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Weak Solutions

Define C5°(§2) to be {f e C* () : suppf c 2 compact}.

We define two different inner products:

(u,v), = fu-vdx

Q
(u,v), = /QVU-VU dx
We can check that C{°(€2) is an inner product space under (-,-), or under (-,-),. Define |u[3 := (u,u), and ||u||} :=

(u,u),.

Lemma: Poincaré Inequality

For all u € C3° (), |ulo < d|u|1 where d is the diameter of ).

Proof. Since u| o0 = 0, at any point x € (2, we have by FTC

u(z) = Lb Oy u day

where 2 € 9Q and all but the first component of 2 agrees with that of . Then, by Hélder’s inequality,

xr 2 xr
u?(x) = ([b 1-8z1ud£1) <d-(fb |0, ul? dil).

Integrating over ) gives

2 o 2 1~ 2 2
u”dr <d |0y u|” dZ ) dap---dzy, <d* | |Vul|” da. O
Q o \Jab Q

[ Definition 0.0.1: H(£2)

We define H; (1) to be the completion of C§°(2) with respect to | - ||;. This is a Hilbert space.
Lemma
Each u € H}(Q) belongs to L*(2) and has partial derivatives u; € L?(Q). Furthermore,

(v,u)q = —(Ov/xj,u), for all v e C3° ().

Moreover,

(u,v), = /Qujvj dz



