Intro to ODE Part T Exercises: Chapter 4 YQL

Chapter 4 Graphical Representation of Solutions using MATLAB

Problem 4.1

Plot the following functions:
(1) y(t) = sin(5t) sin(50¢) for ¢ € [0, 3].
(2) z(t) = e*(cos(2t) +sin(2t)) for t € [0,5].

g 1
T(t) = fo =9 sin(s) ds for t € [0,7]

(4) «(t) =tlnt for t € [0,5].

(5) plot y against z, where
x(t) = Be™" + Ate™ and y(t) = Ae™"

for A and B taking integer values between —3 and 3.

Solution

I will address the last part first because it is the most interesting one:

%part 5
hold on
for A = -3:3

for B

-3:3

X @(t) B.*xexp(-t) + A.*xt.*xexp(-t);
y = @(t) A.*xexp(-t);

fplot(x,y);

end

end
axis([-10,10,-10,10]);

A nice graph for this part:
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A collection of curves defined parametrically by part (5).

For the first 4 parts, below is the MATLAB code:

%part 1

fplot (@(t) sin(5.*t).*sin(50.*t), [0,3]);

xlabel ('t');

ylabel('y', 'Rotation',0);

%part 2

fplot (@(t) exp(-t).*(cos(2.*%t)+sin(2.%t)), [0,5]);
xlabel('t');

ylabel('x"', 'Rotation',0);

hpart 3

fplot (@(t) integral(@(s) exp(-t+s).*xsin(s), 0, t),[0,7]1);
xlabel('t');

ylabel('T', 'Rotation',0);

%part 4

fplot (@(t) t.*log(t), [0,5]);

xlabel('t');

ylabel('x', 'Rotation',0);
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Problem 4.2

Draw contour plots of the following functions:
(1) F(x,y)=22+y? for -2<2,y<2.
(2) F(x,y)=xy? for -1 <x,y <1 with contour lines where F' = +0.1,+0.2, +0.4, +0.8.
(3) E(x,y)=y*-2cosz for —4 <z, y < 4.
1.3

(4) E(z,y) = © - 30° + 1y*(a* =222 +2) for -2 <z < 4 and -2 < y < 2. Draw contour lines where

E=0,0.5,0.8,1,2,3,4.

(5) E(x,y) :y2+x3—x for -2 <z, y<2.

Solution
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The three on the first row are the first three questions; the two on the second row are the last two. Refer

to the code below:

subplot (2,3,1); %part 1

[x1,y1] = meshgrid(linspace(-2,2), linspace(-2,2));

z1l = x1.72 + y1.72;

[C1, h1] = contour(zl, 'LineWidth',1);

clabel (C1,h1);

xlabel ('x"');

ylabel('y', 'Rotation',0);

subplot (2,3,2); %part 2

[x2,y2] = meshgrid(linspace(-1,1), linspace(-1,1));

z2 = x2.%y2.72;

lvl2 = ([0.1,-0.1,0.2,-0.2,0.4,-0.4,0.8,-0.81);

[C2, h2] = contour(z2,1vl2, 'LineWidth',1);

clabel (C2,h2);

xlabel('x"');

ylabel('y', 'Rotation',0);

subplot (2,3,3); %part 3

[x3 y3] = meshgrid(linspace(-4,4), linspace(-4,4));

z3 = y3.72-2.%cos(x3);

[C3,h3] = contour(z3, 'LineWidth',6 1);

clabel (C3,h3);

xlabel ('x"');

ylabel('y', 'Rotation',0);

subplot (2,3,4); %part 4

[x4,y4] = meshgrid(linspace(-2,4), linspace(-2,2));

z4 = x4 - (1/3) .* x3.73 + (1/2).% y3.72 .*x (x3.74 - 2.x x3.72 + 2);
lvli4 = ([0,0.5,0.8,1,2,3,4]);

[C4,hd4] = contour(z4, 1lvld, 'LineWidth', 1);

clabel (C4,h4);

xlabel ('x"');

ylabel('y', 'Rotation',0);

subplot (2,3,5); %part 5

[x6,y5] = meshgrid(linspace(-2,2), linspace(-2,2));

zb = y5.72 + x5.73 -x5;

[C5,h5]
clabel (C5,h5);
xlabel ('x"');
ylabel('y', 'Rotation',0);

contour (z6, 'LineWidth', 1);
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Chapter 5 “Trivial” Differential Equations

Problem 5.1

Find the general solution of the following equations, and in each case find the particular solution that

passes through the origin.

(1)
T sint + cost.
@ d 1
d—y =5 (use partial fractions.)
x  x?-
) dU
(4)
ji — 113‘6_2w
x
() AT
yTi e sin(2t)
Solution

Passing through the origin = the function (6(0) = 0.

(1)
0(t) = /sint+cost dt = -cost +sint + C,

and 0(0) =0 gives C' = 1.

