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Problem: 7(a)

Let ¢ > 0. For any complex number s, show that the improper Riemann integral

foo ts—le—ct dt
1

converges. If the real part of s is greater than 0, prove the improper Riemann integral

/w ts—le—ct dt
0

converges. When c =1 this integral defines the I' function.

b
Proof. For the first part, it suffices to show that the integrals / t57te " dt is Cauchy; equivalently, it suffices
1

ba
to show that when by,bs are sufficiently large, f t*1e™" dt can be made arbitrarily small. Indeed, since
by

tlir£1°|ts|/ed/2 = tlirglo t7() [etI2 ~ () (as given by the hint), we are able to find by, by large enough such that
|t>~1| < /2. Then we can bound the integral by
" psLeet g < f b2|ts‘1e‘ct| dt < f " et gy,
by by by
The last term is much nicer, as
9e-c/?

=— <
C

)

[ e—ct/2 dt = _ze—ct/2
1 Cc 1

b
which implies f ’ e~ dqt - 0 as min(by,be) - co. This proves the first claim.

b1

1
For the second claim, we only need to verify that f t* L™ dz is finite. Since ¢ >0 and t>0, e * <1, so
0

1 1 1 1
[ 5teet dt<[ ot dtsf |t3‘1|dt:f Tl gy,
0 0 0 0

By assumption PRe(s) > 0 so Re(s—1) > —1. Even Calc I students would realize that this integral is finite. O

Problem: 7(b)

For any complex number s with real part > 1, we want to define (a variant of) the Riemann ¢ function using

the improper Riemann integral formula

£(s) = fowts/“( i e i’ —1) dt.

Show that this improper Riemann integral exists and is given by
§(s) = 2T (s/2)¢(s)

where

I'(s):= /Owts_le_t dt ¢(s):= 2%
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[ Proposition |

For this problem, you may assume the following statement on nets. Let (A, <) be a directed set and consider

a sequence f,(a) of a real-valued nets f, : A > R. Assume that
(1) for each n, the net f,(a) converges (in a) to a limit L,, € R and
(2) the nets f,, converge uniformly (as a sequence of functions A — R) to some net f: A > R.

Then L,, converge to some L € R and lim, f(a) exists and equals L. In other words,
lim lim f,(a) = lim lim f,(a).
a Nn—>oo n—-oo a

Proof. Following the hint, we will first consider

b o 5
/ ts/?l( Z e Tin _1) dt

n=—o0o
and then let ¢ — 0 and b — oo. By the first problem, Z e is the limit of a uniformly convergent series of
n=—oo

continuous functions and is therefore continuous. Thus the entire integrand is continuous and the integral from

a to b is well-defined.

In addition, since f and Z for a uniformly convergent series are interchangeable,

bt [N rtn? | N —rtn? S A
fts Yo ey e dt=22f 32 e dt.
a n=1 n=17a

n=-1
Now define A to be the set of pairs of real numbers (a,b) with 0 < a < b where < is defined as (a,b) < (a’,’) if

a’' <a<b<bd'. Define i
b
fr(a,b):=23" f /2717 gy,
n=17a

By part (a), since Re(s/2) >0, ( b)hn(lo )fk(a,b) exists for any k. The net condition (1) is satisfied.

To show our construction of f;(a,b) also satisfy condition (2), we need to show {f;} is uniformly Cauchy. To

do this, we need a u-substitution u = 7n?¢t. For M > N and arbitrary (a,b), this gives

M b )
fM(avb)_fN(a,b) =2 Z f t5/2—le—ﬂ'tn dt
n=N “a

2 —
L )
i Jrnza \ N2 2

_ -s/2 b s/2-1_-u g i
=27 . u e du- Z

n2a nen N°

Mo
<2r I (s/2) Y —.
n=N n

[e)

1
We know that if Re(s) > 1 then Z — converges, so indeed the last term can be made arbitrarily small. This
n

n-1

proves that the fi’s are uniformly Cauchy. By the proposition,

li li b) = li li b).
(a,b)i%,oo)ki%fk(a’ ) kljlgo(a,b)l»%,oo)fk(a’ )
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Evaluating the RHS is highly analogous to the computation above, except this time we actually have ((s) for

the last term. Therefore,

fs)=2% [T e = 9m o T(5/2)¢(s). 0
n=1 0

Problem: 7(c)

Show that the improper Riemann integral

1

n=—oo

makes sense for all complex s.

Proof. We will again adopt the notion of convergent nets here. Just like before, we can rewrite the doubly-infinite
series minus 1 as 2 times a singly-infinite series and we can also interchange the summation and integral.

