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1 Fri 10/23
13.1 Vector Fields

Definition 1

A vector field is a function F : R™ — R"™ that assigns each point to a vector in R™.

Remark

In this chapter we will refer to F itself as a vector field on R™.

Example 1.1

If f:R"™ - R is a scalar valued function, then V f is a vector field on R™. (Each point in R™ is assigned Vv

of that point, another vector in R™.)

Definition 2

A vector field F on R" is called a conservative vector field if it is of the form V f for some scalar-valued

function f. If this is the case, we call f a potential function for F.

13.2 Line Integrals

Previously single-variable calculus defines how to compute the area under a curve on some interval [a, b] which can
visualized as a straight line. Now think of a curve on zy-plane and a function defined above that curve.
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This will be

[1as

the line integral of f on C with respect to arc-length. This will be the first type of line integral for us.

A preview: think of a particle moving in R? such that it’s subject to force F(z,v,2) at (x,y,z). If we move the

particle along the path given by r(t),a <t < b, then the work done by the field will be

fC(F -T)ds= /;F -dr = /(;P(:z:,y,z) dz + Q(z,y,2)dy + R(x,y,z)dz where F = (P,Q, R) .

Let C be a curve in R?, parametrized by r: [a,b] = R2%. Let f:C — R be a scalar valued function on C [can
think of this as f : R — R restricted on C]. Then the line integral is the sum of “infinitesimal area” of base times
height: (|r’(¢)||d¢)(f(r(¢)). [The base is expressed in terms of ¢ so the “velocity factor” |r’(t)| matters.] Then the

“area under the graph” is

b b
Lras= [“ra)r @l dt= [ ), y(t)V/([defdn? + ([defdy)* dt.

2 10/28 Line Integrals, FT of Line integrals
Last time we covered two types of integrals:

/; f ds and /C(F -T)ds= /; F dr [if parametrized by r|,

the first called the line integral of f on C with respect to arclength and the second the line integral of a vector field

F on C. The second one depends on curve but not on r, i.e., independent of parametrization.
Proposition 3

A parametrization implies an orientation. If we are given r, we don’t need to think hard about the

parametrization, but if we are not given r, careful. This will be similar for surface integrals.
Now we get to a third notation for line integrals of vector fields (focusing on R? for now):
Proposition 4

If F(z,y) = (P(x,y),Q(z,y)), a vector field on R, then the line integral of this vector field on C' is given
by

/C(F-T)ds:[CFdr:/CP(x,y)dx+/CQ(x,y)dy.
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Remark

Recall that if C' is parametrized by r(¢t) = (x(t),y(t)) for t € [a,b], then

[oEar= [ (PG00 @) + Q.50 ()]
b b
:f P(a:,y)da:+/ Q(x,y) dy.

a a

Behind the scenes: P(z,y)dx + Q(z,y)dy is the notation for a differential 1-form on R? that corresponds to a
vector field on R?, namely F = (P(z,%),Q(z,y)). This allows you to integrate a “differential 1-form on C”. Integrals

defined using “pullback” of differential form by a parametrization r of C' is precisely what we get:

' (Pde + Qdy) = [P(x(t),y(8))2"(t) + Q(z(2), y(t))y' (1) ]dt.

ds is also a differential 1-form on C, and its pullback in a parametrization r is r*(ds) = ||r’(¢)||d¢. Then we get

the familiar
b
[cf ds = f Fe@)|r' @) dt.

If Pdz + Qdy is a differential 1-form on R?, it gives a differential 1-form on C defined by (F -T)ds where
F = (P,Q). This is why [,(F-T) ds is so natural.

Fundamental Theorem of Calculus for Line Integrals

This is a special case of the “generalized Stokes’ theorem” for differential forms (so are Green’s, classical Stokes’,
Divergence).
For calc III we’d be integrating “d-manifolds in R™”: d = 1 represents curves, d = 2 represents regions, d = 3

represents surfaces, and so on.
Generalized Stokes’ Theorem

/ da:f Q.
M oM

Here M is a d-manifold in R”, OM the boundary of M, a (d-1)-manifold in R", o some differential (d-1)-form

on M, and da the “exterior derivative” of «.