(2)
v = [ 5(557 - 737) de = 3Onke =1tk 1)+ 0= i e,
2\x-1 z+1 2 27 |z +1
and y(0) =0 gives C = 0.
(3)

1
U(t):/4tlntdm:2t2lnt—/2t2(¥) dt =2t Int - t* + C,

and U(0) gives C =0.
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(4)
1 1 1 1
z(x) = / ze 2 dx = —ixe_zm + f 56_296 dz = —51'621 - Ze_zz +C,

and z(0) =0 gives C =

()

1
1

T(t) = [ e "sin(2t) dt = —e " sin(2t) - 2 f e " cos(2t) dt

and

f et cos(2t) dt = —e " cos(2t) + 2 f e sin(2t) dt.

Then

f e tsin(2t) dt = —e 'sin(2t) + e sin(2t) - 4 [ e 'sin(2t) dt

—t - "
sin(2t) 56 cos(2t) iC

f e tsin(2t) dt = €

The condition 7(0) = 0 gives C' = 2.

Problem 5.5

The Navier-Stokes equations that govern fluid flow were given as an example in Chapter 3. It is no
possible to find explicit solutions of these equations in general. However, in certain cases, the equations
reduce to something much simpler.

Suppose that a fluid is flowing down a pipe that has a circular cross-section of radius a. Assuming that

the velocity V' of the fluid depends only on its distance from the center of the pipe, the equation satisfied by
Vs 1d( dV

rarlar) -
where P is a constant.

Multiply by r and integrate once to show that
v Pr ¢

_ = + —
dr 2
where c is an arbitrary constant. Integrate again to find an expression of the velocity, and then use the facts
(1) the velocity should be finite at all points in the pipe and
(2) the fluids “stick” to boundaries (which means that V' (a) = 0)

to show that P
V(r)= Z(QQ - 7’2).
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Solution

First we integrate the equation again:

2
V:/—ﬁ+gdr:—P—r+clnr+C’.
2 r 4

By the first property, we have to kill the term cInr since Inr - oo as r — 0, whereas V is finite for all r.

Hence ¢ = 0. Now by the second property we have V(a) = 0, which implies C' = (Pa?)/4. Therefore

Pr?  Pa?
—_—+

_ Py s
V= 2 4—4(& r).

Problem 5.9

This exercise fills in the gaps in the proof of the FTC. Suppose that f is continuous at z, i.e., given any

€ > 0, there exists a § = §(¢) such that
|7 -2| <0 = |f(Z) - f(z)|<e
By writing
1 T+oT . .
f@ = [ 1@ ai

show that for all dz with |dx| <4,

<€

-5 [ i@

and hence that ) s
xr+ox
lim — f F(#)di = f(2).

You will need to use the fact that

b b
‘ S oty dode| < [lote)ldr < - a) may otk
a a zefa,

Solution
Note that
1
ox

1 T+oT B ~
-5 [ i@ aal - L

r+ox
<o [ - s ax
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1 z+dx
< f (6) d7
x

"o
1

=5, 02)(€)

=€
Chapter 6 Existence and Uniqueness of Solutions

Problem 6.1
Which of the following differential equations have unique solutions at least on some small time interval for
any non-negative initial condition ((z(0) > 0)?
(1) & =2(1-22)
(2) =23
(3) & =a'/3
(4) & = VE(1+2)?

(5) &= (1+z)%?

Solution
Basically the RHS needs to be Lipschitz in order to let the differential equations have unique solutions,

but since the book states a stronger statement that asks the RHS to have continuous derivative:

(1) f(x)==z(1-2?%) is continuous and f’(z) =1 - 322 is also continuous so the DE has unique solutions.

(2) f(x) =2 and f’(x) = 3z% are both continuous, so the DE has unique solutions.

3) f'(z) = <25 and f'(x) - oo as  — 0. Hence the solutions are not unique.
322/
2
4) f'(x) = —% +2y/2(1+2) which — oo as « - 0. Therefore the solutions are not unique.

5 z) = (1+2)%% and f'(z) = 34*2 are both continuous. Hence the solutions are unique.
2

Problem 6.2

The Mean Value Theorem (MVT) says that if f is differentiable on an interval [a,b] then f(a) - f(b) =
(b-a)f'(c) for some c € [a,b]. Suppose that f(x) is differentiable with |f’(z)| < L for a < x < b. Use the MVT
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to show that for a < z,y < b we have

[f () = f(y) < Llz -yl

Solution

Clearly this is trivial when z =y. If x # y, WLOG assume z >y. Then

If (2) = f()l = 1f(z) - f(y)]
=|z-y|lf'(c) for some ce [a,b]

< |z -yl L.

Problem 6.3

This exercise gives a simple proof of the uniqueness of solutions of
= f(x,t) z(to) = xo,
under the assumption that

|f (z,8) = f(y, )] < LIz - yl.