Define A to be the set of real numbers > 1 and b < b if b< ¥, and define

b k
L (b) =2 t—l ts/2+t(1—s)/2 e—'n’tnz dt.
fu(
1 n=1

Again, by part (a), for any k, blim fr(b) exists so the net condition (1) is satisfied.

Now we verify that f(b) form a uniformly Cauchy sequence as k - co. For M > N
M b 5
fM(b) _ fN(b) -9 Z f (ts/Q—l + t(l—S)/Q)e—ﬂtn dt
n=N 71

o tn?/2 b /2-1 | ,(1-5)/2Y\ -7tn?/2
:22@”" /(tS o AR TR ¢
n=N 1

M b
<9 Z e—ﬂ'n2/2 f AtKe_Trtn2/2 dt
n=N 1

S

<2 Z e—ﬂ-n2/2 fbAt(K+1)—1et~(—w7L2/2) dt
n=N 1

finite for each n

where A and K are some constants, as one between t¥/2~1 and t(1=)/2 will surely decay and the total sum is

clearly possible to be bounded by AtX. Since we are looking at a finite sum, we can just leave the integral like

M 2
that, as long as each one is finite by part (a). It remains to show that » e ™™ /2 is finite, which we’ve shown
n=N

all the way back in problem 1(b). Therefore the net condition (2), and the proposition gives

[ t_l(ts/2 + t(l—s)/2)( Z e—ﬂ'tn2 _ 1) dt =2 Z [ t—l (t5/2 + t(l_s)/2)6_7rtn2 dt. ]
1 n=171

n=—oo
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Problem: 7(d)

Show that for complex s with fRe(s) > 1, we have

2 ® 4 _ & 2
t ts/2 t(l s)/2 Ttn® _ 1] dz.
s(1-s) " fl (" 2 e

n=—oo

£(s) =~

) 1 oo
Proof. We first split f into f + f :
0 0 1

€(s):f01ts/2‘1( i e‘”t”Q-l) dt+f1°°ts/2‘1( i

[}

Using u-substitution u := 1/t with du = —t2dt and the result from problem 1(c), we have

1 o0 1 o0
f ts/”( > e“"2—1) dt:f u””( > e""Q/“—l) (~1%) du
0 0o

n=—oo n=—oo

_ f ul—s/Q ( Z 6*71"!12/’11. _ 1) U—Z du
1 n=—oo

_ foouls/Q( Z 6*71"!12/1/. _ 1) du
1

n=—o0o

[prob 1(c)] = /l.oouls/Q( 2 \/ﬂe”mzu - 1) du

:f u(ls)/Q( Z 6—7run2_ )du

1 n=-oo

(" t<1s>/2( 5 _) .
) DN

n=—o0o

- 5=

et 1) dt.

()

Substituting (V) into (M), we see that the difference between their sum and the (big) integral given in the

problem is

fwt(‘s‘l)/z - L) - [oot(‘s‘”/? dt—fwt‘s/z‘l dt
1 NG 1 1
2

2 2

s—1 s  s(l-s)

This proves the claim.

Problem: 7(e)

Show that the zeta function satisfies the function equation
C(s) = 2875 L sin(ws/2)T(1 - 5)¢(1 - s).

You may assume that

I(s)I'(1-s)= for 0 < PRe(s) <1

sin(7s)
and that
VT I'(s).

28—1

I'(s/2)L((s +1)/2) =
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Proof. Notice from part (d) that £(s) = &(1-s). Thus,

£(s)m*/?
20 (s/2)

E(1-5)n02  g(s)n-P2

and ¢(1-s) = 2 ((1-5)/2) _QF((I—S)/Q).

¢(s) =

Therefore we can relate ¢(s) with ((1-s) by

_E(s)m? g(s)n(2 B DRI 5)/2)
S 2l(s/2)  2T((1-s)/2) I'(s/2)

¢(s)

s

I'(s/2)T(1- 8/2)7 the cyan term becomes

Since sin(ws/2) =

rCDEL((1- 5)/2)

= sin(rs/2)m(3s-3)/2 -5 -5 .
o (rs/2)x (1= 5/2)T((1 - 5)/2)

Using the second identity given, I'(1 - s/2)I'((1 -s)/2) = gF(l —s). Therefore,

C(s) =C(1-5)-sin(ms/2) - w(2=3/2. 2ﬁ T(1-5)

=257 L sin(ws/2)I(1 - 5)¢(1 - s). O
Problem: 7(f)

Given the above extension of {(s) to the complex plane, show that ((s) # 0 unless s = =2k or Re(s) = 1/2.

Proof. 1 have discovered a truly remarkable proof which this margin is too small to contain. O



