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1 Fri 9/18 11.3: Partial Derivatives

Main idea: fix all except one variables and differentiate with respect to that one variable.

Example 1.1

Say f(x,y,2) = 2%yz + 2%, a function from R? to R. Then

0 0
é - %(xzyz +2%) = fo(z,y,2) = Do f(2,y,2) = 22y2

Lots of notations, but 0 is definitely the most elegant one!

Likewise we have

0 0
a—z =2z and a—‘i = 2%y + 22.
OF
In general, if f:R™ - R™, e is a vector valued functions of (x1,...,x,), and the principle of holding all but
2

K3
one variables still holds — partial differentiate each component.

2 Mon 9/21

Geometric meaning of f(z,y) : R? - R? We can draw the graph of these functions as surfaces in 3d space. It still

passes the vertical line test — vertical along the z-axis.

Example 2.1

Consider the graph of f(z,y) = 2% + 2y?. The graph is an elliptic paraboloid. What about partial

derivatives?
o (7,y) =2z and 9 (w,y) =4y
ox dy

Consider (z,y) = (1,1). This gives (1,1, f(1,1)) = (1,1,3) on the surface. Then

of _ of _
5, (L) =2 and ay(1,1) =4

Think of g—i(l, 1) as intersecting the graph of f (the surface) with the plane parallel to the zz-plane with
y held to be a constant with value 1. “How fast is f(x,y) changing with respect to  when we fix y at this
specific (zg,y0)?”

Likewise, the y-partial address the problem “how fast is f(x,y) changing with respect to y when we fix x
at this specific (xg,y0)?”
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Definition 1

0? 0 0 0 0 ?
f 29y 99,

Higher partial derivatives: some examples are P22 fand fpy = 3y Oz oz 0y 920y f. Ordering

does not matter.

Example 2.2

Consider f(z,y) = €** +y3. Then
of

0
= (x,y) = 2ye**¥ and a—f(a:, y) = 2ze**Y + 3y? are called first-order partial derivatives.
Y

ox

Now consider higher-order partial derivatives:

0? N 0? .
a—xJ; z,y) = 4y*e*™¥ and 6—y£(x,y) = 422%™ + 6y
2 2
828];‘ (z,y) = 2™ + 4zye*™¥ and ;zcafy = 22 1 4gye®™Y

The two on the first line are called second-order partial derivatives and the two on the last line are called

mixed partial derivatives.

Remark: Way beyond scope!

If the second order mixed partials of f are continuous functions, then they are equal. Likewise if the

n*-order partials are continuous functions, then the ordering doesn’t matter for n*"-order mixed partials.

Implicit Differentiation

Example 2.3

Consider the surface in R? defined by the equation
sinz +sin(yz) —z = 0 (a level set description)

This may be something unlike what we’ve considered as it cannot be written as z = f(x,y), but the idea here
is that we can view this as a graph of f(z,y) near “most” points.
Upshot: if we have f(xz,y) defined implicitly like this, starting from an equation (level set of surface), we

can still use the equation to help compute the partial derivatives.
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3 Wed 9/23 Wrap up of 11.3 and intro to 11.4

Implicit differentiation from last time: an equation like sinz + sin(yz) — z = 0 defines (near most (x,y,2)) the value

of z implicitly as a function of z,y. (Could use f(z,z) or f(y,z) to define y or x, respectively, as well.)

Problem 1
0 0
How to compute —f and —f?
oz oy
Solution

‘We know that
sin(z) +sin(y f(z,y)) - f(z,y) =0,

0
and if we take 7 on both sides, we still get a true equation:
x

cos(z) + cos(uf (5,9 o (,9) - oL (2,) =0,

Now f is still inside the cosine function but partial derivatives are outside. Then

COsx
L -ycos(yf(z,y))

) eostur () -1) = —cosz = Tl (z,0) -

For a shorthand notation, write z instead of f(x,y) or f everywhere. However, unlike when usually
computing partial derivatives, z should be treated as a function of x and y rather than a constant. Then the

cumbersome g(m,y) becomes % In this example:
Ox Oz

sinx +sin(yz) - 2=0

cosx + cos(yz)y% -1=0
x
0z cos(x)

0 1-ycos(yz)
and for %,
dy
sinz +sin(yz) —z=0
az] 0z

0 + cos(yz) [z Y5,
Y

3
0z
—(ycos(yz) - 1) = -zcos(yz)
y

0z zcos(yz)
dy 1-ycosyz
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A bit about Partial Differential Equations, PDEs
These equations describe things over multiple directions (spatial), or > 1 spatial direction plus time.