Suppose that z(t) and y(t) are two solutions of the first equation. Write down the differential equation
satisfied by z(¢) = z(t) — y(t), and hence show that

DR =22 [f (), t) - Flu(t).)].

dt
Now use the second equation to show that

d
&|Z|2 < 2L

If dZ/dt < ¢Z, it follows that Z(t) < Z(to)ec® ") : use this to deduce that the solution of the first equation

is unique. Hint: any two solutions agree when ¢ = t;.

Solution

If 2(t),y(t) are both solutions to the DE then

&= f(z(t),t) x(to) =0
y=f(y(t),t) y(to) =m0
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Then q
&IZI2 =222 =2z(¢ - y) = 22[f(x(1),t) - f(y(¥),D)].

By Lipschitz,
|f (z(t),8) = f(y(2), 0)] < Llz(t) - y(t)] = Lz(t) — %|?«‘|2 < 22LJz| < 2L
Then, using the last property, if we set Z = |z|?, then
|20 < [2(to)Pe* " (10).

Since z(to) = z(to) —y(to) = zo —x0 = 0 but the LHS is positive (semi)definite, it follows that this inequality
only holds when both sides are 0. Hence z(t) =0 and z(¢) = y(¢). The solution is unique.

Problem 6.

The proof of existence of solutions is much more involved than the proof of their uniqueness. We will

consider here the slightly simpler case

z = f(x) with z(0) = xo, (1)
assuming that

|f (z) = f()l < Llz - y. (2)

The first step is to convert the differential equation into an integral equation that is easier to deal with:

we integrate both sides of the first equation between 0 and ¢ to give

2(t) = w0 + fo " F () di. 3)

This integral equation is equivalent to the original differential equation; any solution of it will solve the
original one, and vice versa.
The idea behind the method is to use the RHS of (2) as a means of refining any “guess” of the solution
Zn(t) by replacing it with
t ~, ~
Zra1 (£) = 20 + fo F(an(B)) dF. (4)
We start with xo(t) =z for all ¢, set
t ~
o) =ao+ [ flao) di,
and continue in this way using (3). The hope is that x,(¢) will converge to the solution of the differential

equation as n — oo.

(1) Use (2) to show that
e () =D < L [ (@) = oca ()]

10
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and deduce that

max ]|J;n(t) = -1 ()] (5)

1
ne1(t) =z (B)| < 5
max ]|33 w1(t) —za(t)] 2 te[0,1/(2L)

te[0,1/(2L)

Solution
The first inequality can be derived from the definitions of 2,41 (t) and z,(t) :
¢ L t L
Zns1(t) = 20 + f F(@n(®)) df and z,(t) = zo + f Flanr (D)) di.
0 0
Then

rner() = 2Ol = [ 15a() = fonr (D)

t ~, ~, ~
< [ Lan() - 2aa ()] di (By (2)
t ~, ~, ~
=L f |z () = fr-1(t))| dt (First inequality proven)
0
< Lt max|x, (t) - xpo1 (1))
te[0,t]

Of course, if we set ¢ = ;&= and therefore [0,¢] to be [0, 5], we get

max ]|xn(t) = Zp-1(t)].

- ~ 1
max |Tp+1(t) — 2, (t)| < L max ]|:17n(t) —zp-1(t)] = 2 g,

te[0,1/2L] (2L) #ef0,1/2L

(2) Use (5) to show that

1
max )]|x1(t) —xzo(t)|.

n t) - n t S
(s ]|x () =za(t)] 2n=1 4ef0,1/(2L

te[0,1/(2L)

Solution

This is immediate if we iterate (5) for n times, each time with n (of x,) increasing by 1. We

actually get a stronger statement: instead of 1/2V~! we get 1/27.

(3) By writing

T (t) = [2n(t) = 202 (O] + [2n-1(8) =22 (O)] + -+ [22(8) = 20 (8)] + 20 ()

11
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deduce that

|1 (t) = 2o (2)]

n(t) = am (D] < 5
te[Or,Illji(}Z(L)]|x () = zm(t)] T

for all n,m > N.

Solution

WLOG assume n > m. Then
Tp(t) = 2m(t) = [2n(t) = 2p-1(O)] + - + [Tme1 (£) = 2 (1) ]

and

1
n(t) = ()] < . ;
s e (0) e (D] < (G + Qm)tem/m) 1 (£) = 2o(t))|

1
4 t
< Gt g, [ (8) - 0(0)

1
t) - t
< g oAy 1 () o)
1
S oN-2 te[O 1/(2L)

|21 (t) = 20 (2)]-

It follows that x,,(t) converges to some function z,(t) as n - oo, and therefore taking limits in both sides
of (4) implies that

t ~. ~
Too(t) = 20 + f F(o (D)) di.
0
Thus . (t) satisfies (4) and is a solution of the differential equation. The previous exercise shows that

the solution is unique.