Example 2.1

Let M be a curve in R", a case with d = 1, and « a scalar-valued function f on C (a differential 0-form on
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C). Then da is the 1-form on R? written as

8fdﬂws + a—fdy

d
f= Ox Oy

which corresponds to the gradient vector field Vf on R?. Let M = C a curve and so OM are two “signed”

points: a positive ending point of the curve and a negative starting point of curve. Then

[ (e )« [

[ o= [ 1=160) - 1)

and

The two sides give

Fundamental Theorem for Line Integrals

Let C be a smooth curve parametrized by r(t),t € [a,b] and f be a differentiable function of two variables.
Then
LD -de = 1 0) - F(x(a)),

Remark

This gives rise to the fact that [ F - dr is independent of choice of path as long as the curves have

the same starting point and the same ending point.

3 Mon 11/2

Recall from last time that

f dozzf «
M oM

fC(VF) - dr = F(t2) - F(t1).

and the special case FT of LI:

Also recall that integrals like fc (VF) - dr are independent of not only the parametrization but also the choice of
path.
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Theorem 7

f F-dr is independent of path in D if and only if F' is conservative in D. In other words, the line integral
c

of every closed path evaluates to 0.

Remark

To show F is not conservative, it suffices to find the existence of one closed curve whose line integral
evaluates to a nonzero value. To show F is conservative, we need a better approach (clearly we can’t enumerate
all closed curves).

Definition 8

Suppose a vector field F € R? is given by F = (P(z,y), Q(x,y)). If F is the gradient of some scalar-valued

function, then

oP . 0Q
?y(x7y) - o ('r7y)

Problem 1
If the equation above holds for all (x,y) in the domain of F, can we conclude that F is conservative?
Solution

Depends on the topology of the domain. It’s always true of the domain is simply connected. For

multiply connected regions this may fail.

Example 3.1

Let F(x,y) = (e“siny, e® cosy) a vector field on all of R%. Determine if F is conservative. If so, find the

potential function to which F is the gradient.
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Solution

A quick check:

13} 13}
—(e®siny) = e” cosy; 8—(6’” cosy) = e” cosy.
v

Oy

Hence F is conservative (since the domain is simply connected). Now for the potential function:
flx,y) = f e’siny dx = e siny + C(y).

Differentiating with respect to y gives
e”cosy+C'(y) =e"cosy = C'(y) =0

Therefore C(y) = ¢ and the potential function is given by

flz,y) =€e"siny +c.

Behind the scenes: if a = Pdz + Qdy then

da: = (%dz + g];dy) Andz + (?)—dez + (ijdy) Andy

:Z];dy/\dx+g§dx/\dy
0Q 0P

=|—-—]dzad
(8;10 ay) e

since dz Adz =0 and —dy Adx =dx A dy.

Remark

On a simply connected domain, the differential form is exact if and only if it’s closed.

Now recall Stokes’ again:

fda:/ Q.
M oM

If we define M as a closed region whose boundary is C' (with positive orientation) and « a differential form Pdz+Qdy

(0 P
do“(ax ay)dA

whose exterior derivative is

as mentioned above, we get Green’s theorem:



MATH 226 Chapter 13 4 - 2020/11/4 Green’s, Curl/Divg, & Param Surface YQL

Green’s Theorem

With the assumptions above,

ychdx+Qdy:ffD(aa§—g) dA.

4 2020/11/4 Green’s, Curl/Divg, é Param Surface

Last time: Green’s theorem

/8Moz:‘/]\‘/[ da = éF'dr:%deJery:fngg_g];dA'

Example 4.1

Compute fCF -dr where F = (y-cosy,zsiny) and C = {(z,y) | (z - 3)? + (y + 4)? = 4}, oriented

clockwise.
Solution

With negative orientation:

fF-dr:ff1+siny—sinydx
c D
:ff1dA:47r.
D

13.5 Curl & Divergence
On R3: 0-forms are scalar-valued functions; 1-forms are vector fields, and so far 2-forms; 3-forms are scalar-valued
functions again. There’s a n — (k — n) symmetry. The mappings between forms (n to n + 1) are called exterior

derivatives.

Two cases of generalized Stokes’:
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(1) 1-form to 2-form: let « be the 1-form Pdx + Qdy + Rdz. Then d acts on « by

da = (aa—];dx + aa];dy + ({;—I:dz) Andx

99 4,4 99 iQ)
+(axdx+aydy+azdz A dy

OR OR OR
+ (%dx+ 8—ydy+ adz) Andz
_(8Q ap)dx/\dy+(aR aQ)dy/\dz+(ap OR

%—%)dzAdx

dr Oy
=curl F-dS.

dy 0z

The wedge products like dz A dy are called the three basic 2-forms on R3. General 2-forms on R?® can be

written as
A(z,y,2)dy Adz + B(z,y,z)dz Adz + C(z,y,2)dx Ady

which we can view as the vector field

(A(z,y,2), B(x,y,2),C(z,y,2)) .

