity by 2”71, then w.p. > 1/2, D(x, S) > r, and by Markov’s inequality, E[D(z, S)] > r/2.

By this post, if we define H(p) = —log, p — (1 - p)log,(1 - p) the binary entropy function, then A, < 27/,
This in conjunction with taking log of |S|A,. < 2"7! gives log|S| + nH (r/n) <n - 1.

When S is sufficiently small, the term involving log|S| is insignificant, and we need r/n ~ 1/2 as H(1/2) = 1 and
H (-) monotonically increases on [1/2, 1]. In this case we obtain E[D(x,S)] > n/4.

In the nontrivial case where |S| is exponential in n, i.e. there exists a € (0, 1) such that |S| = 2%". In this case we
want an + nH(r/n) < n - 1, which asymptotically reduces to H(r/n) = 1 — a. Heuristically this correpsonds to
r~(n—an)/2=(n-log|S])/2, and so

n —log|S]

E[D(x.8)]> *—

= Q(n -log|S)).

As for the second part, define
Y; =E[D(z,S) | Fi]

where Y; is the expected distance after we reveal the first ¢ bits. Going from Y; to Y;,; we are only changing one

bit, so the set Hamming distance changes by at most 1, i.e., |¥; - Y;_1| < 1. Azuma’s inequality therefore implies

P[|D(z,S) - E[D(z,5)]| > A\] = P[|Y;, - Yo| > A] € 2exp(-A\?/(2n)).


https://mathoverflow.net/questions/261428/approximation-of-sum-of-the-first-binomial-coefficients-for-fixed-n

