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Abstract

We consider models for social choice where voters rank a set of choices (or alternatives) by delib-
erating in small groups of size at most k, and these outcomes are aggregated by a social choice rule
to find the winning alternative. We ground these models in the metric distortion framework, where
the voters and alternatives are embedded in a latent metric space, with closer alternative being more
desirable for a voter. We posit that the outcome of a small-group interaction optimally uses the voters’
collective knowledge of the metric, either deterministically or probabilistically.

We characterize the distortion of our deliberation models for small k, showing that groups of size
k = 3 suffice to drive the distortion bound below the deterministic metric distortion lower bound of
3, and groups of size 4 suffice to break the randomized lower bound of 2.11. We also show nearly
tight asymptotic distortion bounds in the group size, showing that for any constant € > 0, achieving
a distortion of 1 + ¢ needs group size that only depends on 1/¢, and not the number of alternatives.
We obtain these results via formulating a basic optimization problem in small deviations of the sum of
1.7.d. random variables, which we solve to global optimality via non-convex optimization. The resulting
bounds may be of independent interest in probability theory.

TAll Python code is available at http://bit.ly/3WHW8H4
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1 Introduction

Civic discourse is the cornerstone of modern democracy. A key challenge in modern social choice
theory is how to leverage the power of discourse to improve societal decision making compared to simply
voting on issues. Unfortunately, there are several roadblocks to this ideal. Much of the current online dis-
course tends to become acrimonious, increasing polarization rather than consensus. Despite some notable
successes [IL18, Fis91], it is relatively cumbersome to organize large groups for agenda-driven discussions,
and even when such discussions occur, they rarely result in meaningful opinion changes, leading to the
same outcomes as direct voting,.

A promising approach emerging in social choice is small-group online forums, which are moder-
ated and agenda-driven. Platforms such as the Online Deliberation Platform [sta], vTaiwan [vTa], Mis-
match [mis], and Myjunto [myj] have experimented with this approach. Recent work has shown the
potential of Al mediation in these settings, including facilitating human interaction via summarization
and rephrasing of diverse viewpoints [ABB 23, KEO 20, sta, BCS™ 24, AFE " 24].

Our goal is to model the outcome of such small group deliberations and analyze whether aggregat-
ing their outcomes is capable of finding a better societal alternative than would be found without such
interaction. Our main result is that deliberation is strictly helpful even with small groups.

1.1 Metric Distortion and Deliberation

We use the metric distortion framework [ABE"18] to analyze the quality of the deliberation. We
assume there is one issue with several potential choices (called alternatives or candidates) that the voters
are deliberating over. These voters and alternatives are embedded in a latent metric space. Voters reveal
ordinal preferences (that is, a ranking) over alternatives that are consistent with the latent distances, where
if an alternative is closer to the voter, it is more similar to the voter’s opinion, hence ranked higher by the
voter. We assume the set of alternatives is common to all voters, and a voter ranks all alternatives.

A social choice rule such as the Borda score or Copeland rule takes the rankings for all voters as input,
and outputs an aggregate alternative. Given an alternative, its 1-median cost is the sum of the distances
of all voters to this alternative. Consider all metrics consistent with voter rankings. The distortion is the
worst case for all rankings and all metrics consistent with these rankings, of the ratio of the 1-median cost
of the alternative output by the social choice rule (that only knows the ordinal rankings) to the cost of the
best alternative had the consistent metric been known. A lower distortion implies a better social choice
rule, whose outcome is closer to the true 1-median.

It is known that in the absence of voter interaction, any deterministic voting rule that uses only the
ordinal preferences of the voters has distortion at least 3 [ABE " 18] and any randomized rule has distortion
at least 2.11 [AP17, CR22] The key question we ask in this paper is:

Question 1. Can small group deliberation improve these bounds?

To study this question formally, we assume that voters deliberate in a small group and collectively
reveal an ordinal preference (or ranking) that is consistent with their local view of the latent metric space.
We consider several models of what “consistent” means, but a simple, canonical model is that the voters
in the group could output the alternative that minimizes the sum of their distances to it (that is, their
1-median alternative). The 1-median intuitively captures persuasion — consider two alternatives and two
voters. If the first voter is very close to the first alternative, then they care strongly about that alternative.
If the second voter is equidistant from both alternatives, they are indifferent. In this setting, the first voter
can persuade the second to collectively output the first alternative, which is indeed the 1-median. Even
in the 1-median setting, Question 1 is far from trivial. Indeed, the example below from [FGMS17, CMP24]
shows that even if all possible groups of voters of constant size output their 1-median alternative, and
these are aggregated by any social choice rule, the metric distortion remains 3.



Example 1. Assume the group size is k, a constant. For some & > 0, there are n voters, who are all at
distance 1 + ¢ from a common candidate c. For each subset S of voters of size k, there is a candidate cg
that is at distance 1 from the members of S, and distance 3 from all other voters. Each group S outputs cg
when it deliberates, since this minimizes their 1-median cost — indeed, this alternative is preferred by all
voters in S, leading to a trivial deliberation. Now any social choice method that aggregates the outcomes
of these deliberations into a final winning alternative must produce one of these cg as the final alternative.
However, the average distance of all voters to c is 1 + &, while for any cg, the average distance is close to
3. Therefore, the distortion is at least 3.

To get around this lower bound, the group size needs to be super-constant, and indeed, the recent
work of [CMP24] shows that the 1-median of a random sample of voters of size logarithmic in the number
of candidates suffices to break the lower bound. However, such large groups lead to suboptimal group
dynamics such as conformity, informational influence, and stereotyping of participants, which have been
widely studied in psychology [Asc55, DG55] and political science [PNCO06]. In fact, the celebrated Asch
experiments [Asc55] show that conformity begins to kick in even with groups of around size 5. Further,
research in organizational psychology [Axt18] argues that groups of size larger than eight causes conver-
sation quality to erode, people to become less candid, comments to become superficial, and tough topics
avoided. The superiority of small groups has also been established via game-theoretic modeling of delib-
eration [Mei07]. All this means a large group interaction, even with the best intentions, is unlikely to find
something as optimal as their 1-median outcome, or allow participants to be “public spirited” [FPW23]
and compute the true social cost of each alternative. What is more likely is that the large group splits into
multiple groups of constant size whose deliberation outcomes are aggregated by a moderator.

1.2 Deliberation Model with Small Groups

Although Example 1 may seem to imply a negative result for Question 1 with groups of constant size,
our main contribution is the following set of positive results.

There are natural models for multiple small group deliberations with constant-sized groups
and natural social choice rules for aggregating their ordinal outcomes, which break the lower
bounds of metric distortion (without deliberation) even with groups of size £ = 3 or 4, and
where the distortion is 1 + O(1/poly(k)) for larger group sizes k.

For these results, we go beyond each deliberating group producing the 1-median alternative. We do so
by restricting the set of alternatives that a group can deliberate on, so that different small groups deliberate
on different, focused sets of alternatives. In particular, we let each group deliberate on only two alternatives
and output the better of the two. We then choose multiple groups of size k at random from the population
and let them deliberate between different pairs of alternatives, with the result of the deliberation being
either the first or the second alternative. The outcome of these deliberations produces a tournament graph
over the alternatives, and we use the classic Copeland rule [Szp10] to aggregate this tournament into a
single winning alternative. The entire model is presented in Section 2.

For analyzing this framework, we assume that the outcome of any individual deliberation is a (possibly
probabilistic) function of the strengths of the preference of voters within the group (as measured by their
metric distances) for the two alternatives they are deliberating over. We consider two models: In the
averaging model, the group deliberates between the two alternatives and outputs that alternative whose 1-
median cost is smaller.! In the random choice model, each group member has a normalized bias (or strength

'In this model, instead of any group of size k deliberating only over a pair of alternatives, we can equivalently let the group
deliberate over all the alternatives and output a ranking based on their total distance to each alternative.



of preference) for one of the two alternatives proportional to the difference in their distance to the two
alternatives. The probability with which an alternative is produced is proportional to the total normalized
bias of voters in the group who prefer that alternative to the other. Note that in both cases, the output of
a group is an ordinal preference.

1.3 Our Results

We show analytic results for the distortion of both the averaging and random choice models as a
function of the group size k, showing that a very small group size suffices to break the lower bound
of metric distortion without deliberation. In particular, we show the following results, which are also
summarized in Tables 1 and 2.

‘ Group size ‘ Upper Bound ‘ Lower Bound ‘
‘ k=2 ‘ 3+ V2 ~ 4.414 (Theorem 3.3) ‘ 1 + /2~ 2.414 (Lemma 3.5) ‘
‘ k=3 ‘ 2.81 (Theorem 3.7) ‘ % ~ 1.667 (Theorem 3.2) ‘
| Generalk | 1+ 0 () (Theorem3.1) | 14Q(4) (Theorem3.2) |

Table 1: The upper and lower bounds on distortion for the Averaging model of deliberation. The upper
bounds hold for the Copeland rule, while the lower bounds hold for any deterministic social choice rule
that aggregates the ordinal rankings output by all groups of size k. The upper bound of 3 + /2 ~ 4.414
is tight for the Copeland rule when k = 2.