Chapter 7 Scalar Autonomous ODEs

Problem 7.1/2

For each of the following differential equations, determine the stationary points and their stability analyt-

icaslly by considering the derivative of the RHS.
(1) g=-z+1
(2) t=x(2-2)
(3) =(1+z)(2-x)sinx

4) t=-2(1-2)(2-x)

12
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(5) & =a2%-2*

Solution

Stationary points <= & =0, and if f(z) =0 then

f'(z) >0 = unstable
f'(x) <0 = stable

f'(x) =0 = indeterminate

(1) The stationary point is « =1 and f’(1) =1 > 0. Unstable.

(2) The stationary points are x1 = 0,22 = 2. Since f'(z) = 2 -2z so f'(z1) > 0, f'(2) < 0. Hence z; is

unstable and x4 is stable.

() - %[(1 +2)(2-2)sing]

d . .
= —[2sinz + zsinz - 2”

sinz]
dx

. 2 .
=2cosx +sinx+xrcosxr —xr°cosx —2rsinx

= (1-2z)sinz+ (2+z-2%)cosz

we have
f'(x1) =3sin(-1) <0 = stable

f'(z2) = (-3)sin(2) <0 = stable

> (0 = unstable

fl(x*)=2+x-2%=~(z+1)(z~-2)cos(x)

< (0 == stable

(3) The stationary points are x; = 0,25 = 1, and x3 = 2. Then since f(z) = —z(1-z)(2-z) = -2z + 32 - 2°

)

we know f’(x) = -2+ 6x — 32%. Then f’(x1) = -2 < 0 implies z; is stable; f'(z2) =1 > 0 implies x5 is

unstable; f'(x3) = -2 <0 implies x3 is stable.

2 4

(4) The stationary points are when 22 = ¥ = x; = 0,23 = 1,23 = 1. Since f'(z) = 22 — 423, we know

fi(x1) =0, f"(x2) =-6<0, f'(x3) =-2<0. We know xs,x3 are stable, but no conclusion can be drawn

about z; simply from looking at the derivative. However, the phase diagram suggests that f has different

signs on different sides of 0 which implies x; is semi-stable.

13



Intro to ODE Part T Exercises: Chapter 7 YQL

Problem 7.4

A simple model of the spread of an infection in a population is
H=-kIH and I = kIH,

where H(t) is the number of healthy people, I(t) is the number of infected people and k the rate of infection.
Since (d/dt)(H + I) = 0, it follows that the size of the population is constant, H + I = N, say. Substitute
I =N - H in order to obtain a single equation for H(t),

4B pH(N - B).
at

Determine the stability of stationary points for this equation, and draw its phase diagram. Deduce that

eventually all the population becomes infected.

Solution

Treating k and N as constants we find that the only stationary points are H; =0 and Hy = N. Note that
the derivative of the RHS is —kN + 2kH, so H; (when everybody is infected) is stable and Hy (when nobody

is infected) is unstable.

Problem 7.8

Assume f € C. Let 2(t) be one solution of the differential equation
z = f(x).
Show that

(1) If f(z(t*)) = 0 for some t* then z(t) = x(t*) for all ¢ € R (the solution is constant, and x(t*) is a

stationary point); and hence

(2) If f(z(t*)) >0 for some t* then f(x(t)) >0 for all t € R (the solution cannot “reverse direction”). Hint:
use the IVT: if g is a continuous function with g(a) <0 and g(b) > 0 then there is a point ¢ between a, b
with g(¢) = 0.

Of course, a similar result to (2) holds if f(x(t*)) <0 for some ¢*.

14
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Solution

(1) Note that z(t) = z(¢*) = 0, a constant function, is indeed a solution to & = f(z). Now since f(z) e C!,

we know it must have a unique solution. Therefore it is exactly the one we have just stated.

(2) Suppose, by contradiction, that f(xz(t*)) > 0 but there exists f(z(t')) < 0. Then by the IVT there
exists some s € (t*,t") satisfying f(z(s)) = 0. By (1) this implies f is the constant function f(x) =0,
contradicting f(xz(¢t*)) > 0. Hence if f(z(¢*)) > 0 then the function is positive definite. Likewise, if

f(x(t*)) <0 then the function is always negative.

Problem 7.9

Show that for autonomous scalar equations, if «* is attracting then it must also be stable. Hint: use (2)

above.

Solution

By the definition of attracting points, if x* is attracting then there exists a § > 0 satisfying
|zg —2"| <d = x(t) > 2" as t > +oo.

WLOG assume zg < z*. Then the function is increasing at least at some f(z(¢*)). By (2) from the

previous problem we then know f is strictly increasing. Therefore
|z(0) —2*| <& — |z(t) —z¥| < § for all £ > 0.

