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If p,9 € (R™)*, define an alternating bilinear map, the wedge product, ¢ A from R x R” to R, by
(e ) (v,w) = p(v)Y(w) —p(w)ip(v).
Problem 1

Show that
{dz Ady,dx Adz,dy A dz}

is a basis for the vector space of alternating bilinear maps from R? x R3 to R. Strictly speaking, dz,dy, and
dz are differential 1-forms defined on R so we should evaluate them at a point p € R3, but their values are

independent of p and it is standard to just write dz,dy, and dz.

Proof. From HW12 we know that dx(p) = ef,dy(p) = e, and dz(p) = e}, regardless of choice of p. Thus it

suffices to show that

* * * * * *
{el nes el neg ez nest

forms a basis. By definition these three are indeed bilinear and alternating, so it remains to check their linear

independence and span. For linear independence, suppose for some i < j we have
* * * * * *
ci(el ney)(ei e;) +ca(el nes)(eie;) +cs(es nes)(ei ej) =0.
Then,

0= a(er(ees(e;) —ei(e;)ex(ei))
+ca(ei(ei)ez(e;) —ei(ei)ez(e;))
+cs(ez(ei)ez(e;) —ez(ei)ez(e;))
=¢1(01,i02,5 — 01,j02,3) + €2(01,i03,j — 01,j03;) + €3(02,303,j — 02,;03.;)
=c if (¢,7) = (1,2), coif (4,7)=(2,3), andcsif (¢,5) =(2,3).
Therefore, letting ¢, vary, we see ¢ = ¢ = c3 =0, i.e., these three wedge products are linearly independent.

To show they span the entire space of alternating bilinear maps, let ® : R? x R? - R be an arbitrary map with

such property. We aim to find ¢, ¢a, ¢3 such that ® = ¢; (e Ael) +ca(ef nes)+ces(es nel). In particular, adopting
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the Kronecker delta notation from above,
D(eq,e9) = D(e1,e3) =co and ®(eq,e3) = c3.

Therefore

O =P(eg,e)(ef ney)+P(er,ez)(el ney)+P(ez,e3)(es nes).

The alternating property of ® guarantees that it agrees with our hypothesized linear combination on all (e;, e;) €

R3 x R3, not just those with i < j. For i > j, take for example (7,5) = (2,1):
@(62761) = 61(51,252,1 - 51,152,2) =-C1.
For i = j, since @ is alternating, we expect ®(e;,e;) = D(e;,e5) = —P(e;,e;) so D(e;,e;) = 0. Indeed,
ci1(e1 ez — e ke2 k) + ... = 0.

Therefore {e} A e}, el Aeh, el Ael)} spans Alty(R3,R). O

Problem 2

For an element o = aje} = agze + azel of R® = Alt; (R3 R), define ®(a) € R® to be the vector (ai,az,az) or

equivalently aje; + ases + azes. Similarly, for an element
a =ajge] Aey+ajze] Aes +aszes Aes

of Alto(R3,R), define ®(a) € R? to be the vector (ag3,-a13,a12) or equivalently asze; — ajzes + ajzes. (The
minus sign would disappear if we used e; A e] rather than e] Aej.)
Show that, for a, 8 € (R?)* we have

D(anB) = P(a) x ()

where x denotes the usual cross product of vectors in R3.

Proof. By definition of wedge products,

an B = (are] +azes +ages) A (bre] +baes + bsey)

= aibi(e] nel) +arba(el Aey) +arbs(el Ae3)
+agbi(e; nel) +asba(es nes) +azbs(es Aes)
+azbi(e; nel) +asba(e; ney) +asbs(e; Aes)

= (a1b2 — agbl)(ei A 6;) + (a1b3 - a3b1)(ef A 6;) + (a2b3 - a3b2)(€§ A 6;)

SO

(I)(Oé N 6) = (a2b3 — a3b2)61 - (a1b3 - a3b1)€2 + (a162 — a2b1)63

which is exactly the cross product of ®(«) x ®(8) = (a1,a2,a3) x (b1, b2, b3). O
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Problem 3
More generally, the abstract definition of wedge products will imply that if o1, ..., g are in (R™)* then

RN Z (_l)sgn(o)@o(l) ® ... ® Po(k)-

O'ESk

In particular, for 1, @2, 03 € (R?)* we have

PLAP2 NP3 =1 O Y2 QY3 — Y1 ®P3d P2
+ 2 ® Y3 @ 1 — Y2 B Y1 B Y3

+ P38 P1 ® P2~ P3® P2 B Y.

Show that {dz A dy A dz} is a basis for Altz(R3,R).