‘ Group size ‘ Upper Bound (Theorem 4.1) ‘ Deterministic LB ‘ Randomized LB ‘

| k=2 | 3.34 | 1.82 | 1.41 |
| k=3 | 2.31 | 1.51 | 1.25 |
| k=4 | 1.90 | 1.37 | 1.18 |

Table 2: The upper and lower bounds on distortion for the Random Choice model of deliberation. The
upper bounds hold for the Copeland rule. The final two columns respectively show the lower bounds for
any deterministic and randomized social choice rule that aggregates the ordinal rankings output by all

groups of size k. These follow from Theorem 2.3. For general k, the upper bound is 1 + O ( 1°§k>

(Theorem 4.2), and approaches 1 as k — oo.

« For the averaging model with group size £ = 3, the distortion bound is 2.81 (Theorem 3.7). This
bound is smaller than the deterministic metric distortion lower bound of 3. (As we discuss in Sec-
tion 2, the fair comparison for the averaging model is deterministic social choice rules.) For the
random choice model, the distortion is 1.90 for k = 4 (Theorem 4.1), which is lower than the lower
bound of randomized metric distortion of 2.11. We also show that for £ = 2, the distortion is ex-
actly 3 + v/2 < 4.42 for the averaging model (Theorem 3.3) and at most 3.34 in the random choice
model. The proofs use interesting non-convex programming relaxations for which we computation-
ally bound the global optimum.?

?All Python code is available at http://bit.ly/3WHW8H4
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+ Next, we consider the asymptotic behavior of distortion in the size of the group, showing that the
distortion approaches 1 rapidly as the size of the group increases. For the averaging model, we
show that groups of size k = O(1/¢) are necessary and sufficient to achieve distortion 1 + ¢, where
e > 0is a constant (Theorems 3.1 and 3.2). This result is an interesting application of the Berry-
Esseen inequality [Fel71]. For the random choice model, we show an upper bound of k = O(1/&?)
(Theorem 4.2). These bounds on group size are independent of the number of alternatives, a result
that cannot be obtained had each group only output its favorite alternative among all m alternatives,
for example, as in [CMP24].

+ Our analytic results assume a continuum of users from which infinitely many groups of size k can be
sampled. We also consider “sample complexity”, which is the number of randomly sampled groups
needed to achieve an additive ¢ to the analytically computed distortion. We show that the sample

complexity is O (%) for the averaging model (Theorem 3.9), and O (ml;#) for the random

choice model (Theorem 4.3).

» In Section 4.4, we present generalizations of the random choice model that are motivated by how
the change in voter opinion depends on bias. We show that our analysis smoothly extends to these
more general models, where the bounds become worse (asymptotically converging to numbers larger
than one) and closer to the distortion of random dictatorship as the opinion change becomes less
dependent on the bias of the voter.

From a practical perspective, our protocols and associated distortion bounds show that multiple tiny
groups of people deliberating about specific alternatives suffice to improve on straightforward voting over
all alternatives. This result is robust to natural models of deliberation. Since the goal of the paper is to make
a conceptual point that very small group sizes suffice, we have focused on the Copeland rule. However,
some of our analysis (such as Theorem 3.3) can be extended to weighted tournament rules [MW 19, Kem20],
with comparable guarantees.

1.4 Technical Highlight: Small Deviation Bounds and Non-convex Programs

It is known that the distortion of the Copeland rule can be characterized by its behavior on at most 3
alternatives [ABE " 18]; most of our analysis uses its behavior on two alternatives. As one of our contribu-
tions, we distill the type of analysis in [ABE" 18] as solving a mathematical program about distributions.
At a high level, such a mathematical programming approach is akin to the approach in [CR22], though the
details are very different. For the averaging model, the problem of bounding the distortion reduces to a
very basic question in probability theory (see Eq. (2) in Section 3):

Question 2. Given k > 1, find the distribution Dy, supported on [—1, 1] with maximum E[Dy], subject to
the constraint that for Y7, Ys,..., Yy i Dy, we have Median (%) <0.

Here, k is the group size. We call the optimum expectation computed above 5. This captures the
worst-case gap between the mean and median of the average of bounded i.i.d. random variables. We show
that the distortion is both upper and lower bounded by simple increasing functions of 6y, so that tightly
bounding 6y, yields good bounds on distortion. As k¥ — 0o, by the Central Limit Theorem, the average of
i.1.d. and bounded random variables converges to a Normal distribution, so that §; — 0. Our goal is to
bound 6y, for small k, and bound the asymptotic rate at which 0y decreases with k. Our main technical
result in Section 3 is summarized in the theorem below and captures the combination of the bounds in
Theorems 3.1, 3.2 and 3.7 and Lemma 3.5. This theorem may be of independent interest in probability
theory.



Theorem 1.1 (Proved in Section 3.). We have the following bounds® on 0y:

1
0y =2 —1; 0.25 < 05 < 0.2522; and 0, =0 <k> .

Though the above problem is easy to solve for groups of size k& = 1, even with groups of size k =
2, computing 3 involves a non-convex convolution constraint over a distribution with infinite support,
whose expectation we need to globally optimize. Our main contribution is techniques to reduce the size
of these programs via near-tight non-convex relaxations, so that a state of the art non-linear optimizer
(BARON [Sah96, KS18]) can globally optimize it. With groups of size k = 2, we use pipage rounding [AS04]
combined with a relaxation to reduce the support size of the optimal distribution. For k = 3, we use a
technique in [Fei04] to replace the identical random variables {Y;} with nonidentical ones, each with
small support. For k& > 4, the problem becomes challenging. Indeed, the complexity of our relaxation
grows significantly even in going from k = 2 to k¥ = 3 and it is an open question whether there are
tractable approaches even for £ = 4 that show reasonably tight bounds.

Conceptually, our mathematical programs have constraints on tail bounds of sum of independent ran-
dom variables. However, we are interested in the median deviating from the mean, which corresponds to
small deviations as opposed to large deviations (since the median is at most one standard deviation from
the mean [MU17]). There is scant work on small deviation bounds, the exceptions being the elegant works
of [Fei04, BP05] (see also [HZZ10]), and the works bounding the location of the median for the sum of
special types of distributions [Sie01, KB80, CR86]. It is well-known that moment-based methods such as
Bernstein’s inequality [BLM13] are slack in this regime, and in our setting, even tighter third moment
bounds [BP05] only yield weak results. This necessitates our non-convex programming approach.

To tightly bound the asymptotic dependence of 65 on k, we use the Berry-Esseen inequality [Fel71],
which bounds the deviation in the CDF of the average of i.i.d. random variables from a Normal distribu-
tion. This is a substantial improvement over the O(1/e2) bounds that are often seen in social choice
(e.g. [CMP24]) and cannot be achieved with moment-based methods, since unlike those methods, the
Berry-Esseen inequality becomes tighter with increasing variance of the underlying random variables.

For the random choice model in Section 4, we show that the constraints in the non-convex program
have a certain convexity structure that can be exploited to relax the number of variables to 2 via Jensen’s
inequality. Though the relaxed program is still non-convex, we can then perform a parametric search over
the two variables to find the global optimum. This allows us to compute and reasonably tightly bound the
distortion for all small k£ > 2 in Fig. 1a.

1.5 Related Work

Our model relates to three strands of recent research and we compare with them below.

Metric Distortion of Voting. Building on the work of [PR06], the work of [ABE " 18] initiated the study
of metric distortion. Given a social choice rule with ordinal voter preferences that are consistent with an
underlying metric over voters and candidates, the distortion is the worst-case (over all metrics) ratio of the
total distance to the chosen alternative to that for the 1-median alternative had the metric been known.
They showed that the Copeland rule has distortion 5, and no deterministic voting rule has distortion
better than 3. The upper bound was subsequently improved via weighted tournament rules to 2 + /5
by [MW19, Kem20], and later to 3 by [GHS20, KK22]. For randomized voting rules, the work of [AP17]
showed a lower bound of 2. This lower bound was subsequently improved to 2.11 by [CR22]. An upper

3The work of [ABE 18], as well as a direct analysis implies #1 = 0.5, and is achieved by D1 = Bernoulli(1, 1/2).



bound of 3 follows from random dictatorship [AP17], and this was improved via novel voting rules to 2.74
in [CWRW24]. We refer the reader to [AFSV21] for a survey.

Our work shows that simple models of deliberation in very small groups (k = 3, 4), where the output of
the group is ordinal, yet based on their collective cardinal preferences, suffices to allow the Copeland rule
to break the metric distortion lower bounds, and the distortion approaches 1 as the group size increases.
In the absence of deliberation, “optimal” rules such as Plurality Veto [KK22] have better distortion than
Copeland. However, these rules always output the favorite candidate of some voter. If such a rule is used to
aggregate the outcome of deliberations, the distortion will be 3 for any constant group size (see Example 1).
This showcases a nice property of the Copeland rule, along with its relative ease of analysis.

Voting with Cardinal Information. Our work shows that if groups of voters output ordinal prefer-
ences over alternatives via aggregating their cardinal metric information using deliberation, the resulting
ordinal information can be aggregated in a way that achieves distortion bounds arbitrarily close to 1. In
our models, the outcome of deliberation favors voters with large bias towards one outcome, which is also
where the median in the metric space between these voters will likely lie.

