
´e
X :
Ω →
Rn

{fθ :
θ ∈
Θ}
Θ ⊂
R
Y :=
t(X)
θ ∈
Θ
g(θ) :=
EθY

θ(Y )
g′(θ)2

IX(θ)
forallθ ∈ Θ.

Yun-bi-ased
g(θ) =
θ
g′(θ) =
1

θ(Y )
1

IX(θ)
forallθ ∈ Θ.

=
d/dθ(log fθ(X))

Y − EθY
∈

R
θ ∈
Θ

Thisthe-o-rempro-
videsalowerboundonthevari-ance
ofun-bi-asedes-ti-ma-tors
of
θ—ingen-
eral,wecan-notgetes-ti-ma-torswithar-bi-trar-ily
smallvari-ance.
X1, ..., Xn
X =
(X1, ..., Xn)
IX(θ) =
nIX1(θ)
EθY =
θ
θ(Y )1/(nIX1

(θ))
θ ∈
Θ
g(θ)
Y
t
X
θ) =

d
dθ

∫
Rn fθ(x)t(x) dx =∫

Rn
d
dθfθ(x)t(x) dx

∗=
∫
Rn

d
dθ (log fθ(x)) t(x)fθ(x) dx

∗=( d
dθ (log fθ(X)), t(X))(

θ(
d
dθ (log fθ(X)))

)1/2
θ

(t(X))1/2
=√
IX(θ)

√
θY .

∗=
d

dθ
(log fθ(x)) =

1

fθ(x)

d

dθ
fθ(x)

t(x)
d/dθ
∗=
EW =
0
(W,Z) =
E[(W−
EW )(Z−
EZ)] =
E[W (Z−
EZ)] =
E(WZ)

é
d/dθ(log fθ(X))− E(...)

t(X)− E(tθ(X))
=

d/dθ(log fθ(X))

Y − EθY
isaconstant.