This implies that, if ¢ < z*, given € we can simply choose d = € and the condition holds. Likewise for the

case when x¢ > z*.

Problem 7.10

Suppose that z(t) is a solution of & = f(z) that is moving to the right. Show that either x(t) - +oo0 or
2(t) — x* where z* is a stationary point. Hint: if z(¢) does not tend to infinity then it is increasing and
bounded above, and so it tends to a limit #*. Show that in this case we must have f(x*) =0. A similar result

holds if x(t) is moving to the left, with +oo replaced by —oo.

15



Intro to ODE Part T Exercises: Chapter 7 YQL

Solution

If it is the latter case (that x(t) + +oo then it tends to some x*. We will now show that f(z*) =
0. Suppose not, then either f(x*) < 0 or > 0. If it is negative, then at some point z; sufficiently close
to x* with z7 < 2* we have f(z1) < 0, and this contradicts f(z)’s moving to the right. On the other

hand, if f(x*) > 0, by the continuity of f, we know that there exists an e-neighborhood of z* satisfying
‘If ze(z" —e,x" +¢€), then f(z) e (f(z*)-0.5f(z"), f(z*) +0.5f(x")). ‘
We will only focus on the f(x) > f(«*)/2 part, namely that there exists € > 0 satisfying that f(z) > 0.5f(«*)

for all x € (z* —¢,2*). Then, since x(t) - x*, there exists a sufficiently large T satisfying ¥ —e < 2(T) < x*.

Notice that, for z(t) € (z* - ¢,2*), we have

Sat) = F@(0) > LS 6") 0.

an F(a(D)) di > fT2 %f(a:*) di

1 T:
. x(Ty) —x(Ty) > %(Tz -Ty) f(x™)
—_ x(T3) >x(T1)+%(T2—T1)f(x*)

>r¥—e+ %(TQ —Tl)f(iﬂ*).

Notice that there is no restriction on how large T can be. If we set

2¢
T2 > Tl + —F
f(x*)

then

" 1 2e -
x(Ty) >x _6+2(f(m*))f(x )=z,

contradicting x(t) strictly increasing and converging to z*. Hence f(x*) must be 0.

16
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Chapter 8 Separable Equations
Problem 8/1 8.1(e)

Solve the equation dy/dt = e‘t2y2 and give the solution in terms of an integral. Describe the behavior of

the solution as ¢t - oo depending on the initial condition y(0). You may assume that
/ T ds= ﬁ
0 2
Solution

If we separate the variables, we get

d 1
et = dy = e dt
dt 32
y(t) 1 [T
f —dy = e di
Yo Yy 0
17 t @
[—f] :f e di
Yly—y, 0
1 1 b
LS f e di
y(t) yo Jo
1
y(t) =
yio - fot et dt

Note that the Gaussian integral — \/7/2 as t — oo, and it is strictly increasing. Therefore if 1/yy = /7/2
then y(t) - oo as t - oo ; if 1/yg < /7/2, i.e., y > 2/\/m, then y(¢) will blow up as ¢t - ¢t* for some finite t*

satisfying
1 LA
- :/ et df.
y(t)  Jo

Lastly, if 1/yo > /7/2, i.e., yo < 2/\/m, then

1
y(t) > ————= as ¢t > oo.

of

1
Yo
Problem 8.2

Solve the linear equation

T+pr=q

17
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by separation of variables.

Solution

First re-write ¢ as da/dt:

dx+ dx
—_— €T = > — = — DX
at p q q-p

d¢
1
dz =dt
q—pr
1 .
/ do= [ ai
q—pr
In(a —
_n(g-pz)
p
qg-px=CeP

— z(t)=Ce P + 4 (of course the C’s are different but it’s just a constant).
p

Problem 8.3

Find the general solution of the equation

ry = ky
that is valid for z > 0.
Solution
First re-write y’ as dy/da:
d 1 k
e = ky —dy = —dz
dx

In(y) = kln(z) + ¢
y=Cz".

18
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Problem 8.6

Previous we have shown, neglecting air resistance, that an apple falling from a height h reaches the ground

when t = \/2h/g. If we include the air resistance the provided that v < 0 the equation becomes

d
md—: = —mg + kv? v(0)=0

v(t) = — /% tanh( f:t)

and hence that the apple now takes a time

= Eln (ek‘h/m_\/e%h/m_ 1)
V kg

with k£ > 0. Show that

to reach the ground. Check that this coincides with the answer with no air resistance (¢t = \/2h/g) as k — 0.

Hint: for small z, ¢* ~ 1 and In(1 +z) ~ x

Solution

We start by using separation of variables:

dv dv k 4
m— =-mg+kv? = — =—g+—v
dt dt
T dv =t with v(0) =0

v 1 t
[ o= [ di
0 ti2-g 0
m [V 1 .
?‘/0‘ @dv:t.