The work of [AAZ19] is similar in spirit in that it tags voters’ preferences between pairs of alternatives
with “strong” and “weak”, counting each strong preference by a fixed larger amount than a weak prefer-
ence. However, in their model, the threshold between strong and weak preference is an arbitrary threshold
on the ratio between distances to the two alternatives, and the score bump is also an arbitrary number.
Even with an optimal setting of these thresholds, they are unable to break the metric distortion lower
bound of 3. This is because the voting rule only gets the original ordinal information had all voters had
strong or weak preferences. Our model has two advantages. First, it does not have arbitrary thresholds.
Second, in our model, voters within a group use cardinal information optimally via deliberation to find
an ordinal ranking between two outcomes (say using 1-median). This is not only more natural, but also
squeezes more information about the metric space from the voters, so that the distortion asymptotically
approaches 1. We also refer the reader to [AFRV22] for a related distributed model for small groups. .

Sampling and Sortition. Several works [FGMS17, FGMP19, FFM20, CMP24] have considered distortion
of voting rules when voters are randomly sampled from the population. The random dictatorship mech-
anism samples one voter, and achieves distortion 3. The work of [FGMS17] shows that if deliberation
between two voters is modeled as bargaining with a disagreement alternative, then there is a protocol that
achieves low distortion on special types of metrics called median spaces. The work of [FGMP19] extends
this model to three sampled voters, and bounds the second moment of distortion (and not just the expec-
tation), which for random dictatorship, is unbounded. See also [GL16] for a different protocol and analysis
for three voters. The work of [FFM20] shows that sampling k voters leads to bounded the k" moment of
the distortion. However, with the exception of [FGMS17], these works assume voters reason with their
ordinal preferences, and none of these works improve on the distortion bound of 3. In contrast, we model
deliberation in a general metric space as a natural process of reasoning with cardinal information, which
leads better distortion bounds with equally small group sizes.

Motivated by citizen assemblies and sortition [IL18, Fis91], the work of [CMP24] considers a model
where a large random sample of voters is chosen to deliberate and find a socially optimal outcome, or
1-median. Their work makes a great case for sortition: for example, most citizen assemblies have the
number of participants in the several hundreds [WP08, DBM11], and the bounds of O((logm)/?) on
group size provided by [CMP24] are quite salient in this setting. However, as discussed before, research in
psychology and organizational science shows that such large group sizes lead to sub-optimal deliberation.
This is a substantial difficulty in applying the results of [CMP24] to design an actual deliberation process.
As Example 1 shows, the distortion remains lower bounded by 3 unless the group size becomes logarithmic



in the number of outcomes, so this difficulty is not just a matter of improving their analysis. Our distortion
bound of 14+ O(1/k) becomes more salient in this setting since it allows us to use groups of size O(1/¢) to
get distortion bounds of 1 + €. Given the impossibility result mentioned above, the process has to change
in some way to obtain our bound; hence, breaking down the deliberation process so that each participant
takes part in multiple small deliberations as opposed to one large one is key to our result. Thus, our
result is not merely a technical improvement over [CMP24], but is qualitatively different. In fact, many
existing online platforms for synchronous deliberation (e.g. [sta, myj, mis]) divide the participants into
much smaller groups of 3 to 15, a range where our results are salient. Additionally, our results can be
composed with those of [CMP24] to simultaneously provide a bound of O((log m)/e?) on the total number
of participants and of O(1/¢) on the size of each group in a single deliberation.

Similarly, the work of [FPW23] posits a deliberation model where voters incorporate social utility
into their rankings. We note that this work also does not posit an interaction mechanism in a small group.
Additionally, it focuses on showing that the distortion under social welfare approaches a constant or linear
for natural rules (i.e., the social welfare approach starts to achieve bounds similar to those known for metric
distortion), whereas we show improved metric distortion bounds. Thus, our results are both different from
and complementary to this work as well as that of [CMP24].

Our main contribution is thus an analytical justification for such a model of interaction with very small
groups. We note that the overall number of sampled voters needed for distortion close to 1 in the averaging
model remains logarithmic in the number of alternatives, hence being comparable to the bound for a single
sortition. Our approach therefore presents an alternate view of how sortition can be implemented via
multiple small groups, with smoothly improving distortion bounds in the group size.

2 Model and Preliminaries

We now formally present the model and framework for small group interaction. There is a set C' of
m candidates (or alternatives or outcomes), and m! possible rankings of these alternatives. We assume a
continuum of voters, each of whose preference follows one of the rankings.* The preferences of a fraction
pq of the voters follow ranking g.

In the metric distortion framework, we assume the rankings with p, > 0 and the candidates are
embedded in a latent metric space with distance function d(-, -). We assume the metric space has discrete
(and finite number of) locations, corresponding to the candidates and the rankings with p, > 0. The voters
whose preferences follow ranking ¢ are placed at a set of locations .S;, where the voter mass at location
i € Sy is pig, with 3, S, Pia = Pq- We use “metric space” to mean both the distance function, as well as
the voter mass at each location. We denote the combination (d, p) as o. Let Q denote the set of all locations
of voters. Given a location 7 € (), the ranking corresponding to ¢ is denoted o, and the voter mass there
is denoted p;.

Classic Distortion. In the absence of deliberation, we assume the metric space is “consistent” with the
rankings. By this, we mean that given location ¢ with p; > 0, and two candidates c; and ¢y, the ranking
q = o; places ¢ higher than co if d(i, ¢1) < d(7, ¢2). If d(i, ¢1) = d(i, c2), then either of the two candidates
can be ranked higher than the other. Note that a consistent metric always exists by placing all rankings
with p, > 0 at location a and all candidates at location b.

A social choice rule S takes the rankings with p, > 0 (and the corresponding p,) as input, and outputs
a single candidate as the “winner”. Note that the social choice rule only sees the rankings and the p,, but
not the underlying metric space. We also assume the social choice rule is anonymous meaning that its

*We make the continuum assumption on voters for analytic convenience, noting that the relevant lower bounds for the finite
voter metric distortion problem hold in the continuum voter setting as well. (See Theorem 2.3.)



output does not depend on the identities of the alternatives — if the alternatives are permuted by m, the
social choice rule outputs 7(c) if it was originally outputting c.

To measure the quality of the social choice rule, for any candidate c, let SC(c,0) = >, pid(i, c)
denote the social cost of ¢ under the metric 0 = (d, p). Let ¢*(0) = argmin,.~SC(c, o) be the social
optimum or the median outcome had the metric space o been known. This outcome need not be unique,
in which case an arbitrary such outcome is output. Let Alg(S, p) denote the output of the social choice
rule S given the rankings ¢ and their masses p,. Then the distortion of the rule is

Distortion = max SC(Alg(S, p), o) 7

o SC(c*(0),0)

The goal is to find a social choice rule with small (preferably constant) distortion.

2.1 Deliberation Models

In our deliberative framework, there is a group size parameter k£ > 2. A single deliberation is a function
that operates over two alternatives c; and ca, and k randomly chosen voters from the continuum of voters,
and outputs one of the alternatives. By “randomly chosen”, we mean k rankings are chosen independently
with replacement from the set of rankings, with ranking ¢ being chosen at each step with probability
pq- Given the continuum assumption on voters, these & rankings (some of which are possibly repeated)
correspond to k distinct voters.

In order to define the deliberation function, we first need to define normalized bias. Given a voter at
location 7 € (), define the normalized bias as

d(i, Cl) - d(l, 02)
d(Cl, CQ) ’

The numerator captures the extent of the bias towards one of the two alternatives, with a positive num-
ber denoting bias towards cp. The denominator normalizes this bias by the distance between the two
alternatives.

By the triangle inequality B(c1, c2) € [—1, 1]. Note that B;(c1, c2) = —1 implies d(i, c2) = d(i,¢1) +
d(c1,c2), so that given d(i, ¢1) and d(cq, ¢2), d(i, c2) is largest possible. This captures the maximum bias
of voters towards c;. Similarly B;(c1, c2) = 1 makes d(i, c2) as small as possible, and captures strong bias
towards co. Note that when B(ci, c2) = 0, then d(i, ¢1) = d(i, c2), so the voter is indifferent between the

Bi(ci,c2) =

two outcomes.

The alternative that is output by the deliberation is a function of these normalized biases for the k
voters. We consider the following two models. In both these models, we let .S be the multi-set of locations
of the voters who participate in the deliberation, so that |S| = k.

Averaging Model. (Section 3.) Let 7 = . Bi(c1,c2). If 7 < 0, the outcome is c1, else it is co. This
corresponds to voters choosing the median, argmin,_., ., > ;cg d(7, ¢). This model is equivalent to
the model where the group deliberates over all m alternatives, and outputs the ranking consistent
with the total distance, so that c; is ahead of ¢ in the ranking if ) ;o d(i,c1) < >, gd(i,c2). As
before, in the case of a tie, we assume an arbitrary tie-breaking rule between the alternatives.