Example 3.1

Two spacial directions: ind functions u(z,y), u: R? - R, satisfying

0®u 02
6‘7;; + 8—;; =0 (Laplace Equation)

Or consider one spacial equation with one time direction: find functions u(z,t) satisfying

82U _ 262u

32 =% 5.2 (wave equation)

or

ou_ 20

=a heat equation
o Vo q )

11.4 Tangent Planes, Linear Approximations

Problem 2

Consider f:R? — R defined by f(z,y) = 2? + y?>. What what’s the equation of the tangent plane to the
surface at the point (zo,yo, f(z0,y0))?

Solution

Call zg = f(z0,yo). We have a point (zg, 3o, 2z0) on the plane. All that remains is to find a normal vector.

Claim:
0 0
<87£ x07y0)787£(x07y0)7_1>

is a normal vector to the tangent plane. Therefore the scalar equation of the plane is
0 0
l($o,yo)($ - xp) + i(xo,yo)(y ~Y0) =z~ 0.
ox Qy

If (w0, %0, 20) = (1,1,2), the tangent plane becomes

2-2=2(x-1)+2(y-1) = 2x+2y-2=2.

Next time we will explain why the vector above is a normal vector to the tangent plane using the concept of

gradient from 11.6.
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4 Mon 9/28 11.6 Gradient

From last time: why is
0 0
<8*£($07y0)7 £($07y0)7—1>

the normal vector to the tangent plane at f(xo,y0)?

Note: the book uses 11.3 for partial derivatives, but (Manion thinks) it’s clearer with gradient.

First: the surface S is the graph of f but it’s also the level set 0 of the function

F(x,y7z):f(x,y)—z.

The most natural way to get normal vectors to level sets of functions F': R" — R is to take gradient vector of F' at

the point.
Definition 2

Let F:R™ - R be a continuous function. It has n first-order partial derivatives at a point p in R™ :

oF oF oF

Tm(p)’ aim(p)r c E(p)

We define the gradient vector of F': R™ - R (a scalar-valued function) at point p = (21...,2,) as

oF oF oF
(VF)(QSM:EQ?" .,(En) = <7(.’E17... >xn)7 7(1‘17' ..7.’En),...,7($1,. 7.’En))
0x1 0xo Oy,

Remark

If f:R™ - R™ we have Jacobian matriz instead of gradient, and we’ll get to Jacobian very soon.

Note that VF takes input from R™ and returns an output in R™ again. VF : R” - R".
A new way to visualize a function: a vector field in R™ and a sequence (p,) of points and the drawing the

vectors rooted at each point.

Example 4.1
Let F': R? » R defined by F(z,y) = 22 + 2y%

(1) What's VF?

(2) Draw VF as a vector field on 2d space.
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Solution

(1) VF =(2z,4y).

(2) See below.

ACR LR LR Is 1p /a2l o/
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Remark

If we draw the level sets of F, the gradient will be normal to the level sets everywhere. More importantly,
(1) (VF)(p) points in the direction of mazimum increase of F and
(2) (VF)(p) are perpendicular to “directions where F' is constant”, tangent directions.

We’ll see both soon.

Going back to the example of f(z,y) =0 or the level set of F(x,y,2) := f(z,y) — z at level 0:

How to get a normal vector to tangent plane of this level set? Answer:

oF oF oF
(VF)(:EanOVZO):( (:L'O,yOVZO)a (m03y0720)77(m0ay0720)>
Or dy 0z

0 0
(aii iC(),yo), aiz(xo,yO),_]-)

Remark

We can use VF (or Jacobian more generally) not just to understand tangent planes, but also to approxzimate

F linearly.
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Example 4.2

Consider f:R? - R (f(x,y) is a scalar). Then
(1) The tangent plane to the graph of f at (xo,yo,20) is also the graph of some function!
(2) It is the graph of
0 0
L(z,y) =20+ *f(fﬂo,yo)(il7 - x0) + i(y ~Y0)-
Ox oy

(3) Since graphs of f and L are close near (xg,y0), we may use L(z,y), a linear function, to approximate

f(xay) near (IanO)'

Definition 3

The real definition of total differentiability (not just partial) is that F is differentiable if and only if

F(Iay) B L(‘T7y) _

0.
(2,4)~(0,0) I {z,y) |

Analogous to the single-variable ordinary differentiability if and only if:

Lim f(2) = f'()(t = t0) = 0.