[ 1 45 < tanh_l(x/a),

a? -2 a

Since

the original equation becomes

m

|
=3

—

&

=]

U‘
A



Intro to ODE Part I Exercises: Chapter 8

YQL

v(t) ==/ nlzgtanh(\/ft)

and we are done with the first part. For the second part, recall that [well, not really a recall]

/ tanh(kz) d _In cos]il(k::z:)7

/Ot*v(f)df:—

Substituting the equation for v(¢) and dropping negative signs on both sides gives

t*
\/@f tanh(\/gkf) dt=h
k Jo m

and we want to find t* satisfying

|:\/ ,/ 1 cosh(\/ )] =h
t=0
o
[m lncosh( kf)] h
k m ||
-0
- lncosh( gkt*) =h
m
cosh( gkt*) hkfm
m
Again, recall that [no, not a recall!]
coshz = < -;e” = —2coshze® +1=e* - (e* +e"e ™) +1=0.

Therefore solving the quadratic equation gives

2coshz + V4 cosh® z — 4 I T
oo ZCOTMTEVACOSN T78 _ hars cosh?z -1 = z =In(coshz + Vcosh®z - 1).

2

Notice that while coshx > 1, it’s not hard to verify that f(x) = coshz -V cosh?z—1<1forall z > 1 as this

function is strictly decreasing with f(1) = 1. Then its natural log < 0. Since ¢* should be positive, we discard

coshz — Vcosh? z — 1 and claim that
\/ %t* = In(e"Fm —\/e2hkim _ 1)
m
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or

t =, /kﬁln(ehk/m -\ e2hk[m _ 1),
g

Now as k — 0, if we use the hints ¢* » 1 + z and In(1 + z) ~ z, along with \/z > z for small z, we get

t* = kﬁ ln(ehk/m -V e2hk/m _ 1)
V kg
o (1 M ahiem)
b kg m
» /kﬁln(1+\/2hk/m)
g

My /km\/2hk:/m=\/%.
9 9

Chapter 9 First Order Linear Equations and the Integrating Factor

Problem 9.1

Use an integrating factor to solve the following DEs:

(1)

d
dy y_ o

dr =z

)

find the general solution and the only solutions that is finite when x = 0.

(2) 1
T
— +tx =4t
dt+x

and find the solution with z(0) = 2.
3)
& ztany +siny
d

and find the general solution.

(4)

Y +efy=1
and find the solution when y(0) = e.

(5) With a > 0 find the solution of the equation

dz [ 1]
—+|la+-|x=0
de t

21
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for a general initial condition (1) = zy. Also show that z(¢) — b/a as t — co. You would get the same

result if you replaced a + 1/t by a.

Solution

(1) The integrating factor is exp([ 27 dz) = explnx = 2. Therefore

4 3
I(x)y:xy:/xgd;v:x—Jrc — y:x—+£.
4 4 =z

Since c/z - o0 as x | 0 and ¢/z — oo as x 1 0 for all nonzero ¢’s, the only finite solution for = =0 is if

¢ =0, in which case y = 23/4.

(2) Here the integrating factor is exp( [ ¢ dt) = exp(#?/2). Then

d—zetz/2 + tmet2/2 = d;z: [met2/2] = 4tet2/2
dt dt

t I ~
J:(t)etZ/2 -z(0) = f el 12 47
0
t
ar:(t)et2/2 -2= [46t2/2:|~
x(t)et2/2 =4et°12 9
a(t) =4 - 27112,

(3) First rewrite this DE as

dz .
— — (tany)z = siny.
dy

Then the integrating factor is exp( [ —tany dy) = exp(Injcosy|) = |cosy|. Then

dz

[z|cosy|] = siny|cos y|
dy

2Wlcosy| = [ singleos|dj

) 1 cos y|cos y| . c cosy
2(y) = - cl= -
Y 2 |cos g 2

(4) The integrating factor is exp( [ e™* dz) = exp(-e™*). Then
d -z -z
[yexp(-e™*)] = exp(-¢™*)

dzx

22
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y(@) exp(-e) = y(0)exp(-c ) = [ exp(-e7) di
y(z)exp(—e ™) —e 1t = fow exp(—e™®) dz

y(x) =exp(e™) +exp(e™) foz exp(-e®) di.

5) The integrating factor is ex a+ 1/t) dt) = exp(at + Inft]) = |t|e**. Then
(5) grating p P

d a a
o [z]t]e] = blt[e"

t ~ I ~
x(t)|t|eat—x(1)ea:f blfjee? df
1

bie sgn(?) '
z(t)[t|e™ - zpe® = []

_ftbeagsgn(f) 4
a 1 a

t

_ bte sgn(t) — be® B [be“fsgn(t)]

a a? 1
_ bte* sgn(t) —be®  be® sgn(t) - be”
a a?
b at t) — @
z(t)|tle™ = - (te“t sgn(t) —e® — e&gn()e) +xoe®
a a
a(1l-t) 1 a(1l-t)
az:(t):9+é - _ o4 ¢ + 2o
a a It] at  alt| [¢]

from which we see z(t) - b/a as t > oo which then implies [t| - oo.