Random Choice Model. (Section 4.) In this model, let S; C S denote the set of voters who perfer ¢; to
c2, and let So C S denote those that prefer cy to c;. Let A = ), s |B;(c1, c2)| denote the total
normalized bias of voters preferring ¢y, and let B = . ¢ [Bi(c1, c2)| be that for cz.” Then the

>Since S is a multiset, if a location 4 is repeated £ times, its contribution to the summation is £ - | B;(c1, cz2)|.



output is ¢; with probability A-q-iB’ and cy otherwise. We assume the metric is perturbed slightly so
that at least one B;(cq1, c2) # 0; alternatively, if all B;(c1, c2) = 0, we assume ¢; is chosen.

In Section 4, we also generalize the model so that there is a concave, non-decreasing function g(z)
with g(0) = 0 and g(1) = 1. Weuse A = ;¢ g(|Bi(c1,¢2)]) and B = ;o g(|Bi(c1,¢2)]) in
randomly choosing the outcome.

The random choice model captures the intuition that more biased voters are likely to drive the dis-
cussion in their direction, though that outcome is far from certain. This model can also be interpreted as
opinion change as follows: During deliberation, suppose every voter in S; independently changes their
opinion to ¢z with probability A-s—LB’ and similarly, every voter in S5 changes their opinion to ¢; with prob-
ability Aiﬁ. This process corresponds to the DeGroot model of opinion change [DeG74]. If subsequently,
the opinion of a random voter is implemented, this exactly corresponds to the random choice model. A
final, somewhat non-deliberative interpretation is that the process chooses a voter proportional to their
bias (which might be proportional to how much they speak up), and outputs that voter’s preference.

Remark. For k& = 1, both models reduce to a single voter choosing the candidate among c;, c2 that is
higher in their ranking. Note also that in both these models, the outcome of deliberation is simply an
ordinal preference between the two alternatives. The voters arrive at this alternative by reasoning about
the underlying metric space, but this reasoning is hidden from the social choice rule that we describe next.

2.2 Normalized Bias and the Distortion of Copeland’s Rule

We now define the social choice rule to aggregate the outcome of deliberations. Note that each delib-
eration is a probabilistic mapping of a pair of alternatives to a winning alternative. This mapping depends
on the underlying metric space as well as the £ randomly sampled voters.

Given a deliberation model A and metric space o = (d, p), let pi(W, X) denote the probability that
the outcome of deliberation among a set S of k randomly chosen participants between alternatives W
and X, outputs W instead of X. This probability is over both the randomness in the choice of S and the
randomness in the outcome of the deliberation given S (as in the random choice model). To keep our
analysis simple, we assume the probability can be exactly estimated for any (W, X); in other words, we
assume infinitely many groups of size k can be drawn from the population, and small group deliberations
run between W and X. In Theorems 3.9 and 4.3, we will remove this assumption and analyze the number
of groups of size k that need to be sampled to approximately achieve the same distortion.

Copeland Rule and Distortion. The Copeland rule dates back to Ramon Llull in the 13" century [Szp10].
To define this rule, we say that W = X if pi, (W, X)) > 1/2. For every pair (X, Y"), the Copeland rule gives
1 point to X (resp. Y) if px(X,Y) > 1/2 (resp. pr(Y, X) > 1/2), and half a point to each alternative if
pr(X,Y) = 1/2. It then chooses the alternative W with most points. Such an alternative W belongs to
the uncovered set [Mil77]: For any other alternative X, either W > X, or there is an alternative ¥ such
that W > Y and Y > X. We assume an arbitrary alternative in the uncovered set is output. Note that the
Copeland rule operates over the ordinal outcomes of the deliberations, without knowing the metric space
o.

To define distortion, let Alg(.A, o) denote the outcome of applying Copeland to the tournament graph
on deliberations using model A. As before, let ¢*(0) = argmin,.~.SC(c, o) denote the social optimum.
Then the distortion of the deliberation rule .A under the Copeland rule is:

. __SC(Alg(A 0),0)
Distortion(A) = max SC(c(0).0)



If the outcome Alg(.A, o) is probabilistic, we replace the numerator in the above expression by its
expectation over the randomness in A.

The Averaging Model is Deterministic. As an aside, suppose there is a finite number n of voters,
where n is suitably large. Then, in the Averaging model, the randomness in the choice of set S’ can be re-
placed by considering all subsets S of k voters, and computing 7 (W, X) as the fraction of these sets where
deliberation between alternatives W and X leads to W being chosen. It is easy to check that as n — oo,
the value r, (W, X') converges to pi (W, X ). Note that the Averaging model itself is a deterministic process
given S; further, the Copeland rule applied to the {g; (1, X)} is deterministic. We therefore compare the
distortion of the Averaging model with that of deterministic social choice rules without deliberation. In the
subsequent discussion, we will go back to assuming there is a continuum of voters, and .S is a randomly
chosen set of k rankings.

Mathematical Program for Distortion. We now show a simple mathematical program whose optimal
solution yields an upper bound on distortion of the Copeland rule.

Fix a metric (d, p), and consider two alternatives W and X. Let ¢; = B;(W, X)) be the normalized bias
of voters at location ¢, and let D denote the distribution of ¢, so that ¢ = ¢; with probability p;. Since
we fix the metric space, we omit it from the notation SC(W), etc. We have the following lemma, which
formulates the analysis of the Copeland rule in [ABE" 18] as the solution to a mathematical program.

Lemma 2.1. Let v = E[D]. Then,
SC(W) < 1+~
SC(X) ~1—+

Proof. Assume d(W, X) = 1. We have
SC(W) = SC(X) =Y pi(d(i, W) — d(i,X)) = > pi¢; = E[D] = 1.
Next, by triangle inequality, d(i, X') > d(X, W) — d(i, W), so that

(1—=7).

N

SC(X) = Z pid(i, X) > % Z pi (A(X, W) — (d(i, W) — d(i, X)) =

Manipulating the above two inequalities completes the proof. O]

We now find the worst case of 7y over all metrics o = (d, p). For this, let ¢(W, X') denote the solution
to the following optimization problem: Find a distribution D = {p;} over {8B;(WW, X )} which optimizes:

max E[D] s.t. W= X, (1)

Since B;(W, X) € [—1, 1], the above can be reformulated as optimizing over all distributions D supported
on [—1, 1]. We next show that upper-bounding this optimum suffices to upper-bound the distortion.

Theorem 2.2. For deliberation model A, if q(W, X') < 6 for all pairs W, X of alternatives, then the distortion
of the Copeland rule applied on the outcomes of A is at most (%) .

Proof. Fix some metric (d, p). Suppose the Copeland rule finds outcome W, and suppose X is the social
optimum. In the case where W > X, by the previous lemma, the distortion is

SC(W) _ 1496
SC(X)=1-0

10



Otherwise, there exists Y such that W = Y and Y = X. Then, the distortion is

SC(W) _ SC(W) SC(Y) _ (1+6 2
SC(X)  SCY) SC(X) —< ) '

- 1-0
Since these bounds hold for all metrics (d, p), the proof is complete. O

Given the above theorem, for any deliberation model A, our goal is to upper bound the optimum
q(W, X)) in Eq. (1) for any pair of alternatives. This will imply an upper bound on distortion. Since this
upper bound is independent of the alternatives themselves (as it simply optimizes over all distributions
supported on [—1, 1]), we only need to show it for an arbitrary pair of outcomes. We will do this in the
next sections for the averaging and the random choice deliberation models.

Before proceeding further, we note that solving Eq. (1) also provided a lower bound for distortion.

Theorem 2.3. Fork > 2, if Eq. (1) has value 0y, then the distortion of any deterministic social choice rule is

at least min (3, ?_rg’; ), and that of any randomized social choice rule is at least min <2, ﬁ)

Proof. Consider an instance with two alternatives W and X that are distance 1 apart on a line. Note that
W = X so that pp, (W, X) =n > 1/2.

First consider deterministic rules. Suppose such a rule outputs X. Then we place the 1 mass of voters
preferring W to X at W and the 1 — 1 mass of voters preferring X to W at distance 1/2 from both

gg((%{/)) = if—z > 3. We therefore assume the rule outputs W. In this case, consider

the distribution D that yields the optimum solution to Eq. (1). Suppose Pr[D = a| = p, for a € [—1,1].
We place voters of mass p, at distance liQa from W and 177“ from X. Note that SC(X) = %[D]
SC(W) = 1+§[D] , which implies the distortion is at least iz:

Similarly, for randomized rules, let « denote the probability the rule outputs W. If o < 1/2, then

consider the instance that places 7 mass of voters preferring W to X at W and the 1 — n mass of voters
preferring X to W at distance 1/2 from both alternatives. The distortion is O"SC(W?C(EI;;)‘SC(X) > ﬁ >
2. We therefore assume o > 1/2. Again consider the worst-case distribution D and the instance that places

alternatives. Then

, and

voters of mass p, at distance 1'5—“ from W and I_T"“ from X. The social optimum is X and it is easy to
check that the expected distortion is minimized when av = 1/2, and is at least % + % : %i‘g: = 1_19k . O

3 Distortion in the Averaging Model

We first consider the averaging model. We show in Theorem 3.1 that the group size of k = O(1/¢) is
both necessary and sufficient for distortion 1 + €. In this model, it is analytically difficult to tightly bound
distortion for small k; nevertheless, we show that the distortion is tight at 3 + v/2 ~ 4.414 for groups of
size k = 2 (Theorem 3.3), while it is at most 2.81 for groups of size £ = 3 (Theorem 3.7). This shows that
a very small group size (k = 3) suffices to beat the deterministic metric distortion lower bound of 3 in this
model. (Note that by the discussion in Section 2, the Averaging model can be viewed as a deterministic
social choice rule.) We finally show in Theorem 3.9 that the number of sampled groups needed to achieve
an additive ) approximation to this bound is only O(log m), where m is the number of alternatives.