Therefore (for R? only), the exterior derivative serves as an operator that transforms vector fields into vector
fields:

Definition 10

The curl operator sends F on R3 to another vector field:

Oy 0z 0z 0x O0x Oy

‘We denote curl of F as curl F or V x F thanks to the “fake determinant”:

ik
d/0x 0/0y 0]0z|=curl F.
P Q R

Example 4.2

Let F = (e"siny, e¥ sin z,e* sinz). Find its curl.
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Solution
i j k
) ) ) _ (Y z x
= 5 5 | =—({e’cosz,e”cosz, e cosy).
e*siny eYsinz e*sinx
Remark

Geometrically, curl measures the direction and magnitude of “curliness” of vector field near
each point. “Curl the fingers” of right hand, and the direction where the thumb points toward is

the direction of curl. Curl appears nonzero where there are little whirlpools. On the other hand,

a vector field is called irrotational if its curl vanishes everywhere.

(2) 2-form to 3-form: if we view F = (P,Q, R) on R? as
Pdy Adz+ Qdz Adx + Rdz Ady

OP oP oP
then its external derivative (something like (a—dm + 8—dy + a—dz) AndyAadz+...) would be
x Yy z

(?;;+%§+2§)dx/\dyAdz

and if we translate this back to the function, we have

Definition 11

The divergence of a vector field F on R? is given by

. oP 0Q OR
divF = — + — + —
v or " dy i 0z

which we also denote as V - F for obvious reasons. :)

5 Fri1l/6

Quick summary of different operators:

(1) Gradient: f(z,y,z)~ <%, 5y 0%
(2) Curl (R? only): F:=(P,Q,R)» VxF=(R,-Q., P, - R;,Q, — P,), vector field to vector field.

of 9f 9f >, scalar-valued function to vector field.
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(3) Divergence: F:=(P,Q,R)~ V-F =P, +Q, + R., vector field to scalar.

2 2 2
(4) Laplacian: f(x,y,z)+~ V?F = % + % + %, scalar-valued function to scalar.

Example 5.1
Compute the divergence of F := (e® siny, e¥ sin z, e* sin x).

Solution
divF =e“siny +eYsinz + e sinz.

Geometric & physical interpretation of divergence: it measures the “source/sink” nature of the vector field at a
point. Source if divergence > 0; sink if divergence < 0. Like how we call F irrotational if curl F = 0 wherewhere, we

cay F incompressible if div F = 0 everywhere.
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o 9
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Very interesting “fact”: d? = dod = 0: if we do any two the following in a row we get 0:

gradient

. curl divergence
function —— vector field — vector field ———

function

Theorem 12

Let F:= (P,Q, R), a vector field on R®. If F is conservative then curl F = 0.
The converse depends on the topology of the domain. De Rham’s theorem, for regions E in R? that are

simply connected (“don’t link any circle”), then the converse is true. If this is the case, curl F = 0 if and only

if F is conservative.

Remark

Is F the curl of any vector field? If so, the divergence of F must be 0.

Converse: if the domain “doesn’t trap a fly”, this becomes a iff.

Definition 13

But what if we skip the curl and take the gradient of divergence? Then we get the Laplacian of a function

f(z,y, z), denoted as Af.
o*f o0°f O0°f
= . = 2 = — PR —_
Af=v-Vf=v“f 8x2+8y2+6z2'

One final remark about V, Vx, and V-: our formulas are tied to Cartesian coordinates. Suppose now we are in polar

coordinates, then things get weird.
_[9f 1%)
Vf(r79)_<6r’7“80 '
In R3 cylindrical and spherical, these become
aof 10f 3f> <3f 1 of 18f>
0,2)={—, =, = d 0,0)={— —,—-=).
VI00.2) = (G g r) md D000 = (5o

This provides an advantage of df over V f since it’s a lot simpler to write down.

11
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6 Mon 11/9 Param. Surfaces € Surface Integrals

Similar to line integrals, surface integrals /f ...dudwv are computed by parametrizing a surface S in 2d “uv” surface
s

where S is the image of r(u,v) on domain D.

