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From Notes on Set Theory:

(6) Prove thatif AcB = A-CcB-C.

Proof. Pick any z € A- C. It follows that x € A and x ¢ C. Since A c B, x € A implies = € B and so
reBAax¢C,ie,xzeB-C. Hence A-CcB-C. O

(7) Prove BcC = AxBcAxC.

Proof. Pick any (z,y) € A x B. It follows that € A and y € B. Since B c C, y € B implies y € C' and so
xeAnyeC,ie., (x,y) e AxC. Hence Ax Bc AxC. O

(8) Prove Au(BnC)=(AuB)n(AuC).
Proof. “c”: pick any x € Au(BnC). Then either z € Aor z e BnC.

(I) If x € A then clearly x e AuB and v €e AuC, and so z € (AuB)n(Au(C).

(II) fxe BnC thenze Band x € C. Thenze B = ze€¢ AuBandze(C = ze¢ AuC and so x ¢
their intersection too, i.e., x € (AuB)n(AuC).

Hence “c” has been proven. Now we show “3”: pick any y € (Au B)n(AuC). By definition y € Au B and
ye AuC.

(I) If y € A then the claim holds.
(IT) If y ¢ A then to make sure y € Au B we need y € B, and likewise y € C. Hence y e BnC.

In either case, we see that y e (AuB)n(AuC) implies y € Au (B n ). Hence the LHS c the RHS, and

we therefore conclude that indeed the two sides are equal. O
(9) Prove An(BuC)=(AnB)u(AnC).

Proof. “c”: pick any z € An(Bu(C). By assumption we have x € A and x € BuC,ie., (x€Aand z € B)

or (x € A and z € C'). This means precisely z € (AnB)u (AnC).
“5” now pick any y € (An B)u (AnCC). This means either y ¢ An B or y € AnC. Immediately we can
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confirm y € A, and at least one between (y € B) and (y € C) is true, i.e., y €¢ BUC. Therefore y € An(BuC).

Having shown both “c” and “5”, we conclude that the two sides are indeed equal. O
(10) (De Morgan’s) Prove (An B)¢= AU ch

Proof. Since both directions follow a similar logic (simply apply definitions of U, N, etc.), from now on,
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instead of showing “c” and “>” separately I will show both together using a chain of <= statements.

Note that the chain of == ’s show c whereas the chain of = ’s show o.

ze€(AnB) < x¢AnB
— x¢Aorx¢B
<= z €A or x € B¢

«— xeA°uU B O

(11) (De Morgan’s) Prove (Au B)¢ = A°n B°.
Proof. xe(AuB) < xz¢ AuB
— gx¢Aandx¢ B
<= ze€A°and x € B¢
<~ xeA°nB°. O
(12) Prove A-(BnC)=(A-B)u(A-C).

Proof. (This entire statement is equivalent to (10) if A can be treated as a universal set.)

xeA-(BnC) <= zeAandz¢ BnC
< xeAand (x¢Borax¢(C)
<~ (zeAandz¢B)or (zedand x¢C)
< rxeA-BorzxeA-C
«— xe(A-B)u(A-0C). O
(13) Prove A-(Bu(C)=(A-B)n(A-C).

Proof. zeA-(Bu(C) < zeAandz¢ BuC
<~ zeAand (z¢ Band z¢C)
<~ (reAandz¢ B)and (reAand z¢C)
«~— zxe(A-B)n(A-0C). O

T Assuming U is the universal set, A := U — A = A®; even though A doesn’t cause any confusion here, it may in the future (e.g.

closure), so I prefer to use A€ to denote the complement.
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(21) Prove Ac B if and only if A- B =g.

Proof. AcB < (x€ A = x¢B)
«~ {z:zcAbutz¢B} =02
= A-B=g. O
(22) Prove Ac B if and only if AnB = A.

Proof. Notice that, AnB={x:x€ Arxz e B} is always a subset of A, regardless of whether A c B or not.
It suffices to show (A c B if and only if A c An B), which can be proven as below:

AcB < (xe A = x€¢B)
<~ (reA = zeAand z€B)

«~— (reA = ze¢AnDB)

— Ac AnB. O