Problem 9.7

Suppose that

— <ar
dt

(this is known as a differential inequality). Use an appropriate integrating factor and deduce that
x(t) < z(s)e?t=*)

for any t and s.

Solution
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First rearrange the term and write it in the standard form:

d
d—f —ar<0
Multiplying both sides by e™%¢ gives
i—fe ot _qre™ = % [zef‘lt] <0

Then integrating both sides from s to ¢ gives

qt t -
[me‘“t]{_ < f 0dt
z(t)e ™ —x(s)e”™ <0

r(t)e ™ < z(s)e™™

z(t) < x(s)e™ % = g(s)e?),

Problem 9.8

The function sin(wt) and cos(wt) can be written as

iwt _ e—iwt
sin(wt) =
(wt) 27
and ) )
wt + e—zwt
cos(wt) =

2

Use these forms to find
/ eFtsin(wt) dt,

assuming that the usual rules of integration apply to such complex exponentials.

Solution

eiwt _ e—iwt
f eFtsin(wt) dt = f ektf dt
i

(k+iw)t _ (k—iw)t
= f ‘ ~ dt
24

:%[f (i)t dt_[e(k—iw)t dt]+C
1

24
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(k+iw)t (k—iw)t
_1 [e ¢ ] +C

2i | k+iw k —iw

kt iwt —twt
_67. e - e i

2 | k+iw k-iw

_ kt (k —iw)e™?t — (k +iw)e ™t
=eF [ 2i(k+iw)(k_iw) ]+O

k iwt _ —twt) _ iwt —iwt
:ekt[ (e e —iw(e™ +e )]+C

2i(k2 + w?)
_ e[k sin(wt) — w cos(wt)] ‘C
k2 + w?

Chapter 10 Two ‘Tricks’ for Nonlinear Equations

Problem 10.1

Check that the following equations are exact and hence solve them.

(1)

d
92 —ysec?z + (22 + 2y) =2 = 0.
dx

Solution

Since

d 9 0
—(2zy —sec®z) =22 = —(z*2
o2y —sect ) = 20 = £ (")
we know this equation is exact. Then it has form F(z,y) = ¢. It follows that

F(xal/)=f2$y—sec2a?dat=x2y—tanx+0(y).

Since

0
a—(ny —tanz +C(y)) =2* + C'(y) = 2* + 2y
Y
we know C(y) = y2. Therefore the solution to the original DE is

z? —tanx+y2 =c.

d
(1+e"y+ze®y) + (ze” + 2)—y =0.
dx
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Solution

First check that this DE is exact:
a x x xr x a xr
—(1+e®y+aey) =e” +xe” = — (xe® +2).
dy or

Now suppose the solution is F(x,y) = ¢, then
F(x,y) = [ ze” +2dy = zey + 2y + C(x).

Differentiating with respect to x gives

e’y +xey+C'(x) =1+ "y +xey
and so C'(z) =1 = C(x) = z. Therefore the solution is

x+xe’y+2y=c.
d
(a:cosy+cosx)d—y +siny —ysinz = 0.
z

Solution

First check that this equation is exact:

dy

Therefore the solution is of form F(x,y) = ¢ and

F(xz,y) = f siny —ysinz dz = zsiny + ycosz + C(y).

Differentiating with respect to y gives

xcosy +cosx +C'(y) =xcosy +cosz = C'(y) =0.

Hence the solution is simply

rsiny +ycosx = c.

26
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(4)

d
e’siny +y + (emcosy+x+ey)d—y =0.
x

Solution

First verify that this DE is exact:

0 0
—(e"siny+y)=€e"cosy+1=—(e"cosy +x +¢eY).
dy or

Then the solution is of form F(z,y) = ¢ and
F(z,y) = f e’siny+ydx =e"siny +xy + C(y).
Differentiating with respect to y gives
e’ cosy+x+C'(y) =€ cosy+x +eY
which suggests C(y) = €Y. Therefore the solution is

esiny +xy +e¥ =c.

Problem 10.2

Find an integrating factor depending only on x that makes the equation

d
e’ysecx+2cotx—e’y—y =0
dx

exact, and hence find its solution. Hint: [ cscz dz =In(cscx — cot z).

Solution

Suppose the integrating factor is I(x), then we have

0 —y _ 9 -y
aﬁy[[(g;)(e secm)]—%[—f(x)e ]

-I(x)e Yseca = -I'"(x)e™?

