g o, RIDGE TEXTS .
-+ __INAPPLIED
- __ MATHEMATICS

L An Introduction to -
~ Dissipative Parabolic PDEs and
- the Theory of Global Attractors

-\_\.;9,////,
e

S




Infinite-Dimensional Dynamical Systems

This book develops the theory of global attractors for a class of parabolic
PDEs that includes reaction—diffusion equations and the Navier-Stokes equa-
tions, two examples that are treated in detail. A lengthy chapter on Sobolev
spaces provides the framework that allows a rigorous treatment of existence and
uniqueness of solutions for both linear time-independent problems (Poisson’s
equation) and the nonlinear evolution equations that generate the infinite-
dimensional dynamical systems of the title. Attention then turns to the global
attractor, a finite-dimensional subset of the infinite-dimensional phase space
that determines the asymptotic dynamics. In particular, the concluding chapters
investigate in what sense the dynamics restricted to the attractor are themselves
“finite-dimensional.” :

The book is intended as a didactic text for first-year graduate students and
assumes only a basic knowledge of elementary functional analysis.

James Robinson is a Royal Society University Research Fellow in the Mathe-
matics Institute at the University of Warwick.
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Preface

Inspired by the success of dynamical systems theory in treating finite-dimen-
sional systems, a similar approach has been developed for partial differential
equations over the past two decades. In particular, this book focuses on the way
in which the long-term dynamics of certain models can be studied by means of
their global attractor, and it aJms 1o give a didactic introduction to the subject
ata level suitable for a first-y year UK graduate student.

As such, there are various disparate topics that need to be covered, and I -
have attempted to provide what I hope is more than just an “introduction”
to the theory of global attractors by giving a systematic development of the
subject from its most basic foundations. There are, however, many excellent
texts that treat some of these topics individually, and I would particularly like
to mention Renardy & Rogers (1992), Evans (1998), and Gilbarg & Trudinger
(1983), which have all had a large influence on the organisation of material in
the earlier chapters, and Temam (1988), which contains, in some form, much of
the material in later chapters.* Finally, Doering & Gibbon (1995) cover some of
the same material in the context of the Navier—Stokes equations, and this book
can be viewed in part as a retelling of their results in a language applicable to
many other examples.

When I started writing I was planning to produce the kind of book that I
would like to have read when I started my Ph.D.; I hope that, in the end, I
have managed to produce the sort of text that I should have read. Although my
natural inclination was to assume the minimum analytical background (having -
in mind my own inadequacies as a graduate student), considerations of space

* His book, Infinite-Dimensional Dynamical Systems in Mechanics and Physics, has influenced my
choice of title, even though both books treat only a subset of such systems. The theory of global
attractors relies on some kind of dissipation, automatically excluding Hamiltonian systems, for
example. The main focus here is on the Navier-Stokes equations and related modefs.

Xv



xvi Preface

have forced me to assume some previous familiarity with the theory of Lebesgue
integration, of which just a brief outline is given in Chapter 1. Since knowledge
of general measure theory is not necessary, a readable treatment of integration
such as that given in Priestley (1997) is more than adequate.

The first part of the book covers the functional analysis needed throughout all
that follows. Chapters 1—4, which concern Banach and Hilbert spaces, existence
and uniqueness theory for ordinary differential equations, linear maps, spectral
theory for compact symmetric operators, dual spaces, and weak convergence,
may be revision for many readers. This section concludes with a lengthy chapter
that treats Sobolev spaces, a cornerstone of the theory, in detail.

Chapter 6 treats questions of existence, uniqueness, and regularity for
Poisson’s equation. Although restricted to this case for ease of presentation,
the analysis there can easily be adapted to more general elliptic equations.

From here on all the machinery is in place to consider existence and unique-
ness for time-dependent equations. Chapter 7 introduces the Galerkin method
as a means of proving these properties, using a linear parabolic equation as an
example. These ideas are then applied in Chapter 8 to a scalar reaction—diffusion
equation and in Chapter 9 to the two-dimensional Navier-Stokes equations with
periodic boundary conditions.

Chapters 10-12 introduce the global attractor and show how to prove its
existence for the two examples of Chapters 8 and 9. Chapter 13 defines the
fractal and Hausdorff measures of dimension and provides a method to esti-
mate these dimensions for global attractors, which is then applied to our two
examples.

The next three chapters investigate how the finite dimensionality of the at-
tractor affects the asymptotic dynamics. Chapter 14 concerns the squeezing
property, covering “determining modes,” approximate inertial manifolds, and
exponential attractors. Chapter 15 treats the theory of inertial manifolds, using
the geometric “strong squeezing property” as a basis for the analysis. Chap-
ter 16 shows that the attractor can be parametrised using a finite number of
parameters, and it gives a proof that there is a finite-dimensional system that
reproduces the attractor dynamics.

The final chapter consists of a series of exercises that apply many of the tech-
niques learned throughout the book to an analysis of the Kuramoto—Sivashinsky
equation.

It is a peculiarity of the British tradition that the rigorous study of partial
differential equations is not a common element in the syllabus of many math-
ematics departments. Even to students with a strong background in functional
analysis the material in Chapters 5-9 is likely to be new. As such, teaching from



Preface XVvil

this book requires some judicious editing of material. When I gave one of the
lecture courses from which this book is partly derived, I restricted attention to
Sobolev spaces of periodic functions (the majority of Chapter 5 can then be re-
placed with Appendix A) and similarly avoided the many calculations involved
in the regularity theory of the Laplacian in general domains. In this way one
can get on to the more interesting questions raised in the second half of this
book at an earlier stage than would be possible if treating Sobolev spaces and
elliptic regularity in detail.

Many people have been helpful, knowingly and unknowingly, in the creation
of this book over the past four years. Thomas Ransford’s elegant Cambridge
Part III lecture course on distribution theory was revelatory and completely
changed my view of pure mathematics, while Colin Sparrow’s course on dynam-
ical systems was equally inspirational. Paul Glendinning, my Ph.D. supervisor,
was a great encouragement as [ then tried to combine my two new enthusiasms.

Some years later I was very fortunate to have the opportunity of lecturing
on some of the material here as a Part I1I course in two consecutive years, and
without David Crighton’s initial encouragement to turn my lecture notes into
a book I would not even have started this long task. Rebecca Hoyle managed
to sit through the first of these courses (of which thankfully little trace remains
here) and was extremely supportive throughout. A kind invitation from José
Langa, Tomds Caraballo, and Enrique Ferndndez Cara to give a series of lectures
at the University of Seville over the Easter period in 1997 was the germ of
Chapters 9-16; during my visit I enjoyed unparalleled hospitality, particularly
from José.

Ciprian Foias, John Gibbon, Edriss Titi, and Roger Temam have all been
continually inspiring and maintained my enthusiasm for the subject as a whole,
and Brian Hunt very kindly provided me with a proof I needed for Chapter 13,
which is reproduced in Appendix B.

Tania, who has been very patient as my head has filled up with Sobolev
spaces, has made me laugh and smile for the past three years; while Daisy, our
cat, has sat repeatedly on whichever pile of papers I most needed, this particular
talent keeping me cheerful throughout the final weeks of constant revision.

Finally, my utmost gratitude goes to Peter Friz and Robert Mackay, both
of whom read through the manuscript very closely and critically, and without
whom there would be many more errors and inconsistencies than those which
undoubtedly remain. The responsibility for these is, sadly, entirely my own.



Introduction

Since Poincaré initiated the qualitative study of solutions of differential equa-
tions at the end of the nineteenth century, the theory of dynamical systems has
had an important réle to play in our understanding of many physical models.

However, unti] relatively recently the application of such ideas was mainly
restricted to finite-dimensional systems, such as those that arise in the study
of ordinary differential equations (ODEs) or iterated low-dimensional maps.
It is only within the past two decades that similar techmques have been sys-
tematically applied to the infinite-dimensional systems that arise from partial
differential equations (PDEs).

This 'book develops the dynamical systems approach to a certain class of
PDEs, dissipative parabolic equations, and investigates their asymptotic be-
haviour by means of an ob—je'ct called the global attractor.

Provided that the function f is sufficiently smooth (see Chapter 2), the solu-
tions of a finite set of coupled ODEs,

x = f(x), x e R™, ¢8

(x is short for dx /dt) give rise to a dynamical system on the finite-dimensional
phase space R™. If x(¢; xp) is the solution of (1) with x(0) = xp, then we can
define a solution operator T'(¢) : R” — R™ by

T(t)xo = x(t; X0)-
The dynamical system generated by (1) is specified by the pair
R™ AT O}rer) €3

of the phase space R™ and the family of solution operators {7 (f)};er. We
sometimes abbreviate (2) to (R™, T (£)).



2 Introduction

Although the inclusion of the phase space in the definition might seem some-
what pedantic, in the case of PDEs the specification of an appropriate phase
space is a large part of the resolution of the problem. Since this phase space
w111 be an infinite-dimensional space of funcﬂoﬁs- we will need various tools
from functional analysis, and these are developed in Chapters 1-5.

We illustrate some ideas with the simple example of the heat equation on a

one-dimensional domain,
Up = Uxyx, uf0) = u(mr) =0. 3

(The notation , is shorthand for du/d¢, and u,, is shorthand for 3%u/0x2.)

To look at this equation a little more closely, we will expand the solution
u(x, t) of (3) in terms of a Fourier series on [0, 7]. The boundary conditions
mean that we need only sine terms, so we can write

o]

u(x,t) = Zc,, sin nx. )

n=]

Substituting this expansion into (3) and comparing coefficients leads to an
infinite set of ODEs for the {c,}:

dcn 2 ( )
= —n‘c,. 5
dt

This is one way in which we can think of (3) as giving rise to an “infinite-
d1mens1ona1” problem

However, it is Tiot ‘immediately clear what constraints we ought to put on
the variables {c,} to specify our phase space completely One poss1ble choice
would be to restrict to solutions for which the energy

E=/ Iu(x)lzdx
0

is finite. Since the functions {sinnx} are orthogonal, we can calculate £ in

terms of the {c,):

oQ

E=Zlal

n=1

In this way finite-energy solutions correspond to choices of Fourier coefficients



Introduction 3

that are square summable:

Z lcal? < o0. (6)

n=1

Althou gh this choice of “ﬁnite—energy” solutions is a natural one, it does pose
a problem If we are prepared to treat any function u(x) that corresponds to a
set of coefficients satisfying (6), we end up with the Lebesgue space of square
integrable functions L2(0, ),

L%0,7) = {u : /" lu(x)|*dx < oo}.
[}

Now, there are functions in L2(0, 7) (or, equivalently, functions whose Fourier
coefficients satisfy (6)) that are not continuous, let alone twice (differentiable.
Although (5) makes sense for the coefﬁcrents the original equatron (3) does
not make sense for the corresponding function u given by (4).

If we are not gorng to exclude certain choices of {c,} that satisfy (6) but do
not correspond to twice differentiable functions (which would produce a very
convoluted deﬁnmon of our phase space) then we need a way of understandlng_

1f

u= E CpSINNX

n=]
then we can define u, by

o

Upy = Z —nzc,, sinnx O]

n=l

evenif the series in (7) does not converge to a function in any classical sense. The
distribution derivative and the Sobolev spaces of functions whose der1vat1ves
are in L?, covered in Chapter 5, offer one way of doing this rigorously.

Related is the concept of a weak solutron ‘which essentially allows the clas-
sical derivatives we expect in (3) to be replaced with such “generalised deriva-
tives” (they are actually weaker than this!), This idea is introduced in Chapters
6 and 7, which deal with Poisson’s equation,

—Au = f, ulpe =0



4 Introduction

(“weak in space”) and a linear parabolic equation,

%+Au=f(x, 1), g =0
(“weak in space and time”),

We can interpret (3) as a dynamical system for the coefficients {c,}, but we
can also interpret it as a dynamical system on L2(0, 7). In this case we treat the
spaual and temporal dependence of u(x, ) in fundamentally different ways. If
we take a “snapshot” of u(x, t) ata part1cular time 7, then the result is a function
of x alone, v (x, 7). If thls is an. element of L2 for each t then the evolution of
u(x, 1) in time traces out a trajectory in L2, In later chapters we make almost
exclusive use of this interpretation, suppressing the x dependence and writing
things such as “u(z) € L?” as a convenient shorthand. ThlS gives a second, and
more useful, sense in which we can understand (3) as an mﬁmte—dlmensmnal
ploblem

If we are going to use (3) to define a dynamical system on L2(0 ), then
we need to obtain existence and uniqueness of solutions, and in parﬂcular we
have to be sure that if the initial condition u (x,0) is an element of L%(0, m)
_then so is u(x, t). To check this for (3) is simple, since we can use (5) to find
the solution u (x, 1) explicitly. If

oQ

u(x,0) = Zc,, sinnx,

n=|

then (5) gives

u(x,t) = ZC” "I sinnx.

n=1

Assuming that u(x,0) € L?, so that 3 o0 |c,|>dx < oo, we want to check
that

Z lel?e™"™ < oco. ®)
n=1

We now come across another potential problem. It is easy to see that 1f t>0
then the sum in (8) is finite, In fact, we have

oo oo
2 -
S leal®e ™ < ey el
n=1l

n=l
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and so the energy (which is proportional to this expression) decays to zero as
t — 00, [Since

o] S

}:mmﬂ=/|wnmwxswunﬁh
n=1 0

we could also write this in terms of the function u(x, t) as
luwCx, )Mz < e flulx, 0)lz2, Q)

showing that u — 0 in the sense of L? convergence.]

However, if we consider the case ¢t < 0, then the exponentials in the sum,
which were responsible for the dissipation of energy as r — 0o, now cause the
coefficients to increase dramatically with n. So dramatically, in fact, that if, for
example

|
u(x,0) = Z - sinnx
n=1
(this has finite energy m3/12), then
oo
1 —2,‘12
> —e ’ (10)

does not converge for any ¢+ < 0. The dissipation, which leads to “nice”
behaviour as ¢t — 00, is directly responsible for the blowup of solutions in
t < 0.

Because of this we are forced to restrict our discussions to positive times.:
The best we can ope for is to be able to define a “semidynamical system,”
replacing the group of solution operators {T'(¢)};cr, Which we could define in
the ODE case, with a semigroup of solution operators {S(¢)};>0. In this way
we are led to consider the semidynamical system
(L2, 1), {S("}i20).- a1

In contrast to the case of ODEs, for. which there exists a general theory
guaranteeing existence and uniqueness for a wide class of problems (this is
covered in Chapter 2), no such unified approach is possible for PDEs, Each
equation usually needs to be studied in 1t§ownr1§ht if we are to show that it has
unique solutions, which can then be used to define a semidynamical system as
in (11). We do this for two examples: a scalar reaction—diffusion equation,

a
5; — Au= f(u), ulag =0,
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in Chapter 8, and the Navier—Stokes equations with periodic boundary condi-
tions in two dimensions,

%—vAu—l—(u-Vu)—l—Vp:f(x), V.u=0,
in Chapter 9.

The restriction that we can only define the solution for + > 0 does not
interfere with one of the fundamental insights from the theory of dynamical
systems, which motivates much of our approach: the complexity of the problem
is significantly reduced'if we are prepared to neglect any transient phenomena
and concentrate only on describing the limiting behaviour as + — oco. For
example it follows from (9) that the limiting state of the system is u(x) = 0,
and a description of the “asymptotic dynamics” becomes as simple as can be.

In Chapter 10 we show that in some situations, which correspond physically
to systems in which there is dissipation {friction, viscosity, etc.), the asymptotic
dynamics all take place on a compact subset A of the original phase space. We
call this set the “global attractor,” and we verify that the scalar reaction—diffusion
equation from Chapter 8 and the two-dimensional Navier-Stokes equations
from Chapter 9 are both “dissipative” and so have a global attractor (Chapters 11
and 12). We also discuss the situation for the three-dimensional (3D) Navier-
Stokes equations in some detail.

The remainder of the book concentrates on properties of this set .4 and how
Wwe can use its existence to deduce important consequences for the behaviour
of the underlying PDE. For example, under certain mild conditions, it turns
out that on .4 we can define §(¢) sensibly for all ¢ € R, and so the dynamics
restricted to the attractor define a standard dynamical system,

(A, {S@)}ser).

One of the most important properties of many of these attracting sets is that
they are ﬁmte~dtmenstonal subsets of the original, infinite-dimensional. phase '
.space. We prove this property for our two examples in Chapter 13, and it is
the implications of this surprising result that occupy Chapters 14—16, where we
investigate in what sense we can conclude that the original infinite-dimensional
system is “in effect” finite-dimensional.

The final chapter consists of a long series of exercises that apply many of
the techniques covered in the book to analyse the one-dimensional Kuramoto—
Sivashinsky equation,

U+ Uyyxx +uxx+uux=0, u(x,t):u(x—l—L,t).
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A Note on the Exercises

Each chapter ends with a series of exercises, which should be considered an
integral part of the book. Indeed, several results proved in the exercises are
used in the main body of the text. Some of the exercises in Chapters 1417
are considerably more involved than those in the preceding chapters, since the
material here is much more recent and is all still a focus of current research.

A full set of solutions to the exercises is available on the World Wide Web,
at the following address:

http: //www.cup.org/titles/0521635640.html

I would welcome any comments, suggestions, or errata; these can be e-mailed
to me at

jcr@maths.warwick.,ac,uk

Errata will be posted periodically at the above web address.
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Banach and Hilbert Spaces

The purpose of this chapter is to review some results from basic functional
analysis, empha51smg those aspects that w111 be useful in what follows. We in-
troduce various examples of Banach spaces, in partlcular the spaces C" of con-
tinuous functions and, after a brief outline of the construction of the Lebesgue
integral, the L? spaces of Lebesgue integrable functions. The final section treats
some basic results concerning Hilbert spaces, of which L? is our mostimportant
example.

The material here is somewhat dry, but these are essential foundations. If
the ideas are familiar, it is still worth paying attention to the Young and Holder
inequalities (Lemmas 1.8 and 1.9) and the technique of mollification (introduced
inSection 1.3.1) by which we will prove various density results (Proposition 1.6,
Theorem 1.13, and Corollary 1.14).

1.1 Banach Spaces and Some General Topology

A norm on a.vector space X is a function [-|| : X — [0, 0o) satisfying

(i) |lx|| = 0if and only if (iff) x = O,
(@ii) [|[Ax|l = |A|llx]| forallx € X, » € R, and
@ii) [lx + yll < lxll + lly| forall x, y € X (the “triangle inequality™).

A normed space is complete if every Cauchy sequence converges, and a
Banach space is a complete normed space. Although this means that strictly a
Banach space is a pair (X, |[-[|x) of a space and its norm, we will usually use
the more convenient notation X alone and specify the norm separately. Most
common Banach spaces have a standard norm associated with them, and this
is almost always the norm we will use, denoting it by ||-[|x. If there is any
ambiguity we will specify the definition of the norm explicitly.

11
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A subset ¥ of a Banach space X is dense if its closure in X, written Y, is all
of X. Equivalently, Y is dense in X if every element of X can be approximated
arbitrarily closely by an element of Y, so that for any € > 0 there exists a
y € Y such that || x — y|| < €. In particular it follows that if x € X we can find
asequence y, € Y such that

Yn —> X in X as n— 00,

(ie. such that [y, — x[lx — 0 as n — ©0). Showing that spaces of smooth
functions are dense in spaces of Lebesgue integr:ible functions is one of the
major topics of this chapter (Theorem 1.13 and Corollary 1.14).

If a Banach space X has a dense subset that is also countable then we say that
X is separable. Occasionally the existence of such a countable dense subset
is used to simplify an argument, so we will be careful in this chapter to point
out any spaces that are separable. It follows easily that the finite product of
separable spaces is also separable and a linear subspace of a separable space is
separable (see Exercise 1.1).

Finally, the topological property of _compactness will often be vital in our
applications. Recall that a subset £ of a  Banach's space X is compact if every
open cover of E contains a finite subcover (see Exercise 1.2 for one application
of this definition). An equivalent characterisation, which we will find much
more useful, is that Eis compact iff every sequence in £ contains a convergent
Asubsequence That i is, if we know that {x,} & E then there exists a subsequence
Xy, = x* W1th x* € E. Often we w111 be trylng to solve a problem P that we
“ P,, which approx1mate P (m some sense), and for whxch we can ﬁnd asolution
_xs. If we can also show that the solutions x,, lie in a compact set, then we can
hope that the limit of some convergent subsequence x,, will be a solution of
our original problem P, This is the fundamental idea behind the approach we
will use to prove the ex1stence of solutions of our model PDEs in Chapters 7-9.

" We will'now cover various examples of Banach spaces, all of Wthh will be
needed in what follows. We start with the simplest.

1.2 The Euclidean Space R™

We write x € R™ as x = (x1,...,xn). Then properties (i)-(iii) are easily
checked for the standard Euclidean norm

m 1/2 ‘
x| = <Zx}.> (L.1)
j=1
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and also for the alternative norms

m
It = max |x;|  and  flxlp =D |x;l.
j=l..m

(The reason for the subscripts on the norms is that they are part of a whole
family of possible norms indexed by p,

m i/p
x 1l = <Z |x,-|") : (12)
Jj=1

We will come across these again in a different context later (Definition 1.19).)
The completeness of R™ is part of its construction, and it is clearly separable
(the set of all m- tuples of rational numbers, @™, is a countable dense subset)

Two norms ||-||; and ||-[|2 on a Banach space X are said to be equivalent if
there exist positive constants a and b such that

allxllz < llxlly < blix|l2, xeX. (1.3)
We now show that although there are many possible norms on R™, they are all

equivalent. This follows from the Heine-Borel theorem, whxch asserts that a
subset of R™ is compact iff it is closed and bounded

Theorem 1.1. All norms on R" are equivalent.
Proof. Let [x| be the standard norm (1.1) on R™, and let ||x|| be another
norm. We first show that x > [[x] is a continuous map from R (with the

standard norm) into R. If we denote the standard basis of R™ by {e;} (i.e.,
=(,...,1,...,0), with the 1 in the jth place) then

> xi = yie:

i=1

m
<) lx = willed
i=1

<é lle: ||2) "’ <§ xi — y,-|2) N

=Clx —yl,

[l = liyll| < e =yl =

A

A
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using the Cauchy-Schwarz inequality

m m ]/2 m ]/2
- (£4)(5+)
=1 i=1 i=1

(which is just |a - b| < |a||b]) to split the sum,
So, certainly x +> | x| is also a continuous map from the closed set

S={xeR":|x]=1}

into R, Since S is closed and bounded it is compact, and so ||x|| is bounded on
S, and attains its bounds: there exist » > a > 0 such that

az<|xll b for all x with |x| = 1.

Since the bound is attained, and ||x|| = 0 iff x = 0, it must be the case that
a > 0.
Now for a general y € R™, set x = y/|y|, so that x € S. Then

H H IIyII
(] IyI

which gives (1.3) and shows that |-| and ||-|| are equivalent. It follows immedi-
ately that any two norms on R” are equivalent.

If (X, [|-lx) and (Y. [[-]y) are normed spaces, it follows from this result that
we have a wide choice of norms to use on the product space X X Y. Generally,
we will use the simplest choice,

fle, Y xxy = llxllx + Hle}_',

the exception being the occasional times when we consider R™** as the product
R™ x R", and we nonetheless use the standard R”*" norm.

In contrast to Theorem 1.1, we will now see that there are many different
possible norms on infinite-dimensional spaces and that these need not be equiv-
alent.

1.3 The Spaces C" and C""7 of Continuous Functions

Throughout this book we will denote an open subset of R” by the Greek letter
Q, using € for its closure and 3§2 for its boundary.

The space C°($2) consists of all continuous functions on 2, and C°(R)
consists of all continuous functions on 2. Note that functions in C°(£2) need
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not be bounded, whereas if §2 is bounded those in C%(£2) are both bounded
and uniformly continuous. The space of bounded continuous functions on €2
is written C9(<2). Unless € is unbouridéd (e.g., 2 = R™) this is a somewhat
artificial space, since we can identify CJ (£2) with C°(2) when 2 is bounded.

The standard norm on C°($2) (or CY(£2) when €2 is unbounded) is the supre-
mum (“sup”) norm, -

l#llco = sup [u(x)]. (1.4)
xef

(The reason for the oo subscript will be seen in Section 1.4.3 below.) It is
straightforward to check that this norm satisfies properties (i)-(iii) above. If no
other norm is specified, the space “C°(€2)” will denote the space equipped with
the sup norm of (1.4). This space is complete - the uniform limit of continuous
functions is itself continuous — and so is a Banach space. It is also separable,
as the following simple argument shows.

Proposition 1.2. If 2 is bounded then c? () is separable.

Proof. This follows from the Weierstrass approximation theorem (see, for ex-
ample, Theorem 7.32 in Rudin (1976)): the set of all polynomials is dense in
o (5_),. and the set of all polynomials with rational coefficients (a countable
set) is deﬁsé in the set of all polynomials, m

Other spaces of continuous functions involve higher orders of differentiabil-
ity. For functions on general subsets of R, the use of multi-index notation is
an elegant way to express mixed partial derivatives, We will use the notation
D; to denote 3/dx/, so that, for example,

m

[Vul* => " |Djul’. (1.5)
J=l
A multi-index & is a vector consisting of m nonnegative integers (o1, . .., &m);

we write || for the sum of the entries,
el =1+ - - 4 .
For any vector k = (ky, ..., k), we define k® by

o« 1y o
=0k



16 1 Banach and Hilbert Spaces

We also set

D* =D} ...D%
(as if D were the “vector” (Dy, ..., Dy,)) so that we have

Jer|
P
If we define
al=oa!. .. ay!

and

(5)=w=mm= () - (30)
B)  @—pB \A P
then we can write, for example, Leibniz’ theorem as
D*(fg) = Z(;)Dﬂf D* P, | (16)

Bza

where we say that 8 < o if B; <oy foralll <i <m.
Making use of these multi-indices we can now define the spaces C" (),
which consist of functions f, all of whose derivatives up to and including order

r are continuous,

C'(Q) = {f:D*f e C°(Q) for all |&| < r},
and the space of “smooth” functions C*°(£2) that are infinitely differentiable
on £2,

C®(Q) = ﬂ C'(Q).

Since Q is open, it is hard to apply compactness arguments to functions in
C"(R2). To get around this, we introduce the notion of the support of a function,

supp f = {x: f(x) # 0},

where X denotes the closure of X in R™, This definition gives the smallest
closed set supp f suchthat f = Oon R™ \ supp f. We now define a family of
spaces consisting of continuous functmns with ¢ compact support in £2. However,
these spaces are not complete (see Exercise 1.3).
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Definition 1.3. The The space C.(Q) consists of all functions in C"(2) whose
support is a compact subset of Q. [The most useful members of this family are
co(sz) and C°°(§2) ]

Since compact subsets of € will be used frequently, we use the special
notation

Kccea

to mean that K is a compact subset of Q. Note that if X CC § then X is

bounded away from 92; i.e., there exists an € > 0 such that
B(x,e) C Q2 for all x €K,
where B(x, €) denotes the open ball centred at x and of radius e,
Bx,e)={y: |y — x| <€}

(To denote a closed ball we simply add the closure overbar to B (rather than
over the whole expression B(x, €))

Bx,e)={y:ly — x| <€}

Note that any function f € C.(2) is in fact in C"(K), for some K CC Q.
Spaces of continuous functions on closed sets become Banach spaces when
endowed with an appropriate norm, :

Definition 1.4. For . bounded, C'(Q) consists of all r-times continuously
differentiable functions, with norm

Ifller = SuPID“f(X)I

ll<r xeQ

The space C*(2) is defined by
Ce@=[)C"®.

Similar arguments to those above (Proposition 1.2) show that C "(Q) isa

g T

into a Banach space (see Exercise 1.4 for one possible remedy)
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With a little further notation, we can also introduce a family of separable
Banach spaces C"*¥ whose definition includes some information about the mod-
ulus of continuity of the rth-order derivatives (you are asked to prove in Exercise
1.5 that they are indeed Banach spaces). We say that a function g: X — Y is
Hélder continuous with exponent 0 < ¢ < | if there exists a constant C such
that

lgtxy —gWMlly < Clix —ylk, x,y€eX

If y = 1 we say that g is a Lipschitz function, with Lipschitz constant C,

Definition 1.5. C"Y (Q) consists of all functions in C"(2) whose rth-order
derivatives are Holder continuous with exponent y. That is, there exists a con-
stant C (which may depend on f) such that

[D* f(x) — D*f(y)| < Clx — y|¥ whenever lee| =7

The norm is

|D%f(x) — D* f(y)l

lx — yl¥

Ifllexr = Nfllex +  sup

x,yeﬁ. |et|=r

For example, the space C%! () consists of Lipschitz continuous functions
on . If Q is convex then any C'(2) function is Lipschitz (see Exercise 1.6),
but a L{pschitz function need not be C' (although a Lipschitz function is dif-
ferentiable almost everywhere; see Theorem 6 in Section 5.8 of Evans (1998)).
In this way, the spaces C"¥,0 < y < 1 can be viewed as intermediate between

' C"and C"H, o

1.3.1 Moliification and Approximation by Smooth Functions

We will now use the technique of mollification to show that functions in C 2»(4;2)
can be approximated arbitrarily closely by functions in C2°(2): given any
f € C%) and any € > 0, there exists a function ¢ € C°(2) with

If =l < €.

[Note that this does not show (and cannot) that C°(£2) is dense in CS (£2), since
CY(S) is not a Banach space.]
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Mollification provides an explicit way of finding a smooth function that
approximates a given less regular function. We define p (x) by

, L -
plx) = {gexp<lx|2—1)’ x| <1,

[x| > 1,

where ¢ is chosen so that
/ plx)dx = 1. (1.7)

Note that p € C°(R™). The mollification of u, uy, is

up(x)y =h=" / o (x _ y)u(y) dy. (1.8)
Q h

[Xf we were to write
o"2) = k™" p(z/h)

then the expression for the mollification u, is exactly the convolution of p*
with u, up = p" * u. Many authors (e.g., Evans (1998)) choose to adopt this
notation., }

Proposition 1.6 (Mqllt)‘icaﬁon of C? Functions). Let u & C?(Q). Then uy, €
C®(Q) if h < dist(supp u, 3K2), and uj, — u uniformly on Q as h — 0.

