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0.1 Evolution Equations
Consider an ODE
x(t) = Az(t)
z(0)=1b
where A is a matrix and b € R™. Linear ODE theory gives z(t) = /b where
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Also, {e* |t e R} has the group property

0A _ I etAesA _ e(t+s)A.

and
If A is symmetric, there exists an orthonormal basis of eigenvectors {vy, ..., v, } with eigenvalues Ay, ..., A,, such that
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Now we use linear semigroup theory and extend the above notion to linear operators in infinite dimensional spaces.

Consider q

au(t) = —Lu(t)

uw(0) =g for g e L?(Q)

u=0 on 0f.
(For example, consider u; = Au the heat equation.) When a7/ (z) = a?!(z) and b°(z) = 0, then the elliptic operator
L is symmetric (like how A is a symmetric matrix above), and the solution can be decomposed along orthogonal
basis {1, p2, ...} of L?(Q):

u(t) =), e (g, k) 12 o1 = Sig t>0.
k=1

Note that L is unbounded (as A\ - oo as k — o0). However, S; are bounded for ¢ > 0, and moreover the family of

linear operators {S; | t > 0} is a linear semigroup, since
So=1 S;0Sg =5, forall s,t>0.

Roughly speaking, S; = e ! (roughly because L is unbounded and the exponential formula is not necessarily valid).
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