Problem 3

Linearly approximate f(0.1,1.1) where f(z,y) = y/(1+¢e*).

Solution

This point is close to f(0,1). All we need to do is to compute

F(0.1,1.1) » £(0,1) + (0.1 - o)g—i(o, 1)+ (1.1- 1)25(0, 1) = f(0,1) + 0.1%(0, 1)+ 0.125(0, 1).

Actual computation omitted.



MATH 226 Chapter 11 Notes 4 - Mon 9/28 11.6 Gradient YQL

Remark

Think of this as “how much would f increase as x increases by (z — z¢) and y increases by (y —yo)? The
answer would be

(&= 20) 5 20,0) + (5= 30) G (o, 10)

where the first part describes “how much f increases as  increases by (x—1x¢)” and the second describes “how
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much f increases as y increases by (y —yo)”. Of course this function only has two variables, but that should

give a fairly accurate approximation for (z,y) near (xo,yo)-

5 Wed 9/30 11.4/5/6 Jacobian, Chain Rule, Direc. Deriv.

From last time: note that we can write
0 0
L(x,y) = 20 + i(xo,yo)(m -x0) + —f(xo,yo)(y - %)
Ox oy

as the dot product
L(Jf,y) =Zp+ (vF)('r07y0) : (Z‘ —To,Y — yO) .
How about F': R™ - R™? When m =1 we get a scalar involving a dot product, whereas for m > 1 we get a vector

where each entry involves a scalar represented by dot product.

For the degenerate case m =1, we can write the linear approximation as

L(w.y) = [z0] + [%(330790) %(l’o,yo)] lz_zo].
~ Yo

For the general case F': R™ - R™, we get a matrix Jp(z1,...,2,) at each point (z1,...,xz,) of R rather than

just a vector VF. For example, F': R® — R? think of it as [Fy(x,y,2), Fo(z,y,2)].

Definition 4: Jacobian

If F:R3 - R?, the Jacobian at (z,y, 2) is

%(%yaz) %(m,y,Z) aanl (.Z',y,Z)

JF(xayvz):
Gi(z,y,2) G2(e,y,2) G2(2,y,2)

Of course it works with any m,n!

Example 5.1

The Jacobian of F(z,y,2) defined by (z,y,2) = (2%y + zyz, 3z — 229?) is

2y +yz x24Tz XY

JF(xayvz) = 9
-2y —4xy 3

Example 5.2

Two degenerate cases:
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If F(t):tw (t,t2,t%), then
1
Jrp(t) =] 2t |, a column vector!
3t?
If F(z,y,2) = yz, then

Jp(z,y,2) = [mez 2z x2y], a row vector, the same as VF.

Definition 5: Linear Approximation using Jacobian
If F:R" > R™ and F(2p) = yo (note that o € R, yp € R™ ), then

L(#) = yo + (Jr(20) (3 - 7).

Example 5.3

Let F:R?® - R2. Define F: (z,y,2) = (u,v). Let F(xq,y0,20) = (ug,v0), then the linear approximation

L(z,y, z) near (zo, 4o, 20) is given by

OF OF OF —
E( ) luol T;(anyOVZO) T;(%?ZJO,ZO) 621 (xoyyo, ZO) T =To [ First in R2 l
x,Y,z) = + Y—Yo |~ .
S d in R?
Yo %(‘TOa Yo, ZO) %(mﬂv Yo, ZO) BBF; (:CO7 Yo, ZO) zZ—20 ceonem

Notice how this is the direct generalization of
Tr — X
L(xvy):ZOJ"[%(anyO) gi(%ayo)]l }
Y—Yo

from our previous R?2 - R example.

Definition 6

A function R™ - R™ is differentiable at 2y € R™) with derivative J (Jacobian) if

F(xo) + J(Z - 20) _

—— 0.
| = o]

lim F() -
=T

Theorem 7: Chain Rule

10
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For F:R"™ - R™ and G : R™ - R*,
Jaor(Z) = Ja(F(2))Jr(Z)

if the functions are “nice” enough (the definition above holds).

6 Fri 10/2

Continuing from last time: “the linear approximation to a composite function is the composite of linear approxi-
mations by the chain rule”.