Proof. For h < dist(supp u, 3€2), (1.8) is a function in C2°(2), since (i) we
can differentiate under the integral sign with respect to x and (ii) the support of
uy, lies within an h-neighbourhood of the support of 1, and so within a compact
subset of £2.

Now, the functions u, tend uniformly to u as 7 — 0 since by (1.7) we can
write

up(x) —u(x) =hr™" / I (x—]-—z) [u(y) —u(x)ldy,
[9) 1

which gives, using (1.7) once again,

[ (x) —u(x)| < sup |u(y) —ulx)|.

ly~x|<h
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Since the support of u is compact, u is uniformly continuous on 2, and
so given € >0, h can be chosen sufficiently small to guarantee that
lup —ulloo < €. m

Mollification preserves other properties of smooth functions, for example
their modulus of continuity (see Exercise 1.7).

1.4 The L? Spaces of Lebesgue Integrable Functions

We will quickly review the fundamentals of the theory of Lebesgue integra-
tion, in particular giving some results that will be useful in studying spaces of
integrable functions.

1.4.1 Lebesgue Integration

We follow the presentation in Priestley (1997) and start the construction of the
Lebesgue integral by defining the integral of simple functions for which there
can be no argument as to the correct definition. First we define the volume, or
measure, of a simple block in €2,

1 =] lax bid, (1.9)
k=1

n

p) =11 =] —a0.
k=1

We will say that a set A has “measure zero” if, given any € > 0, one can write
j

with the /; m-dimensional cubeids as in (1.9), such that E]. 1] < e.
The class S(2) of simple functions on 2 consists of all those functions s(x)
that are nonnegative and piecewise constant on a finite number of blocks,

n

sy =) e;xljiE), _ (1.10)

j=1

where ¢; > 0, each /; is a cuboid in € as in (1.9), and x[A] denotes the



1.4 The L? Spaces of Lebesgue Integrable Functions 21

characteristic function of the set A,

I, xeA,
x[Al(x) = {0’ X ¢ A
We define the integral of s(x) by
/s(x)dx = cind)). (1.11)
Q

j=1

It is tedious but fairly elementary to check that this integral is well defined
on S(£2), so that if s(x} is given by two possible expressions (1.10) then the
integrals in (1.11) agree.

Now, if s,(x) is a monotonically increasing sequence of functions in
S(2) (Sy+1(x) = sp(x) for each x € ), then it follows from the Definition
(1.11) that the sequence

/Sn(x)dx (112)
Q

is also monotonically increasing. Provided that the integrals in (1.12) are uni-
formly bounded in n, then

lim | s,(x)dx
n—>0Q Q
exists.

One can show that each monotonic sequence s,(x) for which the integrals
in (1.12) are uniformly bounded tends pointwise to a function f(x) almost
everywhere (a.e.), that is, except on a set of measure zero. We denote the set of
all functions that can be arrived at in this way by Li,.(£2), and for such functions
we can define

/f(x)dx= lim/s,,(x)dx.
Q =00 Q

Again, we have to check that this definition does not depend on exactly which
sequence {s,} we have chosen.

Finally, we define the space of measurable functions on 2, written L1 (), to
be all functions of the form f(x) = fi(x) — f2(x) with fi and f; in Linc (),
and we set

/Qf(x)dx=/Qf1(X)dx—/sz(x)dx.
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We now state some fundamental convergence results from the theory of
Lebesgue integration. Note that “a.e.” is also used for “almost every”; and “for
ae. x € 7 means the same as “almost everywhere in 2.

Theorem 1.7. If Q is an open subset of R™ then:

(i) (Monotone Convergence Theorem) If | f,,} is an increasing sequence of
measurable functions with

0< i) <= oalx) <--- for a.e. xeQ

then

lim [ f,(x)dx = / (nm f,.(x)) dx.
Q Q n—>00

n—o0Q

(it) (Fatou’s Lemma) If  f,,} is a sequence of nonnegative measurable func-
tions, then

/ (nmmf f,,(x)) dx < liminf / £ () dx.
Q 11— 00 n—>o0Q Q

(iti) (Dominated Convergence Theorem) Let { f,,} be a sequence of measurable
Junctions converging pointwise a.e. to a limit on . If there is a function
g € LY(Q) such that | f,(x)| < g(x) for every n and a.e. x € 2, then

n—00

lim [ f.(x)dx =/<1im f,,(x)) dx.
Q Q 1—=>00

1.4.2 The Lebesgue Spaces LP() with 1 < p < oo

We now study the family L7 (£2) of spaces of Lebesgue integrable functions,
for 1 < p < oo. We will find that L?(€2) has a particularly important part to
play in what follows (cf. Introduction). The L? norm is given by the integral
(to be understood in the Lebesgue sense)

I/p
nfhp:(lﬂfQNMu) , (1.13)

and L7 (£2) consists of all functions with finite L? norm.
We want to show that (1.13) does indeed define a norm. However, note that
axiom (i) for a norm requires that

lfi=0 iff f=o0.
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In other words, two functions are equal iff the norm of their difference is zero.
Now, the Lebesgue theory of integration attaches a zero value to any integral

| rerax

for which f is zero almost everywhere, that is, except on a set of measure
zero. Thus we have to view each element of L? not as a function, but as an
equivalence class of functions that agree almost everywhere. In practise this
distinction causes few problems, but we must always bear in mind that “u = 0
in L?(£2)” means only that u = 0 almost everywhere in §2.

Axiom (ii) (that | Af || = |X|[| fII) is straightforward, but the triangle inequal-
ity (iii) requires some work. We will need to use Holder’s inequality, which is
based on the simpler inequality given in the next lemma.

Lemma 1.8 (Young’s Inequality). Ifa,b >0, p,q > 1 with p~' + ¢~ =1,
then

p b‘I
ab< L4 2 (1.14)
P 4

Sometimes we will use “Young’s inequality with €,”
ab < ea? +€71/Pp1, (1.15)

which follows from (1.14) applied to ab = [(¢)"/Pal[(e)~'/Pb} since p,q > 1.
Proof. Consider the function
P11
f@)y=—+-——r
P q

Then for ¢+ > 0 this has the minimum value f() = 0 when ¢ = 1. Setting
t = ab™? it follows that
Pp=d
a’b +l_ab—q/p20,
P q

which simplifies to give

P q
L iyt = ab,
P

When p and ¢ are as in the above lemma we say that they are “conjugate in-
dices” (sometimes it will be convenient to write “(p, g) are conjugate indices™).
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Lemma 1.9 (Holder’s Inequality). Let (p, q) be conjugate indices with | <
p < 00, and suppose that f € LP(Q) and g € L1(2). Then fg € LY (Q), with

I fglier < 1fleeliglra.

A more general version of this inequality is given in Exercise 1.8.

Proof. Consider

[ f(x) Ig(x)ld
x
a Ifllze lgllLs

so that Young'’s inequality (Lemma 1.8) gives

£ 8GOl / LIFGP 1@l 1 1
d - - dx=—4-=1,
/annu el = Jo 7 1A T el T g

as required. W

We note that one immediate consequence of this result is that, when € has
finite volume,

|Q|=/ldx<oo,
Q

then L7(Q) C L°(Q) for r > s, since, taking (p, q) = (r/(r —s),r/s), we
have

/If(x)I‘dS=/1><|f(x)|‘dx
Q Q

()™ (fors)”

= 11" £l5
so that
Il < 192072771 il (L.16)
A similar argument can be used to prove the L” interpolation inequality,
aC=p)pC=a), ||rLgp—q>/p'(r—q) ‘

Mullze < llulize

when g < p < r (see Exercise 1.9).
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Using Holder’s inequality, we can now establish the triangle inequaliiy for
the L? spaces, which is important enough that it has its own name.

Lemma 1.10 (Minkowski’s Inequality). If f,g € LP(Q), 1 < p < oo, then
f+g € LP(Q), with

If+egllee < 1 fllze +llgllLe.
Proof. First note that

[f () + 80P < (IO + 18CADP < 27(fF (N7 + 18 ()P,

so f 4+ g € LP(Q). Also, if (p, q) are conjugate then (p — 1)g = p, and so
| f +glP~! e L. 1t follows that we can integrate the inequality

[f(x) 4+ gGIP < 1 f(x) + gCPTHFCO + 1 f(x) + g G)IP g (x)]

and use Holder’s inequality on each of the two terms on the right-hand side to
obtain

1/q
/If(x)+g(X)I"s (/ If(x)+g(X)I”) (I1f e + 1gllzr),
Q Q

which yields, on dividing (since | — g~} = p~1),

If+gller U flee + llglee. ]

We have shown that expression (1.13) is a proper norm on L?. We now show
that the L? spaces are complete and so are in fact Banach spaces.

Theorem 1.11. If {u,} is a Cauchy sequence in LP(2), 1 < p < oo, then there

existsau € LP(~Q') such that u,, — u in LP(S2).

Proof. Since {u,} is Cauchy we can find a subsequence u,,; such that
””"i+l - ”"/”LP <27

1t follows that

k
Dl = |
Jj=1

k
< Zz‘f <1
LP j=l
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for each k, and so if we define
k
v(x) = lim 2 [t,10 () = 10, )],

allowing v(x) = oo if need be, we can use Fatou’s lemma from Theorem 1.7
to deduce that

lvlire < L.

It follows that v(x) < oo almost every where and that the series

Up, (A) + Z(u”/“ (X) — Uy, (X))

j=1

converges absolutely for almost every x. Since the partial sums of this series
are just uy,,, (x), we can define a function u(x) for almost every x € Q by

u(x) = lim u,,(x)
J—>00

and however we wish at the other points of €2. Finally, we have to show that
u € LP(2) and that ||it,, — ullr — O.
Choosing an N such that

luy ~ tmllee < €/2 for all n,m >N,
we use Fatou’s lemma (Theorem 1.7) again to deduce that
lloe = ey e < Hmind fluy, — uy, llze < €/2,
provided that n; > N. It follows that 1t — u,, € L?, and since
u=(u—u,)+ Un, with Uy, € L,

we have u € LP(Q). For n > N, choosing j such thatn; > N too, we have
that

ety — uller < Nuw = s, e + llitn, —ulley

<€/2+¢€/2=¢,

and so u,, converges to u in L7 (2) as required.

Note that in the course of the proof we have obtained the following very
useful result. '
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Corollary 1.12. Ifu; — w in L? (Q2) then there is a subsequence that converges
pointwise to u almost everywhere in 2.

We now use the definition of the Lebesgue integral sketched above to show
that continuous functions are dense in the Lebesgue spaces.

Theorem 1.13. _C?(Q) is dense in LP(S2) for 1 < p < oo.

Proof. Takeu € LP(2) and € > 0. Then there exists a K CC € such that u|g
satisfies

lu —ulgllnr <€/2.

Since LP(K) C LY(K) (see (1.16)), we can use the definition of L! to write
ulg = uy — uz, where both u; € L (K). If we approximate u; and u;
within €/4 in the L?(K) norm then Minkowski’s inequality shows that we
can approximate u | within €/2; so assume that u € L;,.(K).

By the definition of L;, there exists a sequence of simple functions s, (x)
converging pointwise and monotonically to u. Since s, (x) < u(x) itfollows that
s, € L?, and then, since (u(x) — 5,(x))? < u(x)?, the dominated convergence
theorem shows that s, — u in L?.

Since (see Exercise 1.10) a blockwise constant function can be approxi-
mated arbitrarily closely in the L? norm by a function in C%(<), the result
follows. ®

One could therefore define LP(£2) (1 < p < 00) as the completion of C%(2)
with respect to the L? norm. This means that for any f € LP(S2) there is a
sequence ¢, € C2(2) with ¢, — £ in L7 (K). This yields the completeness of
L7 essentially by definition, and it gives a way to define the Lebesgue integral
in terms of limits of integrals of continuous functions rather than just step
functions. _

Using Proposition 1.6 we see immediately that

Corollary 1.14. C2(Q2) is dense in LP(2) provided that 1 < p < oo.
It also follows easily from Proposition 1.2 that

Proposition 1.15. L7 (Q) is separable provided that 1 < p < oo.



28 1 Banach and Hilbert Spaces
Proof Let
Q, = {x € Q:dist(x, Q) > 1/n and |x| < n}.

Then £, is a compact subset of £ and Q = U ° . §2;. Let P, be the countable
dense subset of C°(2,) ensured by Proposmon 1.2, If we take P = U; P; then
this is a countable subset of LP(£2). Since C?(Q) is dense in L?(£2), for a given
f e LP() and € > 0 choose ¢ € C2(£2) such that

If— ¢l <e/2.
Since ¢ € C°(£2,) for some n, there is aw & P, C P such that
=7 lloo < €/212]7V7.

It follows immediately that |[¢p — 7 ||.r < €/2,andso |f —7|lzr <€. W

1.4.3 The Lebesgue Space L>°({})

One “Lebesgue” space that does not arise naturally from the integration theory is
L®(2), the space of “essentially bounded” functions. We say that f € L*(Q)
if its essential supremum, given by

[l flloo = ess supgql f(x)1, (1.17)

is finite. The right-hand side of (1.17) denotes the smallest value that bounds f
almost everywhere:

ess supg| f(x)| = inf{sup [f(x)]:S C @, with Q\ S of measure zero}.
x€S

In particular |f(x)| < |[flloo almost everywhere, and it follows that if
feC(K) then the essential supremum of f is the same as its supremum
(which explains the notation in (1.4)).

Partly because of its more convoluted definition, L*(2) does not share all
the nice properties of the other L? spaces. Although Hélder’s inequality can
be extended to cover the case p = 1, g = oo (these indices are clearly still
conjugate, and the proof is very simple; see Exercise 1.11), L>(2) is not
separable. Nor is C?(£2) a dense subset, since the completion of C?(£2) in the
L* norm (which is the same as its completion in the sup norm) is a subspace
of C°(Q) (see Exercise 1.3).

" Although it is not based on an integral, it is possible to relate the L™ norm

to the L? norms, | < p < oo.
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Proposition 1.16. Let Q have finite volume. If u € L™ (S2) then we have

lulloo = lim [l zr, (1.18)
p—o00
and ifu € LP(Q) for every 1 < p < oo, with
lullr < K, (1.19)

then u € , with |[ulloo < K.
k L22(Q), with [lull K

Proof. First we use (1.16), which shows that
leellze < 1227 ullo0s
and hence

limsup ffullr < fulloo- (1.20)

p—o0

Also, we know that for any ¢ > O there exists a subset A of 2, which has
positive measure, such that

) = lullo—€e  forall xeX.
Therefore
/Qlu(x)l”dx > /A lu@)|? dx > |Al(llulloo — €)”.
1t follows that
lulle = 1A1Y7 (lulloo — €),
from which we have

liminf lullz, > llulloo- (1.21)
p—>00

Combining (1.20) and (1.21) gives (1.18).

Now, suppose that we have |lu||.» < K forall 1 < p < oo, but do not have
lullo < K.Thenwecanfind aconstant K; > K and a positive measure subset
of 2, A, such that

[a(x)] > Ky for all x € A.
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Following the argument that gave us (1.21) above, we have

liminf lu|L, > K; > K,
p—>oo
which contradicts (1.19). Thus |J«||, < K as claimed, and so u € L®(2). W
Finally, we show that L% (£2) is a Banach space.
Theorem 1.17. L™(2) is complete.

Proof. If {u,} is a Cauchy sequence in L*(£2) then there exists a measure zero
subset A of €2 such that

[, (x)] < 145 Ml oo and IM,,(X) = Um (X} < g — timlloo

forx ¢ A andevery n,m = 1, 2, .... Itfollows that {u,} converges uniformly
on 2\ A to a bounded function u, and setting u(x) = 0 for x ¢ A we obtaina
function u € L*®(2) such that u, — u in L°(2). ®|

1.4.4 The Spaces I¥__ () of Locally Integrable Functions

loc
Finally, for 1 < p < oo we say that a function is locally in L? on €2, or in
L? (). if* itis in LP(K) for every compact subset K of Q:

LE(Q)={f:f e LP(K) forevery K CC }.

Note that it follows from (1.16) that L}, () C Lj () if r > s, for any Q,
bounded or unbounded.

We finish this section on the Lebesgue spaces by showing thatif u € L{ ()
then the mollified function u,, introduced in (1.8) converges to u in L{:,C(S'z).

We say that u, converges to u in L{ . (£2) provided that

U, > u in LP (2"
for any ' with Q' CC Q.

Proposition 1.18 (Mollification of LY . Functions). Ifu € L{, (), with 1 <

loc
p<oo, then upeLf (), and up—>u in L{.(Q). Furthermore,

* We usually consider the Lebesgue spaces L? ((0), where O is open, since the value of a function
on the boundary does not affect its integral. Nonetheless, it is occasionally notationally convenient
to consider Lebesgue spaces on closed sets, such as L?(K') above. To be entirely consistent one
could take this to be shorthand for “L? ((9),” where O = K, but this is unnecessarily complicated.
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up € C®(R), and if u has compact support in Q@ and h < dist(supp u, Q)
then u, € CX().

Clearly we cannot expect this result to hold for L*: since the L norm
corresponds to the supremum norm for continuous functions, it would show
that L consists of continuous functions.

Proof. We first show that if Q' CC 2 then

lnllocry < lullzron (1.22)

for some Q" with Q' C Q" CC Q. We take h < 1dist(Q', 9€2), and then
change variables in (1.8) to z = (x — y)/ & so that

up(x) = / p@ulx — hz)dz.
lzl<l

Therefore, using (1.7) we get

P
[un(x}|? = (/ o@u(x — hz) dz)
lz]<1
rla
< ( | payaim dz) ( [ @t —hz)wdz)
ll<i l2i<1
rlq
= (/ p(z)dz) (/ p@ulx —hz)l"dZ)
1<l lzi<i

= / @ |ulx — hz)|P dz.
lzi<l
Now, if we take Q" = {x : dist(x, Q') < h} then

[us (X)P dx S/ / P(@Nu(x — hz)|Pdzdx
o ' Jlzi<t

=/ p () lu(x — hZ)|P dx dz
lzi<1

Q/
< [ Ju@)IPdx,
Q/l

which gives (1.22).
We now complete the proof using Theorem 1.13 and Proposition 1.6. For a
given € > 0, choose ¢ € C2(22) with

lu — @llLr@ny < €/3.
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For h small enough, Proposition 1.6 guarantees that
lp — dullran < €/3,
and so if we use (1.22) on u — ¢ we get
lu —unllze@) < llu = @l + 16 = galle + llun = nllree)

< 2¢/3 + |lu — pllrrr

Se,

as required.
The final properties of uy follow as in Proposition 1.6. H

1.4.5 The PP Sequence Spaces,1 < p < oo

Another family of spaces, with properties similar to the L? spaces, is the I7
spaces of sequences. We will use these in Chapter 4 as examples when we

discuss dual spaces.

Definition 1.19. For 1 < p < oo, I? is the space of all infinite sequences
{x,)52., such that the 1P norm (cf. (1.2})

oo /p
Ixlle = <Z |x,-|P)
j=1
is finite. I consists of all bounded sequences, with norm

lx ]l = sup |x;l.
jeZt

(This is the reason for the notation for the norms on R™ in Section 1.2.)
One can check as above (Lemma 1.10) that ||-||;» really is a norm, and it is
relatively straightforward to show that [” is complete.

Theorem 1.20. [P is complete.

Proof. We give the proof for the case 1 < p < o0; the proof for p = oo
is simpler and is given as an exercise (Exercise 1.12). Let x™ be a Cauchy
sequence in /”. Then given ¢ > 0 there exists an N such thatfor all n, m > N,

e - x, <
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ie.
[o¢]
Z e — x{™|P < eP. (1.23)
i=1

In particular, for each fixed i the sequence x( " is a Cauchy sequence and hence

converges to a limit x;. We clearly need to show that x® — x = {x;} with
x €lP,
Certainly, from (1.23),

k

Sl =) < e,

and letting 1n — oo shows that

x —x|P < e (1.24)

HM»

for all n > N. Then the triangle inequality in /” shows that

k 1/p
(Z Ix,-I”) <e+ Hx(")”l,,. (1.25)
i=1

Letting £ — oo in(1.25) shows that x € I”, and letting k — oo in (1.24) shows
that

[ = xll,y < €

foralln > N.Sox" — x, withx €. m

1.5 Hilbert Spaces

The space R™ not only has a notion of length, but it also has a notion of the
angle between two elements, derived from the dot productx - y = 377, x;y;.
This is the most familiar example of an inner product.

An inner product (over R) on a general vector space X is a map (-, ) :
X x X — R, such that

1) (x +py, z) = Ax, 2) + u(y, 2),
(i) (y,x) =(x,y)forallx,y € X, and
(i) (x, x) = Oforall x € X, with equality iff x = 0.
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Note that there is a natural norm associated with the inner product,
llx]l = Cx, x) (1.26)
The Cauchy—Schwarz inequality,

1Ge, =< Nxlliyl

follows almost immediately from the axioms and provides the triangle inequal-
ity for the norm defined by (1.26) (See Exercise 1.13).

A complete inner product space is called a Hilbert space. By defining a norm
via (1.26), any Hilbert space is also a Banach space. This is not necessarily
true the other way round, since the norm in a Hilbert space has to satisfy the
parallelogram law

w4+ vI* + llu — v]|* = 2[ul® + 2|jv|* (1.27)

(For a proof of this equality see Exercise 1.14. In fact, this property characterises
those Banach space norms that can be derived from an inner product.)

" The two most important examples of infinite-dimensional Hilbert spaces are
the sequence space /2, whose inner product is a direct generalisation of that
on R™,

(o]
G Y) =D XY
n=l
and the Lebesgue space L?(£2), for which the inner product is given by the
integral

(frg) = /Q F)g() dx.

Note that, for p = ¢ = 2, Holder’s inequality (Lemma 1.9) becomes the
Cauchy-Schwarz inequality

(A < fllz2lgllze-

We will write | f| for || f]l.2 in what follows, being specific only when care is
needed to distinguish this norm from the modulus. The context should usually
make it clear which is meant, and generally we will write | f| for the L? norm
of the function f and | f(x)| for the modulus of f(x).
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1.5.1 The Orthogonal Projection onto a Linear Subspace

If M is a subset of H, then the orthogonal complement of H, M 1L, is given by
Mt={ue H:@u,v)=0forallve M)

When M is aclosed linear subspace of H wecan decompose any vector uniquely
into an element of M plus an element of its orthogonal complement.

Proposition 1.21. If M is a closed linear subspace of H, then every x € H has
a unique decomposition as

Xx=u+v, ueM, ve M*.
Proof. We will choose u to be a point (or perhaps the point) in M such that

x—ul|l=8= iof [|x — y|.
I = ull =8 = inf Ix I

The first stage is to show that such a point exists.
There exists a sequence u,, € M such that

1
llx —u,ll? < 8%+ ~. (1.28)

We will show that {1,} is a Cauchy sequence. To this end, set u = «,, — x and
v = u, — x in the parallelogram law (1.27) to obtain

2 2 2 o1 2
lw —unll® = 2fluy — x”o + 2 — x| — 4”4\ - i(un + “m)” .
Since M is a linear subspace, %(u” +u,,) € M, and so
”-x - %(un + um)” > 6.

1t thus follows using (1.28) that
. 2
lwm —uull® < —+-,
m o n

and so {u,} C M is a Cauchy sequence, tending to some 1 € M since M is
closed.
Now consider v = x — u; the claim is that v € M+, i.e. that

(v,y) =0 for all yeM.
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Consider [|x — (u — ty)|| = ||lv + ty|; then
A@) = [lv+ eyl = I+ 2t (v, y) + I¥1I%

We know from the construction of u that |[v + ¢y|| is minimal when ¢ = 0, and
so A'(0) = 2(v, y) = 0. Thus v € M+ is claimed.

Finally, the uniqueness follows easily: If x = u; + v; = uy + vy, then
Uy —upy = v3 — vy, and so

2
[vi — v = (v —v2, 01 —v2) = (V1 — vy, uy —up) =0,
sinceul—uzeMandvz—vleMl. 1}

One can use this proposition to define the orthogonal projection of x onto
M, Py, by

Pyx =u.
Clearly PAZ,, = Py, and it follows from the definition of u that
el = flal® + flx = wl®,
thus ensuring that
I Prxll < llxll:

the projection can only decrease the norm.

1.5.2 Bases in Hilbert Spaces

In R™ we can write any vector in terms of a finite set of basis elements, for
example the coordinate basis

((1,0,...,0), (0, 1,...,0),...,(0,...,0, 1)}

We now want to investigate when we can find a countable basis for an infinite-
dimensional Hilbert space, in terms of which to expand any point in H. A set
of vectors is orthogonal (in H) if

(eirej)zor 17"‘]’
and orthonormal (in H) if

1, =},
(ei,ej)=5ij={0 i;éj'.
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Definition 1.22. An orthonormal set {e;) is a basis for H if

(o]
x=3 (x,€e; (1.29)
J=1
foreveryx € H.

We will now give a characterisation of a basis. Note that the equality in (1.30)
below is extremely useful,
Proposition 1.23. Let {e;} be an orthonormal set. Then it is a basis for H iff

[0 ¢
1> = (x,e)?  forall xeH. (1.30)
Jj=1

Proof. 1f {e;} form a basis then for any finite n

n 2 n
Z(xlej)ej = z('x’ ej)zr
J=1 J=1

and (1.30} follows by taking limits, since the sum (1.29) converges in H.
Now suppose that (1.30) holds for every x € H. We will set

Y= {x X = Z(x, ej)ej}

J=1

and show that in fact Y = H, by showing that Y is closed and dense. To show
that Y is closed, take a Cauchy sequence {y,} in Y. Since ¥ = [? it is complete
(see Theorem 1.20), so y*, the limit of the y,,, lies in Y, and Y is closed.

Now suppose that Y is not dense. Then H \ Y must contain a nonzero vector,
and by Proposition 1.21 this implies that ¥+ must contain a nonzero vector.
However, if x € Y+ then it is orthogonal to each e » 50 it follows from (1.30)
that |[x|| = 0, and therefore x = 0, that is, Y+ = [0}, a contradiction.

Since Y isclosedanddensein H,Y = H. B

We discussed separable Banach spaces briefly earlier in this chapter. Separa-
ble Hilbert spaces are particularly well behaved, as the following result shows.
Although not all Hilbert spaces are separable (see Exercise 1.15), all those that
we will come across in the remainder of this book are.
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Proposition 1.24. A Hilbert space is separable iff it has a countable basis.

Proof. If aHilbert space has a countable basis then we can construct a countable
dense set by taking finite combinations of the basis elements with rational
coefficients, and so it is separable.

If H is separable, let {x,} be a countable dense subset. We will use the
Gram-~Schmidt process to turn x, into a countable orthonormal basis. First
omit all those elements of {x,} that can be written as a linear combination of
the preceding ones, and set

X1

1 — .
llxr

Then we can define our basis inductively by setting

n—-1
Yn =Xp — Z(X”’ e)e;,

=l
and then

O
(Il ynl

€n

The linear span of the {e,} is the same as that of the x,, and so is dense in H.
The argument of the previous proposition shows that the {e,} form a basis. B

By using these basis elements we can construct an isomorphism between any
separable Hilbert space and /2, so that in some sense /2 is “the only” separable
infinite-dimensional Hilbert space.

1.5.3 Noncompactness of the Unit Ball

Since 2, and so any separable Hilbert space, shares many properties in common
with R™, it is tempting to think of it as “R°.” However, there is one very
important caveat: unlike R", closed bounded sets are not compact.

Proposition 1.25. The unit ball in an infinite-dimensional Hilbert space is not
compact.

The same result is true, with a harder proof, for general infinite-dimensional
Banach spaces.
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Proof. For any sequence (w,}32, of orthonormal elements we have

n=
2
” Wy — W ” =2

if n % m. It follows that no subsequence of {w,} is Cauchy and thus the unit
ball cannot be compact, &

It is extremely important to be vigilant about compactness when working in
infinite-dimensional spaces. In much of what follows we will be developing
‘techniques to cope with the fact that the unit ball is not compact, and this is
what is largely responsible for the idea of weak convergence to be introduced
in Chapter 4.

Exercises

1.1 Show that the product of a finite number of separable Banach spaces is
also separable and that a linear subspace of a separable Banach space is
separable. [Hint: Use the norm ||-[[x + [|-|[y on X x Y]

1.2 Show that if X is compact, then given € > 0, there exists a finite set
of points {x;} € X such that any point x € X can be approximated to
within € by one of the x;: for each x € X there is an x; such that

Ix —xi| <e.

(This is called a “finite €-net.”)

1.3 If Q is bounded, what is the completion of C2(£2) in the supremum
norm? Deduce that C%(2) is not a Banach space with this norm. Treat
similarly the case & = R"™.

1.4  Thereis no norm that makes C* () into a Banach space. However, there
are various subspaces of C*(€2) that are Banach spaces. For example,
for any sequence ¢ = {c,}i2., define the norm

[o¢]
I/ lle =D cull Fllcngey-

n=l

Show that the subspace of C*°(2) consisting of all those f with | f||.
finite is a Banach space. [This idea is not just artificial. If ¢, = t"/n!,
for some T > 0, then functions f* with || ||, finite are real analytic. See,
for example, Theorem 2.12 in Renardy & Rogers (1992).]

1.5  Show that C"¥(€2) is a Banach space (see Definition 1.5).
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Show that if € is convex and bounded then any C!(2) function is Lip-
schitz,

Show that if the function u in Proposition 1.6 is an element of C%” ()
then so is 1.

