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Let Dy, Dy ~DU(0,6,n) (i.e., the probability of d =1,...,6 is uniformly 1/6) so that the represent the
rolling of the two dice. Then X = max(D1,D2) and Y = Dy + Dy. Since min(R(D;)) = min(R(Ds)) =
1 > 0 we immediately see that Dy + Dy = max(D1, D2) + min(D,Ds) so Y > X always holds. On the
other hand, since Y = Dy + Dy < 2max(D1, D) = 2X we see that ¥ < 2X.

Going further, notice that Y = 2X if and only if the two rolls are identical, in which case once that
number is fixed, the probability is (1/6)? = 1/36.
For the more general case where Y < 2X if max(D;,D2) = m and Dy + D2 = n > m, then either
(D1,D3) = (m,n—-m) or (Dy,D3) = (n—m,m). Hence this probability is 2/36. To out formally,

1/18 ne(m,2m)

P(X=m,Y =n)=11/36 n=2m where  (m,n)e{l,...,6} x{2,...,12}.
0  otherwise
Let X, Dy ~DU(0,6,n). Immediately we see that Y > X. In fact we can directly compute the joint pmf:
m/36 m=n (Y can take any value)
P(X=m,Y=n)=11/36 m<n (Y fixed too) where (m,n)e{1,...,6} x{1,...,6}.
0 otherwise

Let D1, Dy ~DU(0,6,n). We have X = min(Dy, D3) and Y = max (D1, D3). Immediately we see Y > X
and the case Y = X is obtained if and only if D; = Dy. If Y =y > x = X then again we have two
possibilities: (D1, D3) = (x,y) or (y,z). Hence

1/18 m<n
P(X=m,Y=n)=11/36 m=n where (m,n) e {1,...,6} x{1,...,6}.

0 otherwise

To find ¢ we want the integral of the joint pdf to be 1, namely
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so it follows that ¢ = 1/8.

(b) We simply plug in the formulae:

Yy 3o~y
Fr@)= [ ely? -a?)e de =
-y

for y € (0, 00),
and (since given z, y is defined on [|z|, 00))
Ix(@)= [T el -at)e v dy
=c LT yle ¥ — 2%V dy

[ —y?e Y —2ye ¥ - 2¢7Y + 2% y]

y=|z|
e17l(1 +[a])
Lelel)

oo\»—~ 0| —

(e71(2fa] +2) =

(¢) Notice that

ze 1l x z)e Il T
in(e) < S Oy

so integrating over this odd function would evaluate to 0, given that the upper and limits are symmetric

across 0.

Ex.6.9 (a) It is clear enough that as x,y > 0 the function f(z,y) > 0, so it suffices to check that the integral

1 2 1 2
f f §(m2+ﬁ) dydngf f 22+ zy/2 dy dz
o Jo 7 2 7Jo Jo
1

evaluates to 1:

2 2
fX(ac):/O g(x2+%) dy:gfo x2+xy/2dy:g(2x2+x).

1 T
(¢) P(X >Y) is given by integrating the joint pdf over the region described by f f dy dz:
0o Jo

P(X>Y)= ff (gc +—)dydx
7/ z° +—dm
1\ 6 5 15
:7(4+16) 716 56
P(Y >1/2,X <1/2)
P(X <1/2)

P(Y >1/2,X <1/2) = fl/zf (2 xy)d d
> < + —
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(d) P(Y >1/2|X <1/2) is given by so we will need to compute both sides separately.
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and

1/2 1/2 6 5 5
P(X<1/2)= / f ( )d de = - f 202 vxdr=— — = —
0 7 7 24 28
Therefore P(Y > 1/2 | X < 1/2) = 69 - 28/(448 - 5) = 69/80
(e)
1 16 6 5 5
EX:f d:/ 223 +2?) dz =2 2= 2
[X] Omfx(x)x 07(x+x)x767
()
6
f yfy (y) dy = f f 7( 7@;) dz dy
6 2y 9> 6 4
_2 (=¥ ay=2 [Y Y gqy=-2.2-2
7f0y(3 4)y 7[03 1 Y78
Ex.6.19 (*) Clearly 1/x is always positive for 0 < z < 1 so it suffices to evaluate the integral
1
[ / —dydz = f dr =1.
0
(a)
11
fy(y):/ —dz=-1Iny for y € (0,1).
y X
(b)
z1 T
fX(x):/ —dy=~=1for z€(0,1).
0w x
(c)
1 1
E[X]:f cde==
0 2
(@) ) 1
E[Y :[ _ylnydy= -
[Y]= | -ylnydy=]
Ex.6.21 (a) Again, clearly given the conditions on z,y, f(z,y) > 0. It remains to check the integral
1 ,l-a 1
/ / 24xydydx:/ 122(1 - 2)* dz
0o Jo 0
1
:f 122 - 2422 + 1243 dz
0
=6-8+3=1.
(b)

1
E[X]:fo 2fx(z) do
1 1-x
:/ :17[ 24xy dy dx
0 0
1
:f 122%(1 - z)* dz
0

1
:/ 1922 - 240® + 122 de =46+ 22 = 2.
0

The conditions on = and y are completely symmetric; also 2/5
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