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Problem 0.0.1

Prove that all norms on a finite-dimensional vector space are equivalent.

Proof. Let V be a vector space with 8 ={ey,...,e,} a basis for it. Define
lz|g = (Z|O‘i|2) where = ) a;e;.
i=1 i=1
It immediately follows that |- | defines a norm on V. Furthermore, (V,| - |s) =R" (isometrically isomorphic).

To see this, consider T : R™ - V defined by
T(a,...,qp) = Z ;e
i=1

Since S is a basis of V', each = € V is uniquely represented by this basis. Hence T is linear and bijective. In

addition,
n 1/2
|T<a1,...,an>|g:(z|ai|2) o an)le
=1

(The RHS is the standard Euclidean norm on R™.) Therefore we have used 8 to identify V with R™.

Now, let || - || be any other norm. By Cauchy Schwarz, we have

< Sladlled] < (zm ) (z led] ) - el W
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l=]s i=c2 a constant

n
2] = || 3 e
i=1

Now it remains to show that there exists a ¢; > 0 such that ¢;|z|g < |z|. We first show that the mapping

x ~ ||z|| is continuous with respect to || - | g: indeed, by triangle inequality we have

|z <o =yl + vl [zl =yl < |z -yl
= = llz] = lyll < |z -yl <callz - yl5.
Iyl <l + ]y - | Iyl = Izl <y -]

Now consider the unit sphere with respect to | - | 5
S:={veV:|v|g=1}.

Certainly, by the isometry to R™ and Heine-Borel theorem, S is compact. Therefore |z| is bounded on S and
it also attain its bounds. In particular, the lower bound ¢; > 0 because it is the norm of some ' € S (so |z'| #0

or otherwise ' =0 ¢ S). For any arbitrary (nonzero) z € V, we have
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Combining (1) and (2) we see that any arbitrary | - | is equivalent to |- |g. Now, let |- |1,] 2 be two norms

on V. We know both are equivalent to || - | 3. Therefore there exist c¢1, ¢2,d,d2 > 0 such that

alzls <l < calzlg

C1 C2
— Daf<Jabh < el
difzlp < [z]2 < da]]s ? !
Therefore |- |1, | - |2 are equivalent, and the claim follows. O
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Problem 0.0.2

Show heuristically that differentiating a function f corresponds to multiplying its Fourier transform f (&) by

the linear function 27i&, i.e., that

7 =2migf(£).

Proof. With the assumptions provided by the hint,

— Sl it u = 6—2771'537
F© = [ r@eed
-0 dv = f'(x)dx
= f@e |7 (comie) [ p@)e e ds
= 2mig £ (€).
Problem 0.0.3
Show heuristically that, for sufficiently nice f: R - C, if
dn dn—l
9= S f e raf,

then
9O = [(2RiE)" + ey (2mi)™ +-- 4 o] F(€).

Proof. By applying the result from the previous problem inductively, we have

F®(€) = (2mie)* f(€).

It is also clear that (¢f)(¢) = ¢f(€). The claim the follows.

du = —2mige 2™ g
v=f(z)