Prove the generalised Holder inequality: if pi, ..., p, are such that
n 1
>La
=1 Pi

and f; € LP/(82) then their product f; ... f, € L*(), with

LﬂﬁaknﬂuwhsnﬂMMHMﬁhm (1.31)

Use Hoélder’s inequality to obtain the L7 interpolation inequality,
lelLe < ||u||4L§"—p)/p(r—q)"u||2(rp—q)/p(r—q)
whenq <p< randu € Lr(Q)_

Show that given s € S(2),1 < p < o0, and € > 0, there exists an
f € CX(R) such that

ILf = sl < e

Prove Holder’s inequality in the case f € L'(R2), g € L®(R),

e
Q

Show that [*® is complete,

By considering [|x 4+ Ay||* show that the Cauchy—-Schwarz inequality
holds. Deduce the triangle inequality,

Show that the parallelogram law

< N lzrllglloo.

llu + vl|? + lu — v)|* = 2[ull* + 2/v]?

holds in a Hilbert space.
The space 12(") consists of real-valued functions on I with

Y IF WP < oo,

yel
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and with the inner product

(f ey =Y F@)gq)

yel

itis a Hilbert space. Show that I2(T") is not separable if I is uncountable.

Notes

The results in this chapter are all standard, although as presented they are taken from
a variety of sources. As well as treatments in dedicated functional analysis texts, most
graduate-level PDE books have some (more or less abbreviated) treatment of these
topics.

The basic topology briefly reviewed in Section 1.1 can be found in Bollob4s (1990),
Kreyszig (1978), Rudin (1976), or Sutherland (1975), among many others. We have not
mentioned metric spaces at all in this chapter; these are treated in detail in Sutherland’s
book but are weaker than normed spaces and will not be needed in what follows. A
metric on X is a functiondy : X x X — R satisfying

(@) dx(x,x) =0forallx € X,
(i) dx(x,y) =dx(y,x) forallx,y € X,
(iii) dy(x,2) <dx(x,y)+dx(y,2) foralx,y,zeX.

Clearly a norm gives rise to a metric viad(x, y) = |lx — y|.

The treatment of mollification follows that in Gilbarg & Trudinger (1983); this is an
advanced monograph, which nonetheless contains some very clear expositions of such
background material.

Priestley’s book (1997) offers a very readable introduction to the Lebesgue integral,
while the last chapter of Rudin (1976) is more concise and so more suited for anybody
requiring some speedy revision of the subject. The treatment in Renardy & Rogers’
lovely book (1992) does not require knowledge of the Lebesgue integral, instead defining '
L¥(£) as'the completion of C*(R) in the L” norm (see Theorem 1.13). As discussed in
the Introduction, it seemed best to assume some familiarity with the Lebesgue theory in
this book.

Adams (1975) covers all tlie properties of C” and L? spaces given here, and many
others, in two very nicely presented introductory chapters. The appendices in Evans
(1998) are a useful reference, providing some detailed proofs. Those in Taylor (1996)
are also useful, although the proofs are in some cases extremely concise.

Unsurprisingly, Hilbert spaces form the main subject matter of Young’s nice textbook
Hilbert Spaces (1988).



Ordinary Differential Equations

In this chapter we will show that the solutions of ordinary differential equations
(ODEs) can be used to define dynamical systems. The first major aim of this
book is to follow through a similar programme for par tial differential equations.
We will assume some familiarity with the basic theory of dynamical systems,
such as given, for example, by Glendinning’s book (1994).

‘We will consider an ordinary differential equation (ODE) defined on the

whole* of R™,
dx/dt = f(x), x € R™, 2.1)

and consider the solutions with specified initial condition x(0) = xp. We want
to show that corresponding to each xp there is a unique solution x (¢; xo), which
is C!in¢ (so that (2.1) makes sense) and varies continhously with respect to xq.
More formally, we want to show the existence and umqueness of solutions of
(2.1) and their continuous dependence on initial conditions. Unlike the theory
for pamal differential equations (PDEs), which usually has to be tailored in
some way to the particular equation under consideration, these problems can
be solved in a straightforward way for a large, general class of ODEs. However,
these methods can be viewed as prototypes for the arguments that we will use
later on for PDEs.
" Once this is done, we can use the sotutions of (2.1) to construct a dynamical
system on R™. It is convenient to express the solution in terms of a “solution
operator” T (¢). This is defined, for any ¢ € R, by

T ()xo = x(¢; x0), (2.2)

* Ordinary differential equations (ODEs) on finite-dimensional smooth manifolds also give rise
to finite-dimensional systems, but considering equations defined on the whole of R™ avoids the
machinery of differential geometry while illustrating the methods we will apply later.

42
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where x(t; xp) is the solution of (2.1) with x(0) = xo. It follows from the
existence and uniqueness of solutions that 7'(¢) is well defined and satisfies

T(O) =0 and TWHOTS) =T+ s)_: (2.3)
Furthermore, since the solutions x(z; xg) depend continuously on both ¢ and x,
T (t)xo depends continuously on ¢ and xo.

Formally, the pair consisting of the phase space R”‘ and the flow T(s),
®R", T(: )) 1s our dynamical system.

2.1 Existence and Uniqueness — A Fixed-Point Method

First, we want to investigate the existence and uniqueness of solutions of (2.1).
Rather than analyse (2.1) directly, it is in fact more convenient to work with an
alternative form of the equation. The following lemma shows that solving (2.1)
and solving the integral equation

r
O =n+ [ fee)ds
0
are equivalent problems.

Lemma 2.1. Assume that f : R™ — R" is continuous. Then solutions of the
dtjferermal equatton

dx/dt f(x), x(0) = xg 2.4

are equivalent to continuous solutions of the integral equation
1
x(t) = xo +/ f(x(s))ds. 2.5
, 0

Proof. That solutions of (2.4) give rise to solutions of (2.5} follows by integra-
tion from O to ¢. If x(¢) is continuous, f(x(¢)) is continuous, and then it follows
from the fundamental theorem of calculus that

P = /0 F(x(s)) ds

is C! and has derivative F(r) = f(x(2)). Clearly, (2.5) satisfies the initial
condition in (2.4).
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2.1.1 The Contraction Mapping Theorein

The advantage of expressing the problem like this is that it is in a convenient
form in which to apply the contraction mapping theorem. This result guarantees
(under certain conditions, of course) that a map 4 has a fixed phgiﬁ{, that is, there
exists an x* such that A(x*) = x*.

Theorem 2.2 (Contraction Mapping Theorem). Let X be a closed subse_t_ ofa
Banach space (Y, ||-|), and h : X — X a function satisfying

lax) =AM <klx=yll,  forall x,y€X, (2.6)

where k < 1 (we say that h is a contraction, or contraction mapping, on X):
T hen h has a unique fixed point in X.

This result can be generahsed in various ways (see Exercises 2.1 and 2.2). It is

condmon (2. 6) with dx(h(x) h(y)) < kdy(x, y) [see Sutherland (1975), for
example].

Proof. We show that the iterates of ary point x € X under 4 form a Cauchy
sequence in X, We write 4" (x) for A applied n times to x:

Ki(x) = h(h(x)),  A"(x) = h(-- (A(x))-").
H.,—/
Now,
A" (x) — ") < k[[A"(x) — A" ()|
< k"[|h(x) ~ I,

and so, if m > n,

m—1

1™ (x) = " C) Il < > k1A (x) — xI

Jj=n
[o¢]

< Y KA ~ x|
j=n

=l Ge) = Il

Thus (A" (x)} is a Cauchy sequence, and so it converges to some x* € X, since
Y is complete and X is a closed subset of Y.
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Now, i"(x) — x* asn — o0, and so does h"1(x); since & is continuous,
huﬂ:dmnmuﬂ=nmhwu»=nmwwupmt
n—>00 n—>o0Q n—o00

and so x* is a fixed point of /.
Finally, if x* and y* are both fixed points of 4, then

[x* = y* = [A(x") = A(y")] < kIx™ — y*|,
which is a contradiction unless x* = y*. So the fixed point is unique. ®
Despite its simplicity, this is a very powerful theorem, and we will use it now

to prove the - existence of unique solutlons for ODEs when f (x) is a Lipschitz
funchon We will take f tobe a locally Llpschltz which means that

If(X) - fONI = L(B)Ix -yl 2.7
for X, y in any bounded set B [We could “write “f € Cloc (R™Y” (cf. the

than (2 7).}

2.1.2 Local Existence for Lipschitz f

We will show existence and uniqueness for a “small” time interval [0, T'], where
we allow T to depend on the initial condmon Xp. Since this ensures existence
only neir to ¢ = 0, we call Such a result a local existence result. We show how
to prove “global” existence (i.e. for all # > 0) in the next section.

Theorem 2.3 (Local Existence). Suppose that f satisfies

If @) = FO = LB)Ix =yl

for x,y in any bounded set, B. Then there exists a T = T (xo) such that the

4dx/dt = f(x), )g(O) = X (2.8)

has a unique solution on [0, T].

Proof. We use the integral form of (2.8) provided by Lemma 2.1, and we con-
sider the integral operator .7 given by

(Tx)t) =xo +/ Flx(s)) ds.
0
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If we take a trial solution x(¢) that is an element of C ([0, T']; R™) (Lemma 2.1
shows that this is the appropriate space in which we expect the solution to lie),
then [7x](¢) is another function of r. We will show that .7 is a contraction
mapping from an appropriate subset of C ([0, T]; R™) into itself.

Ideally we would like to make sure that all the “trial solutions” x(¢) used in
our proof lie in the same bounded subset of R™, so that we can then treat f as
if it were uniformly Lipschitz: we know that if [x], | yl < k then

lf(x)y = fFOI < Llx—yl  with  L=L({lx| <k}). (2.9)

To do this we will show that 7 is a contraction mapping on the subspace X of
C([0, T1; R™), which consists of functions that satisfy a uniform bound,

X =(x:x € C’0, TLR™); ||x]loo < k).

The appropriate choices of T and & will be specified below. Note that for any
choice of T and , the space X is a closed subset of C°([0, T]; R™) equipped
with the standard supremum norm,

Ixllo = sup [x(2)l.
ref0,7]

We choose

1

The reason for this choice of T will become obvious from the algebra that now
follows, which will also tell us the correct choice of k.
To show that 7 maps X into itself we first show that

[(xlloo < & = 1Txllo0 < k. (2.11)
Write

(Tx))] =

xo + /0 Fe(s))ds

< xol +/0 £ Go) + LIx(t) — ol ds

< |xol + T(| f (xo)| 4+ 2L 1%l 00)
< fxol + T(| f(xo)| +2LEk)
= |XO| + 1.

In the light of this, we choose k = |xg| + 1 to ensure (2.11).
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We now show in addition that ;7 maps C([0, T1; R™) into itself to guarantee
that 7 is a map from X into itself. Take x € X (so we have || x|oo < k), fix
t € [0, T], and let © vary in [0, T']; then, since

sup |f(x) <M
{x:lx)<k)

for some M, we have

I(JX)(t)—(Jx)(r)I=l /0 F(s))ds — /0 Fa(s))ds

/ fx(s))ds
< Mt ~ |,

so that 7x is continuous at every ¢ € [0, T].
‘We now show that 7 is a contraction mapping. We can use L as defined in
(2.9) for the Lipschitz constant of f, uniform over {|x| < k}. Indeed,

[(Tx) (@) ~ (Ty)@)| =

/0 FE()) ~ FO(5)) ds

< /0'L|x<s)~y<s)|ds

< /()'L||x~y||wds
= Ltlx = ¥lloo-
Thus
1T = T¥leo < LTlx = Yllo.

Now, by the choice of T,
r= 2 <,
[ f(xo)l +2L(1 +|xol) — 2
and so J is a contraction on X. Theorem 2.2 therefore applies, ensuring a

unique fixed point for 7 in X. Lemma 2.1 then ensures a unique solution of the
differential equation (2.8). @

Note that the proof is also valid when f (x) is replaced by the time-dependent
function f(x, t), provided that

[f(x,e) — f(y,0)] < L(B)|x — y| for all X,y € B, bounded,

with the Lipschitz constant independent of ¢.
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We now give conditions under which we can prove that the solution exists
for all time.

2.2 Global Existence

Theorem 2.3 is limited in that it ensures existence for only a bounded time
interval [0,T], where T i in fact depends (v1a (2.10)) on the {mtlglﬂcondltlon To
discuss whether or not solutions exist for all time, we make use of the notion
of the maximal interval of existence of a solution of a differential equation.
We say that [0, T*) is the maximal interval of existence for a soluuon x(t)

of (2 1) if there is no solution y(z) of (2.1) on a longer time interval [0, T,
T+ > T*, with x(t) = y(¢) on [0, T*). In other words, we cannot “extend the
solution x(¢) beyond the time T* so that it remains a solution of (2.1). If the
solution exists for all time then its maximal interval of existence is [0, oc).

To show existence for all time (“global existence”), it is enough to ensure
that the solution does not “blow up” in finite time.

Lemma 2.4. A solution x(t) of Equation (2.1) has a finite maximal interval of
ex;stence [o, T*) iff |x@®)] > coast — T*

Proof. Clearly, if |x(t)] — oo ast — T* then there can be no continuous
extension of x(¢) to an interval containing 7*, Conversely, suppose that the
solution is bounded on [0, T*), say

sup |x(t)| < k.
tef[0,T*)

1t follows, since f is continuous on R™, that f(x(¢)) is bounded on [0, T*).
The integral form of the equation

r
w0 =+ [ FEE)ds
0
then shows that the limit of x(z) as ¢t — T* exists. Clearly this limit must satisfy
lim [x(t)| < k.
r—7T*

Now we can use Theorem 2.3 to extend the interval of existence to [0, T* + 8]
for some & > 0, contradicting the maximality of T*. ®

Note - that it does not follow that a soluﬂon that ex1sts for all time must.be
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global existence automatic. The solution of
dx/dt = %2, x(0)=xy >0

is

x(t) =

1 — xot’
and so x(r) — coast — x; .
‘We now discuss what happens when the nonlinearity is known only to be
continuous. We will be able to prove existence, but not uniqueness.

2.3 Existence but No Uniqueness — An Approximation Method

When the nonlinearity f(x) is continuous but not locally Lipschitz, our ap-
proach will be to approx1mate the problem

dx/dt = f(x), x(_O) =X (2.12)
by a sequence of problems
dxy/dt = fu (xn) X (0) = X0,

where every f;, (x) 1s Llpschxtz ‘We can already find a unique solution x, to
each member of this sequence by using Theorem 2.3. The idea is to show that
some subsequence of these solutions converges to give a solution of (2.12). We
will use a very similar method to construct solutions of PDEs in Chapters 7-9.

2.3.1 The Arzela—Ascoli Theorem

The result we will use to extract this subsequence is known as the Arzela-
Ascoli theorcm This characterlses the compact subsets of C° (X, R™) as sets of
bounded equ1contmuous Tunctions. If S is such a subset and {f,} is a sequence
in S, then there is a subsequence of {f.} that is uniformly convergent.

Theorem 2.5 (Arzela—Ascoli). Let X be a compact subset of R™, and let { f,,}
be a sequence of continuous functions from X into R™. If f, is uniformly
bounded, that is, there exists an M such that

I fulloo = M foralln,

and equicontinuous (“uniformly uniformly continuous”), that is, for every ¢ > 0
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there exists a 8 > 0, independent of n, such that
[x —yl <8 implies that [f(x) — i) <€, °

then { fp} has a subsequence that converges uniformly on X.

A prime example of a family of equicontinuous functions is the space C 01(Q)
of Lipschitz functions on 2. o o

Proof. First we use the compactness of X to find a countable set of points {x;}
and an increasing sequence of integers (N;} such that, for each n,

lx —x| <2™  forsome 1<i<N,

(see Exercise 2.3).

Now, since £, (x;) is auniformly bounded sequence, the Bolzano—Weierstrass
theorem guarantees that { f,} has a subsequence { f,,} such that f,, (x;) con-
verges.

Since f;,, (x2) must be uniformly bounded, there is a further subsequence
{fn,,} such that f,, (x2) also converges. One can continue in this way to select
subsequences { f,,,q} such that

Sy (i) converges for all 1<i<k.

The trick now, which we will see again later in other proofs of compactness
propetties, is to take the “diagonal sequence” g; = f, . For any k, {g;} is a
subsequence of { f;,,,} from the kth term on, and so g;(x;) converges as j — oo
atevery xi.

We now use this convergence over the dense subset {x;} along with the
equicontinuity of the functions {f,} to show that {g;} is in fact a Cauchy se-
quence in the supremum norm and hence converges uniformly on X. Indeed,
we know that given an € > 0, thereisa § > O such that

|* —y| <&  implies that 1g;(x) — g; (M| < €/3.

By construction of the x;, there exists an M such that for every x € X there is
an x; with i < M such that

[x —xi| < 8. (2.13)
Now take N large enough such that

|gn(xi) — gu(xi)l <€/3  for  m,n>N, l<i<M,
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which we can do since {g; (x;)} converges for each individual x;. For any given
x, choose the x; that satisfies (2.13), and then

[gnm(x) — gn(x)] ’
< lgim(x) = gu (x| + 18m (xi) — 8n(xi)| + 180 (xi) — g4 (X))
<€/3+€/3+€/3=c¢.

Thus {g;} is a Cauchy sequence in the sup norm and hence is uniformly con-
vergent. HB

2.3.2 Local Existence for Continuous f

We now use this theorem to give an existence result for the case when we know
only that f is continuous.

Theorem 2.6. Let f(x) be a continuous function. Then there existsa T > 0
such that the equation

dx/dt = f(x), x(0) = xo 2.14)

has at least one solution on [0, T].

only gomplxgatlon is ensulmg that soluuons are all defined on the samc mtelval
of existence. To this end, note that for |x — xg| < R, one can guarantee that
| f(x)| < M(R). Choose some R > 0, and set
R
7= ——; (2.15)
2M(R)

we could choose R to maximise the time 7', but any choice will do.

Now, using Proposition 1.6, we approximate f (x) by a sequence of Lipschitz
functions f; so that

sup [Ifi — flloo = 0.

|x—xo| <R
Note that for some g we have

sup | f, ()] < 2M(R) forall 7= ng.

Jx—x0| <R
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Now consider the solutions x, (¢) of the equations
dx,/dt = fu(xn), xn(0) = xo; (2.16)

since f, is Lipschitz, the solutions of (2.16) exist locally, by Theorem 2.3.
Using the integral formulation from Lemma 2.1, we have, given our choice

of T in (2.15),

sup |x;(£) — xo| < R,
te[0,T]

and so Lemma 2.4 shows that all the solutions exist on [0, 7']. Since we can
also show similarly that

1% (8) = xn ()] < 2ZM(R)|s — 1],

the {x,} is a uniformly bounded equicontinuous sequence of functions from
[0, T] into R™. As such, the Arzela-Ascoli theorem guarantees that they have
a uniformly convergent subsequence, {x;,}, with

sup |xp,; (t) = x* ()] = x*
te[0,T]

as j — oo.
The function x*(¢) is clearly a candidate for a solution of (2.14); to show that
it is one, consider the integral form of (2.14) from Lemma 2.1:

xn, (6) = xo + / Foy Gy (8)) ds.
0

Since x,,, converges uniformly to x* and f, converges uniformly to £, all the
terms converge uniformly on [0, T] to give

T
x*(t) = xo +/ fx*(s)ds,
0
so that x* is indeed a solutionof (2.149)on [0, T]. ®

The lack of uniqueness is not just an artefact of the proof, as the following
simple example shows. The equation
dx/dt = %12, x(0)=0
has, f_or t>0,an infinite family of solutions that can be parametrised by ¢ > 0,

O0<r<c,

01
xe(f) = { (t—c)?/4, t>c.

One property of the set of all possible solutions is discussed in Exercise 2.4.
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2.4 Differential Inequalities

To apply Lemma 2.4 to show that the solutions we obtained in Theorem 2.3
oF"276 n fact exist for all time, we have to obtain bounds on the solution.
This is exactly what we w111 try to do for the PDE case. To show that such

blowup cannot happen we need to be able to control Ix(t)l To do this, the
usual approach is to use the original differential equation for x(¢) to produ cea

dlfferentxal mequaltty for [x(r)].
""A differential mequaflty is JUSt a differential equation involving an inequality
rather than an equality. Since we often need to obtain estimates on the size of
solutions of differential equations, the ability to “solve” differential inequalities
is one of our main tools.

To cover a wide range of possible applications, we treat the case of a dif- .
ferentlal mequahty given in terms of a right-hand derivative. The nght—hand

derivative (d/dt)x of afunctionx : [0, 7] — Ris

Y = lim x(+h)—x()
dt+ " mlot h )

We consider the differential inequality

:_t x < f(x,0). 2.17)
Clearly if we can treat this case then we can treat the mequahty with (d/d¢),
replaced by the standard derivative. However, the abllxty to treat (2. 17) will oc-
casxonaH); be useful in what: follows, mainly because of the results of Lemma 2.9
and Exercise 2.5.

We will show that if x satisfies (2.17) then it is bounded by the solution of

the correspondmg differential equality.
Lemma 2.7. Let x(¢) € R satisfy the differential inequality

:_t x < f(x,t) (2.18)

and let y(t) € R be the unique solution of the differential equation
dy/dt = f(y,0, (2.19)

with x(0) < y(0). Then x(t) < y.(t_) on [0, T].

Note that the lemma contains an implicit assumption on the term f (x, 0,
since the solution of (2. 19) is requued to be unique. We can circumvent this if



54 2 Ordinary Differential Equations

we require y(¢) to be the maximal solution of (2.19) (see Hartman (1973) for a
discussion of maximal solutions).

Proof. Consider the equations

1
dyy/dt = f(yu, ) + ;v ¥ (0) = ¥(0).

The first step is to show that, for each n, x(£) < y, () on [0, T']. If this is not
the case then there must exist some ¢; € (0, T) such that x(¢;) > y,(#1), and
so there is a largest £, € [0, r1) where x(£2) = y,(f2). Since we must then have
x(t) > y,(¢r) forall ¢ € (2, t1), it follows that

x(fy +h) — x(r2) - In (&2 + 1) — yu(t2)
h h

for all 2 > 0 and, in particular, that

d 1 1
' x(2) > fOu(), ) + — = f(x(2), ) + ~,
[+ n n

contradicting (2.18). Thus, for each n, x(t) < y,(t) on [0, T].

Now, observe that the functions y, (¢) satisfy the conditions of the Arzela-
Ascoli theorem (Theorem 2.5), and so they have a subsequence that converges
uniformly on [0, T to some y*(¢), which must be a solution of (2.19) using the
argument in the proof of Theorem 2.6. Since the only solution of (2.19) is y(¢)
(by assumption), we must have x(¢) < y(¢) on [0, T], as claimed. &

We can use this lemma to deduce the following result, known as Gronwall’s
inequality. This is central to the estimates we derive in what follows. In particular
we will make use of the simplest case (the estimate in (2.21)) repeatedly.

Lemma 2.8 (Gronwall’s Inequality). Let x(t) € R satisfy the differential
inequality

d

— x < g(t)x+ h(@).
dr+v_g()v+ ®
Then

x() < x(Q)explG()] + /r exp[G@) — G(s)]h(s)ds, (2.20)
0

where

G@) = /r g dr.
0
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In particular, if a and b are constants and

d - b
—_ a
dt+x x ,

then
b b
x(t) < (xo + —>e‘” - - 2.2D
a a
Proof. The right-hand side of (2.20) is simply the solution of the differential
equation
dy/dt = g(f)y + h(e),

solved using the integrating factor exp[—G(£)]. The result follows from
Lemma 2.7, and Equation (2.21) is simply a special case. @

The result of the following lemma allows us to estimate (d/dt),|x| very
easily.

Lemma 2.9. Ifx € C'([0, T1; R™) then (d/dt)+|x| exists, and

d
— x| < |x]. (2.22)

dr+

Proof. Firstnote thatif x,u € R",0< 6 < 1,and & > 0 then
|x +0hu| —|0x + Ohu| < (1 —0)|x]|.

1t follows that

|x + Qhu| — |x| - |x + hu| — |x|
Oh - h ’

and so the expression

[x + hul ~ |x|

; (2.23)

is nondecreasing in k. Since it is bounded below by —|u/|, the limit of (2.23) as
h — 0 must exist. If x(¢£) is C! and we set u = x(¢), then this implies that

. x@) RO = [x(D]
lim
hio+ h
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exists and is bounded above by |x(¢)|. Now,
Lt + B)| = |x(OI] = [x(e) + hx ()] — |x(DI]]
= |lx(t + B)| = |x(@) + hx ()|
< |x(@+h)—x(@) — hx@)|
= o(h),

where o(h) is such that o(h)/h — 0 as h — 0. Therefore

4y ot FOHHOL = xO)
dt+x _hw+ h ’

and inequality (2.22) follows immediately. @

As an example, suppose that f(x) is a globally Lipschitz function, so that
[fCOl = | £(0)] + Lix|. Then it follows from Lemma 2.9 that

d .

— lxl 2 x| =fI < [fO] + Llx|.

dt 4
The simpler version of Gronwall’s inequality ((2.21) from Lemma 2.8) now
shows that

0
0] < (| O+ "?') e

In particular, we see that x(¢) is bounded on any bounded interval [0, T'], and
so it follows from Lemma 2.4 that the solution must exist for all time. Thus all
equations with globally Lipschitz nonlinearities enjoy global existence.

2.5 Continuous Dependence on Initial Conditions

Finally, we investigate whether or not the solutions of the equation depend in
a continuous way on the initial condition. The first, sxmple result deals with
equations that are globally Lipschitz, and it uses the Gronwall lemma. We will
then give a much more general result that relies on the Arzeld-Ascoli theorem.

Proposition 2.10. Let f(x) be a Lip_._v_qh_itz ﬂngtion with

[fG) = fO < Lix -yl
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Then if x(t) and y(¢) are solutions of x = f(x), with initial conditions xy and
yo respecnvely, we have

[x(5) = y(O)] < |xo — yole™. (2.24)

Exercise 2.7 provides a similar estimate when we keep xo fixed but change
f. Cléarly we could also combine both perturbations into one result.

Proof. Write z(¢t) = x(t) — y(¢), and then

Z=r@-fo,

so that, by Lemma 2.9,

d
77 RS = FOI < Lix — yl = Liz|.
I+
Gronwall’s inequality (Lemma 2.8) now gives (2.24). m

Note that the argument of this proposition implies the uniqueness result of
Theorem 2.3, since if x(¢) and y(#) both solve

dx/dr = f(x), x(0)=0
on [0, T], then x(¢) and y(¢) are bounded on [0, T'], and so

[fx (@) = fFOO) = Lix()) =y forall  £e€l0,T]

for some L = L(T'). The above argument then shows that x(0) = y(0) implies
x(t) = y(¢t) forall ¢ € [0, T'], which is uniqueness.

In fact we can show that if f(x) is_continuous and soluuons are umque
then they must depend contmuously on their initial gondxtlons Although this
result will work for all continuous rxght—hand sides and so includes the case
of Proposition 2.10, the result there gives an explicit estimate of the rate of
separation of solutions (2.24).

To treat existence for general continuous right-hand sides weused the Arzela-
Ascoli theorem; it is therefore no surprise that it is a related result that allows
us to treat continuous dependence for such equations.

Lemma 2.11. Let the assumptions of the Arzela-Ascoli theorem (Theorem 2.5)
hold. If all convergent subsequences converge to the same limit, then the se-
quence itself is uniformly convergent to that limit.
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Proof. Suppose that all convergent subsequences converge to g(x), but the
sequence itself does not converge to g(x). Then there must exist an € > 0 and
n; with n; — oo such that

”.ﬁl,— —&lloo = €. (2.25)

However, { f,lj} is a sequence satisfying the conditions of the Arzela-Ascoli
theorem, and so it musr have a convergent subsequence. By assumption this
converges to g, contradicting (2.25).

We can now see in the final theorem of this chapter that uniqueness and
..continuous dependence are intimately related. For simplicity, we assume that
f 1s globally bounded, although such an assumption can be removed.

Theorem 2.12. Suppose that f(x) is continuous and globally bounded and that
the solutions of

dx/dt= f(x),  x(0)=x

are unique and defined for all t. Then the solutions x (t; xo) depend continuousky
on xg, and the convergence is uniform on bounded intervals of time:

sup |x(£; yo) — x(¢; xo)| = 0 as Yo = Xo.
ref0.7] :

Proof. Choose some T' > 0 and consider the solutions to a set of problems

dx,/dt = f(x,), x(0) = x{™,

where xé") — Xxg. For large enough n we know that |x,

f(x) is uniformly bounded (by M, say), we have

é")l < |xol + 1, and since

(O] < Ixol + 1+ MT  and  [x,(2) = xu(s)| < Mz — 5]

for all 5, ¢ € [0, T']. The solutions x,(#) satisfy the conditions of the Arzela-
Ascoli Theorem 2.5, and we know that any convergent subsequence will give
a solution of

dxJds = f(x),  x(0) =xo (2.26)

on {0, T']. However, the solution of (2.26) is unique by assumption, and so every
convergent subsequence must have the same limit. By Lemma 2.11, this implies
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that
X (1) = x(8)

uniformly fors ¢ [0, T]. m

2.6 Conclusion

We have shown (Theorem 2.3) that locally Lipschitz equations possess, locally,
unique solutions. If we can show that these do not blow up in finite time, then
in fact the solutions are globally defiried (i.e. for all time). Proposition 2.10
guarantees that these solutions depend continuously on their initial conditions.
In this case, we can use the solutions of the equation to define a dynamical
system on R™, as outlined in (2.2) and (2.3).

Proving the corresponding existence and uniqueness results for PDEs is a
much more involved task. As discussed in the introduction, there is no general
theory that can treat these questions for all possible choices of PDE. We will
have to tailor our treatment of the two examples in Chapters 8 and 9 to each
particular equation.

Before we start to discuss existence and uniqueness for PDEs, we need to
develop more functional analytic tools to formulate the problem precisely.

Exercises
2.1 Show that the conclusion of the contraction mapping Theorem 2.2 (a
unique fixed point for &) remains true if the condition that & is a contraction
on X is replaced with the assumption that 2" is a contraction on X for

somen > 1.
2.2 Show that one cannot replace the condition of the contraction mapping

theorem with
1hGe) = I < llx = ¥l

unless X is compact.