In the averaging model, we choose a set of £ random voters to deliberate between two alternatives W
and X. Let the multiset of their locations be denoted by S. We compute } _._ ¢ B;(W, X). If this is negative,
the outcome of the deliberation is W, else it is X. This corresponds to outputting argmin (W,X} Yies d(i,c).
This model is equivalent to the model where the group deliberates over all m alternatives, and out-
puts the ranking consistent with the total distance. This implies c; is ahead of ¢y in the ranking if
Y icsd(i,c1) <) icgd(i,c2), and our analysis extends directly to that case.
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We now specialize Eq. (1) for this model. Suppose there are two alternatives W, X between which
the deliberation happens. Let ¢; = B;(W, X). The event of W being the winner maps to the condition
Y ics @i < 0. Therefore, we seek a distribution D whose support is [—1,1] that solves the following
problem:

k
Oy = max E[D] s.t. Pr [; a; < O] >1/2. (2)

{a1,a2,....ax}~D

where the probability is over a set of k£ independent samples ay, . .., ax drawn from D.

3.1 Asymptotic Behavior of Distortion in Group Size &

We will now use the Berry-Esseen theorem [Fel71] to show a tight bound of on the asymptotic behavior
of 6y, in k. This will yield the following theorem.

Theorem 3.1. Foranyk > 2,0, = O (%) By Theorem 2.2, this means the distortion of the Copeland rule in
the averaging model of deliberation using groups of sizek is 1 + O (%) In particular, for any e > 0, groups
of sizek = O (%) are sufficient for distortion 1 4 €.

Proof. Let 0, = pn = E[D] > 0, and let Dy, = #, so that E[D;] = p. Let 0% = Var[D]. We have
Var[Dy] = o%/k. The condition W = X implies Pr[D; < 0] > 1/2, which means the median is at
most 0. Noting that the gap between the median and mean of any distribution is at most the standard
deviation [MU17], this implies

0,2

Var[Dy] = - > (0—p)? = o> uk.

Since o < 1 for a random variable bounded in [—1, 1], this already implies 0 = p < ﬁ
We will now improve this bound using the Berry-Esseen inequality [Fel71] applied to the average of k

random variables distributed as D — yi. Note that E[D — u] = 0, and E[(D — 11)?] = Var[D] = 2. Further
since 1, |D| < 1, we have E[|D|3] < E[D?], so that
E[|D — ul’] <E[(|D]+ n)’]
—E[|DP] + 3 E[D) + 32 - D] + 44
<4-E[D* +4 u*
=4.q2 + 8- M2

LetY = M, so that E[Y] = 0 and Var[Y'| = 1. The condition W > X implies

G

g

Pr

Y <

] >1/2.

Let Fy(z) denote Pr[Y < z|, and ®(z) denote the CDF of the standard Normal distribution. Let

¥ = —“T\/E. By the Berry-Esseen theorem (whose preconditions can be checked to apply here) applied at
the point z*, we have:

_ 05 B[|D — ufY)
S E(D— w2V

202 + 44
o3k

—B(2%) < Fy(2") — 3(2") <

where we have used E[|D — u|3] < 402 + 812
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Next note that by the above lower bound on o, we have z* > —1, so that ¢(z*) > \/T where ¢ is
the PDF of the standard Normal distribution. We therefore have

1 /L\/E

v 2me o

2
Putting the above two inequalities together, and using £5 < %, we have

1wk 202 +4p2 2 8.27 2
: < < 2V2r <= (14 2).
2re 0~ o3k ~ o= k:2 -k + k

S = D) = B(0) - B(=) 2 9(=") - (0 - =) =

Since 0y = p, plugging this bound into Theorem 2.2, the proof of the upper bound is complete. O
We now show a matching lower bound, showing our analysis is tight.

Theorem 3.2. Foranyk > 2,0, = () (%) This means that any anonymous social choice rule that aggregates
the ordinal rankings of all groups of size k over all alternatives has distortion 1 4 Q) (%) so that achieving
distortion 1 + € needs groups of size {)(1/¢).

Proof. We show the lower bound on 8. The bound on distortion follows from Theorem 2.3.

Case 1. Odd k. We place a mass of 1/2 voters at X, and 1/2 mass of voters between X and W, at a
distance k%rl from W. The distribution D is therefore 1 with probability 1/2 and —1-+ kil with probability

1/2, so that E[D] = =5 +1 To see that W > X, if we sample k times from this distribution, the sum of
the values is at most 0 as long as the majority of samples are closer to W, which happens with probability

exactly 1/2.

Case 2. Even k > 4. We place a voter mass of p = 2 + 3k at X (location 1 in distribution D) and
1-p= 5 — @ at W (location —1 in D). This implies E[D] = 3l<: To see that W > X, let M denote the
median of Binomial(k, p), whose mean is = kp. The work of [KB80] upper bounds the gap between

the mean and median for a Binomial and implies that

<

ko1
Ml = 1= 5 Y < man(p-p) < +

v
3 12

1 1 k

—+ — = M- -] <1

2" 3k ’ 2 ’ <

Since k is even, this implies M = g Consider a sample of k voters. If at least k /2 voters are located at W,
then W is the winner. But the probability of this event is at least the probability that Binomial(k,p) <

M, which is at least 1/2. Therefore, W > X, completing the proof of the lower bound. O

In Theorem 3.1, we note that moment based methods like Bernstein’s inequality [BLM13] would only

show an upper bound of 6, = O ( ﬁ) - these methods require the variance to be small, while the Berry-

Esseen inequality shows the distribution of the average is closer to Normal if the variance is high while
the third moment is bounded. Though the latter yields a much stronger bound, it is still far from tight for
small k. For instance, it implies that we need a very large constant k to achieve distortion below 3, while
we show below that the correct bound is k = 3. We next show vastly improved distortion bounds for the
canonical cases of k = 2,3. For k = 3, we obtain 2.81, which beats the deterministic metric distortion
lower bound.
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3.2 Distortion Bound for k = 2

We now consider the case with groups of size ¥ = 2. We note that Theorem 2.3 combined with
Lemma 3.5 below shows a lower bound of 1 4 1/2 on the distortion of any deterministic social choice rule.
We now show that Copeland has distortion 3 + v/2, and this bound is tight. Though the k = 2 case sounds
simple, even here, we need to solve an interesting non-convex program to global optimality. Note that our
bound significantly improves the tight distortion bound of 5 for Copeland when k£ = 1 (no deliberation).

Theorem 3.3. For the Copeland rule applied to the averaging model with group size k = 2, the distortion is
at most 3 + /2 < 4.42, and this bound is tight for the Copeland rule.

The rest of this subsection is devoted to proving the above theorem.

Computing 0;. We first compute 05 explicitly. We show the following lemma using the idea of pipage
rounding [AS04].

Lemma 3.4. Consider Eq. (2) with k = 2. The optimal D has support {—1,0,1}.

Proof. To an arbitrarily good approximation, the support of D can be discretized as {0, +¢, +2¢,...,+1}.
Consider two values {—a, a} in the support, where 1 > a > 0; assume at least one of these values has
non-zero mass. Suppose Pr[D = a] = p and Pr[D = —a] = ¢, where max(p,q) > 0. Note that the
contribution to the objective is (p — ¢) - a. If p > ¢, move the probability mass at a to a + r - € and the
mass at —a to —a — 7 - €; else move the probability mass at a to a — 7 - ¢ and the mass at —ato —a + 7 -¢.
Here, r is the smallest integer so that one of the four values a £ r - € has non-zero mass. It is easy to
check that both operations preserve the LHS of the constraint in Eq. (2), since any sum remains least zero
iff it was originally least zero. Further, the objective only increases in this process, since the contribution
of the moving mass increases, and the remaining mass remains the same as before. We perform that move,
thereby eliminating {a, —a} from the support. Iterating, all the mass moves to {—1,0, 1}. Now taking the
limit as € — 0, the proof is complete. O

We can now write Eq. (2) as a non-convex optimization problem. Suppose Pr[D = —1] = p, and
Pr[D = 0] = q. Then the program becomes:

max 1—2p— s.t. +q)°+2p(l—p—q) >1/2. 3
pooiax 1-2p—gq P+a) +2p(1—p—q) =1/ (3)

We now use the global optimization tool BARON ((Branch-And-Reduce Optimization Navigator) [Sah96,
KS18]) [Sah96]°. BARON uses a combination of convex relaxation and integer programming techniques
to find increasingly tighter lower and upper bounds on the global optimum. We find that ¢ = 0 and
p = 1 —1/4/2. Therefore,

Lemma 3.5. 03 = \/2 — 1, and is achieved when Pr[D = 1] = % andPr[D =—-1]=1- %

The above lemma implies that when W > X, we have %&? < i‘g; < V241~ 2.414. It also

implies a lower bound of v/2 4 1 on the distortion of any deterministic social choice rule by Theorem 2.3.