Consider a special case of chain rule:
f:R?*>Rand G:R - R?
with G(t) = (g,h). We have

F10)

ar(t)

JG(t) = l ] and Jf(l‘,y) = [%(‘T/y) %{J(l’,y)]

Then, by chain rule,

()

dh(t)] - [%(Q(t),h(t))%(t) + %g(g(t),h(t))%(t)] ’
dt

Jrea () = [ 2 (g(1),h(1) 2 (g(1).h(1)] [

a constant.

In the book’s notation, if we denote g(t) as x and h(t) as y, then

A 9zde 9z dy
dt Oz dt oydt

Example 6.1
Let f(x,y) = 2%, z(t) = cost,y(t) = sint, then if we define G(t) = (cost,sint), by the Jacobian,
—sint
Ji(x,y) = [2xe“’y + 22ye™ x3e””y] and Jg(t) = [ l
cost
and

. _ ) —sint
[%(f(m(t),y(t))] = Jroa(t) = [2 cos(t)ec st 1 cos? tsin tecostsint  cog3 tecoswnt] l cost ]

and whatever that equals to is the solution.

11
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Example 6.2

Another special case of chain rule: define G : R? - R? by (s,t) +~ (g(s,t),h(s,t) and f:R? - R. Then

52(s,t) Gi(sit)
el lg};(s,t) %(si) and Jy(2,y) = [%(x’y) %(x’y)]'
Then

af af %(s,t) %(s,t)
Troc(,1) = Jp(G(s,)Ja(s,) = [ L (g(s,0),h(s,1)) L (g(s.8), h(s,t)]| 22 o
2:(s,t) G (s,t)
In the book, if we write f(x,y) as z(z,y), g(s,t) as x(s,t) and h(s,t) as y(s,t), then
dx  Ox ds Oy Os ot Oz ot Oyot’
7 Mon 10/5

Example 7.1

Solving an implicit differentiation

F(z,y, f(z,y)) =0:
Differentiating both sides gives

1 0

0 1 |=[o o]
L) Sy
where the first matrix is Jp(x,y,2) and the second Ji4 4 ¢(2,4)(Z,Y)-

(28 (y2) () 2E(xy.2)]

The RHS is, of course, derivative of 0
with respect to both variables. i
This gives
of L(wy.z) . of Gy (€,9,2)
%(33’2/) = —% and é)ix(x’y) = —m

11.6 Directional Derivatives

Given F': R"™ - R™, the partial derivative % looks at how F' changes along lines parallel to the z;-axis. For more
general lines, we introduce the following:

12
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Definition 8: Directional derivative

Given f : R"™ — R™, the directional derivative of ' at p € R™ in the direction of u, any unit vector,

denoted as D, F(p), is defined as
F(p+tu) - F(p)

t

DuF(p) :=lim

Consider F': R™ - R™ and G(t) : R - R™ defined by G(¢) = p+ tu. Then

(oY) = iy POV -FOO) _y,, FO 1) -F )

Chain rule gives
Jr(p)Jc(0) = Jr(p)u.
If m =1, then Jr(p), the gradient vector, is merely a row vector. Hence if F': R™ — R, the directional derivative
becomes VF(p) «u, a dot product.
Since
VF(p)-u=|VF(p)|lulcosd,

we see that the directional derivative achieves maximum along the direction of the gradient, and the maximum is
simply |VF(p)|. On the other hand, VF(p) is perpendicular to the level set of F' at level F(p), and this plane

consists of all vectors orthogonal to VF (p).

8 Wed 10/7

Consider a function f:R? — R. Then the graph is a surface in R?. The analogue of f’(x) = 0 for a single-variable
function is VF(x,y) = (0,0). For a more general function, f : R™ — R™, the “critical points” are the points at which
the Jacobian vanishes.

In single-variable calculus, these critical points correspond to either a degenerate case where f”(z) =0 or a local
minimum / mazimum.

For f:R? - R, there are three nondegenerate things that can happen to the graph of f: local minimum, a

saddle point, or a local maximum.

¥ RS

locad wini mom ¢ pdale

N

r\\rs cleoyy\em\é CoseS, ¢-g -

13
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In general, for f: R™ - R, there are n + 1 different types of critical points: “morse index 0 critical points, ...,

morse index n critical points”.
How to tell apart different types of critical points? This involves second derivatives + linear algebra.