2.3 If X is compact, use a repeated application of the result in Exercise 1.2 to
show that one can find a countable set {x;} and an increasing sequence of
integers {N;} such that

x —x| <2  forsome 1<i<N,.

2.4 Assuming for simplicity that f is globally bounded, use the Arzela-Ascoli
theorem to show that even if the solutions of dx /dt = f(x) with x(0) = x
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2.6

2.7

2 Ordinary Differential Equations
are not unique then the set of all possible {x (1)},
X. = {y:thereis a solution x(¢) with x(7) = y},

is closed.
Suppose that

1214 < col
2de = ’
where C(¢) is continuous. Show that
| 4 lx| = C@) (2.27
dr . x| < . 27
Prove that if a(¢) is increasing and x (f) > 0 satisfies
1
x(t) < a(r) +/ b()x () dt (2.28)
0

then

x(t) < al(t) exp(/rb(s) ds).
0

[Hint: Consider the new variable y(r) = fo' b(s)x(s)ds, and integrate the
equation for dy/dr ]
Suppose that f is a globally Lipschitz function,

[f(x)— fO)I < Lix —yl,

and that g(x) is a continuous function with || f — glle < 00. If x(¢) is the
solution of

dx/dt = f(x), x(0) = xo
and y(¢) is any one of the solutions of
dy/dt =g(y),  y(0)=xo

(they may not be unique unless g is Lipschitz) use Lemma 2.9 and
Gronwall’s inequality (Lemma 2.8) to show that

”f ;g”oo eLt. (2'29)

[This shows that solutions of x = f(x) depend continuously on the
nonlinearity f(x).]

lx() = y(OI

A
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Notes

The problems discussed in this chapter are treated in significantly more detail in most

advanced textbooks on ODEs and in less detail (usually relegated to an appendix) in

more elementary texts. Many (Hartman, 1973; Coddington & Levinson, 1955; Hale,
1969; Doering & Gibbon, 1995) treat existence for Lipschitz equations by using the
method of successive approximations,” setting

xn+l(t) = Xy + / f(xu(s)) ds.
0

This is (clearly) equivalent to the contraction mapping approach but can be done without
the formal statement of the contraction mapping theorem.

* Coddington & Levinson (1955) and Hartman (1973), two classic texts, both treat
equations without uniqueness in some detail, as do Piccinini er al. (1984). Some further
results are contained in the research monograph by Bhatia & Szegt (1967). In our brief
treatment we obtained a solution as a limit of solutions of the approximating problems
(2.16); it is in fact possible to show that, provided m # 2, for any given solution of
(2.14) there is a corresponding sequence of approximating functions f, such that the
solutions of (2.16) converge to x(¢) (Robinson, 1999a).

The treatment of differential inequalities in Section 2.4 is adapted from Hale (1969)
and Hartman (1973). In our treatment of PDEs we will usually obtain differential in-
equalities for norms in L? and related spaces by taking inner products, thus eliminating
the need for right-hand derivatives.

We have chosen here to concentrate on autonomous equations with no explicit time
dependence since we can then use the solutions to define adynamical system. Traditional

“treatments of the problems of existence and uniqueness, such as those to be found in the
above texts, tend to treat the nonautonomous problem dx/dt = f(x, t).

relatlvelgz well-behaved example X = xl/2 Hartman (1973) gives an ‘example of a scalar
equatlon X = f (x, ) that exh1b1ts nonumqueness for every possible “initial” condition
x(to) = Xo.



Linear Operators

This chapter covers various aspects of the theory of linear operators. We intro-
duce bounded operators, compact operators, and symmetric operators, and we
show that a compact symmetric operator behaves very much like a real sym-
metrxc matrix. In particular this will enable us to find a basis consmtmg entlrely
of eigenfunctions of some given linear operator. Finally we show how similar
results can be obtained for an unbounded linear operator.

An operator A on a vector space V is linear if

Alx +1y) = Ax + 1Ay

forallx,y € V and » € R (or C).

3.1 Bounded Linear Operators on Banach Spaces

‘We say that a linear operator A from a normed space (X, ||-||x) into another
normed space (Y, [|-]l¢) is bounded if there exists a constant M such that

lAx]ly < Mllx|lx for all xeX. 3.1

We write L(X, Y) for the space of all bounded linear maps from X into Y. The
operator norm of an operator A (from X into Y)is the smaliest value of M such
that (3.1) holds:

Al zex.yy = inf{ M : (3.1) holds). (3.2)

Another equivalent definition (see Exercise 3.1) is

Il Ax|
Al coxry = sup-—Y= sup [l Ax|y. (3.3)
[l |l x lellx=1

62



3.1 Bounded Linear Operators on Banach Spaces 63

When there is no room for confusion we will omit the £(X, Y) subscript on
the norm, sometimes adding the subscript “op” (for “operator”) to make things
clearer (|[-]lop)-

The space L(X, Y) is a Banach space whenever Y is a Banach space. Re-
markably this does niot depend on whether the space X is complete or not.

Proposition 3.1. Let X be anormed space and Y a Banach space. Then L(X,Y)
is a Banach space.

Proof. Let {A,} be a Cauchy sequence in L£(X, Y). We need to show that
A, — A for some A € L(X,Y). Since {A,)} is Cauchy, given € > 0 there
exists an N such that

lAw — Amllop <€  forall  n,m> N. (3.4

We now show that for every fixed x € X the sequence {A,,x} is Cauchy in Y.
This follows since

"Anx - Amx”Y = ”(An - Am)x”Y < ”An - Am ||Op||x||Xv (,35)
and {A,} is Cauchy in £(X, Y). Since Y is complete, it follows that
Apx =y,

where y depends on x. We can therefore define a mapping A: X — Y by
Ax = y. We still need to show, however, that A € £(X,Y) and that 4, — A
in the operator norm.

First, A is linear since

Ax +Ay) = lim A,(x +Ay) = lim A,x + A lim A,y = Ax + LAy.
n—00 H—> 00 =00

To show that A is bounded, take n, m > N (from (3.4)) in (3.5) and letn — oo.
Since A,,x — Ax this shows that

(Aux — Axlly < €llxllx. (3.6)
Since (3.6) holds for every x it follows that
[A: — Allop < ¢, (€N))

andso A, — A € L(X, Y). Since L(X, Y) is a vector space and 4, € L(X, Y),
it follows that A € £(X, Y), and (3.7) shows that A, = Ain L(X,Y). @
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One nice property of bounded linear operators is that they are automatically
continuous.

Proposition 3.2. Let L : X — Y be alinear map. Then L is continuous iff it is
bounded.

Proof. If L is bounded then
IL(xn — )y < IILllopllxn — xllx,

which gives continuity. If L is continuous but unbounded then for every n there
exists a y, such that |[Ly,|ly > n?[|y:[x. Then

Xn = Yu/@llyallx) = O,

but || Lx,[ly > n, so that L is not continuous at the origin, a contradiction. Thus
continuity implies boundedness. ®

We now give an example of a bounded operator to which we will return
repeatedly in the rest of this chapter.

Lemma 3.3. Let k(x, y) € L*(Q x Q):

/ / lk(x, Y)|*dxdy = C* < oo.
QJIQ

Then the integral operator K : L*(2) — L*(2) defined by

[Kul(x) = / Koourdy T 3.8)
. Q -
is bounded.

Proof. We have

u 2
|Ku|?=/(/ k(x,y)u<y)dy) dx,
Q Q

and using the Cauchy—Schwarz inequality we obtain

|Ku|2s/(/ |k<x,y)|2dy) (/ |u<y)|2dy) dx
Q Q Q
— (//|k<x,y)|2dxdy) (/ |u<y)12dy)
QIR Q

= CHul?,

which shows that K|l < C. W
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3.2 Domain, Range, Kernel, and the Inverse Operator

It may be the case that an operator is not deﬁned onthe whole of X.For example,

I1f](x) =/O f(s)ds, x €[0,1]

is bounded from CY([0, 1]) into L2(0, 1), where both spaces are equipped with
the L2(0, 1) norm (i.e. we consider C°([0, 1]) as a subspace of L2(0, 1)). In
other words we define I{ f] for functions that are continuous, but we consider
questions of continuity by using the norm in L2, We call this subspace on which
the operator is defined its domain, and for a general linear operator A we write
itas D(A). '

If A: X — Y, then the image of the domain of A under application of A is
called the range of A, written R(A): '

R(A)={veY:v=Auuec D))

This may well be a proper subspace of Y, as in the example of the integration
operator, where the range is

(g € C (10,11 :£(0) =0}.
In general we could write, perhaps uninstructively,
XDOD(A)5x—> Ax e R(A) C Y.

A bounded linear operator defined on a linear subspace of X can be extended
to a bounded hnear _operator defined on the whole of X. (This is not obvious.
We will study a related result, the Hahn-Banach theorem in the next chapter.)
Because of this it is somewhat artificial to restrict the domain of definition of
a bounded linear operator, and in the rest of our discussion we will assume
that D(A) _X. Howeyer, when we come to discuss unbounded operators in
the final sections of this chapter, the domain will form an intrinsic part of the
definition of the operator.

“"As with the theory of matrices, the concept of the inverse of a general linear
operator is extremely useful. We say that A is invertible if the equation

Ax =y

has a unique solution forevery y € R(A4) (ie. if A is injective). In this case we
define the inverse of A, A™! by A™!y = x. It is easy to check that

AA™'% =u forall weR(A) and A 'Au=u forall ue D(A).

If A is linear and A~ exists then it is linear too (see Exercise 3.3).
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Another important concept is the kernel of A, Ker(A), the space of all ele-
ments of D(A) that A sends to zero:

Ker(A) = {u € D(A): Au=0}.
The invertibility of A is equivalent to the triviality of its kernel.

Lemma 3.4. A is invertible iff Ker(A) = {0}.

Proof. Suppose that A is invertible. Then the equation Ax = y has a unique
solution for any y € R(A). However, if Ker(A) contains some nonzero element
z then A(x + z) = y also, so Ker(A) must be {0}. Conversely, if A is not
invertible then for some y € R(A) there are two distinct solutions, x; and x>,
of Ax =y, and so A(x; — x2) = 0, giving a nonzero element of Ker(A). @

This characterisation of invertibility will prove useful later.

3.3 The Baire Category Theorem

To prove cne of the fundamental results in the theory of linear operators, the
uniform boundedness principle, we will need to use a basic result of topology.,n
the Baire category theorem. This is also useful in proving the existence of certain
classes of functions (see Chapier 16). We give the result in two equivalent forms.

Theorem 3.5 (Baire Category Theorem). If G is a countable family of dense
open subsets of a Banach space X then

is dense in X.
The theorem also holds for complete metric spaces.

Proof. Take x € X, and r > 0; we need to show that B(x, r)N G is notempty.*
Now, since each G,, is dense and open, for some y € G, and s > 0,

B(x,r) NG, D B(y, 25) D B(y,s).

* Recall that B(x, €) is an open ball with centre x and radius €, and E(x, ) is the closed ball with
centre .x and radius e.
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First take x; € X and r; < 1/2 such that B(x;,r;) C G; N B(x, r), then
take x; € X and r, < 272 such that B(x2,r2) C GaN B(xy, r1), and in general
take x, € X and r, < 27 such that B(x,, r,) C G, N B(Xu_1, ru-1).

In this way we obtain a nested sequence of closed sets

B(xy,r1) D B(x2,r2) D---. (3.9)

Since the space is complete,

F(x,.,, rll) = Xg.

DL

il
—

n

Indeed, the points {x;} form a Cauchy sequence due to (3.9), and they converge
to xg, which is the intersection of all the nested sets. Now, x5 € B(x, 1) C
B(x, r), and also xy € B(x,,r,) C G, forall n. So xg € G N B(x,r) as
required,

By taking G; = X \ F; in the previous theorem we can obtain the following
equivalent formulation. A set W is nowhere dense if its closure W contains no
nonempty open set.* '

Corollary 3.6. Let X be a Banach space and F; a countable sequence of
nowhere dense subsets. Then

UF#x

=1

We can now use this result to prove the Banach—-Steinhaus uniform bound-
edness principle. Essentially this allows us to deduce a uniform bound on the
operator norm of a sequence of operators from X into ¥, glven uniform bounds
on how they act on each individual element of X. Note that we can in fact treat
an uncountable collection of operators in this way.

Theorem 3.7 ( Umform Boundedness Principle). Let X be a Banach space
and Y a normed space. Let S C L(X,Y), and let

sup |[Tx|ly < o0 for all x e X.
TeS

* The name of the theorem derives from its original formulation, in which a countable union
of nowhere dense sets was said Lo be “of the first category” and any other set “of the second
category.” Corollary 3.6 is then “no Banach space is of the first category.” However, this unhelpful
terminology seems now (thankfully) to be falling into disuse. ’
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Then

sup 1Tl zex,yy < 00.
Tes

Proof. Consider the sets
Fi={xeX:|Tx|ly <jforall T € §}.

Then U; F; = X, and so, since F; is closed, Corollary 3.6 shows that at least
one of the F; must have a nonempty interior, call it F,,, say. Then there exist
y € X, r > 0 such that

B(y,r) C F,.
Therefore, if ||x||x <r (sothaty +x € F,),
ITxlly =1TG+x)+ T =n+Tylly <R

for some R > 0, since supy [|[Ty |y is bounded. In particular, for any x with
[lx|lx = r we have

R
1Txlly < —llxlx, forall TeS,
r
and since T is linear, this follows for all x, proving the theorem. @

For one application see Exercise 3.4.

3.4 Compact Operators
We now introduce another class of operators, which behave more simply than
géneral bounded operators. The compactness involved in their definition makes
their analysis much more straightforward. Happily, we will find that the differ-
ential operators we consider later have inverses that are compact.
We start with a definition that can be applié:vdAto both linear and nonlinear

operators.

Definition 3.8. An operator K X — Y is compact if the image of any set W,
which is bounded in X, has compact closureinY:

K(W) is compact in Y for all bounded W C X.

Most of the time we will apply this definition to the image under K of a
sequence {x,} contained in a bounded set of X. It follows that the sequence
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{Kx,} lies in a compact subset of ¥ and so has a convergent subsequence.
Indeed, this is an equivalent definition of a compact operator.

Although a bounded linear operator need not be compact (for example, the
imzige of the unit ball in a Hilbert space under the identity is still the unit ball,
which is not compact (Proposition 1.25)), any compact operator is bounded.

Lemma 3.9. A compact operator is bounded.

Proof. Since B = By (0, 1), the unit ball in X, is bounded and K is compact,
K (B) is compact and so bounded, contained in By (0, R), say. Thus

sup |[K(x)|ly <R,

lxllx<t

and so by (3.3) |[K|lop < R and X isbounded. m

The space of all compact linear operators from X into ¥, K(X,Y), is a
Banach space when equipped with the operator norm, provided that Y is a
Banach space (cf. Proposition 3.1). The main component of this is the following
(completeness) result.

Theorem 3.10. Suppose that X is a normed space and Y is a Banach space.
If {K,} is a sequence of compact (linear) operators in L(X, Y) converging to
some K € L(X, Y) in the operator norm, i.e.

sup [|K,x — Kx|ly = 0 as n— 00,
L[ x=1

then K is compact.

Proof. Let {x,} be abounded sequence in X. Then since K is compact, K (x,,)
has a convergent subsequence, K (x,,,). Since x,, , is bounded, K> (xy,;) has a
convergent subsequence, K7 (x,,,). Repeat this process to get a family of nested
subsequences, Xx;,,,, With K (x,,,) convergent for all [ < k.

Now, as in the Arzela~Ascoli theorem (Theorem 2.5), consider the diagonal
sequence y; = x,,. This is a subsequence of the original {x,}, and we now
show that K (y;) is Cauchy, and hence convergent, to complete the proof. Choose
€ > 0, and use the triangle inequality to write

1K () — KOply
<KD - K. olly + 1K) = Ky i) lly + 1K () — KOy
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Since {y,} is bounded and K, — K in the operator norm, pick n large enough

that

IK(y;) — Kayplly <€/3

for all y; in the sequence. For such an n, the sequence K,(y;) is Cauchy, and
so there exists an N such that for {, j > N we can guarantee

”Kn(yl') - Kn(yj)”Y =< 6/3

So now
IK(y) = Kyplly <€ for all i,jzN,

and {K (y,)} is a Cauchy sequence. @

Corollary 3.11. If X is a normed space and Y is a Banach space then K(X, Y)
is a Banach space.

Proof. If {K,} is a Cauchy sequence of elements in (X, Y) then {K,} is a
Cauchy sequence in £(X, Y). Since £(X, Y) is a Banach space by Proposi-
tion 3.1, it follows that K,, — K for some K € £(X, Y). Theorem 3.10 now
shows that K is compact, and hence K € IC(X, Y).

Theorem 3.10 can be particularly useful when applied to a sequence of finite-
dimensional approximations of an operator, since any bounded operator with a
finite-dimensional range is compact.

Lemma 3.12. Let A be a bounded operator (not necessarily linear) from X into
Y. If A has finite-dimensional range then A is compact.

Proof. Letu, € D(A) bea given bounded sequence. Since A is bounded, then
Au, € R(A) is also bounded. Since R(A) is finite-dimensional, the Bolzano~
Weierstrass theorem implies that Au, has a convergent subsequence, and so A
is compact. @

We now use Theorem 3.10 and Lemma 3.12 to show that the linear operator
of Lemma 3.3 is compact.
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Proposition 3.13. The integral operator K : LZ(Q) — L%() given by
[Ku](X)=/k(x, yu(y)dy,
Q
where k € L¥(Q2 % Q) is compact.

Proof. Let {¢;} be an orthonormal basis for L%(). It follows (see Exercise 3.5)
that (¢;(x)¢; ()} is an orthonormal basis for L*(2 x ). If we write k(x, y)
in terms of this basis we have

k(x,y)= z kij i (X)p; (),

Jik=1
where the coefficients k;; are as in (3.27) and the sum converges in LYQ % Q).
Since {¢: (x)¢; (¥)} is a basis we have (cf. Proposition 1.23)

[ee]

e = [ [ nfdxay =3l G0

ij=1

We now approximate K by operators derived from finite truncations of the
expansion of k(x, y). We set

k@, Y) = D kiji ()3,

i,j=1

and
[Kn”](x)=/s;kn(x’y)”(y)dyl

Ifu € L*(Q) is givenby u = Y2, ci¢;, then

n
Ku= Z kijcjdi,

i,j=1

and so K, has rank n. It follows from Lemma 3.12 that X, is compact for
each n. If we can show that X, — K in the operator norm then we can use
Theorem 3.10 to show that K is compact.

The argument of Lemma 3.3 shows that

[ee]

I!K—Kn!!zs/g/ﬂlk(x,y)—k,,(x,y)lzdxdyz > el

i.j=n+l
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by use of the expansion of k and k,,. Convergence of K, to K follows since the
sum in (3.10) is finite. @

In the next part of this chapter we will restrict attention further to compact
linear maps from Hilbert spaces into themselves and show how — with the
additional constraint of symmetry - this leads to a basis of eigenvalues for the
space. -

3.5 Compact Symmetric Operators on Hilbert Spaces

The eigenvalue theory of matrices is simplest in the case in which they are
symmetric, which ensures that the eigenvalues are real and that the eigenvectors
are mutually orthogonal. We can make a similar definition when H i5'a Hilbert
spaceand A € L(H, H). i

Definition 3.14. A linear operator A € L(H, H) is symmetric if

(u, Av) = (Au, v) for all u,v E»H:_

For such symmetric operators there is yet another way to obtain the operator
norm of A (cf. (3.2) and (3.3)) that will be useful later.

Proposition 3.15. If A is a symmetric operator then

IAlce,my = sup [(Au, u)l. (3.11)
u =1

Proof. Using the Cauchy-Schwarz inequality it is clear that, for Jju|| =1,
[(Au, w)| < Aullllull < 1Al e, m)-

The work is in showing the opposite inequality.
If we write « for the right-hand side of (3.11) then it follows that

|(Au,w)| < allul|> forall ueH. (3.12)
For any u and v in H we have

4(Au,v) = (A +v),u+v)—(Alu —v),u —v)
< allu+vl*+ lu - v|?)
= 2a([lull* + Ilv]I%),
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by using (3.12) and the parallelogram law (1.27). Now if Au = 0 choose

Au
v=lull —,
| Aul
to obtain, since [Jv|| = [lu|l,
lullll Aull < alluf®.
Therefore

lAull < aflul,

which clearly holds as well if Au = 0, and so we have
Al cenmy < o,

which gives equality in (3.11). m

‘We now show that if k(x, y) is symmetric then so is the integral operator K
used as an example above.

Lemma3.16. If k(x,y) = k(y, x) then the integral operator (3.8) is symmetric.

Proof. The inner product (K u, v) is given by

/[Ku](X)v(X)dx =/</ k(x,y)u(y)dy)v(X)dx
Q Q Q
=//k(x,y)u(y)v(X)dxdy
QJIQ

— / / k(y, Du(y)v(x) dx dy
QI

:/(/ k(y,x)v(x)dX)u()’)dy
a\Je

- /Q u)IKO) dy,

which is (4, Kv). H
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3.6 Obtaining an Eigenbasis from a Compact Symmetric Operator

An eigenvalue of A is a complex number A such that there exists a nonzero
i € H (the eigenvector) with

Au = iu.

For a compact symmetric operator A we can show that at least one of the two
values || Allop or —[| Allop is an eigenvalue,

Lemna 3.17. If A is a compact symmetric operator then at least one of [ Allop
is an etgenvalue of A.

Proof. We assume that A # 0; otherwise the result is trivial. From Proposi-
tion 3.15,

|Allop = sup [(Ax, x)|.

(lxi=1)

Thus there exists a sequence x,, of unit vectors such that
(Axy, x,) — :bllAllop = .

Since A is compact there is a subsequence x, ; such that Ax,  is convergent to
some y. Relabel x,, as x, again.
Now consider

A%y = eoxll® = [|AxlI* + o — 2 (A, %)
< 202 — 200(Axy, xy);

by the choice of x,, the right-hand side tends to zero as n — oo. It follows,
since Ax, — y, that

AXp —> Yy,

and since & # 0 is fixed we must have x, — x for some x € H. Therefore
Ax, — Ax = ax. It follows that

Ax =ax
and clearly x 5 0, since [|y|| = |e|||x|| = [[Allop # O.

We can apply this lemma repeatedly to obtain a basis for R(A) that consists
entirely of eigenvectors.
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Theorem 3.18 (Hilbert-Schmidt Theorem). Let A be alinear, symmetric, com-
pact operator acting on an infinite-dimensional Hilbert space H. Then all
eigenvalues \.j of A are real, and if they are ordered so that

|A-n+l| < |A-n|,
one has

lim A, =0.
n1—00
Furthermore, the eigenvectors w; can be chosen so that they form an orthonor-
mal basis for R(A), and the action of A on any u € H is given by

00
Au = ZAj(u, lUj)lUj.
j=I

Proof. By Lemma 3.17 there exists a w; such that ||w;|| = 1 and Aw; =
+||Al|lw;. Consider the subspace of H perpendicular to wy:

H1 = wf.
A leaves H invariant, since if u L w) then
(Au, wr) = (u, Awy) = A (u, wy) =0.

If we consider A; = A|y, we have another compact symmetric operator whose
norm [|Aillep < l|Allop, since the supremum in (3.11) is taken over a smaller
set (H; rather than H).

Thus we can apply the same argument to H; to obtain an eigenvalue 1; =
%£|| A [|op. and its corresponding eigenvector wa, by construction perpendicular
to w;. Continuing inductively in this way, we obtain a sequence of orthonormal
eigenvectors w;, with Aw; = A w; and [A,¢1| < |4,

Now suppose that ; / 0, so that [A;| > 1 for some 1 > 0. Thus, for all
j» nw; € A(B(0, 1)); but clearly nw; has no convergent subsequence since
the {w;} are orthonormal (cf. Proposition 1.25), contradicting the compactness
of A,

Finally, if x is orthogonal to the linear span of the {w;} then

lAxT < [A;1lxll

for all j, so that Ax = 0. So we must have x € Ker A. Thus there are no more
(and in particular no complex) nonzero eigenvalues of 4.
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If {k;} jez is an orthonormal basis for the kemel of A, then {k;} U {w;} is an
orthonormal basis for H. So, writing

co
u= Z(u w])w1+2(u kjdk;,
Jj=I1 jeT

we obtain

oo
Au= A, ww;.
J=1
Finally, we note from this final equality that the {w} form a basis for the range
of A, and the proof is complete. H

It is natural to ask when the eigenvectors actually form a basis for all of
H. We can see from the proof of Theorem 3.18 that this happens ‘whenever
Ker A = {0}. Now, we saw above (Lemma 3.4) that an operator A is invertible
iff Ker A = {0}. We therefore have the following corollary of Theorem 3.18.

Corollary 3.19. If A is mvernble and satisfies the conditions of Theorem 3.18

then there is a basis of H consisting entirely of etgenﬁmcnons of A

As one immediate and important application of these results, we consider the
Sturm-Liouville boundary value problem. If L is the linear differential operator

given by
d
Lu]l = ————( (x)———) + g (x)u(x), (3.13)

where p and ¢ are continuous strictly positive functions on [a, b], the Sturm—
Liouville eigenvalue problem is to find all those A such that the equation

Llu] = Aw(x)u(x) 3.14)

has a corresponding solution u (x). The function w(x), the “weight function,”
is also assumed to be strictly positive on [a, b]. For simplicity we study (3.14)
with the boundary conditions

u(a) =u) =0,

although a more general treatment is possible.
It was one of the major concerns of applied mathematics thloughout the

mneteenth century to show that the solutions {u,, (x)} of (3 14) form a complete
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basns for some appropriate space of functions ( generahsmg the use of Fourier
serles as a ba51s for L2). We can do this easily using the theory developed in

the Tast section.

Theorem 3.20. The. etgenﬂncnons of problem (3.14) form a complete
orthonormal bas;s for L o(a,b):

b
L% (a,b) = {u:/ w(x)|u(x) > dx <oo}. (3.15)

On L2 we use the inner product that corresponds to the norm in definition

(3.15):
b
W, v)y = / wx)u(x)v(x)dx.
Proof. We show first that any X for which (3.14) holds must be positive. Indeed,
b
(Lu,u) = / —(pu')u + qlul®dx

b
- / Pl P+ qlulPdx — 2[pw u)]

%

b
/ 40l dx

- Sup,\:e[n,b] q (x)

b
> w(x)lu(x)[? dx
mfxe[,,,b] w(x)

b
=« / w(x)lu(x)lzdx = a(wu, 1t),

witha > 0,andso A > a > 0.
The Green’s function G(x, y), the solution of the equation
—reen sAnnetion Gix,
L[G]l =6(x — ), G(x,a)=G(x,b)=0

is symmetric in x and y (see Exercise 3.7). Since we can use G (x, y) to express
the solution of

L{u] = f(x), u(a) =ub)=0
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as

b
u(@) =/ G ) £O) dys

our original Sturm—Liouville problem is equivalent to the integral equation

b
1
/ G, yywyuy)dy = LU ). (3.16)

Therefore if we define a new function v(x) = /w(x)u(x) and set

k(x,y) = G(x, y)v/ wx)w(y),

then we can rewrite (3.16) as

1
Kv= T (3.17)

where X is the integral operator given by

b
Kv(x) = / k(x, y)v(y)dy.

Since k(x, y) is symmetric and bounded, it follows from Lemma 3.16 and
Proposition 3.13 that X is compact and symmetric, and so, using the Hilbert—
Schmidt theorem (Theorem 3.18), K has a set of orthonormal eigenfunctions

{ei},
(¢j$ ¢k) = (Sjk'

Furthermore the kernel of X is {0}, since any solution of (3.14) and hence
of (3.16) and (3.17) has A finite. It follows from Corollary 3.19 that the eigen-
functions {¢;} of (3.17) form a basis for L%(a, b).

Each eigenfunction ¢; gives rise to an eigenfunction ¢; = ¢;w™/2 of the
original Sturm~Liouville problem (3.14), and these eigenfunctions are orthonor-
mal in L2 (a, b):

b
(@jr 9w = / w(x)@; (X)pr(x) dx = (¢, pr) = k-

Now suppose that f € L2 (a, b). Then the function w'/2f is an element of
L%(a, b) and hence can be expanded in terms of the {¢;}:

w2 =" (w'2f,¢,)0;.

Jj=1
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It follows that
(o 0]
_ z (wl/zﬁ wl/zgoj)goj
j=1

or

=) (£ e)ue;,

j=1

and so the {¢;} form an orthonormal basis for L2 (a, b), as claimed. ®

For a related example see Exercise 3.8.

3.7 Unbounded Operators

We will now discuss unbounded operators; the main task will be to adapt the
Hilbert-Schmidt theorem (Theorem 3.18) and its corollary (Corollary 3.19) to
this case.

A 11near operator is (unsurprlslngly) called unbounded if it is not bounded.
Most of the hnear ‘operators that arise in the study of PDEs are unbounded
operators Th1s is to be expected, since the differential operator d/dx is (in
genegal) an unbounded operator. Let us consider the action of d/dx on the
domain C! ([0, 1), considered as a subset of LZ(0, 1). Now, for all k € R the
function e™** ¢ C([0, 1]), and

d

~kx _ —k —kx.
dxe e
Clearly
d kx —k
—e~ =klle™ | 12,
el . lle ™| 2
" and so
_d. > k
dx L2212

for all k, showing that the operator is unbounded.
Although it is artificial to restrict the domain of definition of a bounded
operator to some subspace of X, this is most certainly not the case for unbounded

spealqng, an unbounded oper sperator 1S ot Fspecified Until we have 2 also glven its
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domain, so we should speak about the pair (A, D(A)). As with Banach spaces
(where we usually avoid the clumsy (X, [|-||x) notation and just talk about “the
space X ) we will often refer just to “the operator A” in cases when the domain
has been specified.

3.8 Extensions and Closable Operators

Suppose that we want to consider the differential operator as a linear map from
L%(0, 1) into L2(0, 1), which would enable us to take advantage of the Hilbert
space structure of L2, The correct choice of the domain of A is not immediately
clear. For example, we could choose D(A) to be C/ ([0, 1]) for any j > 1.
Somehow we would like to choose D(A) to be the “natural” domain consistent
with the definition of A with which we are familiar (in this case C([0, 1])).