Proof. We first show that anything of form ¢1 A w2 A 3 is alternating:

(01 A2 Aps)(v1,v3,v2) = @1(v1)p2(vs)es(v2) — p1(v1)ps(vs)p2(va)
©2(v1)p3(v3)e1(v2) — w2 (v1)p1(vs)ps(v2)
©3(v1)p1(vs)p2(v2) = 3(v1)p2(vs)p1(v2)

= —p1(v1)p2(v2)p3(vs) + @1(v1)p3(v2)p2(vs)
= p2(v1)p3(v2)p1(vs) + pa(vi)p1(v2)ps(vs)
= p3(v1)p1(v2)p2(vs) + p3(v1)p2(v2)e1(vs)
= (1 A2 Ap3)(v1,v2,3).

The remaining cases (e.g. comparing above with input (vy,vs,vs)) are similar and omitted. Since dz(p) = e}

and likewise for the other two, we have

(deAdy ndz)(er,ea,e3) =ej(er)es(e2)es(es) =1,

so indeed this wedge product is nontrivial.
To show that {dx A dy A dz} spans Alts(R3 R), it suffices to check that the latter is one-dimensional. Indeed,
this is true because any multilinear map in Altz(R3, R) corresponds to taking the determinant of a 3 x 3 matrix:

if o1 = f11dz + fi 2dy + f1 2dz and likewise for the other two functionals, then

fir fi2 figs
CLApanps=|fa1 fa2 fo3 dz dy dz.
fa1 fa2 fas

Given that the matrix is fixed and the determinant unique, we see that Altz(R® R) is one-dimensional as any

3-form on R? is simply of form f dz A dy A dz where f is a function on R3. O
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Problem 4

Prove that d od = 0 for d acting on 0-forms and 1-forms on R?.

Proof. For a 0-form f on R?,

df = fd +8—fdy+?dz

It follows that (assuming the order of mixed partials is interchangeable, which is indeed guaranteed by symmetry

of D*f)

52 2 2
(dod)f = . J;dx/\der aaxgydx/\dy+ aaxafzdx/\dz
92 2 2
o f 9 o°f
3 8xdy/\dx+ 9 2dy/\dy+8 5
92 92 92
Ozafxdz Andx + 0z8fydz Ady + a—fdz Adz

0% f 0% f o%f  O*f o%f  9%f
= - dz ad - dz ad - dyndz=0.
[8m6y Oyox radyT 0xdz 0z0x rndzr 0ydz 020y yndz=0

dy Andz

Likewise, for any 1-form o := fdz + gdy + hdz on R3,

[0f of of
,3xd By dy+a dz_/\dx

[ g 89 dg . ]
“Zdz + =2dy + —=2dz|ad
+ »8;E a Y + 8 Z_ VAN Y
" Oh oh oh

+,8 dz 8—dy a—dz_/\dz

; @_ﬂ] [@_@] [ﬁ_@]
_[3x By dz Ady + 9y 02 dy Adz + 9 on dz Adez,

da =

so taking the exterior derivative once more gives
% ) f ]
| 020z Oy0z |
[ 0°h 0%g

| dydx 020 |
[ 92f  0%h

| 020y - 0x0y |
0?g 0%g 0*f 0*f 0’h 0%h

= - - - dzadyad
0x0z 0z0x 8y82+825‘y+8y8x 0xdy vhdynds

=0.

(dod)a dz Adyadz

dy Andz Adzx

dzAdx Aady

Note that (x,y,2),(y,z,z), and (z,x,y) are all even permutations in S3 and thus the signs agree. O

Problem 5

Let a be a 1-form on R3 and let V be the corresponding vector field. Show that the 2-form da corresponds
to the vector field curl(V). Similarly, let 3 be a 2-form on R* and let W be the corresponding vector field.
Show that the 3-form df corresponds to the function div(W).
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Proof. The first part directly follows from the previous problem, as the curl of the vector field (f, g, h) is precisely

<@_@ of _oh @_if>
Oy 0z 0z O0Ox 0x Oyl

For the second part, suppose our 2-form looks like fdyAdz+gdz Adx +hdax Ady (so that it represents the vector

field (f,g,h)). Then, its exterior derivative is

= [ 4e s g4 24,
dg = _3xdx+8ydy+8zdy_/\dy/\dz

+ -%dx + gzdy + %dz_ Adz Adx

+ -%dx + gZdy + %dz_ Andz Ady

= gdx/\dy/\dz+@dyAdz/\daﬁ@dz/\dzAdy
Ox Jy 0z
= (gj:Jrgg +%)dx/\dy/\dz,
which indeed corresponds to the divergence of (f,g,h). O