SBARON can be called from Python using the AMPL API (amplpy). We have used the demo (free) version available on
Google Colab, that supports 10 constraints and variables and up to 50 nonlinear operations. This suffices for all our programs.
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Distortion of Copeland. We next bound gg((v)l(/)) when there existsa Y such that W > Y > X. Towards

this end, let a; = d(i, W) — d(i,Y) and b; = d(i,Y) — d(i, X). Let d(Y, X) = 1, and d(W, X) = B > 0,
so that d(W,Y’) < B + 1. By triangle inequality, we have |a;| < B + 1, and |b;| < 1 for all locations i.

Let D; be the distribution on {a;} induced by D, and D5 be the corresponding distribution on {b;}.
The conditions W > Y and Y > X yield:

Pr a1 +az <0]>1/2, and 4
{ahaz)}NDl[ 1+a2<0]>1/ (4)
Pr [by + by <0] >1/2, 5
{bl,bQ}NDQ[ 1+02<0]>1/ (5)
where the two draws from Dy (resp. Ds) are i.i.d. Note that a; + b; = d(i, W) — d(i, X) so that
SC(W) —SC(X) = Ela; + b;]. (6)

We will bound SC(X) as follows. Note that
2d(i,X) =d(i,X) +d(i,X) > (d(W, X) —d(i,W)) +d(i, X) = d(W, X) — (a; + b;).
Similarly, we also get
2d(i, X) > d(Y,X) — b;.
Therefore,
SC(X) > %  Efmax(B — a; — bi, 1 — by)]. )
To show that the distortion is at most 1 + [ it therefore suffices to show
SC(W)—-SC(X)<p-5C(X).
Plugging in Eqs. (6) and (7), and simplifying, it suffices to show that the following objective is at most 0.

7o := Maximize (E [<; + 1) bi] +E [; a; +min (a; — B+ 1,0) — 1]) (8)

where the maximization is over B, and distributions Dj, Dy, where D is a distribution over {a;} sup-
ported on [-B — 1, B + 1], and Dy is a distribution over {b;} supported on [—1, 1]. The maximization is
subject to constraints Egs. (4) and (5). We will now show that the above maximum is at most 0.

Note that the optimum for {b;} subject to Eq. (5) and |b;| < 1 and that for {a;} subject to Eq. (4) and
|a;] < B + 1 can be separately computed. For {b;}, the optimum is simply (1 + 2/0) - 62. For {a;}, we
have the following lemma.

Lemma 3.6. The optimum distribution D1 for Eq. (8) is supportedon {—B — 1,B+1,B — 1,1 — B, 0}.

Proof. We use the same procedure as in the proof of Lemma 3.4. For any a > 0, consider the objective in
Eq. (8) for the points {a, —a}. Let p = Pr[D; = a] and ¢ = Pr[D; = —a|, where max(p,q) > 0. The
objective is a linear function of a except at the point a = B — 1, where —a = 1 — B. To see this, note that

the contribution to the objective is both linear in a and linear in —a. As an example, if a > B — 1, then
the contribution to the objective is

p~<§-a+0>+q- <;-(—a)+(—a—B+1)>,

which is linear in a. Therefore, we can perform the same operation as in Lemma 3.4 and move the prob-
ability mass to the neighboring points, till either it hits one of B — 1,1 — B, or the extreme points
{—B — 1, B + 1} or 0. Therefore, the optimal D; is supported on these five points. O

We can now write Eq. (8) as a non-linear program with six variables, one for B, and the rest capturing
the probabilities of D; taking one of the five support values. Note that to encode Eq. (4), we need to
consider two cases, depending on whether B > 1 or otherwise. We elaborate below.
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Non-convex Program: Case 1. We first consider the case where 0 < B < 1. Note that B itself is a
variable. Let

p="Pr[Dy =B+1]|,q=Pr[D; =1-B|,r =Pr[D; =0],s =Pr[D; = B—1|,t = Pr[D; = -B—1].
These values of D; are in decreasing order. Then
p+qg+r+s+t=1, and p,q,1,8,t > 0. 9)
The probability constraint Eq. (4) implies
(p+a)*+2p-(r+s)+2¢-m <1/2 (10)

Let A = (1 + %) - @2. Then subject to the above constraints, the objective is:

A+p<2(3+1)—1)+q<;(1—B)—1>—r—s(é(l—B)—i—l) —t(;(B—i—l)—i—QB—i—l).

Non-convex Program: Case 2. We next consider the case where B > 1, where B is a variable. Let
p=Pr[D; = B+1],q=Pr[D; = B—1]|,r =Pr[D; =0],s =Pr[D; =1-B|,t =Pr[D; = -B—1].

These values of D; are in decreasing order. It is easy to check that constraints Egs. (9) and (10) remain the

same. Let A = (1 + %) - B2. Then, subject to the above constraints, the objective is now:

Atp (Z(B +1)— 1>+q <;(B - 1) _rBs (;(B 1) 4+2B- 1) - <;(B 4 1)+ 2B+ 1) .

Note that Eq. (10) implies p + g < % Thismeansr +s+t>1— % Since we assume (§ > 2+ /2,
it is easy to check that the objective is strictly negative if B > 100. Therefore, add 0 < B < 100 as
a constraint. We find the global optimum via BARON [Sah96, KS18] for both cases. For 6, = V241,
and 8 = 2 + /2 + 6 for small § > 0, the global optimum for both cases is strictly negative. This shows
that 8 = 2 + v/2, and the distortion is at most 1 + 6 =3+ /2, which shows the the upper bound in
Theorem 3.3.

Matching Lower Bound. The above program also unearths the worst case example that shows the
bound is tight. Place W, X, Y on a line in that order with a distance of 1 between W, X and 1 between
X,Y. Place a mass 1 — a of voters very close to X and « very close to Y, where o = 1 — 1/4/2. The
distances can be appropriately set so that the following happens: Whenever both voters in a sampled pair
are located close to X (which happens with probability (1 — a)? = 1/2), they will prefer W over Y, so
that p, (W, Y") > 1/2. Next, when one voter is close to X and the other is close to Y, they prefer Y to X.
This means py,(Y, X) = 1 — (1 — a)? = 1/2. This means W is in the uncovered set, and is the Copeland
winner. The social optimum is X, and the distortion is %&/)) =1+ 1/a = 3 4 /2. This completes the
proof of Theorem 3.3.

3.3 Distortion Bound for k = 3

We show that groups of size 3 suffice for the distortion to go below the deterministic metric distortion
lower bound of 3. (As noted before, the Averaging rule for a finite but large number of voters can be viewed
as a deterministic social choice rule.) Note that for £ = 3, the proof of Theorem 3.2 implies 63 > 0.25,
which also implies a lower bound of 5/3 ~ 1.667 on the distortion of any deterministic social choice rule
via Theorem 2.3. We show that the bound on 63 is nearly tight.
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Theorem 3.7. For the optimization problem Eq. (2) with group size k = 3, we have 0.25 < 03 < 0.2522. By
Theorem 2.2, this implies the distortion of the Copeland rule with k = 3 is at most 2.81.

The rest of this subsection is devoted to proving 03 < 0.2522. We write a compact non-linear pro-
gramming relaxation for the optimum of Eq. (2). Note that the optimal distribution has expectation 63.

The key to our relaxation is the following lemma, which is a corollary of Lemma 1 in [Fei04]. We
present a proof for completeness.

Lemma 3.8 ([Fei04]). There exist independent distributions D1, Do, D3 each supported on two values in
[—1, 1] (these values could be different for each D;), such that E[D1] = E[Ds| = E[D3] = 653, and

Pr [a1 + a2 +a3 < 0] > 1/2. (11)

ai~D1,a2~D3,a3~D3

Proof. We start with the distribution D* that optimizes Eq. (2). Let Y7, Y5, Y3 denote ¢.i.d. random variables
with distribution D* so that a; ~ Yj, aa ~ Ya, and a3 ~ Y3. First consider Y7, and assume w.l.o.g. that it
is finely discretized as {v1,v2, ..., vy}, and let p; = Pr[Y; = v;]. Let ¢; = Pr[Y> + Y3 + v; < 0]. Then

ij =1 and E[D*] = ijvj and Pr[Y1+ Y2+ Y3 <0] = ijqj >1/2.
j=1 j=1 j=1

Now treat the p; as non-negative variables, and maximize the LHS of the third constraint subject to the
first two constraints. The optimum has at most two non-zero variables, and satisfies the third constraint
(since the LHS cannot decrease). This yields a new distribution D; with E[D;] = 63, and with support
two. Repeat this process for Y5 and then Y3, completing the proof. O

We will find the optimal (D1, Do, D3) satisfying the above lemma, and this will upper bound 3. For
i =1,2,3,let D; = a; with probability 1 —p; and b; with probability p;, where for alli = 1, 2, 3. Therefore,
we have the constraints:

b; < ay; a;, by € [—1,1], c; = a; — by, p;i € 10,1] Vi=1,2,3. (12)
The {a;, b;, c;, pi}?zl and 03 will be the variables in our program. We also have the constraints:
05 = bip; + a;(1 — p;) Vi=1,2,3. (13)
Our goal is to maximize 03. W.lo.g., enforce the constraint that
c3 > cog > > 0. (14)

Write D; = a; — Z; where Z; = ¢; with probability p; and 0 otherwise. Then the constraint in Eq. (11)

translates to: ; ;
Pr [Z 2z > Zai] > 1/2. (15)
i=1 i=1

Z1~ 24,20~ 22,23~ 23
3
In sorted order, ) 7 ; z; can take values
cgtcater>egtcea>cezter>{eater,e3) >ca>e1 0.