What we want is a canonical way to extend d /dx to a larger (and in some
ways optimal) domain in L?.

Definition 3.21. An operator (A, D(A)) is an extension of (A, D(A)) if
D(A) D D(A) and A = A on D(A).

We can find one such domain in a standard way called “closing the operator.”
Suppose that we start with an operator (A D(A)) with A : X — Y. Consider
a sequence {x,} in X such that

Xp = x in X and Ax, -y in Y. (3.18)

Now, if x € D(A) then we would like to have y = Ax, but this does not follow
automatically, since A is unbounded and so is not continuous. To guarantee that
y = Ax, it is sufficient that for every sequence x, — 0, either Ax, — 0 or
Ax, does not converge.

Under this assumption we can define an extension of A, A, taking D(A) to
be all those x € X for which there are sequences satisfying (3.18) and defining
Ax = y. For then, if there are two sequences {x,} and {X,} that satisfy

Xp—=>x in X and Ax, -y in Y
and
Xy —>x in X and Axy =¥ ‘Iin Y,

it follows, since x, — X, — 0, that y = ¥, and so Ax = y is a well-defined
extension of A. This gives us a closed operator A.
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Definition 3.22. An operator A is closed if, whenever {xn} € D(A) obeys.
(3 ]8) thenx € D(A) w1th Ax =y.

The next result shows that a symmetric operator whose domain is dense can
always be closed. Such operators occur in many applications, as we will see in
what follows.

Proposition 3.23. If Ais a symmetric operator on a Hilbert space H wu‘h dense
domain, then it has a closed extension A that is also symmetric.

Proof. Suppose that x, — 0 and that Ax,, — f. Then for any u € D(A) we
have

(f, u) = lim (Ax,, u) = lim (x,, Au) = 0.
n—00 n—00

Since D(A) is dense in H it follows that (f, u) = 0 for all u € H, and so,
choosing u = f, we have that f = 0. We can therefore define an extension as
outlined above, taking A to be all those x € X for which there are sequences
satisfying (3.18). The symmetry is clear. ®m

Because of this result we will not distinguish in what follows between such
an operator “and 1ts closed extensmn We will return brleﬂy to the example of
the differentiation operator in Chapter 5 (Section 5.2.1).

3.9 Spectral Theory for Unbounded Symmetric Operators

In Section 3.6 we developed an eigenvalue theory for compact symmetric op-
erators on a Hilbert space. In this section we want to do something similar for
unbounded operators, using our previous results.

Since an unbounded operator is not necessarily defined on the whole of H,
we have to adjust slightly our definition of a symmetric operator.

Definition 3.24. A linear operator (A, D(A)) is symmetric if

(Ax, y) = (x, Ay) for all x,y € D(A).

The result we will use to translate eigenvalue problems for unbounded A
back to ploblems for bounded operators is the following simple lemma.

Lemma 3.25. If A is an unbounded symmetric operator whose range is the
whole of H and whose inverse is well defined, then A~ is bounded and  sym-
metrlc
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One condition that ensures that A™! is well defined is that A is bounded
below (see Exercise 3.9).

Proof. ¥f A™! is not bounded then there exists a sequence {y,} € D(A) such
that

|Ay,| =1 and |yu| = o0.
Forany f € R(A) = H,thereexistsanx € D(A)suchthat Ax = f. Therefore
[y = 1(pn, Ax)| = [(Ayn, x)| < Ix].
This shows that the linear functionals L, on H given by

f=On f)

are bounded for each f € H and for each n. It follows from the principle of
uniform boundedness (Theorem 3.7) that there is a uniform bound on the norm
of these functionals L,. Now, since clearly

ILallop <1yal  and  L,(Ow) =yl
we have
”Ln"op = |yn|y

and so the {y,} are bounded, which is a contradiction.
To show that A~! is symmetric, take x, y € H, with x = Au and y = Av,
where u, v € D(A). Then

(A™lx, y) = (A7  Au, Av) = (u, Av) = (Au, v) = (x, A7'y).

Now, any eigenfunction for A is an eigenfunction for A~ and vice versa,
since

-1 -1
Aw, = A,w, — A w, = A‘u Wy.

Thus we have the following result from Lemma 3.25, Theorem 3.18, and its
corollary (Corollary 3.19).

Corollary 3.26. Let A be a symmetric linear operator on H whose range is is all

of H, and suppose further that its inverse is defined and compact. Then A has
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an infinite set of real eigenvalues X,, with corresponding eigenfunctions w,:
Aw, = A wy.
If the eigenvalues are ordered so that

|A-u+1 [ Z f)»n [,

one has

lim A, = o0.
n—>00

Furthermore, the wy, can be chosen so rhat they form an orthonormal basis for
H and in terms of this basis the operator A can be represented by

Au=ZAj(u,wj)wj. (3.19)

j=1

We will apply this result to eigenfunctions of the Laplacian operator in Chap-
ter 6. Note that one consequence of Corollary 3.26 is that the domain of A can

be represented as
o0 o0
D(A) = {u tu=Y cwy, Yl Pk < oo}. (3.20)
j=1 j=1

1t follows from this representation that D (A} is a Hilbert space when equipped
with the inner product

((u, V))pay = (Au, Av) (3.21)

and corresponding norm

llullpeay = Il Aull. (3.22)

3.10 Positive Operators and Their Fractional Powers

A positive operator is one that satisfies

(Au, u) = kIIuI[ (3.23)

for some k > 0. It follows immediately that if the operator in Corollary 3.26
is positive then all its eigenvalues X ; are positive, and X; — co as j —> oo,
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In this case, since we have a representation of A by (3.19), we can use this to
define its fractional powers by the natural expression

[o¢]
A% =) A%(u, wyw;. (3.24)

The domain of A* in H, D(A%), is
D(A*) = {u: |A%| < oo}

(i.e. such that the right-hand side of (3.24) converges), which is the same as
(cf. (3.20))

D(A%) = {u Tu= Zc]—w]—, Z |cj|2°‘)t§ < oo}. (3.25)

We can make D (A%) a Hilbert space by using the inner product (cf. (3.21))
(u, V)peany = (A%, A%),
which of course gives rise to a corresponding norm (cf. (3.22))
lullpeasy = 1A% ull.

We will make only occasional use of these fractional power spaces in what
follows, although they can be used as the basis of a general theory of existence
and uniqueness (see Notes) However, the following interpolation 1r1equa11ty
will prove useful in Chapter 6. The proof whrch uses the ergenvalue expansion
and Holder s inequality, is set as an exercise (Exercrse 3.1 .

Lemma 3.27. Ifu ¢ D(A") then

(ATull < [|Alu|| =) =Dy gy =D/ k=D (3.26)

for0 <l <s <k

We can define other functions of operators. In particular, the exponential e~

is much used in certam approaches to PDEs (see Exercise 3.12).
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Exercises

Show that Definitions (3.2) and (3.3) of the operator norm are equivalent.
Show that the integration operator

IL£10x) = /0 F)ds,  xeo1]

is a bounded operator from C°([0, 1]) into itself. Show also that it is
a bounded operator acting on C9([0, 1]) as a subset of L2(0, 1) into
L*©, ).

If A is linear and invertible, show that A™! is also linear.

Suppose that {e;}72,; is a basis for a Banach space X, such thatany x € X
can be written uniquely as

[o¢]
X = z cjej,
j=1
where the sum converges in X. Define a linear map P, by
[oe] n
Pn <Z cj-ej) = ZCjej.
j=1 j=1
Use the principle of uniform boundedness (Theorem 3.7) to show that
there exists a constant C such that

I Pn”op =C for all ne Z+.

Suppose that {¢;(x)} is an orthonormal basis for L2(£2). Show that
{¢i(x)¢;(»)} is an orthonormal basis for L2(2 x ) and hence that,
if k € L2(2 x Q), it can be written in the form (3.10) with

kij=/s; Qk(x,y)d)i(x)d)j(y)dxdy. (3.27)

This is a partial converse of the Hilbert-Schmidt theorem (Theorem 3.18).
Show that if A can be expressed in the form

oo
Au=>" 2, (u, wy)wy

n=1

where A, — 0 and (wy,, w,,) = J,,, then A is compact and symmetric.
(Hint: Use the result of Lemma 3.12 and Theorem 3.10.)
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Let L be defined by (3.13), and suppose that 1} (x) and u3 () are nonzero
functions satisfying L[u] = 0, along with the boundary conditions

ui(@)=0 and ua(b) = 0.

Use these to find the Green’s function G(x, y), which is the solution of
the problem

L.[G]=0 for all x € [a,y)U (y, b],
along with the conditions at x = y:
G(x, y) continzous at x = y and [G'(x, ) = p()~".
In particular, show that

Gx,y) = {C”‘(")”Z(y)' =X <Y (3.28)

Cui(us(x), y<x<b,

for some constant C, ensuring that G(x, y) is symmetric in x and y.
Ifk e L*(2 x ) and k(x, y) = k(y, x) show that the solution of the
integral equation

A Ko yuG)dy = £G). f LX) (329)

is given in terms of the cigenvalues and eigenfunctions of the equation
/ k(x, Yu(y)dy = Au(x) (3.30)
e

by
u(x) = Z £f;;_ﬂluj(x).
j=t

[Hint: Consider the integral operator K defined by

(Kul(x) = Ak(x, Yu(y)dy.

You may assume that A = 0 is not an eigenvalue of (3.30).]

Show that if A is a linear operator that is bounded below (i.e. if there
exists a constant k > O such that [|Ax| > kfx|), then A~! is well
defined. Show also that if A is bounded, then A~! : R(A) — D(A) is
bounded.
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3.10 One can define the fractional powers of a larger class of operators than

3.11

3.12

those treated in Section 3.10. These are the so-called sectorial operators,
which satisfy certain conditions on their spectrum. In this situation, the
appropriate definition is

1 [0 ¢
A% = / te= e Al gy
C(ay Jo

Show that this agrees with (3.24) when H has a basis of eigenfunctions
of A. [Hint: Apply A~ to each eigenfunction, and use the definition
)= [ e dr]

Prove (3.26) by using the eigenfunction expansionu = Y c;w; and the
corresponding expression for [|A%u]|,

[o¢]
2 25,12
AUl =D A%|c; %,

j=1

along with the Hélder inequality.
If A is an operator then we can define e# by the standard exponential
series

o n
A

e = _" .
n.
n=1

When A is a positive symmetric operator with compact inverse, as in
Section 3.10, this definition implies that

(o]
e My = Z e (u, wi)w;.

j=1
Using this equality, show that if x € D(A) then e~#'x is differentiable
on [0, o0), and
d —Ar
dre
[Hint: You need check only (3.31) at¢ = 0, and then it holds for allr > 0
by linearity.]

x = —Ae 4y, (3.31)

Notes

By aiming directly for the eigenbasis expansion of H as provided by Corollary 3.26
we have bypassed much of the spectral theory of linear operators. Indeed, we have not
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even discussed the spectrum itself, the starting point for any more detailed investigation
of the subject. The spectrum of a linear operator A : X — Y, denoted o(4), is the
complement of all those complex numbers A for which (A — 1) has a bounded inverse
with dense domain in X. Various properties that we introduced cut down on the possible
complexities of the spectrum.

For example, we have avoided introducing the definition of a self-adjoint operator,
which allows spectral theory to be applied directly to unbounded operators, rather than
using the roundabout route via Lemma 3.25 adopted here. Suppose that (A4, D(A)) is a
densely defined operator from a Hilbert space H into itself. Then we define D(A*) to
be the set of all v € H such that there exists a w € H so that

(Au, v) = (u, w)
for all u € D(A). The adjoint of A is the operator (A*, D(A*)) defined by
A% = w.

We say that A is self-adjoint if (A, D(A)) = (A*, D(A*)). Since A* is an extension of
A, this is a stronger requirement than symmetry, and it allows us to conclude more about
the spectrum of A.

Detailed treatments of spectral theory can be found in Bollobds (1990), Meise & Vogt
(1997), Renardy & Rogers (1992), Davies (1995), and Young (1988), among many other
texts.

Fractional powers of operators are used extensively by some authors, in particu-
lar Henry (1984) and Cazenave & Haraux (1998). We will concentrate instead on the
Sobolev space formalism, which is introduced in Chapter 5.



4
Dual Spaces

In thlS chapter we study spaces of bounded linear maps from X into R. It
turns out that such maps play a large part in the theory of partial differential
equations (PDEs). In particular, we will be able to prove a result that goes
some way towards cxrcumventlng the lack of compactness of bounded sets in
ulﬁmte—dxmensmnal spaces.

'Abounded linear map from a Banach space X into R (an element of £L(X, R))
iscalled a linear functional on X — it associates a real number with every element
of X. >Funct10nal ana1y51s was originally solely concerned with the study of
such functlonals Because of its importance, we adopt a special notation for
.C(X R).

Definition 4.1. Let X be a real Banach space. The space L(X, R) of all linear
functionals on X is denoted X* and is called the dual space of X.

It follows from Proposition 3.1 that X™ isitself a Banach space when equipped
with the operator norm. Since this is the natural norm on X*, we will denote

1l =NF Nl zem-

When no confusion can arise, the simpler notation || ||, will sometimes be
used.

4.1 The Hahn-Banach Theorem

We will now prove one of the fundamental results in the theory of linear func-
tionals, the Hahn—Banach 1 theorem. This result guarantees that any linear func-
tlonal deﬁned on a linear subspace of X canbe extended toa sumlarly bounded
functional on the whole of X.

89
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The proof relies on Zorn's lemma, which is in fact more of an axiom than a
lemma since it can be shown to be equivalent to the axiom of choice. Despite
its somewhat abstract formulation, Zom's lemma is a very powerful tool.

Zorn’s lemma guarantees the existence of an element in a partially ordered
set P that is maximal with respect to some order relation; to state the lemma
precisely weneed to define these terms. A partial order onaset P is anoperation
< that satisfies ‘ A

(i) a <aforalla € P,
(ii) a < b and b < cimplies that a < ¢, and
(iii) ifa <band b < g thena = b.

A subset C of P is called a chain if any two elements of C can be compared:
for all pairs a, b € C eithera < b or b < a (or both if a = b). An element b
is an upper bound for S C P if s < bfor all s € S. Finally, we say that m is a
maximal element of P if m < a implies that a = m.

Lemma 4.2 (Zorn’s Lemmay). If P is a partially ordered set and all chains in

P have an upper bound then P has a maximal element.
For another application of Zorn’s lemma, see Exercise 4.1.

Theorem 4.3 (Hahn-Banach Theorem). Let X be a Banach space and Ma
lmear subspace of X. Suppose that [ is a linear functional on M, such that

IfEI <klxl  forall  x e M. @n
Then there exists an extension F of f to all of X, such that

|FG)l <kl forall xeX. @.2)

In the case when X is a Hilbert space we do not need to resort to Zorn’s
lemma and the proof is much simpler (see Exercise 4.4).

Proof. We will apply Zorn’s lemma to all possible extensions of f satisfying
the bound (4.1). Indeed, consider the set £ of pairs (g, G), where g:G—>R
is a linear functional on G that extends f and satisfies

gl <kllxl  forall xeG. @3)

Clearly E is nonempty, as (f, M) C E. We define an order on E by (g, G) >
(h, H) if g is an extension of A, that is, if G D H and g = h on H. Since any



4.1 The Hahn—-Banach Theorem 91

chain C = {(g;, G;)} has an upper bound, namely the functional
u(x) = gi(x), x € Gj,

defined on
U = U G,‘,
i

an application of Zom’s lemma guarantees a maximal element (F, W) of E.
All that now remains is to show that W = X.

We argue by contradiction and show that if W s X then F can be further
extcnded So, if W # X thereexists a z € X \ W. Any element of the space Z
spanned by zand W can be uniquely written as

X =w + oz,
since, if not, there would be two representations
wy + 012 = Wy + @22 = (01 — o)z = wy — wy,

sincez ¢ W and wy — w, € W, this implies that &y = o and w; = w,. So for
any ¢, we can define a linear functional on Z by

glw+az) = F(w)+ «ac.

We now have to show that we can find a value of ¢ that ensures that the functional
g satisfies the bound (4.1) on Z.
If this were so, we would need

[F(w) + ac| < kl|lw+ azl| 4.4)

forall w € W and all @ € R. Now, since both sides are linear, this holds
provided that

F(w)+ ac < kl|lw+ az|. 4.5)

(If the quantity in the left-hand modulus sign in (4.4} is negative then we want
—F(w) — ac < k||w + az|, which is

F(-w)+ (-a)c < kll—w + (—a)zl,



92 4 Dual Spaces

ensured by (4.5).) This is equivalent to
1
c< a(kllw + azll — F(w)),
1
—c < &‘(kllw —az| - F(w)),
with w € W and a > 0. So we need to find a constant ¢ that satisfies
1 1
a_(F(wl) ~kllwy —aiz|) <c < a—z(k"wz + azzll — F(ws)) 4.6)
1
for all oy, a3 > 0, w1, wy € W. Such a ¢ will exist provided that

1
sup  —(F(wy) — kllwy — ouzl))

wyeW,ay>0 O

< inf —(kll w2 + oz] — F(w2)).
w2eW,a2>0 ¢y

So we can perform the extension provided that, forall wy, w, € Wand ¢y, oy >
0, we have

oz (F(w1) — kllwy — enzll) < ay(kllwy + aazll — F(wy)),
which is
Flopwy + aqwy) < klleywy + oozl + kllaaw, — araaz]. 4.7
Now, we know from (4.3) that
[F(ozwy + cawz)}| < kllagwy + ayws s
using the triangle inequality gives (4.7), and so we can find the constant ¢ needed
in (4.6).

So we have shown that F can be further extended. This contradicts the
maximality of (F, W)in E, and hence W = X and the theorem is proved. @

As an indication of why studymg dual spaces can be expected to yield inter-
estmg results we apply the Hahn—Banach theorem to show that if f (xr o)
forall f € X* then x = y.

Lemma 4.4. Let X be a Banach space. If x,y € X and f(x) = f(y)for every
fEe€X*thenx =y,
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Proof. If x = y = 0 then we are done, so without loss of generality assume
that x # 0. Let Z be the linear space spanned by x and y. If x and y are linearly
dependent then set

flax) = alx|; 4.8)
otherwise set
flox + By) = alx| for all BeR. 4.9)

Inboth cases f(x) # f(y). Now extend f to anelement F € X* by using the
Hahn-Banach theorem; clearly F(x) 3 F(y).

The proof of this lemma included the additional factor of |x| in Definitions
(4.8) and (4.9) so as to provide the following immediate corollary (f in the
statement below is just F from the proof of Lemma 4.4).

Corollary 4.5. Let x & X a nontrivial Bana;:h space. Then there exists an
f € X* such that f(x) = |x| and Ifls =1

4.2 Examples of Dual Spaces

Before we turn to how dual spaces can be used in analysis, we will first give
several examples,

4.2.1 The Dual Space of L, 1 < p < 00

We first consider the Lebesgue L7 spaces, with | < p < oo, and observe that
if f € L1(82), with (p, ¢) conjugate indices, we can define a linear functional
L fon L? via

Ly = [ rwetds, (4.10)
Q
since Holder’s inequality gives

L@ < N fNeeliglr

Certainly, then, |[L¢(|¢z»+ < || f|lLe, and if we consider

gx) = 1f I f (x)
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then we have

1954 i/p
gl = (/Q If(X)I(""””dx> = (/Q If(X)I"dX> = I FI%P,

and

Ly (g)l = M) N dx| = 171,

In this case, therefore,

L@ =Nfllrellglee,

showing that in fact

L flezry = f Lo

This shows that the map f + L is an isometry from L into (LP)*.

The question remains whether every element of (L?)* can be realised as L ¢
for some f € L9, i.e. whether the map f + Ly is onto. One can show that
this is the case by using results from measure theory that are beyond the scope
of this discussion. It follows that L7 and (L?)* are isometrically 1somorph1c
which we will write as LY ~ (L?)*. Since it is therefore natural to identify
(L7)* with L7 via (4.10), you will often see LY = (L?)* (a convenient abuse
of notation). [For details of the proof see Adams (1975), Meise & Vogt (1997),
or Yosida (1980).]

4.2.2 The Dual Space of IP, 1 < p < o0

For the I7 sequence spaces (see Definition 1,19) it is much easier to show that
every element of (/?)* can be derived from an element of 9, and we now give
this simple proof in full. In this case, we associate an element L,, of (I”)* with
anelement ¢ € 7 via

Ly() = tnx. @.11)

k=1

Theorem 4.6. If | < p < oo, then (I?)* = 19, where (p, q) are conjugate
indices.

Proof. First it is clear that if ¢ € I7 and L, is defined by (4.11) then

[Le (N =< llplliallx o
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so that Ly e (I”)* with norm
(Lollgry < lPlla. 4.12)

We now show the converse, that with any element L € (/7 )* we can associate
an element ¢ of 1 suchthat L = L, as defined in (4.11), with

lplle < WL grye-

Since L = 0 corresponds trivially to ¢, = O for all k, we may assume that
L + 0.

If {ex} is the basis for /7 given by ey = {6jx}, we set ¢y = L(er). Now, if
x € I? is given by

oo
X = E Xk€k,
k=1

then, since L is linear and continuous,

L(x)= mek.

k=1

Thus L = L,. It remains to show that ¢ is in fact an element of I with

igllie = LIy
To this end, consider the sequence ¢, where

5 = {|¢n|'1/¢n, n <mandg¢, #0,
n -

0, n>morg, =0.

Then

m

¢(m) z(p’sm)qs — z |¢n[q

Also, by definition of || L]{¢r,

00 tp
1L (&)1 < ILllgry 0L,y = 1L llgry <Z . P)

n=l

m Yy
= LIl ( > |¢,,r<'1"”"> :

n=l
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Now, since (g — 1)p = g, we have

n 1/p
IL@™) = Igul” < ILllarys (Z || > ;

n=l

this yields (on dividing), for m large enough,

m I/q
<Z |¢,,|'I) < ILligry-,

n=1
and so

ldlle < L Ilgry- (4.13)

Thus ¢ € 19.
Combining (4.12) and (4.13) shows that in fact [|¢[l;s = [|L|¢ry, and we are
done. H|

4.2.3 The Dual Spaces of L* and L*°

We are still left with the spaces L!(2) and L*®(2). It is easy to see that every
element of L% can be used to define an element of (L ) via (4. 10) and one can
check, by using Proposmon 1.16and arguments similar to those in Section4.2.1

(see Exercise 4.3), that
NLfllcziys = I1f e

In this case, as with the L? spaces above, every element of the dual space of
LY(£2) can be obtained, via (4.10), from an element of L (2). (Since L>® ~ L1,
one way of defining L is as the dual space of L}.)

However, L! (€2) is not the whole dual space of L°°(Q) which is much more
compllcated to characterise (see Yosida (1980) for example) We will illustrate
this lack of symmetry in more detail, using the simpler example of the sequence
spaces I! and [,

4.2.4 The Dual Space of I' and I°

In the last section we claimed that (L )" = L but that L1 is not itself the dual
space ‘of L. We can sce this more clearly With the sequence spaces. First we

g .mw

show that (/')* =~ [°.

Theorem 4.7. (IV)* ~ I°°.
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Proof. Take ¢ € I°, ¢ = {¢y}. Then ¢ corresponds to a linear functional L,
on!! given by

Ly(x) = z Pr X
k=1

Clearly we have

o o
Lo = D Igenl < suplel 3 brel = gl i,

k=1 k=1

so that

(Lsllgry < Nl

Now takean L € (I')*, and consider x & I' with x = 5722 | xrex, where {e;)
is a basis for I, as used in the proof of Theorem 4.6. Then

L(x) = Z X
k=1

with ¢ = L(et), and so in particular L, = L. Now we have to show that in
fact ¢ € {* with [|¢[lec = [|L[l¢yr. This follows since

[l < LNy llexlls = 1L guys,
which implies that

gl < WLy

Thus || L|lg1y» = ||@ll;=, and the theorem is proved. m

Now, ! is nof the dual space of I — it is in fact the dual space of a subspace
of I°°, the space co, which is the space of all sequences that converge to zero:

Co = {[Xj} Xp = 0}

This is a Banach space when equipped with the /°° norm. (Note that ¢g C I*°
with no further assumptions, since a convergent sequence is bounded.)

Theorem 4.8. (co)* ~ I'.

Note that the proof is a simpler version of that of Theorem 4.6.
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Proof. If ¢ €', ¢ = {¢} then this gives a linear functional on ¢, by setting

oo
Lrp (-x) = z¢lcxIC1
k=1
when x = {x;}. Indeed,
oo oo
Lo < lguxiel < Sup x| > 1l = lpllnllxl =,

k=1 k=1

so that

IZollcoy < lipllyr.

Now take L & (cp)* with L # 0 (L = 0 corresponds trivially to ¢, = 0 for
all k), and let ¢ = L(eg). Then

L(x) = L< xkek) = Zka(ek) = Zxkq')k,
1 k=1 k=1

fe=

sothat L, = L.
Now consider the elements x™ of ¢® with

x(m) _ Slgn¢1h n<m,
" 0, n>m,

and so

m

L) =" Igel < WLl oy 12 oo = 1L eyye-
k=1

Thus

n

> 1del < 1Ll oy

k=1
for all m sufficiently large (so that x® = 0), and so ¢ & I!, with
ldlln < NL| (o -

This shows that || L|[ ¢, = ll¢|l;:, and the theorem is proved.

We will see at the end of Section 4.4 that it follows that the dual space of I*°
isnot 1.
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4.3 Dual Spaces of Hilbert Spaces

Since (LP)* = L, if p = g = 2 this shows that the dual of L? is identifiable
with L? itself. This is a particular case of a more general result valid for any
Hilbert space, the Riesz representation theorem. This shows that any linear
functional/ on H can be represented as an inner product with some appropriate
element x; of H itself (4.14) and that the norms of / (in H*) and x; (in H) are
the same.

Theorem 4.9 (Rlesz Replesentatlon T heorem) For any Hilbert space H,
H*~H. In partzcular for everyx € H

L(y)=(x,y) (4.14)

is bounde_d and has norm ||l [+ = [Ix]|- F urthermore, for every bounded linear
ﬁmcnonall € H* there exists a unique x; € H such that

Iy)=(a,y) forall ye€eH,

and || x| g = /|| g=. It follows thar I — x, is continuous.

Proof. The first part of the theorem is straightforward, since (4.14) provides a
linear functional I, associated with x. The Cauchy-Schwarz inequality gives

L= 1Ge, 1= lxlllyl

so that I, € H* with |||z < |lx|l, and the choice y = x shows that iu fact
el = llx|l.

The second part of the theorem involves a little more work. Suppose that
I € H*. Thenthekemel of [, K = (y € H : I(y) =0}, is a closed subspace of
H.The subspace - KL of vectors orthogonal to K is a one-dimensional subspace
of H, since if u, v € K we have

Hl(w)v — Iw)u] =0,

and so I(u)v — I(v)u € K. Since u and v are orthogonal to all elements of K,
sois [(u)v — [(v)u, which implies that i(x)v — I(v)u = 0, and so u and v are
proportional.

Now choose a unit vector z in K. We can decompose every y € H as
y = (z, )z + w, where w € K. Then I(y) = (z, ¥)I(z), and so if we set
x; = 1(2)z, we have

xL ) =0@zy) =10(),

and the norm equality is clear.
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4.4 Reflexive Spaces

If H is a Hilbert space the Riesz theorem shows that H* is isometrically iso-
morphic to H. The situation in a general Banach space X is somewhat more
complicated. For an element x € X one can define a linear functional G, on X*
(ie. an element of X** = (X*)*) by

G, (Y= f(x) for all feX". 4.15)
If we set Ax = G, this gives a linear map A : X — X**. Noting that
(GO < I flx- N1l
one has
IGxllx~ < llxI.

We saw in Corollary 4.5 that givenan x € X thereisan f € X*with || f{x« =1
and f(x) = [x|; this shows that in fact

1Gxllxe = llxIl, (4.16)

and so A is an isometry from X onto a subspace of X**. When this isometry is
onto (ie. when X ~ X**), then X is called reflexive. o o
'The Riesz representation theorem shows that all Hilbert spaces are reﬂexwe
and Theorem 4.6 shows that thell’ spaces, 1 < p < o00,are reﬂex1ve as are the
Lebesgue spaces LP(Q) with 1 < p_< oo, Theorems 47and 4.8 show that
the sequence space ¢y is not reflexive, since (cp)** = (IH* =1, and Co. 1s a

_proper subset of .
We will now see that the sequence spaces /! and [ are not reflexive, using

the following result.
Proposition 4.10. E is reflexive zjj‘ E* is reflexive.
Proof If E is reflexive, then £ ~ E**, and so
E* = (E™)* = (E")* = (EM™,

which shows that £* is reflexive.
Now suppose that £* is reflexive, so that £* >~ (E*)** = (E**)*. Then for
any element W € (E**)* there is an f € E™ such that

W(G) = G(f) forall GeE™ @.17
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Now, E can be identified with a subset of E** via (4.15), so that foreachx € E
there is a corresponding element G, € E** given by

G(f) = f(x) forall feE*. 4.18)

Suppose that W (G,) = 0 for any such G, (“¥ = 0 on £7). Then it follows
that f(x) = 0 forany x € E. Since f € E*, it follows that f = 0. Since ¥
and f are related as in (4.17), it follows that W itself must also be zero.

Now suppose that £ is a proper subspace of £** (under identification (4.18)).
Then the result of Exercise 4.2 (cf. Lemma 4.4) shows that there exists a non-
zero linear functional on £** that vanishes on £. But we have just shown that
if ¥ = Qon E then ¥ = 0, and so this is impossible. We conclude that
E~FE*. m

We now know that since cp is not reflexive, then neither are (co)* ~ ' nor
d l)* ~ l°° In partrcular this shows that (/°°)* % I!, since otherwise we would
have ! )** ~7t,

It follows similarly that the Lebesgue spaces L! (Q) and L%(£2) are not
reflexive and that (L°)* 2 L1.