Example 6.1
(1) A ball in R? with radius 2 centered at (1,2,3): with spherical coordinates we have

r(¢,0) :=(1,2,3) + 2 (sin pcos b, sin psin b, cos @) .

(2) Plane in R? containing (¢, 3o, 20) and the vectors a, b:

r(u,v) = {xo, Y0, 20) + ua + vb, (u,v) € R2.

(3) *** Surface S in R?® which is the graph of a function (WLOG) z = f(z,y):
r(u,v) = (u,v, f(u,v)) for (u,v) e D.

Likewise if « or y becomes the dependent variable.

Definition 14

The unit normal vector to a surface S by a parametrization r(u,v) is

or , Or
n(r(u,v)) = 7“; » gu.
ou ov

Compare this with T(r(t)) =r'(¢)/|r'(¢)||. But why? The partial derivatives at a point (u,v) are the velocity
vectors of curves in the surface. Taking the cross product gives a vector that’s normal to the tangent plane
at (u,v). Normalizing it gives the unit normal vector. By convention we choose this over the negative one

as the unit normal vector.

Example 6.2: 13.7.23 (Stewart)

Let S be the part of the paraboloid z = 4 — 2% — 42 above the square [0,1] x [0, 1] with upward orientation

(i.e., unit normal vectors pointing upwards). This surface can be parametrized by

r(u,v) = (u,v,4- u? - v2) for (u,v) €[0,1] x[0,1].

12
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Then a normal vector at (u,v) is given by

i j k
1
1 0 -2u|l=(2u,2v,1) = n(r(u,v)) = ————=(2u, 2v,1).
(e 20, 1) = nlrle ) = ey Pt Y
1 0 -2v

(From the normal vector we already see that this parametrization gives unit normal vectors pointing

upwards.)

Remark

If we end up getting the opposite orientation, simply swap v and v and we’ll get the desired orien-

tation. (Keep in mind that when we swap u and v, the domain gets “flipped” as well.)

Example 6.3: 13.6.31 (Stewart)

Let S be parametrized by r(u,v) = (ucosv,usinv,v). Find equation to the tangent plane to S at point

p=r(1,7/3) = (1/2,\/3/2,7/3).

Solution

We know p is on the plane. Now we need to get a normal vector (can be normalized but not

necessary):
i j k

. 0 |- 3 1
Ccos v sinwv “\5 3l
—usinv wsinv 1

Therefore the plane can be expressed as the equation

Ba-05)-1e-Dys@-T) -0

Definition 15

If a surface is parametrized by r(u,v) for (u,v) € D then the surface area of S is

A

or 81‘
8u D)

dA.

13
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Compare this to the parametrized arc length

12
/ |7 (t)]| dt.
ty

Example 6.4: 13.6.35
Let S be the part of the plane x + 2y + 3z = 1 that lies in the cylinder 2% + 3% = 3 in R3.
Solution

S can also be written as the graph of z(z,y) = (1 - x - 2y)/3. Then

Area ofS:[[DH(l,O,—l/?))x(0,1,—2/3) H dA:/[D\/ﬁ/?)dA:\/ﬂw.

7 Wed 11/11

Recall that, just like the line integral on C' is independent of the parametrization r(t), the surface integral of surface

S is independent of r(u,v).
Jo fay) ds = [} fx(@)|x'(1)] dt
[ f(z,y,2)da= [, f(r(u,v))H% x %” dA.

Example 7.1: 13.7.7 (Stewart)

Compute //:q y dS where S is the “helicoid”: image of

r(u,v) = (ucosv,usinv,v),u € [0,1],v € [0,7].

14
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Solution

This would be

/f usinv| ~ | dv.
D

Norm of the “stretching factor” is

J J k
cosv sinv 0 =\/sin21)+0052v+u2:\/1+u2

—usinv wucosv 1

Then
iy 1
f usinvV1 + u? dA:f f usinvV1 +u? du dv = omitted.
D o Jo

How about integrating vector fields on surfaces, just like integrating vector fields along lines (works done by a

vector field)?

Definition 16

If F is a continuous vector field defined on an oriented surface S with a unit normal vector n, then the

f F-ndS.
s

flux or surface integral of F is

Remark

Think of this is “total amount of flow on a surface”.

This simplifies when computing a parametrization: say S is parametrized by r(u,v) on a domain D. Then

dr x or
n(r(u,v)) = 8”

dx = ﬂF(r(u v)) - (82 @) dz

whereas
or

f[F ‘ndS - f[F(r(u ) - |gxz|

which the book calls

or 81’
(9u

f F. ds.
S

15
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Relate this with

fCF.dr:f:F(r(t))-r'(t) .

