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Problem 2

Let f:[0,1] —» R satisfy
[f(@) = f)l <V -Vl

for all z,y € [0,1]. Is f necessarily absolutely continuous?

Solution. Yes. For x,y € [0,1] we have |z — y| < |z + y|, so for {(z;,y;)}7, finitely many disjoint intervals c [0, 1],
DN Qi) = [l < YINwi = Vil = Y\ Wi - Vil
=1 =1 =1
n n n
<OV IVE = VEIVE +VE] = Y Vv el < Yl - il
i=1 i=1 i=1

Therefore, we can simply pick 0 := € in the (¢, ) definition to show that f is absolutely continuous.

Problem 3

(1) Show that there exists an increasing function F on R such that F’ = 0 a.e. but F is not constant on any

open interval.

(2) Let E be a closed subset of R which is null for Lebesgue measure, and let G be a bounded, absolutely
continuous, strictly increasing function on R. Show that the function F in (a) can be chosen so F'= G

on the set F.

(3) Show that the function in (a) can be chosen so F’(0) exists and is not 0.

Proof. (1) We consider a right-continuous F' so that ux is well-defined. By assumption pur = 0 a.e., SO up
lives on a m-null set. Conversely, since F' is not constant on any open interval, ur cannot be identically 0
on any interval, so u lives on a dense set of R. To this end, we consider a ux that lives on Q. Let {g,, } be
an enumeration of the rationals and define up(z) := 27§, (). Then

F(z):= ) 277
q;<sT

is the function we seek.

(2) Since F is closed, its complement is open. We claim E* is dense, for otherwise there exists = € R and
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e > 0 such that (x — €,z +€) N E° = @, implying (z — €,z + €) ¢ E so m(FE) > 2¢ > 0, contradiction. Therefore
E¢ is a countable union of intervals. By density, these intervals must be of form {(a;,b;)}i>1-

The result from (a) implies the existence of a function ¢ : [0,1) — [0,1) that is increasing with zero
derivative a.e. but non-constant on any open interval (for we can take rationals only in [0, 1] and define ¢
analogously). Likewise we can define such function from ¢(z;a,b,¢,d) : [a,b) — [¢,d) via translation and
scaling.

Note that
F(x):=p(x;a4,b;,G(a;), G(b;)) where z € [a;, b;)

is increasing and satisfies F'(xz;) = G(z;) for all j so F'= G on E. Also, by (a) ¢ has derivative 0 except on
anull set on (x;-1,x;) so F has derivative 0 a.e. on R. It is also clear that 7' must be non-constant on any

open interval as each ¢ is.
O

Problem 4

Suppose f is absolutely continuous on [0, 1]. Show that for every € > 0 there exists § > 0 such that m(A) < ¢
implies m*(f(A)) < e. In particular, this means that m(A) = 0 implies m(f(A)) = 0. We use outer measure

m” because the continuous image of a measurable set need not be measurable.

Proof. Let ¢ > 0 be given and let § > 0 be the corresponding bound given by the definition of absolute continuity.
We claim that the same ¢ works for the statement given in the question. Let A be such that m(A) < §. Then

there exist disjoint open intervals {(a;, ;) }i»1 € [0, 1] such that
AcJ(ai, bi) and m(A) < m(|J(ai, b)) = Zm((ai, b;)) < 4.
i=1 i=1 i=1
For each (a;, b;), the continuous image of closed [a;, b;] is compact, so there exist ¢; < d; such that

{f(ci), f(di)} = { sup [(x), inf]f(l‘)}

[ai,bi] [ai;bi
Therefore,

m(f(as.b)) = sup f(x) = inf () =|7(d) - (e

[ai,b;]

Then, we have
(7 (4)) < (O b)) < om0 b)

= §|f(di) - fle)|<e

as
U(Ci7di)c U(a“b7) and m(U(a“bZ))<5
=1 =1 =1

This shows the claim and we are done. O
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Problem 5
If f and g are absolutely continuous on [a,b] with g # 0, show that f/g is absolutely continuous.

Proof. Let ¢ > 0 be given and let 6 > 0 be the corresponding bound that satisfies the definition for both the
absolutely continuity of f and that of g.

Since [a, b] is compact and f, g are continuous, both images are compact and in particular bounded. Define

My = sup|f(z)| and Mg = [ianlf]|g(:c)|.

[ab]

Notice that

f(bi)  fla)| &

fbi)  f(b) N f(bi)  fla)
g9(bi)  g(as)

>

o) g(aa g(a) g(ai)
1 n
b; i
~ g(ai) Z; lg(a )||f( )~ fa)]
o _Z|g<b g(az>|+—zl|f<b> fla)l )
g i=1 mg
Therefore if a finite disjoint union 6(% b;) has measure < oo,
=1

éf(bi)—f(am and im(bi)—g(am

both < ¢, s0 (A) < e(My/m2 +1/my). Since € is arbitrary and My/m? + 1/m, is just a constant, we are done. [