4.5 Notions of Weak Convergence

As the | ﬁnal topic of this chapter we introduce the extremely powerful notion of
weak ¢ convergence whrch will enable us — to some extent — to c1rcumvent the
problem that the unit ball is not compact in an infinite- d1mensronal space.

4.5.1 Weak Convergence

Since we know from Lemma 4.4 that linear functionals can distinguish elements
of X, we will define a notion of convergence based on the application of linear
functionals.

weakly to x ( in X )

Xy =X in X,

if f(xy) = f(x)f0r every f € X"

First we will motrvate the termmology Another term used for the standard

convergence in the norm of the s space (x, — x) 1s strong convergence of x, to
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x —we will show that this “strong” convergence implies weak convergence, but
not vice versa.

Lemma 4.12. If x,, — x (strong convergence) then x, — x (weak conver-
gence).

For some more properties of weak limits, see Exercise 4.5.

Proof Every element of X* is abounded linear functional and hence continuous;
thus f(x,) — f(x) for every f € X* which is precisely
Xy —~x. A

However, there are 51mple examples of weakly convergent subsequences
that do not converge strongly For example, let (¢;} be an orthonormal basis
in a separable Hilbert space. Then we know that the {¢;} have no convergent
subsequence (Proposition 1.25), but we can show that ¢; — 0. Indeed, using
the Riesz representation theorem (Theorem 4.9) every element / € H* has a
representation as (x;, -) forsome x, € H, and so it suffices to consider sequences
(x1, e;) foreach x; € H. Since [e;} is an orthonormal basis,

oo
2 2
lxl? =) 1, eI,
j=t

and so [(x, €;)] — 0 as j — oo. But this is exactly I(e;) — O for every
I € H*, and so e; — 0. For another example, see Exercise 4.6.

We now want to investigate further some impbrtant proi)erﬁes of weak lim-
its. Although the two properties in the following proposition, uniqueness of
weak limits and boundedness of weakly convergent sequences, are elementary,
the proofs rely on the Hahn~Banach theorem (Theorem 4.3) and the uniform
boundedness principle (Theorem 3.7), both powerful results.

Proposition 4.13. Weak limits are unique, and weakly convergent sequences
are bounded. '

Proof f x, = x and x, — y then from the definition we must have f(x) =
f(y) forall f € X*. Lemma 4.4 shows that this implies that x = y. To show
boundedness, observe that, foreach f € X*, { f(x,)} is a convergent sequence
of real numbers, and so bounded:

[f o)l < Cy for all n.
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Now, we can define, as in (4.15), an element G,, € X** that corresponds to x,,,
G, (f) = f(xn), for all f e X,
and then it follows that
[Gu(OI <Cy for all n:

{G.(f)) is a bounded sequence for every f € X*. Since X* is complete
(Proposition 3.1) the uniform boundedness principle (Theorem 3.7) shows that
the sequence (|| G, || x»} is bounded. We showed in (4.16) that || G,, || x~ = [|x.l,
and so {x,} is bounded. m

The example of the orthonormal basis (e;} with |¢;[ = 1forall j bute; — 0
shows that raking weak limits can decrease the norm. However, the following

result shows that it can never increase it.

Lemma 4.14. [fx, — x in X then
x|l < liminf [|x, . 4.19)
» H—> 00
Proof If x, — x, choose f € X* such that f(x) = [|x|| and || f|l« = | (see
Corollary 4.5). Then

¥l = 1£ )l = lim [[£x)ll < liminf || flls lx,l = Himinf fxa )

and (4.19) follows.

One important case in which weak convergence becomes strong convergence
is if we look at the image of a weakly convergent sequence under a compact

operator (see also Exercise 4.7).

Theorem 4.15. Suppose that A : X — Y is compact and that x, — X in X.
Then Ax, — AxinY.

Proof The first step is to show that Ax, — Ax inY,ie.if wetake f € Y™ then
f(Ax,) = f(Ax). The composition g = f o A is a linear map from X into R,
and it is bounded since

g < 1 fllr-IlAllcex.ryllxllx-
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Thus g € X*, and since x, — x, g(x,) = g(x) by definition. So f[Ax,] —
flAx] forevery f € Y* whichis Ax, =~ AxinY.
Now, if Ax,  Ax then there is an € > 0 and a sequence of n; such that

|Axy, — Ax|ly > €. (4.20)

Clearly, x,, — x. Since A is compact, there is a further subsequence of xy,,
x;, such that Ax; — z for some z. Since strong convergence implies weak
convergence and weak limits are unique (Proposition 4.13), we must have z =
Ax. But this contradicts (4.20), proving the result. m

4.5.2 Weak-* Convergence

We could also apply the definition of weak convergence to elements of X*. By
definition, f;, — f in X* provided that

G(fa) = G(f) (4.21)

for every element G € X™*. However, a more useful type of weak . convergence
for asequence { f,,} in X* is weak-* (“‘weak star’) convergence, deﬁned In terms
of the action of the f, on elements of X.

Definition 4.16. A sequence f, € X* converges weakly-* to f, written
*
ﬁ’ - fv
if fa(x) = f(x)foreveryx € X.

We now prove some properties of weak-* convergence in line with Proposi-
tion 4.13, and we also discuss its relationship to weak convergence.

Proposition 4.17
(i) Weak-*limitsare unique, and weakly-* convergent sequences are bounded,
(if) weak convergence implies weak-* convergence, and

(i) weak-* convergence implies weak convergence if X is reflexive. .

Proof
(i) Uniqueness for weak-* limits follows immediately from the definition, for
if f, g € X* with f(x) = g(x) forall x € X, then f = g. The principle
of uniform boundedness (Theorem 3.7) can be applied immediately to the
sequence { f,,} to show that it is bounded.



4.6 The Alaoglu Weak-* Compactness Theorem 105

(i1) In general (see above, (4.15)) we know that X C X**, using the identifi-
cation

G:(f)= f(x)  forall feX" (4.22)
Weak convergence ensures that
G(fi) = G(f)  forall GeX™, (4.23)

and in particular we have (4.23) for those G of the form G, for some
x € X, which gives, by the definition of G,

fix) = f(x) for all x e X,

which is weak-* convergence.
(iil) If X is reflexive then any element G of X** can be written as Gy, as in
(4.22), for some x € X. For each such G we have

Gx(f) = folx) = f(x) = Gx(f), (4.24)

using the weak-* convergence to take the limit. Weak convergence now
follows, since (4.23) holds forall G € X**. m

4.6 The Alaoglu Weak-* Compactness Theorem

u’,real power.of the theory of dual spaces and weak convergence comes from
the following compactness theorem Recall ‘that the unit ball in an infinite-
dece is not compact (Proposition 1.25). Howeyver, the followmg

result and its corollary show that these balls are weakly compact. In partrcular ”

we wi see that a bounded sequence in a reflexive Banach space has a weakly

R

convergent subsequence

Theorem 4.18 (Alaoglu weak-* compactness). Let X be a separable Banach
space ¢ and let fy_be a bounded sequence in X*. Then fu has a weakly-* con-

vergent subsequence.
In fact this theorem is valid in any Bar_lach space [see Yosida (1980)].

Proof Let xi, k € N, be a sequence that is dense in X. Note that if f;, (x;)
converges for each x; then f;, (x) converges forevery x € X.Indeed,if || f;/{lx+ <
M then, given € > 0 and x € X, first choose k with

lx —xellx <e/3M.
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Then
[fu(x) = fun ()

< [ fulx) = [+ [ faCe) = fin Gl + | fuCee) = fu (X))
<€/3+|fi(xe) — fulx)| +€/3,

with the remaining term bounded by €/3 if m and n are large enough. The rest
of the proof follows the diagonal argument used in Theorems 2.5 and 3.9. m@

The following simple corollary will be extremely useful.

Corollary 4.19 (Reflexive weak compaciness). Let X be a reflexive Banach
space and x, a bounded sequence in X. Then x, has a subsequence that con-
verges weakly in X.

Proof. Corresponding to each x,, there exists an element G, of X™ given as in
(4.15) by the definition

G.(f)= f(xy) forall feX*

Since we saw in (4.16) that |[G,|lx~ = [|x,]l, {G,} is a bounded sequence
m X* = (X*)*. We can therefore use the result of Theorem 4.18 to find
a subsequence G, that converges weakly-* to some G € X™*. Since X is
reflexive, there exists an x € X such that

G(f) = f(x) for all feXx*.
The weak-* convergence of Gy, to G,
G, ()= G(H forall  feX*,
therefore implies that
feo,) = f(x)  forall feX,
which is weak convergence of x,, tox in X. @

Since any Hilbert space H is reflexive, a bounded sequence in H has a weakly
convergent subsequence.

In the next chapter we introduce the Sobolev spaces of functions whose
derivatives lie in L?. These form the basis of our existence and uniqueness
analysis in Chapters 6-9.
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Exercises

Use Zorn's lemma to show that every Hilbert space has a basis. (Hint:

Find a maximal orthonormal set.)

Show that if Y is a proper linear subspace of X then there exists a nonzero
element of X* that vanishes on Y.

For € of finite volume, show that if f € L% (£2) then the norm of the
linear functional L s defined on L!(2) by

Ls(g) = / S(x)gx)dx for all ge L)
Q
satisfies

ILsllczry =1l fllre.

[Hint: Consider the sequence of functions g,(x) = | f (®)P~2 f(x), and
use Proposition 1.16.]
Use the Riesz representation theorem to prove the Hahn—Banach theorem

for a Hilbert space.

Suppose that M is a linear subspace of a Banach space X and that {x,}
is a sequence of elements of M that converges weakly in X to some x.
Show that x € M. Deduce that

[e.o]

X = E CjXj

=1

for some coefficients {c;}. [Hint: As a first step show that if f(x) =0
for every f € X* such that f|yy =0, thenx € M.]

If x, € C%(a, b]) and x,, — x in C°([a, b]), show that {x, } is pointwise
convergent on [a, b], i.e. that x,,(¢) converges for every ¢ € [a, b].

Let H be a Hilbert space. Show that if x, — x in H and ||x,|| — x|l
then x,; —-x.

Notes

Various generalisations of the Hahn~Banach theorem are possible. In particular, one can
replace the right-hand side of both (4.1) and (4.2) with p(x), where p(x) is any positive
convex function,

pix+y) = px)+ply)

see Bollobés (1990), for example.
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The ideas of weak convergence here are treated to a greater or lesser extent in the
various texts mentioned in the notes of the previous chapter. They are mentioned briefly
in the appendix of Evans (1998) as part of the functional analytic background he assumes.
Renardy & Rogers (1992) give a good overview of the theory, while Kreyszig (1978) has
a lengthy (and readable) discussion including the detailed examples of the I? sequence
spaces used above. Bollobds (1990) discusses linear functionals at length, and Meise &
Vogt (1997) give a high-level account of dual spaces (Proposition 4.10 is adapted from
there and gives a good idea of the general level of the text).

A proper characterisation of the dual of L™ is given in Yosida (1980).
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Sobolev Spaces

TR

The subject of this chapter could easily be the subject of a whole book. Indeed,

it is, and Adams s 1975 book, Sobolev SpaCeS, is a very nicely presented and
detailed survey of the subject We will give a much simplified presentation
here, mainly restricting attention to those Sobolev spaces that are also Hilbert
spaces, and by con51dermg only domams with smooth boundaries. Nonetheless,

the results we will obtain are typlgal of the more general theory.

Sobolev spaces are a family of spaces of functions akin to C"($2), in that they
consist of functions with conditions on their derivatives. Rather than requiring
the derivatives to be in C%(2), we require them to be elements of L?(2). First
we introduce a generalised notion of the derivative that allows us to make such
a definition sensibly.

5.1 Generalised Notions of Derivatives

We saw briefly in the introduction that, owing to considerations of energy, the
natural phase space for many problems modelled by PDEs will be L2 or some
related space. However, since we are treating differential equations we need
some way to assign a meaning to the “derivative” of an L? function, unless we
are always to treat ungainly spaces such as L2(£2) N C'(£2).

5.1.1 The Weak Derivative

We first introduce the “weak derivative,” which has to be an element of L, ().
Suppose that u is differentiable. Then for any “test function” ¢ € CX(Q), the
identity

¢ /ud—d)dx (5.1}

a’x] de

109



110 5 Sobolev Spaces

holds, after an integration by parts in the x; variable (the boundary terms vanish
since ¢ has compact support in £2). Repeating this process |«| times, we have
similarly

/D“uq’)dx:(—l)'“'/uD“q’)dx (5.2)
Q Q

for any multi-index o.

The weak derivative is defined by analogy with (5.1); for a function
u € L) (£2), we say that v is the weak derivative of u with respect to x ;, written
v= Dju,ifv e Ll () and

loc
d
/v¢dx= ~/u—¢dx (5.3)
Q o dx;

for all ¢ € C°(£2). The requirement that » and v are elements of L} () is

natural, since the support of ¢ will be contained in some compact subdomain
K of ©, and then u, v € L'(K) ensures that both integrals.make sense.

We can also define, inductively, higher-order weak derivatives: if u,
v € LL () then v is the ath weak derivative of u, v = D®uif

/vq')dx:(—l)[“'/ uD*¢p dx.
Q Q

As an example, consider the L'(0, 2) function

x, O0<x<I,
u(x) = {1’ | <x <o (5.4)

For any ¢ € C°(0, 2) we have

2 1 2
—/ uq')’dx:-—/ xqb’dx—/ ¢ dx
0 0 1
1
—[x¢]é+/ pdx —¢(2) + ¢(1)
0

1
=/¢dx
0

(since ¢ (2) = 0), and so u has weak derivative

I, 0<x<1,
v(x) = {0, 1 <x <2 (3.5)

i
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However, even being differentiable almost everywhere is not enough to have
a weak derivative. The function

x, 0<x=<1,
”("C)_{z, l<x<2 (5.6)

does not have a weak derivative. Following the above computations, we obtain

2 1
—/ u¢’dx=/ odx + o (1),
0 0

but there is no L} (0, 2) function v such that

loc

2 1
/ v dx = / ddx +¢(1). (X))
0 0

The theory of distributions, along with the definition of the distribution deriva-
tive, gives a way around this problem.

5.1.2 The Distribution Derivative

The main idea behind the theory of distributions is that for each continuous
function f on 2, and indeed for each function f € LY _(2), there is a linear
functional L s on C2°(2) defined by

Ly ¢) = A FOB() dx,

where we use the notation (o, ¢) to denote the action of the linear functional p
on the test function ¢.

Furthermore, if f, g are locally integrable and L = L, then we must have
f = g almost everywhere. This result, which is the content of the next lemma,
gives the theory its considerable power.

Lemma5.1. If f,g € L} () and Ly = Ly, then f = g almost everywhere.

loc

Proof. Tt clearly suffices to show that if u € L] () and

/ up dx =0 (5.8)
Q

for all test functions ¢, then u = 0 a.e. For a given Q' CC 2, we know that
C> () is dense in L'($2') by using Corollary 1.14, and so, for a givene > 0,
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choose ¥, € C2(2') such that
v — Yellrr @y < e

Now, set g = sgn(¥¢). Then [|g]lee < I, and since €' has finite volume,
g € L'(2'). We now approximate g by its mollification g5, choosing . small
enough that

lg — gullyy < 8.

1t follows from Proposition 1.18 that g, € C2°(£2'), and (using (1.7} and (1.8))

we obtain
x—
lgn(x)| = lh""’/ P<—h—y)g()’) d)’i
o

—m X~
< ||g||wlh / p( . y)dyl
Ql

=llglleo = 1

Then, setting ¢ = g5, in (5.8) we have

0=/ ughdxz/ 'lfeng—l/ Yelgn—g)+ (u — V¥)gndx

Z [Welpr@y — 1¥elloollgn — gl — llu = Yellr l1galloo
2 flull () = e lloo8 — 26,

Choosing first €, then 8, both sufficiently small, we obtain a contradiction unless
llu]l L gy = 0. Since this is valid for each Q' CC Q we must have u = 0 a.e.
inQ2. W

We would like to define the space of distributions, written D'(£2), as_the
space of all continuous lmear functionals on D(Q2) = C°°(Q) However there
are some subtleties, since C(2) is not a Banach Space and without a norm
we cannot immediately give meaning to the idea that a distribution has to be
a continuous linear functional. We get around this by defining an appropriate
notion of convergence in D(2).

Definition 5.2. A sequence {¢,} in D() is said to fo_ converge to ¢ in D(2} if
there is a compact set K with supp(q'),,) CK foraln and if ¢n_and all its
derivatives converge umformly to¢pon K.
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We can now define D'(£2) as the set of all linear functionals on D(£2), which
are scquentlally gontmuous that is, if ¢,, = ¢ in D(2) then

(u, ) = (u, @) (5.9)

Often we blur the distinction between a distribution and a function, as in the
casewhenu = Ly,

{u, ) = / fodx,
Q

for some f & L} . In this way we might say u € L{ () as shorthand for
“u can be written in the form L for some f € L (). [This is the same
sense in which we might have claimed in Chapter 4 that (L?)* = L7 for (p, q)
conjugate.]

We can now define the distribution derivative in a way that generalises the
weak derivative and includes many more possibilities. If u € D’($2) we define
the distribution derivative D*u in line with (5.2) as the linear functional given
by

(D%u, ) = (—1)1*Y(u, D*¢).

It is easy to check that D”u is sequentially continuous (as in (5.9)) and so is an
element of D’(2) (see Exercises 5.1 and 5.2).

This circumvents the problem we found with (5.6), since (5.7) immediately
defines the distribution derivative of u as the linear functional

1
b > / bdx + p(1).
0

In fact, if we define the Dirac delta “function” (which is really a distribution)
8, by '
y

8y, 0) =0 (),

then we can write
Du =v+ 46,

where v is the weak derivative (5.5) of the function in (5.4). (Strictly this is
Du = L, + &, but this kind of pedantry is unhelpful.) )

"Note that Lemma 5.1 shows that weak derivatives are unique and that when
they exist they must coincide with the distribution derivative (in the sense
discussed above).
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5.2 General Sobolev Spaces

In the first chapter we considered varicus examples of Banach and Hilbert
spaces. One was the family C”(2) of functions classified according to their
degree of differentiability,

C"(Q2) = {1 : D%u € C°(Q), forall 0 < |a| < r).

The main class of spaces we will use in the study of PDEs is based instead
on integrability properties of the weak derivative. The Sobolev space W*?(Q)
consists of functions whose weak derivatives of all orders up to k lie in L.

Definition 5.3. The Sobolev space W* 2 () is defined as
WEP(Q) = {u: Du € LP(S), forall 0 < || < k),

with norm

1/p
||”||W*-P={ > uD“uu’zy} :

0<|a|<k

Our main task in the remainder of this chapter is to investigate various prop-
erties of the Sobolev spaces WH2, For example, we will show that in certain
cases all elements of W52(Q) also lie in C" () [for some appropriate r > 0],
which means that even if we work with Sobolev spaces we can then deduce that
the functions are in fact classically differentiable and smooth.

First, we show that these Sobolev spaces are Banach spaces.

Theorem 5.4. }/V‘“”(Q) is a separable Baz_za;:h space.

Proof. If {u,,} is a Cauchy sequence in W7, then { D%, } is a Cauchy sequence
inL? forall0 < |«| < k. Since the L? spaces are complete, there exist functions
u and u, such that u, — u and D*u,, — u, in L?. We now have to show that
1 € WEP and that i, = D%u.

Now, for any function ¢ € C2°(Q2),

/D“u¢clx:(~l)‘“'/uD“¢dx (-1 fim /u,,D“q’)dx
Q Q 0n-->00 Q

H—>00

= lim / D%, dx
Q

= / Ugp dx, (5.10)

Q

and so D¥ut = u,. Since D%u,, — D%y in L7, it follows that u € W7,
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For the separability, observe that the map u +> (4 )14<k 1S an isometry into
the product space Il <t L7 (2). Since a linear subspace of a separable space
is itself separable and a finite product of separable spaces is separable (see
Exercise 1.1), Wk? is separable. @

In the course of Theorem 5.3 we used equality (5.10), and this gives us the
following useful result. We say that 1, — u in D'(R2) if

(tn, @) — {u, @) for all ¢ € D(2).

Corollary 5.5. If u,, — u in D'(Q), then D*u,, — D%u in D’ for any multi-
index a. )

See Exercise 5.3 for one useful consequence of convergence in D',

5.2.1 Sobolev Spaces and the Closure of Differential Operators

Note that, given the result of Theorem 5.4, the definitions of the weak derivative
and of the Sobolev spaces Wk» provide the solution to the problem of closing
dlfferentlal operators discussed in Section 3.8. For example, suppose that we
have a sequence i, € C'(2) with u, — u in L%(2). Now, if Du, — v in
L? then u, must be a Cauchy sequence in W2, and since W'2 is a Banach
space we must have u € W2 and so v = Du. In this way the weak derivative
gives the natural generalisation of d/dx to a closed domain in L?(£2), namely
WLh2(Q).

5.2.2 The Hilbert Space H*(2)

It is the case p = 2 that arises most naturally in many applications. Because of
this, we will be dealing in what follows mainly with the spaces W*-2 based on
L?. Because this particular case is used se much more frequently than the other
Sobolev spaces, it has its own notation, W*2 = H¥, This notation is chosen
because H* is a Hilbert space when equipped with the inner product

((u, V) = Z (D*u, D%v).

0<lal<k

The H* norm corresponding to this inner product is

1/2
lell s = ( > |D°‘u|2> :

0<o)<k
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Definition 5.6. The Sobolev space H*(Q) is defined by

H*(Q) = {u:D% e L3(), forall 0 < |a| < k).

In Chapter | wesaw that C2°(2) is densein L2(£2) (Corollary 1.14). However,
it is not dense in H¥(Q), k = 1, as the following example shows. Suppose ‘that
u is a nonzero solution of the differential equation

> (=1p*u =0

ol <k

onsome parallelepiped containing 2. By choice of suitable boundary conditions
a smooth solution can be found using separation of variables, and ulg is then

an element of H*(Q).
Now consider the linear functional L on H*(2) given by

L) = ((u, ) a+.
Since u # 0, we must have L(u) = ||u||§{,, # 0. However, if ¢ € C2°(£2) then

L(¢) = ((u, X+

= > (D%, D*¢)
lor| <k
— <Z(_l)|a|D2au’ ¢)
o<k
= 0.

In other words, L is zerc on all test functions. It follows that u € H* cannot be
approximated by test functions in the H* norm.

Since C2°(£2) is not dense in H*(£2), its completlon with respect to the k
norm is a différent space from H "(Q) which deserves its own speual notation.

Definition 5.7. The e space H0 (S2) is the completion of the space C°(R2) in
HY(Q).

We will see later that we can interpret H] () as all those functions in /'(£2)
that “are zero on 9$2.” The inclusion of this boundary condition enables us to
prove the following inequality, know as Poincaré’s inequality. This shows that
the L? norm of Vu suffices to bound the L2 norm of u itself. (For a slightly
more general result see Exercise 5.4.)
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Proposition 5.8 (Pomcaré s mequahty ). Let Q be bounded in one direction so
that for example, |x,| <'d < oco. Then there is a constant C such that

lul < C|Dul  forall ue Hj(S). .11

We will usually write Du now for the vector of partial derivatives referred
to as Vu previously,

= (D]M, caay D,,,u),

and then (cf. (1.5))
|Dul* = [Vul* =) |Djul’.
—

Proof. We need only show (5.11) for elements of C2°(£2), since such functions

are dense in H0 (£2) by definition. In that case, integrating by parts in the x,
vg_q:_l_lgle and using the Cauchy—Schwarz inequality shows that

9 ]
|u|2='/ |u<x)|2dx=—/x,—|u<x)|2dxszd|u| Q) a2
Q o 0x ax,
and so |u| < 2d{0u/dx,| <2d|Du|. m
When we have a Poincaré inequality we can use
el = > ID%ul* = | Duf? (5.13)

la|=1

as an alternative norm on H, J(€2), equivalent to the standard H' norm. This
follows since*

2 2 2 2 2
loellyyy = Maellgge = Jul® + Nuliyyy < (14 Cllully,

Inmany situations it is more convenient to work with the simpler norm in (5.13),
and we refer to this as “the H; norm,” in contrast to the “standard” # ' norm,
which includes the L? term. Corresponding to the /] norm we have the “H,

* Note that we have not kept strictly to the statement of Proposition 5.8, since the constant C here
is C? from there. In what follows we will often be cavalier about constants in our proof, changing
the definition of “C” from line to line. Generally, much of our efforts will be in showing that
something is bounded, and the particular value of the constant is unimpottant.
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inner product,”

(@ )y = Y (D"u, D). (5.14)

eel=1

In a similar way (see Exercise 5.4) we can use the “H¥ inner product”

(@, ) = D (Du, D) (5.15)
Ja|=k
and the “HY norm”
el = > 1D%ul? (5.16)
|a|=k

on Hé‘ ().
We can also consider spaces of functions that are locally in H ks

HE () = (u:n e HYQ) forall Q' cC Q).

As before (cf. definition for convergence in L{ _(2); see Section 1.4.4), we say
that u, — u in HE (Q) if u, — v in H¥(Q') for every Q' CC Q.

Finally we introduce Sobolev spaces H* with negative k; H~* is the dual
space of HY. We saw above that the space of all linear functionals on H k()
contains nonzero elements that nevertheless vanish on all test functions. By
definition these cannot be distributions (i.e. elements of D’(£2)). For this reason
we define the dual spaces H ~(S2) as the spaces of linear functionals on H} (Q2),

in which test functions are dense.
The following simple [emma is clear from the definitions.
Lemma 5.10. Ifu € H*(Q), with k € Z, then D*u e H*1*(Q).
However, this lemma has a converse that can be more useful.

Proposition 5.11. Suppose that f € H™*(2). Then there exist functions g4 €
L%() such that

f=> D% (5.17)

la|=k
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Proof. Using the Riesz representation theorem, thereexists aunique u € H¥ ()
such that

((u, V) gt = (£, 0)

forall v € H} (). Using the definition of the ¥ inner product (in (5.15)) and
the distribution derivative, for any test function ¢ the above equality shows that

=Y (D%, D*¢) = (=) > _(D™u, ¢),

lel=k ler|=k

and so

f==DEY D™

laj=k

It follows that we can take g, = (—1)* D% and obtain (5.17). ®

5.3 Outline of the Rest of the Chapter

In the rest of this chapter we will investigate the properties of the Sobolev spaces
H*(2) in detail, covering the following topics. As in Chapter 1, £ will always
denote an open subset of R™.

First, we investigate how elements of A k(£2) can be approximated by smooth
funetlons _We have seen that this is possible for elements of L?(§2), and similar
denslty results hold for Sobolev spaces, allowing us to prove results by assuming
that our functions are dlfferentlable and then taking approprlate [imits. We show
it is poss1ble to extend functions in k(Q) to functions in H*(R™), we then
show. that C*(2) is also dense in H*(£2).

Next, we explore the relationship of the spaces H*(€2) with the Lebesgue
spaees LP(2) and spaces of continuous functions C” (2), when € is a bounded
subset of R”. We will see that if k < m/2 then if u € H*(Q) it also lies in
L? (2) (for some appropriately chosen p > 2), and if k > m/2 then u is a
continuous function in CO(<2).

In the following section we prove an analogue of the Arzela—Ascoli theorem
for Sobolev spaces: We show that a bounded subset of #! forms a compact
subset in L2, In applications this will help us overcome the problem that the
unit ball in an infinite-dimensional space is not compact.

In many PDEs boundary conditions are specified, and we need to be able to
make sense of these in the Sobolev space context. We show that there is a natural
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way to extend the idea of “restricting a continuous function to the boundary”
to functions in H1(2).

The last, brief, section of the chapter (Section 5.10) concerns Sobolev spaces
of periodic functions, which we will find useful later on when we consider the
‘Navier—Stokes equations. (For such spaces the arguments of Sections 5.4-5.9
can be much simplified, and the easy proofs of the corresponding results for
the periodic case are given in Appendix A.)

5.4 C°°(£}) is Dense in H*(Q)

We saw above that CZ°(£2) is not dense in H*($2). We will now show, however,
that C*($2) is densein H¥(§2) (we have lost the compact support property of our
approximating sequence). This will follow using the process of mollification
introduced in Chapter 1. The main result will follow from the next lemma,
which shows that “mollification and weak derivatives commute.”

Lemma 5.12. Suppose that u & L1 (S and that the weak derivative D*u
exists. Then provzded that h < dlst(x Q) we have

D%uy(x) = (D" u)n(x).
Proof. We have (Equation (1.8))
x —_—
up(x) = h""/ p( p y)u(y)dy,
e
and, differentiating under the integral sign, we obtain
D%up(x) =h""‘/ [Dﬁp(ﬂ)}u(y) dy
Q h
x —_—
= (—1)'“'h"’"/ [(D;’p) (-—y)}u@)dy
Q h
- Xr—=y o
—h mAp<T)Dyu(y)dy

by using the definition of the weak derivative. It follows that

D%up(x) = (D%u)p(x),

as claimed. ®
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The following important result on the convergence of mollified functions
in the Sobolev spaces HE () is an immediate corollary of this lemma and
Proposition 1.18.

Corollary 5.13. If u € H1oc(9) then u, — u in HE (). Furthermore,
up € C®(Q).

Proof. We know that, for any v € L% (), v, — v in L% (), from Propo-
sition 1.18. Since D%uj, = (D%u), it follows that D*u;, — D%y in L2 (S2)
for all |«| < k. Thus {u;} is a Cauchy sequence in H*(Q) for each Q' CC Q.
Since H*(£2') is complete it follows that u, — i in H* (), and clearly u = i.
The smoothness of u;, follows as in Proposition 1.18. m

We can now prove the promised densnty result by introducing a device known
Qg_g_bmtktlon of umty, Whl(,h enables us to spllt the whole domam into a series -
of more manageable plCLCS
“For 2 an open subset of R™, let {U;} be a countable collection of bounded
open subsets of R™ that cover €2, with the additional property that every compact
subset of Q2 intersects with only finitely many of the U; (this is called “local
finiteness™). Then a partition of unity subordinate to the covering {U;} is a set
of functions ¥; € C®(R™) such that -

@ 0=sy; =1,
(i) supp¥; C U;, and
(iii) 2711 ¥; = 1 on a neighbourhood of Q.