Example 7.2: 13.7.23 (Stewart

Compute [[¢F - dS where
F(z,y,2) = (zy,yz, 22)

and S is the part of paraboloid z = 4-2% -2 lying above the square [0, 1]x[0, 1] with upward orientation.

Solution

From last time:

r(u,v) = (u,v,4 - u? —v?), (u,v) € [0,1] x [0, 1].

Then

5 5 ij k
r Or
— = - =(2u,2v,1).
8uX8v L0 —2uf={2u,20.1)
0 1 -2
Therefore
ﬂF- ds = ff (uv,v(él—u2 -v%),u(4 - v? —v2)) dudv = omitted.
s [0,1]x[0,1]
Remark

If F is the curl of some G, i.e., F = V x G then [f F-n dS depends only on the boundary curve of S, not
s
the rest. Compare this with the fundamental theorem of line integrals.

Furthermore, with the assumption above, if S is a closed surface (no boundary curve), then

ﬁ F-n dS =0, also analogous to a closed curve and its line integral.
s

Preview: (classical) Stokes’ theorem; divergence theorem. Really just two special cases of generalized
Stokes’.

8 Fri 11/13 Stokes’s € Divergence Thm

Stokes’s Theorem (Classical)

16
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Theorem 17

If F is a vector field on R® and S an oriented surface with its induced oriented boundary C (with right-hand

rule: thumb pointing toward the diction of normal vectors), then

j{F-dr://curlF-dS:/[curlF-ndS.
[} s s

Example 8.1: 13.8.7 (Stewart)

Use Stokes’s theorem to compute f F . dr where
c

F = (yz,2xz,¢"Y) and C is the circle 2° + 3? = 16,z = 5, oriented counterclockwise.

Solution

Let S be the surface 22 + 4% < 16, 2 = 5, oriented up. Then a way to parametrize S can be given by

r(u,v) = (u,v,5) for (u,v) € {(u,v) | u*+v? < 16}.

Then
Jr
9 ]-7070 8 8
" ( ) ‘ r>< - :H(07071)H:1-
2 - (0,1,0) o0

On the other hand,

% = (xe®™ - 2x,y - ye®Y, 2)

Slo

i
_lo
curl F = e

yz 2xz €Y

and so

51§F- dr:/fcurlF- ds
C S
:fchuﬂF.nn (0,0,1) | dS

= f[ 5 dudv = 807.
D

Conceptually: 51{ curl F-n dS for any S in R3, given F:
c

(1) Take S, a very small disk, near some point P, with normal vector in some direction n.

17
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(2) Since P is very small, curl F is almost constant on the disk. Then curl F - n is also almost a constant.

(3) Then [f curl F-n dS ~ the value of curl F -n at P times the area of the small disk S.
s

(4) On the other hand, by Stokes’s this is also quas F. dr.

(5) So if F-dr is positive everywhere on the boundary of a disk, F does work on the disk and so it “spins”, thus

providing a positive curl.
Divergence Theorem

Theorem 18

If F is a vector field on R? and E a region in R? with boundary S (with orientation given by the outward-

pointing normal vector with respect to F), then

#S(F-n)dS:ﬂgF-dS:ffEdideV.

Connect this with generalized Stokes’: curl F the 2-form and div F' the 3-form.

Example 8.2

Compute the flux of F across S where
F-= <x2 siny, x cosy, —rz sin y>

and S given by the equation 28 + 48 + 2% = 8.
Solution

The divergence of F = 2z siny — xsiny — zsiny = 0. Therefore

#F.dssz 0dV =0.
S E

Conceptually:
(1) Let F be a vector field on R3.

(2) For any tiny ball E near point P, the divergence is almost a constant and so

ff divF dV ~div F at P -volume of E.
E

18
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(3) Therefore, by Divgercence theorem,

) #aEF-dS
divF(P)~ 222 |
v F(P) volume of F

(4) If F-n > 0 everywhere then the divergence here is also positive, a “source”. If all negative then a “sink”.

19



	Fri 10/23
	10/28 Line Integrals, FT of Line integrals
	Mon 11/2
	2020/11/4 Green's, Curl/Divg, & Param Surface
	Fri 11/6
	Mon 11/9 Param. Surfaces & Surface Integrals
	Wed 11/11
	Fri 11/13 Stokes's & Divergence Thm

