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0.1 Some Random Variables

Example 0.1.1: Bernoulli. Let 0 < p < 1. Define a random variable by P(X =0)=1-pand P(X =1) = p.

n

Example 0.1.2: Binomial. Letn ¢ N. For 0 < k < n, let P(X = k) = (k

flipped among n biased coin flips.”

)pk(l - p)" k. “Number of heads

Example 0.1.3: Geometric. For k € N, define P(X = k) = (1 - p)*~1p. “Number of coin clips needed to see
heads for the first time.”

[ Definition 0.1.4: Normal Random Variable |

Let u € R and o > 0 be two parameters. A random variable X is said to be normal or Gaussian if X has the

X has pdf
1 (z-p)?
fX(J?) - o/ exp( 9202 .

[ Definition 0.1.5: Gamma Function |

For all « > 0, define the Gamma function

I'(a):= /(; ezt da.

Integration by parts suggests that I" interpolates the factorial: I'(1) =1 and I'(n + 1) = (n + 1)T'(n).

[ Definition 0.1.6: Gamma Distribution & Chi-Squared Distribution

Let o, 8 > 0. We say X is an («, 8) distributed Gamma random variable if X has the pdf

2 exp(-z/B)
BT (a)

For example, if o = p/2 and § = 2, we get a chi-squared distribution. Its pdf with p degrees of freedom is

fx(x)= X[0,00) (). (¢h)

2P/? 1 exp(-x/2)
22T (pf2)

[x(x) = X[0,00) (). (2)

(2) is the distribution of a sum of p independent, squared, standard Gaussian distributions (;z = 0,0 = 1).
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[ Definition: (1.36) Indicator Functions

Let A c Q. We define the indicator function x4 : 2 - {0,1} by

1 weA
xa(w) =
0 wtA.

[ Definition: (1.37) Expected Values

Let P be a probability law on Q. Let X : Q - [0,00) be a (nonnegative) random variable. The expected
value is defined by
E(X) := f P(X > 1) dt.
0

If X:Q - Rand if E|X| < oo, define
E(X) := E(max(X,0)) - E(max(-X,0))
If X is discrete, E(X) = " k-P(X = k).

keR
If X is continuous with PDF fx, E(X) = [ z- fx(z) dz.

[ Proposition: (1.43)

The expected value of (finite) sums is the (finite) sum of expected values:

E(ﬁ;Xi) = ﬁ;]E(XJ

[ Definition 0.1.7: Variance & Standard Deviation |

The variance of a random variable is defined by
Var(X) :=E(X?) - (E(X))? =E(X - E(X))>.

and the standard deviation is defined to be the square root of above.

Important property of variance: Var(aX +b) = a® Var(z)

| Definition 0.1.8: Joint PDF |

Let X,Y be random variables and let fy y : R* > [0, c0) be their joint pdf. Then

b d
]}D(angb,chsd)zf f fxy(z,y) dy dz

[ [ vy dyda-1.

and
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[ Definition 0.1.9: Marginal Densities

Continuing on the previous example, the marginal of X is given by

Ix(z):= [: fxv(x,y) dy,

i.e., we “fix” x and integrate fx y over all possible values of y. Likewise for fy (y).

The density of the conditional X |Y =y is

fX,Y(‘rvy)
fr () '

fX|Y:y (x) =

[ Corollary 0.1.10

E(XY) = f f 2y fu.,(X,Y) dz dy. Similarly, if g : R? - R, then

BV = [ [ gty (o) dody.

[ Definition 0.1.11: Independence of Random Variables

Let X1,..., X, : > R. We say they are independent if
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