We prove the existence of such a partition of unity in the following theorem.

Theorem 5.14. Suppose that {U } is a collection of bounded open subsets of
QLas above Then there exisis a partition of unity subordinate to the covering

RS

w
We will denote the open € neighbourhood of a set X by N(X, €),
NX,e)={z:z=x+y, x € X, y € B, ¢)},
and the closed € neighbourhood of X by N(X, €),
NX,e)={z:z=x+y, xeX, y € B(,e).

Proof. We start by constructing a new covering of & by sets {V;}, which has
the same properties as the covering {U;} except that V; C U;. We do this
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inductively. Suppose that we have already constructed V1, .. ., V4, such that

k oo
=UJviu U u;
J=k+1

j=1

The complement of

U

is a closed subset of Ug.1; we take Vi to be any open set containing this set
such that Vi) C Uygy;. Since any point x € € is contained in only finitely
many of the U, we must have x ¢ US2 ., ,U; for some N. 1t then follows that
x € U —1Vj, and since V; C U; we stlll have the local finiteness property of
V;c Q

If W; is an open set such that V; C W; and W; C U; we can find a C(£2)
function that is 1 on V; and zero outside W;: if the € neighbourhood of V is
contained in W then define

%'ng

-2

fi)y=1- min<l, -63- dist(x, N(V, 6/3)))

and take ¢; to be the mollification of f; given by ¢; = (fj)¢/3. If we set

$(x) = Z«pk(x)

then for any given x the sum has only finitely many nonzero terms. It follows
that ¢ (x) € C°(2), and so if we define

Vi(x) = ;(x)/p(x)
we obtain the required partition of unity {y;}. @
We now use this device to prove our first density result.
Theorem 5.15. C*°(Q) N H¥(Q) is dense in H* ().

Proof. We let {©2;} be an increasing sequence of bounded open subsets of
with

Q;cCcjy
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and

oo
e =2
J=1

(cf. proof of Proposition 1.15). We take {1} tobe apartition of unity subordinate
to the covering {€2;4, \ €;-,}, with the convention that Qy = Q_, = @.
For a given u € H*(£2) we choose (for each j)

hj < dist(2,9241)
such that
(W), — ¥jullasey <277e

By the choice of 11; and ¥;, only a finite number of the functions (¥;u),, are
nonzerc on any compact subdomain of £2, and so

v=>> (¥,
=1

is a function in C*(£2). Furthermore we have

e = vl < Z ICrju)n, = Wjull e

j=1
o
E 27l e = ¢,

which completes the proof. ®
If @ = R" we can deduce a stronger result.
Corollary 5.16. C°(R") is dense in H k(R™).

Proof. Given u € H*(R™) and € > 0 we first use Theorem 5.15 to find a
function f € C®(R™) N H¥(R™) such that

”u — f"HI"(]R"') < 6/3.

Now we choose a test function ¢ € C2°(R™) with [|¢[le < 1 such that

1, Ikl =
"’(")‘{o, e
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and consider the sequence of functions {f,} in C°(R™) given by

Ja(x) = f(x)p(x/n).

Since f € H*(R™), for each « with |a| < k the integral

/ D% F ()P dx

is finite. In particular there exists an N such that

Z/ |D* f(x)Pdx < ¢€/3.

el <k Ix|>N
It follows that

If = fnllpeany < 2€/3

and hence that

lu = fill ey < €.

Since fy € CZ°(R™) the corollary is proved. ®

In Section 5.6 we will show that in fact C®(Q)isdensein H* (). We outlme

the 1dea here, which is relatively simple. Filling in the ¢ gaps swill take up the next
two sections.
" Suppose that we can extend any function u in H*(£2) to a function v in
H*(R™) (so v|q = u). Then we can use Theorem 5.15 to approximate v by
functions v, € C®(R™). The restrictions of v, to €, u, = v,lg, should then
be a sequence in C*°(£2) that approximates u. Clearly, however, there is some
work to be done here. In particular, we need to show that we can perform such
an extension.

5.5 An Extension Theorem

Many of the theorems we will prove in the remainder of this chapter are simpler
to prove when u & HE($2). It is thus a common ploy to extend a function
in H*(Q) to a function in H*(R™) with compact support, work in this more
convenient space, and then take the restriction of the function back to its original
domain. However without some assumptions on  we cannot find such an
_extensmn m general We will show how to construct an extension in the case

when 32 is compact and of class C*.



5.5 An Extension Theorem 125

We proceed in two steps. First, we show that a function in #* (R7Y), where
RY = {x e R":x, > 0},
can be extended to a function Eg[u]in H*(R™) such that
| Eolulll armmy < Cllull e reny-
Then, by a suitable change of coordinates, we treat extension from general

bounded domains.

5.5.1 Extending Functions in H*(R},)

We start off extending a function defined on R}

m?

for which the boundary is flat.

Theorem 5.17. Let k > 0 be an integer. Then there exists a bounded linear
mapping

Eo: HXRY) — H*R™)
such that
Eolullgr =u  forall — ue HYRY)
and
I Eolulll gy < Clltll mrereny.- (5.18)

(In fact Eq is a bounded linear mapping from HI(R?) into H(R™) for all
0<j=k)

Proof. We first consider how to extend functions in C*(R7) N H*(R™), and
then we use a density argument to include all of H*(R™). If we only had to
make Fo[u] continuous across x,, = 0, we could take

u(x',xm) = u(x', =x,),  x' €eR™, x, <0,

but then the derivatives would not agree in general. However, if we take

w(x', xp) = 3ulx’, —xp) — 2u(x’, —2x,), Xm <0,
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then both « and its derivative are continuous. In general, we try the extension
Eol[u] given by

k+1

”(-xls Xp) = ch”(xj, —JXm), Xm < 0.
J=1

To make the first & derivatives agree, we need

k4l

YN=ie=1  i=0,... .k
j=I

Tn other words, we need to find a vector ¢ = (cy, . . ., ck41)7 such that
Ac=1,
where A is a matrix with coefficients a;; = (—j)'~'. This equation has a

solution provided that A is invertible.
Now, if det A = 0 then there is a nonzero vector d such that Ad = 0. This
would imply that there is a polynomial,

k
E d,-+1x',
i=0

of degree at most & that has k + 1 distinct nonzero roots (each of the negative
integers between — 1 and —(k + 1)); this is clearly ridiculous, so det A 5# 0 and
A is invertible.

Now, writing

R” ={x e R":x;, <0},

it is clear that

k 2

D Z cjulx’, = jxm)

j=0

2 2
|DaE0[u]|L2(]Rm) = |Dabl|L2(]R.£) —+

L2(R™)
k 2
Z ci(= D% D*u(x’, — jxu)

j=0

< Clk, )| D*ul} gy

2
< |Da”|L2(]R”':) +

L2R™)

Since C* @Y N H"(R’j{) is dense in H"(R’b (Theorem 5.15) the result

follows by taking limits. @
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To extend this result to general domains 2, we will need an appropriate
theory of how Sobolev spaces behave under transformations of coordinates.

5.5.2 Coordinate Changes

We now discuss how to change coordinates in order to flatten out the boundary
of Q. This will prove useful later in the chapter when we discuss “boundary
values” of functions in Sobolev spaces and in the next chapter when we discuss
the regularity of solutions of Poisson’s equation.

Suppose that £ and €' are open subsets of R”. Then a bijection ® : @ — Q'
is a k-diffeomorphism (or C*-diffeomorphism) if
(i) &, ®~!, and their derivatives of orders 1 up to k are bounded and continuous

on §2 and €2/, respectively, and

(ii) there are positive constants k1 and k, such that

ki < |detVo| <k,

in Q.

Transforming coordinates will have an effect on the definition of a function
defined with respect to our initial coordinate system. The effect of coordinate
transformations on functions can be represented by pullback operators. If u :
2 — X, then under the change of coordinates ®, i becomes a new function
(@ H*u:Q - X,

(@~ H*ul(y) = u(®~' (),
that is,
(P Wu=uod™,

Note that whereas the coordinate transformation acts onpointsin €2, the pullback
operator acts on functions defined on €2.
For a function v defined on &', the pullback of ® is defined similarly,

d*v =vo d.

Obviously, the “new” function ®*v is defined on 2.
We now show that if ® is a k-diffeomorphism then the pullback operators
map continuously between H* () and H* ().

Theorem 5.18. If @ is a k-diffeomorphism then ®* and (®~')* are bounded
linear maps from H* (') into H* (), or vice versa, respectively.
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In the proof we use the notations |u|q and (u, v)q to denote, respectively, the
norm and the inner product in L2(£2), since we will need to distinguish between
estimates in L2(2) and L2(§2).

Progf. 1t suffices to prove the result for ®*. First consider the effect of &* on
functions in L2(Q) N C*($Y'). Starting with functions u and v in L2(Q") N
C* ('), the standard change of variable formula for integrals gives

(u, V) = (P"u, (detVP)P*v)q, (5.19)
and so in particular
k| @*uld < |uly, (5.20)

and ®* is a bounded linear map from L2($2') N C*($2') (with the L2(£2') norm)
into L2(2). By taking limits we can deduce that ®* is a bounded linear map
from L2(') into L2(R).

Now, if u € C¥(£') N H¥(L'), we can compute the derivatives of ®*u by
using the standard chain and product rules. These derivatives will be of the form

DX(@*wy(x) = Y ¢p(x)DPu(@(x)),
181=<\el

where ¢g(x) is an expression containing various derivatives of ® but indepen-
dent of u. Now, the derivatives of ® are bounded on €2, and D?u € L2(Q) for
each 8 with |8| < k. It follows from (5.20) that if [a| < k then D¥(®*u) is an
element of L2(Q'), with

ID*(®*wla < Y cplDPule
1B1<lel

Collull sy

IA

We conclude that ®*u & H*(§), with
1®*ullgry < Cllullgry,

asrequired. ®

5.5.3 Straightening the Boundary

We will treat the problem of straightenin g out the boundary for bounded domains
“of class C*”
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n
RZ

(=}

R 0

Figure 5.1. Coordinate transformation ® from € N B(xg, €) to B, which straightens
a2 N B(xy, €).

Definition 5.19. We say that 2 C R™ is a bounded domain of class C* or a
bounded C* domain provided that at each point xo € 32 there isan ¢ > 0 and
a C*-diffeomorphism ® of B(xy, €) onto a subset B of R™ such that

(i) P(xo) =0,
(i) (BN Q) CRY, and
(iii) ®(BNIQ) C IRY.

This is illustrated in Figure 5.1. Note that, since €2 is bounded, 9€2 is compact,
and we can find a finite cover of 32 by a set of balls {U ; }?’=1 with corresponding
C*-diffeomorphisms @ ;.

To treat problems near such boundaries, we take a partition of unity {y;} ?’=1
subordinate to the cover {U;});. Then in a neighbourhood of 32 we can write
any function u as

N
u= Z(t[/ju).

j=1

We now consider, for each j, the function
uj = (@7") (v,

which is “part” of u with the coordinates transformed so that the boundary has
become flat (as in Figure 5.1). We use this technique in the next section to prove
a general extension result.

5.5.4 Extending Functions in HY()

We now prove an extension theorem valid for Sobolev spaces on general
bounded domains.
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Theorem 5.20. If Q is a bounded C* domain, then for each open set Q' D Q
there exists a bounded linear extension operator E suchthat ifu € H¥(Q) then
E[u) € H{(Q') and

ETuIl gx ey £ Croovllutll ey - (5.21)

(In fact we have (5.21) for each H’ with0 < j <k.)

Throughout the proof we use C to denote various constants, which may
change from line to line, When the dependence of the constant on some index
(as in (5.22)) or a function (as in (5.23)) is important we highlight it in the
notation. We will often adopt this approach from now on.

Proof. We take the covering of 92 with neighbourhoods {U;} as outlined above,
ensuring that _U7 CC ', and choose a partition of unity {y;} subordinate to
the cover {U;}. We will write Q; = Q N U;, and ; = ©;(2;)).

For u € H¥(Q), consider for each j the functionu; € H* (RY) defined by

ujp = (@7") yju,
which is zero outside j- By the result of Theorem 5.18, we know that
lujllar@ey < Chilvjullace;y (5.22)
and since, for any ¥ € CZ°(R"), we have
Nullarey < COullase (5.23)
(see Exercise 5.5), it follows that
il ey < Cjllall megy-

The function u; can be extended, using Theorem 5.17, to a function Eolu;l €
H*(R"), which satisfies (by (5.18))

I Eole j l at ey < Cllutjli ey < Cillull ey (5.24)

Multiplying Ep[u;1by a C2°(R™) cutoff function8;, whosesupportisin @ ;(U;)
and 1s equal to 1 on @ ;(supp ¥;), we obtain a function

d)j(@l Eo[u]‘])
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that equals ¥;u in ;, has support within U}, and satisfies

1950, Eolu i Dl ey < Cllull ey

So we can extend ) ; ¥ju as required. What is left of the original function
(defined only on ) is

N
(1 -3 w_,-) u. (5.25)
j=1

Since the {U;} are acover of 3€2, the functionin (5.25) isin 4 k() with support
in a compact subset of €2; as such, this can be extended by zero, and on setting

N y
Elu]l = (1 - z ‘/fj>u + z @5(0; Eolu;]),

j=1 i=t

we conclude the proof by summing the estimates in (5.24). @

5.6 Density of C°() in H*()
We are now in a position to make rigorous the discussion at the end of Section 5.4
by proving that C®(2) is dense in H*(£2).

Theorem 5.21. If Q is of class C¥ and 32 is compact, then C®(Q) is dense in
H (%), '

Proof. Take u € H*(£2) and extend it to a function E[u] in H k(R™) by using
Theorem 5.20. Now, Theorem 5.15 gives a sequence of functions v, € C®(R")
such that v, — E[u] in H*(R"™). Setting u, = vy|5, one clearly has u, €
C®(R), and

lun = wll ey < low — E[ulllargen.

so that i, converges to u in H*(L), as required. @

Note that if © € C°(€) N H*(£2) then the approximating sequence (u,)
constructed above converges uniformly on Q. Indeed, u, = (v)lo, where
v € HE(Q'), with Q" D Q. It follows from Proposition 1.6 that v converges
uniformly to « on compact subsets of €2, and so in particular on Q. Thusu, — u
uniformly on , as claimed.



132 5 Sobolev Spaces

5.7 The Sobolev Embedding Theorem - H*, C", and I?

In this section we investigate how the spaces H*, C", and L? are related.

5.7.1 Integrability of Functions in Sobolev Spaces

To prevent too much notation we will use the abbreviation
[ulp = llullLe.

Exactly why we need to do this will become clear as the proofs progress!
We first prove a version of our results in the simple case of a one-dimensional
domain. We show thatif u € H!(a, b) thenu & C°([a, b)). However, one does

_have to approach this result with a little caution. What it really SaYEJS is that 1f
u € H'(a,b), then there exists a function v & CO([a b}) such that u = v

almost everywhere. Indeed, as mentioned above, an element of L2'is not in
fact a function, but an equivalence class of functions that are equal almost

everywhere, As an example, the function

I, -1 <x <0,
ulx)=<¢0, x=0,
I, 0<x <1

isin H!(-1, 1), since

/|u<x)|2 -

and its weak derivative is zero (which s clearly in L21), The function u is almost
everywhere equal to the continuous function 1.

Proposition 5.22. Ifu € [{‘ (a, b), with a, b finite, then
xlé%%] () < Cllull g1 a,py
and in fact u € C%([a, b}).

Proof. First observe that if u € C!(R) then

u(x) =/x Du(x)dx, (5.26)

o
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which immediately implies the bound
[t|oo < |Duly. (5.27)

Now, if u € H'(a, b) we can use Theorem 5.20 to extend u to a func-
tion Efu] € Hy(a', "), where (a’, &) D [a, b]. If we take a sequence u,, €
C(a', b’) such thatu, — E[u]in H'(a', b’) then we can use (5.27) to deduce
that

[tn = thn)oo < | D(uy — uln)ll = (b, - al)]/le(un — )2,

which shows that {u,} is also a Cauchy sequence in L°(a’, b'). It follows that
E[u] € C°(d', V'), with
|E[ulleo < CID(E[ul)|2 < CIEIni@,py < Cllullmia,sy

by (5.21). Since u = E[1]|(4.5), we now have u € C°([a, b]) with the estimate

gpﬁW@Nlewm»sCHNme,

)

as claimed. ®

For m=>1 the arguments are more involved, but the ideas are essentially the
same. First we consider smooth funcuons u on the whole of R"‘ and we prove
“L¥ bounds for u based on the L' norm of Du, A simple scaling argument gives
us the correct value of p to consider. Choose some u € C2°(R™) and consider
the scaled functions

uy (x) = u(rx).

Straightforward calculations show that
liplp = A7"P|ul,
and
|Dusly = A'7"|Dul;.

Then if we apply our potential estimate

lul, < C|Dul;
to u; we obtain

A7 Piu|, < CA'7"|Dul,
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or
|u|p < CA]—-m+(m/p)|D”|]'

Unless 1 —m + (m/p) = 0 we can take L — Qor A — oo todeduce thatu = 0
almost everywhere, which is clearly nonsense. Thus the only possible value for
p is m/(m — 1). It is this estimate that we obtain in the following proposition,
We will then be able to use these results to show, with the help of Proposi-
tion 1.16, that appropriate bounds on Du imply that i is in fact continuous.

Proposition 5.23. Ifu € CL(R™), m > 1, then

|u|m/(m——l) < |Dul;. (5.28)
Proof. Forany | < j < m, we have, as in (5.26) above,
X,
u(x) =/ Djuxy, ...,y ov Xm)dyj,
—00
and so certainly ({or any j)
o0
fu(x) < / [Duxy, ..., ¥, .. xm)l dy;.
—00

We can therefore write

n

o : 11
|”(x)|m/(m—-1)§H</ |Du(x,,,..,yj,...,x,,,)ldyj) .

j=1 T

The idea now is to integrate this inequality with respect to each variable x;,
X2, ..., Xy in turn and to apply the generalised Holder inequality from Exer-
cise 1.8 after each integration. ’

Integrating with respect to x) gives

o0 oo I o0 1/Gu—1)
/ ()™= dxy < / H(/ IDuld_vj> dx,
—00 —00 .oy \J —eo

oo 1/(n—1) oo N 00 1/Gu—1)
= </ |Du|(ly1> H(/ |Du|dyj> dxy,
—00 —ooj=2 —00

and using the generalised Holder inequality

m—1

< [T 1 fehm (5.29)

k=1

m—1

/H frdx
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on the second term, we obtain

oQ
/ |u(x)|m/(m-—l)dxl

o

oo 1/(m=1) n oo
< (/ |Du|dy,) H// |Du| dx, dy;
s j=2vv oo
Now we integrate this inequality with respect to x,, which gives
1/Gn—1)
// [ ()™= D dy dxp < <// |Du|dx1dy2)
o) 1/(m—1) FH 1/(n—1)
x/ </ |Du|(ly,> <// |Du|dx, dyj) dx,.
—00 —00
If we apply the generalised Hélder inequality (5.29) once again, we now have
oo 0 1/ (m—1)
// ()™ D dx, dx, < <// | Du| dx, dy2>
—00 — 00
oo 1/tm—1) m oo 1/(m—1)
X <// |Du|dy1dx2) H(/// |Du|dxy dx (lyj) .
- j=3 —o0

Each new integration and application of Hélder’s inequality adds one variable
to each integration while decreasing the number of terms in the product by one.
Eventually (after the integration with respect to x,,) we obtain

m 1/(m~1)
[ ()™ gx < </ / |Du|dx; ... dx,,)
fo (/- /. ,
m/(m~1)
= </ | Du(x)| dx) ,

which is exactly (5.28). @

1/(m=1)

We now use this basic estimate to prove a similar result, but based on the
norm of Du in L* rather than L.

Proposition 5.24. Letm > 1. Then if 1 < p <m then there exists a constant
C(p, m) such that for any u ClR™

|u|mp/(m—p) = ClDulp~ (530)
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Proof. We have already shown (5.30) when p = 1, so we consider only the
case p > 1. To obtain the estimate in this case, we simply apply the estimate
(5.28) to v = |u]” for some y > 1 to be choosen appropriately later. [Since
y > 1, v € CL(R).] With this choice of v, (5.28) becomes

(m~1)/m
</ |u|V"‘/<'"—1>dx) 5/ |Dlul”| dx

=y/ (|~ | Dul|dx
RIII

(p—1)/p \/p
sv(/ Iul”‘V“’/""”dx) (/ IDuIde) ., (5.31)

where Holder’s inequality was used in the last line. If we choose ¥ so that

ym  ply—1)
m—1" (p—-1)

or

_ pm—1)

m—p

then this becomes

(m~p)/ pm 1/p
</ [ue|mP/tm=p) dx) < C</ IDuIde) ,

which is precisely (5.30). m

Note that if ¥ € CJ(R™) then we can apply the above result to each of the
derivatives of u up to order s in turn to deduce that

[[eell ws=1pmsen—py < Cllullwse- (5.32)

We use this simple observation to consider the particular case u € H* (R™) [i.e.
p=2]

Theorem 5.25. If k < m/2 and u € H*(R™), then u € L¥"/ =2 (R™), with

lleell 2mton-20 < C (e, 1) [|ue | e
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Proof. Assuming initially that u € C¥(R™) we use the above observation (5.32)
repeatedly. Starting with u € H* = W*2, we have

el werzme-n < Cllullwea = Cllull g,

and then, since

2m/(m—2)Im  2m
(m—[2m/(m — 2)]) T m—4

we have, using (5.32) again,
[let]| wr—2.zmon-n < C|lull wr-r2mm-2 < Cllu]| ge.

We can repeat this process k times, since

2m
<m
m—2s
fors < (m/2) — 1, and we end up with
Nullwozmiom-20 = JJulj omen-20 < C|lul] e

as in the statement of the theorem.
The result for an arbitrary u € H*(R™) follows using the density of C2° (R™)
in H*(R™), proved in Corollary 5.16. m

Using the extension theorem (Theorem 5.20) we can readily adapt this result
to the case when u € H*(£2) with Q a bounded domain in R”.

Theorem 5.26. Let Q@ C R be a bounded C* domain. If u €H k(Q) and
k < m/2, thenu € L"/~2(Q) with

el 220y < Clluel| e ay-

Ifk =m/2thenu € LP(Q2) for each 1 < p < o0, and there exists a constant
C(p) such that

lullee < C(P)ullar

In particular we can see that if m = 2 and u € H'(S2), then u is an element
of LP(Q) for every 1| < p < oo. (For problems with the case p = oo see
Exercise 5.6.)
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Proof. Extend 1z ‘v a function E[u] € HX(R™) by using Theorem 5.20. Then
for k < m/2 we can apply the result of Theorem 5.25 directly to obtain

[|2¢ ”L'lm[(m—'lk)(Q) < E[Lt]||L2m/w~2k)(Rm)
= ClETu]ll gy
< Cllull gy
using (5.21) in the last line.
For the case k = m/2, observe that E[u] is in fact an element of HX (') for

some bounded open set ' that contains 2. 1t then follows, using the Lebesgue
embedding result (1.16), that E[u] € W4 (R™*) for each ¢ < 2, with

2~q)/2
I E[]llwearny < 1921297 || EQu]llwrery < Cllutll aey-

It follows from the argument in Theorem 5.25 that if E[u] € W*9(R™) then
E[Ll] e W(),qm/(m~kq) (Rm) — Lq'"/(m_k’l)(R'"), with

IE[””m(//(mnkq) < ClE[”]IW"-‘/ =< C ””” HY(Q)-

Therefore u = E[u]|q is an element of L®4/¢"~k}(Q) with

||ll ”Lmql(m—kq)(Q) <C (q)”u || HE ()

Since we can choose any 1 < ¢ < 2, we can obtain any value for p =
mqg/(m — kq) with 1 < p < oo, and the proof is complete.

Note that since €2 is bounded, we can use the L? embedding inequality (1.16)
to deduce that if ¥ € H*(Q) then u € LP(Q) for any p < 2m/(m — 2k). If
we want a bound for u in one of these Lebesgue spaces then it is possible to
derive inequalities for this norm that improve on the result of Theorem 5.26 by
incorporating the L* norm. We give one example, known as Ladyzhenskaya’s
inequality, which will be useful later. ' '

Lemma 5.27. If @ C R? is a bounded C* domain then, for u € H' (),

2

2 1
llull s < Clul(lull)r.

Recall that we use || = |ulz = |lu[l 2 when the context renders this
notation unambiguous.
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Proof. We prove the inequality first for u € C1('), where @ CC Q. Because

Ay
[u(x)]* = 2/ uDjudy;, j=12 (5.33)
-0
we have
[o¢]
max [u(x)[|? 52/ |uDjuldy;.
X —00 :
Therefore

// [u*dx,dx; < </°° maxlu(x)l dx,) </°° maxlu(x)l [lAz)
< 4<// |t Dart| dx; d,\z) <// |uDyu|dx dxz)

/};z [uDjuldx < |u||D;ul

Since

we obtain
lullzs < 474 [u|'/2 1 Dyu || Daul " < Clu|Y?| Dul'/?.

We can use the density of C) (') in Hy () to prove the result for Hy ("), and
the extension theorem, as above, provides the result for H'(Q2). @

A similar inequality valid when @ C R* is proved in Exercise 5.7.

5.7.2 Sobolev Spaces and Spaces of Continuous Fuactions

The case we avoided in Proposition 5.24 was p > m. We now rectify this and
show that if € is a bounded subset of R” and Du € L?(£2) with p > m then
we cain bound the sup norm of u.

Proposition 5.28. Ler p>m> 1, and let Q be a bounded subset of R™. Then
ifue ClQ),

[itloo < C|Dulp.

In the proof we will write /2 = m/(m — 1y and p = p/(p = 1).
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Proof: We assume initially that [©2| = 1 and apply estimate (5.31), used above,
to v, where now we take

[u
| Dujpr’

Then (5.31), which is
IUVI,,-, < }’lUV—Ihﬁ,
implies that
—1
|U|};1y = V|U|;p:(y_1),

and so
117y
ply~1)

<yl (5.34)

1
|U|ﬁ1y < Y /ylvl

where we have used the embedding result for Lebesgue spaces from (1.16),
Ifls <1QI7 1 fL i s <y (5.35)

with [ = 1.

We set 8§ = i/ P > 1 and choose a sequence of values for y, y, = 8", which
tends to infinity. For this sequence {y,} we obtain from (5.34) the sequence of
estimates

[y, < ¥ |0l (5.36)

MYt *

To start an iterative process by using (5.36), we need to find a bound for |v.
Now, using (5.28), we have

|M|m/(m—1) [Dul;
V] = |V -1y = =< s
| |m | |m/(m ) |Du|p |DM|P

and by using (5.35) once again we can deduce that |v|; < 1.
Iterating the estimate in (5.36) now shows that

00
1
|v|:71y,, =< H Vn "

n=\

00
— H 8:18"'
n=l

=8U
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where

[o 0]

o= E né™" < oo.

n=}

It follows that
[vlmy, <C,
where C does not depend on 1. Using Proposition 1.16 we can deduce that
lvlloo = C
and hence that
lulloo < ClDulps.
If || # 1, set y; = |£2|'/™x;, obtaining

lulloo < CIQIM™ Y| Dulps. L]

We now adapt this result to show that if u € HY(Q) with k large enough

S e

Proposmon 5.221s needed here — the result in fact guarantees that there is a
replesentatlve of the equivalence class of u in H* that is equal to a continuous

Theorem 5.29. Let Q_C R"™ be a bounded C" domain. If u € HY(Q) with
k > m/2 then = CO(Q) and there exists a constant C (m, k) such that

lulloo < Clluell e (5.37

Different methods can be used to show that this result is also valid when
Q = R"; see Renardy & Rogers (1992), for example.
Proof. We first prove the result for u € HE ('), where €' is an open subset of
R™ (we will take €' O Q below). Consider an approximating sequence for u,
u, € C*(Q'). If we use the iterative estimation process of Theorem 5.25, based
on (5.32), for each element of this sequence, then we will eventually obtain

"un ” wer < C”M" ”Hkv

with s > 1 and p > m. We can now use Proposition 5.28 to deduce that (5.37)
holds for each u,,. A similar argument applied to (i, — u,,) shows that {u,},
which is Cauchy in H} ('), is also Cauchy in C°($2'), and so u € CO(').



142 5 Sobolev Spaces

Choosing ' D €, for u € H*(Q) we use the extension Theorem 5.20,
extending u to a function E[u] € HE(£2'), and then we have

litll Loy < NETa]ll ooy
< ClE[ulll ey

=< Cllull gy,
giving (5.37). B

For example, if @ C R then H'(2) C C%(Q), whereas if @ € R? we need
to take u € H%(2) to ensure that i is continuous.

We can also use Theorem 5.29 to show that functions with many derivatives
in L? are continuously differentiable, provided the boundary is sufficiently
smooth.

Corollary 5.30. If @ C R™ is a bounded C* domain and k > (m/2) + j then
each u € H*(Q) is an element of C (2), with

lulles = Cllull e
Proof. See Exercise 5.8.

An important consequence of this corollary is that if 2 is a bounded C®
domain (i.e. C* for every k > 0) and u € H*(2) for each k > 0, then in fact
e C®Q).

5.7.3 The Sobolev Embedding Theorem

We end this part of the chapter with a summary of the results we have obtained
above,

Theorem 5.31 (Sobolev embedding theorem). Let 2 be a bounded C* domain
in R, and suppose that u € H* ().

(i) If k < m/2 then u € L¥™/"=2(Q), and there exists a constant C such
that

[l Lomon-2p0y < Cllue |l (-



5.8 A Compactness Theorem 143

(it) If k = m/2 then u € LP(Q) for every | < p < 00, and for each p there
exists a constant C = C(p) such that

lullzry < Cllullgrgy.