We enforce the constraint that the quantity E?:l a; lies between two of the values; this yields eight
possible programs. In each of these programs, we have the constraints Eqs. (12) to (14) and the objective is
to maximize 3. The cases differ in how Eq. (15) is encoded. These cases are shown in Table 3, where the
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Case | Constraint on range of Z?:l a; Constraint Eq. (15)
1 |ec3+cater>az+az+ar>c3+ter p1p2p3 > 1/2
2 |c3tecp>aztaztar>c3te p3p2 > 1/2
3 | c3+cr>az+az+ar >max{cs, co+ci} | p3p2 +p3pi(l —p2) > 1/2.
4 |cg>a3tart+ar >cx+c ps > 1/2.
5 |cetecr>az3tazta>c3 p3p2 +p3(1 — p2)p1 + (1 — p3)pap1 > 1/2
6 min{cy + ¢1,¢3} > az+az+ a1 > ¢ 1—(1—p3)(1 —pip2) >1/2
7 cg 2 az+az+ay = c 1—(1—p3)(1—p2) >1/2
8 | c1=>2az3+az+ay 1—(1—p3)(1—=p2)(1—p1)>1/2

Table 3: The possible ranges for Z?:l a; and the encoded constraints for each case.

constraint in the third column encodes Eq. (15) when 2?21 a; lies in the range encoded by the constraint
in the second column.

As an example, for the first row, we have Z?:l a; € [c3 + ca,¢3 + c2 + ¢1]. But this means for the
event in Eq. (15) to be satisfied, we must have z3 = c3, 20 = ¢3, 21 = ¢1, which happens with probability
psp2p1. The constraint Eq. (15) therefore implies p1paps > 1/2. We encode the constraints in the second
and third columns of the row corresponding to Case (1) into the program for Case (1), and solve it along
with constraints Eqs. (12) to (14), and the objective of maximizing 65.

For each of the eight cases, we globally maximize 63 using BARON [Sah96, KS18]. We observe that in
all cases except Case (3), the global optimum is found to be at most 0.25. In Case (3), the solver can only
bound it in the range [0.25, 0.2522]. Nevertheless, 3 < 0.2522 in all cases. Plugging this into Theorem 2.2
completes the proof of Theorem 3.7.

We remark that BARON is a state of the art non-linear program solver, and it struggles to find the
global optimum even for £ = 3 (Case 3 above). Given this, we believe an entirely different relaxation will
be needed to solve the k& = 4 case.

3.4 Sample Complexity

So far, our bounds have assumed py (W, X') — the probability that a randomly sampled group of size k
leads to W as the outcome of deliberation — can be estimated exactly. Via a standard argument, this can
be converted to a sampling bound on the number of sampled groups needed to estimate py (W, X) for all
pairs of alternatives.

For each sampled group of size k, we ask the voters to rank all alternatives. Assuming that c; is
ranked higher than ¢ if >, gd(i,c1) < Y, gd(i,ca), it is easy to check that for each pair (W, X),
the outcome of deliberation just among this pair of alternatives will be consistent with the ranking. By
a standard application of Chernoff bounds [BLM13], if we sample O (M) groups of size k, then

3
we can approximate each pi(W, X)) to within an additive ¢ with probability 1 — 0. Suppose we output
the Copeland winner of the tournament graph on the samples, then with high probability, for the winner
W, and for any other alternative X, we either have pi(W, X) > 1/2 — ¢, or there exists Y such that
p(W,Y) > 1/2 — e and pi(Y, X) > 1/2 — €. Since 0}, in Eq. (2) is smooth in the RHS of the constraint,
this means 6y, is within O(e) of the bounds computed above. Plugging this into Theorem 2.2 yields the
following theorem.

Theorem 3.9. Let dj, denote the distortion of the Copeland rule with groups of size k if we could compute
pr(W, X) exactly. Then, foranye > 0 andd € (0, 1), we have that O (8% -log %) randomly sampled groups
of size k suffice to achieve distortion dj, + € with probability 1 — 4.

18



As shown in Example 1, if the group size k is a constant and we want to beat the distortion bound of
3, then this crucially requires the deliberating group to rank alternatives beyond their favorite (or median)
alternative (among all m alternatives). This makes our sampling bound above and in Theorem 4.3 with
constant size groups different from core-set type sampling bounds for the 1-median problem, for instance,
the bounds in [CMP24].

4 Distortion in the Random Choice Model

We next compute the distortion in the Random Choice model for various values of group size k. In
contrast to the averaging model, this model is more analytically tractable, and we can numerically compute
a good upper bound on distortion for all small k. In particular, our main result in Theorem 4.1 is that groups
of size k < 4 suffice to break the randomized metric distortion lower bound of 2.11. In Theorem 4.2, we
also show that the group size is k = O(1/¢?) for Copeland to achieve distortion 1 + £. We also show in
Theorem 4.3 that a sample of O(mlogm) groups suffices for approximating distortion, where m is the
number of alternatives. In Section 4.4, we finally present a generalization of the random choice model, and
show how our analysis technique naturally extends to showing distortion bounds for it.

4.1 Distortion Bounds for Small &

Suppose the deliberation has k participants, and is between two arbitrary outcomes W and X. For a
distribution D, let L be the conditional distribution of —D given D < 0, and let R denote the conditional
distribution of D given D > 0. Let « = Pr[D < 0]. The objective in Eq. (1) can be written as

max (1 —«)-E[R] —a-E[L].

Let aj,az...,ag be k ii.d. samples from L and b1, b5 . .., b be k i.i.d. samples from R. Then,
k

- k o/ —Q ot Zf:l =
pr(W, X) = ;::1 (g) (1—a)™E [Zfi:l ar+ Y0y bq] ’

where the expectation is over ay, ..., a, g L,and by,...,b, 4 R The constraint in Eq. (1) implies the
RHS is at least 1/2. Note now that since the RHS is convex in any b,, we can preserve the objective above
and increase the RHS when b, is drawn from a Bernoulli distribution with mean E[R]. We next absorb the
mass at 0 in R into the distribution L; call the new distributions [:, R. Therefore, R is the deterministic

N

value 1, and Pr[R] = 1 — «. Then, the objective is

(1 —«)—aE[L].

Since each by = 1 now, the constraint on py (W, X)) becomes

k 0
k ol — o)kt > 1 Or
pkwv,X)s;(g) (1-a) E[zflarw—e]’

where the expectation is now over ay,...,ag - Noting that the RHS is concave in a,, by Jensen’s
inequality, we have
k A
E\ 4 k—¢ - E[L]
WV, X) < ()al_a _ CEE
Pl ) éz_; 14 ( ) ¢-E[L|+ k-4
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Therefore, using w = E[L] and observing that w, o € [0, 1], Eq. (1) can be rewritten as:

k
(r := max (1 —a)—a-w s.t. Z (;) 0/(1 - Oé)k_ﬁ : [gwa_a];_g} > % (16)

0,1
w,a€(0,1] —

For any given «, the LHS of the constraint is concave and increasing in w, while the objective is
decreasing in it, so it can be optimized by a binary search over w to find the smallest w for which the
constraint is satisfied. We then run a parametric search over o in increments of 102 to find an approximate

146 ) ; ;
i Ck) . We numerically compute this for

2 < k < 30, and plot it in Fig. 1a, and show in the second column in Table 2. This yields the following
theorem.

global optimum. By Theorem 2.2, the distortion is at most (

Theorem 4.1. For the Copeland rule applied to the random choice deliberation model with group size k, the
distortion is at most 3.34 for k = 2, at most 2.31 for k = 3, and at most 1.90 for k = 4.

Note that the upper bound for £ = 2 is significantly lower than the lower bound of 4.414 for the
averaging model in Theorem 3.3. Note further that the distortion for k = 3 is well below the distortion of
2.74 of the best randomized social choice rule without deliberation, and that for k = 4 is below the lower
bound of 2.11 on metric distortion without deliberation.

Plot of Distortion vs k Plot of Distortion vs k

(a) Random Choice Model. (b) Generalized Random Choice, g(z) = /.

Figure 1: Distortion of the Random Choice model as a function of the group size k, for k € [2, 30].