The Jacobian matrix encodes “total” first derivative of a multivariable function f:R™ — R™. We will focus on

the case R” — R here, where the Jacobian is merely VF. Then the first derivative is

Jf:[af o 8f]

Ox1? Oxa? """ Oy

where we can view V f as a function Vf:R" - R”. Then Jacobian gives the “second derivative” of f :

[ 9%f o°f 2°f
Ox? Ox10x2 "' Ox10z,
2°f 2°f 2°f

Ox10xo 02z Tt Oz0xn,
_of  _&f o%f
| Ox10x, 00T, e ox2

This is called the Hessian Matrix.

Example 8.1

If f:R—-R, Hy is simply [%], the second derivative.
If f:R? - R, then

*f & f

Ox2 Ox0y
H f=

% f &*f

Oxdy oy?

Example 8.2

Let f(z,y) = vy - 22 - 2y — 22 — ¢
(1) Find critical points of f.

(2) Compute Hy(z,y).

14
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Solution

(1) First note that V(x,y) = (y — 2 - 2x,x — 2 — 2y). The critical points correspond to when V f = (0, 0).

This gives
y—2x=2

r—-2y=2

T =-2

y=-2

From this we see that the only critical point is (z,y) = (-2,-2).

(2)

Remark

Oxdy

8% f

For the “second derivative test”, do linear algebra on H; and take eigenvalues. Basic facts / defini-

tions:

(1) “non-degenerate” critical points are defined to be points where H; has nonzero determinant, i.e.,

invertible.

(2) The more index of non-degenerate critical points is the number of negative eigenvalues of Hy at

the critical point.
(3) Local min: morse index 0, no negative \’s.

(4) Local max: morse index n, all negative \’s.

9 Fri 10/9

Suppose f:R? - R, then

foo
H, =
! lfxy

fxy]
fyy

(1) If det(Hy) = 0 then the second-derivative test is inconclusive.

(2) If det(Hy) < 0 then Hy has one positive eigenvalue and one negative eigenvalue, corresponding to a saddle

point.

(3) If det(Hy) > 0 then Hy has eigenvalues of the same sign. If this is the case, we either have a local min or a

local max.

15
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(1) If fre (or fyy) is positive then (z,y) is a local min.

(2) Otherwise, if both are negative then (z,y) is a local max.

Example 9.1

Consider f(z,y) = xy - 2z -2y — 2% —y? from last time. We know f has a unique critical point at (-2, -2)

and
-2 1
Hy l . 2] and det(Hy) = 3.

Nonzero determinant along with negative diagonal entries imply that (x,y) is a local max.

Global Minima and Maxima

Theorem 9: Extreme Value Theorem

They sometimes exist and sometimes don’t exist. However, if we consider f: D — R rather than f : R? - R,

where D is a closed and bounded subset of R?, then f attains global maximum and minimum.

Remark

This is exactly what 425a covered. By Heine-Borel, D is closed and bounded in R? so it is compact. Then
the continuous image of a compact set is compact and therefore is closed and bounded. Hence f(D) attains

all its limits, including the maximum and minimum.

Solution

Approach:
(1) Think of D in terms of boundary and interior.
(2) For interior, compute VF, set it equal to 0, and solve for x,y. Compute the value of f at these points.

(3) Then analyze the values along the boundary. Keep in mind that the points on boundary could well be

absolute maxima/minima without being critical points.

16
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Example 9.2

Let D = {(z,y) e R? | |z| < 1,]y| < 1}. Let f: D —» R be (z,y) = z* + y? + 2%y + 4. Find the maximum and

minimum values of f on D.

Solution
The interior of D is (-1,1) x (-1,1). Since VF(z,y) = (2z + 2zy, 2y + 2?). Setting it to (0,0) gives
2x +2xy =0 2x(y+1)=0 =0 r=+V2
S

2y +22=0 2y +22=0 y=0 y=-1

Among these only (0,0) € D and f(0,0) = 4.

Now for boundary, four parts.. whatever.

Remark

The reason why we need to check boundaries is because sometimes the critical points of the interior may

not end up being the global maximum / minimum of the function over the domain. Consider
f(z,y) = |$2 +y2 - 1] over D ={(z,y) | 22 +y2 =2}.

The origin is the critical point with largest f(x,y) in the interior but it is definitely not the global maximum

— they appear on the boundary of D. On the other hand, just because

fz,y) =2 +y°

has no maximum in the interior doesn’t mean it attains no global maximum on D: in fact they take place on

the boundary of D.

10 Mon 10/12 11.8 Lagrange Multipliers, see CH12 Notes

17
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