I(z)secx = I'(x).
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Arranging the last equation as I'(x) +sec(z)I(x) = 0 we see that the solution is
I(z) = el 5ecr % — o0z + tana.
Then the original DE multiplied by I(x) becomes
_ _a dy
[(secx +tanz)(e ¥ secx + 2cotz)] + [—(secx + tanz)e Y] e 0
x
of which the solution has form F'(z,y) = C. Then
f —(secx +tanz)e ¥ dy = (secx + tanz)e ¥ + C(x)

and

9 [(secz +tanz)e ™ + C(x)] = secz(secx + tanx)e ¥ + C'(z)

Ox

=secx(secx + tanx)e™? + 2cot z(secx + tanx).
Hence

C(x) = f2cotx(secx+tanx) dz
:f2cscx+2dx

=2In(escx —cotz) + 2 +¢,
and so the solution of the DE is given by

(secx +tanz)e ™ + 2In(cscx — cotz) +2 = C.

Problem 10.3

Show that any equation that can be written in the form

F@)+ 9L =0

is exact, and find its solution in terms of integrals of f and g.
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Solution

If f(x) is a function in terms of only z and g a function in terms of only y then

o1 _,_
oy Oz

which makes the DE exact. Let the solution be of form F(z,y) = ¢ and we have

Foy) = [ f(@) dz+C(y).

Since

gy U (=) dx+C(y)] = C'(y) = 9(y)

we know C(y) = f g(y) dy. Hence the solution is

ff(iv)de/g(y) dy = c.

Now find the solution of

(1) .
V'(x)+ Zy—y =0.
dz
Solution
Let the solution be F'(z,y) = ¢. Integrating V'(x) with respect to = gives
Floy) = [ V(@) do=V (@) + C(y)
whereas 5
F V(@) +Cy)]=2y.
Y
Therefore C(y) = %2 and the solution is
V(z)+y*=c (1)

(2) and of
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Solution

Applying the result derived from (1), the solution is

and arranging terms gives

Iny-ay+2lnz-bx=c

Problem 10.4

By substituting u = y/z, solve the following homogeneous equations:

(1)
2,

ry+y’+a’—x 1
X

Solution

If we let u = y/x then y = zu and dy/dx = v + xdu/dz. Diving the entire DE by z? we get

2 2
y .y dy dy "y .y
T+ +1-—=0 = ==+ =41
T x2 dz dr =z 22
which can be re-written as
d 1 1
u+x—u:u+u2+1:>x—u:u2+1:> du = —duz.

dz dz u? +1 x

Integrating both sides gives

1 1
f 5 du= f — dz = arctan(u) = arctan(y/x) =Inz + c.
u? +1 T

Thus the solution is

y=xtan(lnz + ¢).

de 22 +tVt2 + 22

dt tx
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Solution

Again, letting u = z/t we have dz/dt = u + tdu/dt. Now the original equation becomes

d 24tV + a2
u+td—1z:xtim:§+\/t2/x2+1:u+\/l/u2+l.
X

Rearranging this equation gives

du 1 1
t— =\/1j/u2+1 —= ———du=-dt,
dt / V1ju2+1 t

so integrating both sides and factoring out the 1/u? in the LHS gives

U 1
du:[fdt:\/1+u2:1nt+c.
f\/1+u2 t

Therefore

u==xy/(Int+c¢)?2-1

and

z(t) = +t\/(Int +¢)2 - 1.

Problem 10.5

Solve
dx B

pria

by substituting « = 7! and show u satisfies the linear equation

kxr —x

d
—uzl—ku.
dt

Solve this equation for u(t) and hence find the solution z(t).

Solution

If we let w = 2! then

du__ pds

dt dt
and hence

du
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du

— =2 'k+1

dt

du

—=1-k
— ” U

du
as claimed by the question. Now we try to solve this, i.e., T +ku =1. Clearly the integrating factor is e**:

ekt% + ety = Rt
O r kt
a[e u]:e
O ki, 1 a7 K 17
fa[e u]dt:fe dt
1
ektu:%ekt+c
1
u(t) = P ce™*t.

Substituting = = ™! into this equation we get the final solution:

1
1/k + ce kt’

z(t) =

Problem 10.6

Use an appropriate substitution to solve the equation

i =x(k? - 2?).

Solution

Notice that this equation can be re-written as

o,
dt ’
a Bernoulli equation. If we let w := 272 then

du sdx

o o3

dt dt
= 2273 (K%z - %)
=2-925%72
=2-2k%u

Then, for this linear equation, we can let I(z) = exp([ 2x% dt) = 2<°t be the integrating factor, and the
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equation becomes

2, du 2 2
621{ t +62H t2/~£2u: 2€2K t

Q [62n2tu:| _ 2€2n2t

ot
[ 9 [ezﬁztu] dt = [Qe%zt dt
ot
2k%t
2ty = & —+C
K

1
u(t) = — + Ce 2t
K

2 -1/2

Substituting u=2"" = z=u back to this equation we get

(1) =) —2
A=V T orzezt

33
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