Lower Bound for any Social Choice Rule. Let (; be the optimal value to Eq. (16) for groups of size
k. Note that this corresponds to the expectation of a valid distribution over {—w, 1}, where Pr[—w] = «.
By Theorem 2.3, this implies a distortion of ig: for any deterministic social choice rule, and ﬁ for any
randomized rule. These values are shown in the third and fourth columns in Table 2, and show that our

upper bounds above are reasonably tight.

4.2 Asymptotic Behavior of Distortion in Group Size &

We next show that the group size needed for Copeland to achieve a distortion of 1 + ¢ is O(1/&?),
independent of the number of alternatives.

Theorem 4.2. For any e > 0, with a group size of k = O (E% log %), the distortion of the Copeland rule in
the random choice deliberation model is at most 1 + ¢.

20



Proof. Consider the optimization problem in Eq. (16). We can view it as finding a distribution D that is
—w with probability « and 1 with probability 1 — «, from which & samples are drawn. If o < 1/2, the
constraint cannot be satisfied for any w € [0, 1], so that in the optimal solution o > 1/2. For any 6 > 0,
by Chernoff bounds,

Pr[t > (1+ 0)ka] < e Fad®/2 < o=k%/4,

If this event does not happen, then for £* = (1 + §)ka, we have
l-w < rw
Cow+k—0 = 0w+ k—0
since the LHS is monotonically increasing in /. Letting 5 = (1 + J)a, by the law of total probability, the
constraint therefore implies

B-w 4ok s 1

Brw+l-p 2

Let k = (;% log(2/4). Then, we have
_ _ 2
B w > 1-96 N (1+9)
Bwtl-B°= 2 1-0

Choosing ¢ = ¢ - ¢ for a suitable constant ¢, this shows (;, = O(g). Plugging this into Theorem 2.2
completes the proof. O

arw>l—-a—a-d = l—a—a-w=0(9).

4.3 Sample Complexity

Asin Theorem 3.9, we bound the number of samples needed to estimate all p (W, X) to within additive
€. The key difference now is that the Random Choice model is only defined for pairs of alternatives.
Consider the complete graph K,, on the alternatives, and split the set of edges into m — 1 matchings.
Given a group of voters, we pick one of the m — 1 matchings. This group of voters deliberates over the
m pairs of alternatives in this matching, outputting one alternative for each pair using the Random choice
model. Fixing a matching, if we use this matching for O (%) groups, then for every edge (W, X)) in
the matching, we can estimate pi (W, X)) to an additive error of ¢ with probability 1 — % Repeating this for
all m—1 matchings, all of the quantities py (W, X') can be estimated with this error. As in Theorem 3.9, with
high probability, the alternative W chosen by the Copeland rule run on the tournament graph over samples
is such that all alternatives X, either p, (W, X)) > 1/2 —¢, or there exists Y such that p,(W)Y) > 1/2—¢
and pi(Y, X) > 1/2 — . Since (j in Eq. (16) is smooth in the RHS of the constraint, the optimum shifts
by at most an additive O(g). This finally yields the following theorem.

Theorem 4.3. Letdy, denote the distortion of the Copeland rule with groups of size k assuming each p, (W, X)
can be estimated exactly. Then, O (%) randomly chosen groups of size k suffice for distortion dy, + €
with probability 1 — 9.

As mentioned after Theorem 3.9, our sampling bounds with constant size groups are not implied by

similar bounds for the 1-median problem, and crucially require voters to output rankings beyond their
favorite (or median) alternative.

4.4 Generalized Random Choice

We now consider two generalizations to the model that are amenable to the same analysis technique as
in Section 4.1. We present the model and the program in each case, and except for one canonical instance,
we omit the easy computation of the numerical bounds for distortion.
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Concave Bias. In the first generalization, the outcome of deliberation is less dominated by extremely
biased voters. The model now has a concave, non-decreasing function g, with g(0) = 0 and ¢g(1) = 1. For
any pair of outcomes W, X, given a multiset S of voter locations of size k, the probability the outcome of
deliberation is the favorite outcome of i € S is proportional to g(|B;(W, X)|). The Random Choice model
considered so far had g(x) = z. Note that as g becomes more concave (away from linear), the model favors

a more uniformly random voter in the deliberating group, as opposed to a more biased voter.

g(x)
g(@)+c
optimization problem in Eq. (16) by analogously applying Jensen’s inequality. This yields

l-g(w) 1
Z-g(w)%—k‘—f} 25'

For any such g, the function is also concave and non-decreasing in . We can re-derive the

(17)

(k= max (1 - Oé) —arw s.t. EZNBernoulli(k,a) |:
w,a€(0,1]

2
for a distortion of at most (%) by Theorem 2.2. It is now easy to compute the distortion for any fixed

function g. We plot the distortion as a function of & for g(x) = y/z in Fig. 1b. Observe that the distortion
is at most 2.98 for k = 3, and asymptotically approaches 2 as k — oc.

This shows that the asymptotic distortion bound of 1 in Theorem 4.2 is specific to the model with
g(x) = z, and making g(z) more concave leads to asymptotically larger distortion. This is intuitive, since
if g(x) = 1, then the model reduces to random dictatorship, which has distortion 3.

Opinion Change of Voters. In the second generalization, we model a voter in the group S as changing
their opinion. Let S; C S denote the set of voters who perfer W to X, and let S; C S denote those that
prefer X to W. Let A = ), 5 [Bi(W, X)| denote the total normalized bias of voters preferring W, and
let B =) s, |Bi(W, X)| be that for X.

There is a parameter 5 € [0, 1]. During deliberation, suppose every voter in S} independently changes
their opinion to X with probability 5 - AJFLB, and similarly, every voter in Sy changes their opinion to W
with probability £ - A;‘%B. Subsequently, the opinion of a randomly chosen voter in the group is imple-
mented. It can be checked that

A |51

'A+B+(1_ﬁ>'ﬁ'

pk<W7X) = 6

Note that if 5 = 1, this is exactly the random choice model, whereas if 3 = 0, this is simply random
dictatorship. The parameter 3 captures the extent of opinion change. For any € [0, 1], we can upper
bound the distortion using the same technique as in Section 4.1. Indeed, Eq. (16) becomes:

k
k ¢ k—¢ E - W 1
= l—a)—a- t. : 1-— R m— 1-08)-a>=
Gei= max (I—a)—a-w s b ;<£>O‘( @) forrog TA-Pazs
which can be optimized as in Section 4.1 for any fixed 8. As with the previous generalization, the distortion
bound will be asymptotically larger than 1 if 5 < 1.

5 Open Questions

We now list some open questions. At the technical level, the main question is to close the gap between
the lower and upper bounds in Tables 1 and 2. An intriguing question for k = 2 is the following: If
every pair of voters deliberates and outputs a ranking over alternatives that is consistent with the sum
of their distances to the alternatives, is there a deterministic social choice rule over these rankings that
beats distortion 3? The lower bound example in Theorem 3.3 can be extended to weighted tournament
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rules [MW19, Kem20], and shows these rules are insufficient. Further, rules like plurality veto [KK22] that
output the favorite alternative of some voter are insufficient by Example 1. Finding a rule for k£ = 2 that
admits to tractable analysis, yet breaks the bound of 3 is an interesting question.

More generally, tightening our bounds will require analysis of rules beyond tournaments, which poses
analytic challenges. Even for tournament rules like Copeland, it would be interesting to bypass the use of
non-convex optimization tools in deriving the results in Section 3, which will enable extensions to larger
group sizes. Indeed, our conjecture is that for all £ > 2, the optimal solution to the non-convex program
in Section 3 has the same binary support as that of the lower bound instances in Theorem 3.2. It would
also be interesting to develop a tight distortion bound for Copeland for k¥ = 3, improving Theorem 3.7.

At the modeling level, we can consider richer models of how voters randomize between outcomes. For
instance, the work of [GS25] proposes a randomized voting model where Pr[W >~; X] = g(r), where
r=d(i,W)/d(i, X), and g(r) is a bounded, increasing function, such as g(r) = 1_7;% In this model, they
show improved distortion bounds without deliberation, and it would be interesting to analyze extensions
to deliberation. Further, in our model, we have assumed the groups are chosen by random sampling. In
practice, the sampling could be stratified based on voter features, or their prior ranking of the alterna-
tives. It would be interesting to extend the model in Section 4 to handle such generalizations, and find
the optimal stratification. Further, individuals often enter into deliberation with goals beyond simply per-
suading others, for instance, they may seek to understand different viewpoints, or strive for the common
good [AFE"24]. It would be interesting to model these aspects formally.

Finally, there are aspects of real-world deliberation that we have not modeled. For instance, party
affiliation and signaling significantly impacts opinion formation and social learning (see [GBC18] and
citations therein), since some people take their cues from a higher authority like party, or could defer to
the partisan group, especially when they know little about a topic. Similarly, some individuals are better at
persuasion than others (regardless of the opinions they hold), and it would be interesting to add individual
capability into the model.

Acknowledgment. We thank Chris Bail and an anonymous STOC 2025 reviewer for carefully reading
the paper and providing many illuminating comments. We have used ChatGPT4o to paraphrase some text,
and to generate the Python code for our optimization problems.
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