(iii) Ifk > j + (m/2) then u € C/(RQ), and there exists a constant C such that
e sy < Cillullaxg-

Note that since €2 is bounded, it follows trivially in part (iii) that u € L?(£2)
foreveryl < p < oo,

5.8 A Compactness Theorem

The Arzela-Ascoli theorem implies that a set of uniformly bounded continuous
funcnons ‘whose derivatives are uniformly bounded (so that they are equicon-
tmuous) form a compact subset of C°. In this section we prove a similar result
for the Soboley spaces, the Rellich-Kondrachov compactness theorem, which
shows that a bounded subset of H' (with u and Du bounded in L?Yis acompact
subset of L2, In applications, this will help get around the fact that the unit ball
in L2 is not compact, since it implies that the unit ball in #! is compact in L2,

Theorem 5.32 (Rellich—Kondrachov Compactness Theorem). Let Q2 be a
bounded C' domain. Then H'(Q) is compactly embedded in L%(2).

The result of this theorem can be used to generate useful new inequalities
(see for example Exercise 5.9).

Proof. Take a bounded sequence of functions {u,} € H 1(©2) and extend them
to a sequence (v,} bounded in H '(R™) with compact support U, using Theo-
rem 5.20.

Now approximate this sequence by using the mollification approach to give a
new sequence (v, ), which we will assume also has its support within . Note
that

[0 (6) = (o) ()] < / () ]vn () = vn(x — h2)|dz
B0, 1)

hiz)
s/ p(Z)/ 3
B(O,1) 0

—uv,(x — rs)|drdz with s =z/lzl,
-
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and so

/|vn<x)—<vn)h<x)|dxsh</ |Dvn|dx) (/ Izlp(z)dz)
U U B(O,I)

< h|U|"?|Dvylpay < Ch.

Thus (v,), converges to v, in L' uniformly over all n. If we use the L? inter-
pelation inequality from Exercise 1.9, we have

~2)/2(r~1 20r~1
[Wadn = val < 1@ = vl S22 DN adn = vall2C70,

and so by choosing r > 2 such that H'(U) C L"(U) (Theorem 5.31) we can
deduce that (v,), converges to v, in L? uniformly over all n.

Now, for each fixed 4 the sequence (v, ), is uniformly bounded and equicon-
tinuous, since

[(Un)n (x)| < / p@va(x — h2)|dz <A™ |lplleollvalle < CA™,
B(0,1)
and

ID(vn)n(x)] <

/ 0(2)(Drvy)(x —hz)dz
B(,1)

= h

/ P (@) (Dyv, ) (x — hz)dz
B(0,1)

=h!

/ Do(2)va(x — hz)dz
B(0,1)
< A7 DN Dpll oo 1ol -

It follows using the Arzela—Ascoli theorem (Theorem 2.5) that for each A there is
a subsequence of {(v,)} that converges uniformly on U. It certainly converges,
therefore, in L2(U).

We now use a diagonal argument, as in the proof of the Arzela—Ascoli the-
orem. Pick a subsequence v,,,, such that (v, ;)1 converges in L?. Now pick a
subsequence of this, Unyy» Such that (v, )12 also converges in L2 Define a
whole sequence of subsequences in this way, (v, )11, converging in L? for
all I < m. Now take the diagonal sequence w; = vy, which has (w;)1/x
convergent in L for all integers n.

Then

Wy = Wp| < |wp — (wn)l/ll + W ~ (wm)l/ll + |(wn)1/l - (wm)l/ll,

and choosing [ large enough that |w, — (wa)1;1| < €/3 for each n and N
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large enough that [(wy)1;1 ~ (Wi)1/1| < €/3 foralln, m > N, we obtain the
result. W

The following corollary is a straightforward consequence of the completeness
of H* ().

Corollary 5.33. Let Q be bounded and 32 C**+'. Then H**'(Q) is compactly
embedded in. HF* (_Q)

We also have L2($2) compactly embedded in H =" (2) (see Exercise 5.10).

5.9 Boundary Values

A PDE s usually made up of two - components: the differential equation it-
self : and the boundary condmon For example, Dirichlet boundary conditions
spec1fy the values of u on the ‘boundary (u]sg). To treat such problems in the
current setting we need to able to define Sobolev spaces on manifolds such as
a2, ettt ‘

When Q is a bounded C* domain there is a natural way to do this. Recall
(from Definition 5. 19) that then every point xg in 9Q has a neighbourhood
U (xo) such that 82 N U (xo) is given by ®~!(y) as y ranges over a subset of
oIR’}. We can find a finite set of neighbourhoods {U; }9’=1 that cover 82 since 082
is compact, and we will denote by ®; the corresponding C*-diffeomorphisms.

Essentially the Sobolev space H*(3§2) consists of functions that are in H*
on each region 92N U;. To be more precise, we let (;} be a partition of unity
subordinate to the cover (U;}, as guaranteed by Theorem 5.14. We can then
define H*(92), identifying 9R" with R"™~'. The definition is related to the
procedure used to straighten the boundary in Section 5.5.3.

Definition 5.34. If Q is a bounded C” domain then, fork < r, u € H*(3Q) if
(@7 (u) € H*®R™™)  forall j.

One can define a norm on H*(3Q2) by

I gt oy = ZI ) @) e g

Although the particular norm depends on the particular choice of covering {U;}
and corresponding diffeomorphisms {&$;}, we can show that all such norms are
equivalent.
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We now show how to consider the restrictions of functions in H*(£2) to the
boundary of .
Theorem 5.35. Suppose that 2 is a bounded C' domain. Then there exists a
bounded linear operator

T:HY(Q) — L*(3%Q),
the “trace operator,” such that for all u € H'($2) N C°()
Tu = LllaQ. (538)

As in the proof of Theorem 5.20, we will write Q; = U; N and Q; =
().

Proof. The first step is to consider a function in H' (R’) and to show that there
is a bounded linear operator from H' (R™) into L2(@R”) = L2(R™~"). For any
u e H' (RN C'(R?), such that u(x) — 0 as x,, — 0o, we have

/ ()P dx’ = — / Dyl dx
af: ]R'"

+

= —/ 2uD,udx
I-:
=< / |”|2 + |Dmu|2 dx
"

2
= ElLlllH‘(lRT)'

For u € H'(£) N C'(2) we take the partition of unity {1;} subordinate to
the cover (U;} that occurs in Definition 5.34, and we use the previous result to
obtain

L 1@ o dx < /(97 00y
< Cjllrjull pra,
< Cillull gy
Summing over j we have
el ey < Cllulla ey (5.39)

forallu € H'(Q2)N C'(%2).
If we now define an operator T for all u € H'(£2) N C'() by

Tu = Ll|3Q
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then we can rewrite (5.39) as
1Tultz200) < Cllullm @y- (5.40)

Now for a general u € H'(Q), use Theorem 5.21 to take a sequence of
functions u,, € C°($2) that converges to u in H'($2). Then (5.40) gives

1T, — Tos 20002y < Cllstn — s |l 1y,

and so (Tu,} is a Cauchy sequence in L2(32). It follows that Tu, converges to
some v € L2(3$2), and we define Tu = v. Clearly, T is bounded.

Ifu € H'(2) N C°(Q) then the sequence u,, provided by Theorem 5.21, in
fact converges uniformly on  (see note after the proof of that theorem), and
so for such u we have Tu = u|sn. B

The following theorem gives an important characterisation of the space
H}(£2).

Theorem 5.36. u € H} (Q) iffu € H'(Q2) and Tu = 0.

Proof. Clearly if u € Hj () then u € H'(2), and there exists a sequence of
functions u, € C2°(2) that converges to u in the H' norm. Since Tu,, = 0 for
every n, it follows from the continuity of 7 : H*(2) — L2?(32), (5.38), that
Tu =0.

To prove the converse, we use a partition of unity and straighten the boundary,
which reduces the problem to the case of a function u € H'(R") with compact
supportin R? and 7u = 0 on aR". We need to show that u € Hy (RY).

Choose a function ¢ € CX(R) with ||l < 1 and such that

L, rz2
¢ = {o, r ¢ [0, 2].
We consider the sequence u, (x)} = u(x)¢(1x,,) and show that this converges

tou in H'(RY).
First, convergence in L(R"}) follows, since

/ () — ()P dx = / ) PIL — ¢ (nxm) P dx
RY R

+

2/n
- / It = pra) / (o) d’ diem
0 Rnl—l

2/n
< / / ()2 dx’ die,
0 m=1

which tends to zero as n — oc.
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To show convergence of the derivative terms, note that

Don — {(D,-u)¢<nxm), l<j<m-—1,
P (D) (Xm) +nug (nxy), j=m.

Convergence of Dju, to Dju in LX(R™), follows exactly as above unless
J = m. In this case we have

Dpu — Dpu, = (Dmu)(l - (]5(]1)6,,,)) +nu¢'(nx,,,),

where we can deal easily with the first term but have to consider more carefully
L=nt [ WP o d
+

If u € H'(RT) with compact support in R} and Tu = 0 on 9R™, we have
the following inequality:

/ Iu(x',x,,,)lzdx'SCx,,,// |Du(x’, yu) P dx' dym.  (5.41)
]Rm—l 0 ]Rm—l

To prove this, consider a sequence v, of functions in C* (_—'f) suchthatv, — u
and v,|srr = Tv, — 0in L2(R™™"). Then for each x,, > 0 we have

Xm
|Un(x,y Xm)| < |Un(x,s 0)| + / |Dmvn(x,1 ym)l d)’m,
0

from which (5.41) follows for u by taking limits {since Tv, — 0in L2(R™1)].
We therefore have

2/n
I = n? / / () PIY (rx) P dx’ dxin
0 m— |

2/n
< Cn? / / lu(x)|* dx’ dxp

0 Rm-1

2/n Yo
sont [V [T 1D )Py )

0 0 Rm-

5 2/n 2/n
<Cn (/ Xm dxm) </ / |Du(x,1 ym)lz dx,dym)
0 0 Rt

2/n
< C/ / IDM(X,, ym)lzdx,dym,
0 Rm-1

which tends to zero as n — o0.
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So u, — u in H'(R™). Now, given € > 0 we choose n large enough that
lun — ullpr ey < €/2,
and then we mollify u,, choosing 4 small enough that
lGendn — ullgr ey < €

and that the support of (u,); is a compact subset of R’Y'; we can do this since
u, has compact support in R},

We have obtained a sequence of functions {(u,),} in C°(R7}) that tends to
u in the H'(R™) norm, and hence u € Hj (R7) as claimed. m

5.10 Sobolev Spaces of Periodic Functions

In this final section we introduce Sobolev spaces of periodic functions. Such
functions can be represented as Fourier series, which makes their analysis sig-
mﬁeantly more straightforward than that for the spaces on bounded domains
we have been eon51demig until now. Furthermore there are no boundary issues
to deal w1th Beeause of these mmphﬁeaﬂons we will use periodic boundary
eondltlons ‘when we dlSLuSS the Navier—Stokes equauons in later chapters.

We will treat Sobolev spaces Hj(Q) of L-periodic functions on the m-
dimensional domain Q0 = [0, L]™. We will denote by C°°(Q) the space of
restrictions to of mﬁmtely “differentiable functions that are L-periodic in
eaeh d1reet10r1

u(x + Lej) = u(x), j=1,...,m,

where ¢; is a unit vector in the jth component.

Definition 5.37. The Sobolev space H;(Q) is the completion of C§°(Q) with
respect to the H* norm

172
||u||H:=( > ||D“u||iz(g>> :

O<lal<s

Now, by definition Cgc’ (Q) is dense in H;(Q) ~so we have already obtained
the analogue of Theorem 5.21 in the periodic setting with minimal effort.

We now glve another characterisation of the spaces Hj (Q) by using Fourier
serics. We enforce the perlodluty of the function u by writing it as a formal
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Fourier series,
U= E cpe2ikr/L with C_p = Ct.
kEZ'"

For any functionu € C;" (Q), this Fourier series is uniformly convergent, and
the derivatives of u are given by

2\ ™ e
Du(x) = <T> z k& e¥mikx/L
keZ™
It follows from Parseval’s identity that
2 2)a)
|D“ul® = L” <—If—f) > leell). (542)
keZ™

This suggests that the H; norm will be related to some expression involving
powers of |k| and the Fourier coefficients. In fact, we can show that the Hj
norm is equivalent to the “Hf norm,”

1/2

el e = (Z(l +|k|2f)|ck|2> :
keZn

Proposition 5.38. The H; norm and the Hf norm are equivalent:

Collullm: < lellgg < Collull g -

In the proof C; will be used to denote any constant that depends on only s
and m.

Proof. Write
2 2
lully = 3 10"

O<lalss

— " Z (271'/L)2|a| <Z k2a|Ck|2>

O<lalss keZr

<G Z( > |k|2'“'>|ck|2

ke \O<lal<s

<G (2(1 + |k|2s)|ck|2> = Cylluliy.

k EZ”'
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The other inequality follows from (5.42):

m
el >CZ<1+Z|1< |2x> lcel2. o

kezm

The completion of C;°(Q) in the H, norm is therefore the same as its com-
pleﬂon in the H{ norm, and we can 1dent1fy H S (Q) with the collection of all
formal Fourier series such that the norm Hy is ﬁmte

Proposition 5.39. The Sobolev space of periodic functions H;(Q) is the same
as

{u fu = Z cre¥ kAL T o= ey, Z k¥ | < oo}. (5.43)

keZ™ keZ™

Note that we ensure finiteness of the Hf norm by requiring only
> ke < oo.
keleY

In general, however, these two expressions do not give rise to equivalent norms,
since if ¢g # O the contribution from the constant term is lost in the second
expression. However, for the subspace H »(Q) of functions with ¢o = 0, ie.
those with zero mean over Q,

/Qu(x) dx =0,

the two norms are equivalent. This is because we have a Poincaré inequality for
these spaces, just as we did for H, (£2) in Proposition 5.8.

Lemma 5.40 (Poincaré’s inequality). Ifu € H 2(Q) then
L
|u| < <—-—)|DM| (5.44)
2w

Proof. See Exercise 5.11. ®

In this situation the norm | Du| is equivalent to the standard le norm on H é
(cf. (5.13)), and in general we will use

172
(Z Ikllec/clz) (5.45)

kezm
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for the norm on H? (cf. (5.16)). The corresponding “H” inner product is
() = Y [kl¥cedy,
keZl"

when

= E :Ckebrik-x/l, and v = § :dk827rik-x/1,'
keZm keZW

Wedefine H; (Q) as the dual space of H p(Q@). This can also be characterised
as in Proposition 5.39 (cf. Proposition 5.11).

The Sobolev embedding Theorem 5.31 and the compactness result of Theo-
rem 5.32 are also valid in this setting. The proofs, which are very simple, are
given in Appendix A.

Exercises
5.1  Show thatif u € D'(2) and ¢, — ¢ in D(£2) then

(D%u, ) = (D%u, @),

and so D%u is a distribution.
52 Fory e C(Q) and u € D'(2) we can define the distribution yru by

(Yu,¢) = (u, ¥¢)  forall ¢ e CP(Q).
Show that we do indeed have Yru € D’(£2) and that
D(uyr) = uDy 4+ ¢ Du.

5.3  Show that if {f,} is 2 bounded sequence in L2(£2) such that f, — f in
D'(Q) then f, — f in L%(2).

54  Prove that, under the conditions of Proposition 5.8, there exists a cons-
tant C (k) such that

lulfe <C Y 1D*u*  forall e HE (). (5.46)

lal=k

(Hint: Use induction along with the argument of Proposition 5.8.)
5.5 Show thatif ¥ € C°(2) and u € H*(2) then yu € H*(2) and

[¥ullar@y < COullaxg).
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5.7

5.8

5.9
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Show that the unbounded function

1
loglog <1 + ﬁ)

is still an element of H'(B(0, 1)), where B(0, 1) is the unit ball in R?.
Show that if © ¢ R? is a bounded C! domain then, for u € H(£2),

1/2 1/2
lullzs < Clul™?[lull)?.

[Hint: Use (5.33) to write

00 [oe] 00 1/2
MWsG/|wwm/|wmm/|wwm),
—00 —00 —00

(5.47)

and then follow an argument similar to that of Proposition 5.23.}
Prove that if £ C R™ is a bounded C* domain and k > (m/2) + j then
each u € H¥(Q) is an element of C/(£2), with

lullei < Cllull .

Let V be the subspace of H'!(£2) consisting of functions with zero integral

over §2:
V= {u eH‘(sz):/ u(x)dx:O}.
Q

Arguing by contradiction, use the compactness result of Theorem 5.32
to show that there exists a constant C such that we have a Poincaré
inequality

lul < C|Vu| forall wueV. (5.48)

(You may assume that if Du = 0 then u is almost everywhere constant.)

5.10 Show that L2(2) is compactly embedded in H~1(Q).

5.11

Prove that if u € H,(Q) then [u| < (L/2)| Du.

Notes

Adams’ book Sobalev Spaces (1975) is the main reference for the material in this ohaptcr,
although because it treats the subject in maximum generallty most of his proofs are not
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directly suitable to this kind of simplified presentation. Nonetheless, anybody wishing
to go into this subject in more depth should certainly consult his book.

Distribution theory is treated didactically but in much greater detail than the rather
cursory treatment here by Friedlander & Joshi (1999). Rudin (1991) and Yosida (1980)
offer more technical treatments,

A slightly different class of distributions from those used here provides a natural
setting in which to treat the Fourier transform, defined as

f[u](5)=ﬁ(€)=(275)”"'/2/ e u(x) dx,

"

initially for u € L'(R™). The definition can be extended to all distributions by defining
&, ¢) = (u, P) forall ¢eS8
(S is a larger class of test functions that D). Since one can show that
FID ] = (—if)*h
and that
laly2 = fulp2,

it follows that u € H*(R™) iff

(1 + £ 2 Fu] € L*R™). (5.49)

This characterisation forms the main basis of the treatment in Renardy & Rogers
(1992). Particularly important is that it provides a way of defining H" (R™) when k
is not an integer, simply by imposing (5.49) for the appropriate value of k. These frac-
tional index Sobolev spaces can be useful, but we will not need them in what fol-
lows.

Evans (1998) avoids introducing the distribution derivative, which somewhat limits
his discussion of the spaces H~*(£2), but otherwise his treatment is very similar to that
here, Indeed, the development in this cﬁapter owes much to him and also to Gilbarg &
Trudinger (1983), who manage to present a lot of material very clearly and concisely;
the proof of Theorem 5.29 is taken from there.

There are many other results concerning Sobolev spaces that are not included here.
One notable result (proofs can be found in Evans, Gilbarg & Trudinger, and Renardy
& Rogers) is that if ue H*(2) and m/2 <k <(m/2)+1 then in fact « is Holder
continuous with exponent k — (11/2). Coupled with the Arzela~Ascoli theorem this
shows that H*() is compactly embedded in C°(Q2) if k > m/2, Many of these
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results, and various inequalities, are usefully summarised in Chapter 2 of Temam
(1988).

Sobolev spaces of periodic functions are treated briefly in Temam (1995) and
Constantin & Foias (1988). They also form the basis of the analysis in Doering &
Gibbon (1995), although this is not expressed using the Sobolev space formalism.

The proof of Ladyzhenskaya’s inequality inLemma 5.27 is taken from Ladyzhenskaya
(1963), It will be useful in our treatment of the Navier-Stokes equations in Chapter 9,
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Existence and Uniqueness Theory






The Laplacian

Although we are ultimately interested in treating time-dependent nonlinear
equations, this chapter lays some foundations by considering a time-independent
linear example, Poisson’s equation. This equation is

—Au= f(x), (6.1)

where Au denotes the Laplacian,
8%u
Z 5
Jj=1 J

[Note that we write Poisson’s equation with a minus sign; this is because —A
is a positive operator; see (3.23).]

" We will consider (6. 1) with two choices of boundary condition. The simpler
case is that of periodic boundary conditions,

u(x 4+ Le;) = u(x) for all j=1....m,

which we can analyse very easily using the Fourier expansion introduced in
the last section of the previous chapter. However, most of our efforts will go
towards understanding the case of Dirichlet boundary conditions, where u is
specified on the boundary of a smooth bounded domain €2,

ux)=0 for all x € 0.

We abbreviate these boundary conditions to ujn = 0.

An understanding of linear operators such as this example is necessary for
the nonlinear evolution equations we will treat later. We will study existence
and uniqueness of solutions of Poisson’s equation in a variety of settings, from
“weak” solutions to fully classical solutions.

159
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6.1 Classical, Strong, and Weak Solutions
There are three distinct senses in which we can understand the notion of a

“solution” to Equation (6.1).
The first is classically, where the problem can be stated formally as

given  f e CO(%),
find ueCHANCUR) with u=0 on 8%, such that
—Au(x) = f(x), classically, for each x € Q.

We wish to generalise the class of possible * ‘solutions,” in the hope that the
equation will become easier to solve in a less restmuve form This essentially
means that, rather than considering each term to 'be a continuous function, we
will take each term to be in some less regular space. A natural way to do this is
to allow each term to be in L2. This will immediately involve Sobolev spaces
in the description of the problem. A strong solution is a solution of the problem

given  f e L%(S),
find  ue HYQ)N H (), such that

—Au= finlL? with the derivatives understood in the weak sense.

We have not only weakened the regularity of u, we have also weakened the
acceptable regularity for f. Furthermore, we have incorporated the boundary
conditions into the space in which the solution u is required to lie (cf. Theo-
rem 5.36). Since the equality here is equality of functions in L?, the equation
—Au = f is only required to hold almost everywhere in 2. Finally, it is easy
to check that a classical solution is also a strong solution.

In this chapter we will concentrate first on weak solutions, where we relax
even further the smoothness required for u (and also ). We Je will see_that in this
case each term is viewed as an element of H7'(<).

To show that a weak (or perhaps strong) solutlon is in fact classical we try to
show that the solutlon is bounded in higher order Sobolev spaces. “We can then
use the embeddmg Theorem 5.31 to show that u (t) isa glassually differentiable
function. We will do this for periodic boundary conditions in Section 6.3 and
for Dirichlet boundary conditions in Sections 6.4 and 6.5.

6.2 Weak Solutions of Poisson’s Equation

We will start by discussing weak solutions of Poisson’s equation (6.1), which
is a straightforward introduction to the framework that we will use for fully
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nonlinear, time-varying equations. We will consider first the case of Dirichlet
boundary conditions.

Suppose that we want to weaken further the differentiability required for our
solution u. What we can do is multiply (6.1) by a smooth function v (say a
function in C} ()} and integrate:

—/[Au(x)]v(x)dx:/f(x)v(x)dx.
Q Q

If we integrate the first term by parts and use the fact that v = 0 on 92, we get

m

Z/ Diu(x)D; v(x)dx—/Vu Vvdx—/f(x)v(x)dx (6.2)

an equality we require to hold forall v € C} (). If u € C2(Q) and f € C°(Q)
we can show that (6.2) implies that u is a classical solution of (6.1) (see Exer-
cise 6.1).

However, (6.2) requires u to be only a C' function. If in addition we use
the density of C!(Q2) in Hj () we can deduce that (6.2) must hold for all
v € H{ (). In fact, (6.2) makes sense whenever u € Hj (Q) and f € H™'(),
provided that we understand the derivatives in a weak sense. If we write the
left-hand side in the form a(u, v), so that

a(u,v) = / Vu-Vvdx, (6.3)
Q

we can re-pose the original problem in its weak form:

given  f e H™Y(S),
find u € Hyj (), such that (6.4)
a(u,v) = (f,v) for all v € Hy (),
where ( f, v) denotes the pairing between f € H~' and v € H.

Note that a(u, v) is a bilinear form on Hy x Hy, which (using the Cauchy-
Schwarz inequality) satisfies

lau, )] < lull g ol 65)

In fact, in this case the bilinear form a(u, v) is exactly (5.13), the reduced
inner product on H0 (Q) “obtained using Poincaré’s inequality. The problem is

therefore equivalent to finding 2 u € Hy such that

((u, V) = (fi0) forall veH,. (6.6)
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Now, the Riesz representation theorem (Theorem 4.9) immediately tells us
that there exists a unique u € Hy such that (6.6) holds and that the map f + u
is continuous,

Theorem 6.1. Tor f € H™'(Q), the weak form of Poisson’s equation (6.4) has
a unique solution u € Hy (), and

el ap @y = B f a1 @-

There is another way to consider Equation (6.6), which will become more
useful later. Observe that for each fixed u € Hy the map

v = a(u,v)

is a linear functional on Hy. It follows that we can define a linear operator
A:H} - H by

(Au,vy =a(,v) forall ve H(SQ). 6.7)

Observe that (6.5) shows that A is a bounded operator. We can now write the
equation a(u, v) = (f, v} as

Au=f,

an equation in H~',

We will now show that in fact A is a symmetric operator with compact
inverse, and we will apply Corollary 3.26 to deduce that there is a basis of
L?(2) consisting of eigenfunctions of A.

We have a}ready shown in Theorem 6.1 that A is an invertible mapping. To
show that A’is compact, observe that we can identify L2(2) with a subset of
H~'(), since an element of L2(§2) gives rise to a linear functional on H] ()
via the 1% inner product,

(w,v) = (u,v)  forall ve H(K).
Since
[, v)] < lullv] < Clulllvll g
(using Poincaré’s inequality),

lullg-+ < Clul.
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It follows from this that
IA™ fllmy < CIfl  forall  felL? (6.8)
so that A1 is a bounded map from L? into Hj . Since a bounded subset of H]

is compact in L? (Theorem 5.32), A™! is in fact a compact map from L? into
itself. Finally, A is clearly symmetric, since

(Au,v) = a(u, v) = a(v, u) = (Av, u).

It follows via Corollary 3.26 that there is a basis of L2 consisting of eigen-
functions {w;} of A. Since Aw; = A;w; and w; € L%(SQ), it follows that
w; € Hy (). We collect these facts in the following theorem.

Theorem 6.2. There is a basis of LZ(Q) consisting of eigenfunctions of the .
operator A = —A with Dirichlet boundary condztzons These ezgenﬁmcnons

are elements of H0 (Q)

It is now readily apparent that translating an equation into its weak form
can make it extremely straightforward to treat. In this case, the Laplacian led
to a bllmear form that was symmetric, and this allowed us to use the Riesz
representation theorem.
In a more general situation than (6.1) the weak formulation will give rise to
a bilinear form that is not symmetm (see Exercise 6.2), and we need to use the
L%l_)(:Mllgl am lemma to deal with this case. When a(u, v) is a bilinear form on
some 0eneral Hilbert space V (with norm || - || and dual V*), the symmetry of

a(u, v) has to be replaced with the coercivity condition,
a,v) = afv|®> forall veV
for some a > 0. A precise statement of the Lax—~Milgram lemma is

Lemma 6.3. If a is bilinear and coercive on V, then A is an isomorphism from
Vonto V*: ie. if f € V* then the equation Au = f has a unique solution.

We will not treat this more complicated situation in any detail; instead we will
concentrate on higher regularity for Poissen’s equation. For some discussion of
the more general case, see Exercises 6.3 and 6.4. Exercise 6.5 treats the problem
with Neumann boundary conditions (Vu - n specified on 3£2).



164 6 The Laplacian

6.3 Higher Regularity for the Laplacian I:
Periodic Boundary Conditions
What we have found is that if f € H~'(Q) then the solution of —Au = f
(“Au = f”Yis an element of Hj ($2). However, suppose that we know that
f is a smoother function, for example, f & L?(). For such f, what is the
smoothness of u? From the discussion in Chapter 3, this amounts to ﬁﬁding
D(A), the domain of A in' L%().

In this section we will treat Poisson’s equationon aperiodicbox Q = [0, L1
(as discussed in the final section of the Sobolev space chapter, Chapter 5),
making use of the Fourier expansion to simplify the analysis.

However, without a little care we cannot expect unique solutions in this case,
since we could add a constant ¢ to any solution u, and u + ¢ would still be a
solution. For this reason we will restrict ourselves to finding a solution whose
average over Q is zero,

ueL?  suchthat /u=a (6.9)
Y]

The space of all such functions was denoted by L2(Q) in Chapter 5. Further-
more, note that unless f also satisfies such a condition we cannot hope to find
a solution at all, because
/ Audx =0
Q2

after an integration by parts (cf. Exercise 6.6).

We now cast the problem into its weak form. This process, along with the
use of the Riesz representation theorem to prove the existence of a solution, is
almost exactly as above in the Dirichlet case: we take the inner product with a
suitable smooth function v, in this case v € C}(Q), to get

a(u,v) = (f, v) 6.10)

forallv e C‘:,(Q), where we have defined the bilinear form as before (6.3):
a(u,v) = / Vu-Vvdx.
[

The density of C)(Q) in H(Q) means that we also have (6.10) for all v €
H l‘,(Q). It follows from using the Riesz representation theorem that for all
f € H;'(Q) there is a unique solution of (6.10) that lies in H;(Q).

To investigate the regularity of this solution more closely we will use the
Fourier series expansions of f and u introduced in Section 5.10 and show that
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it f & L?(Q) then in fact u € H(Q). We write f as a Fourier series,

f= z eZn’ik-x/Lfk’

kezm

where f; = 0 and 5 |fi|* < oo (since f € L2(Q)). Now, if we expand u

similarly,
U= z eka-x/Luk,
keZl"

we have

452 .

—Au= <__ E eZJ'rlk.\/lelzuk’
L2
keZm

and comparing coefficients in —Au = f we get

4 |k|?
= i (6.11)
so that for k 5 0 we have
LY fi

To make sure that u satisfies (6.9) we set ug = 0 [note that this gives equality
in (6.11), since fu = 0].

Theorem 6.4. If f € L*(Q) and u € H)(Q) satisfies (6.10), then in fact
u e HE(Q), and there exists a constant C such that

lullz; < CIFI.

Proof. Writing C for any constant that does not depend on the choice of f, we
can use the Fourier expansion to write

Ml = kel < €Y 1 /1P =ClfI- m
2

kezm keZm

Viewing (6.10) as the equation Au = f and observing that Equation (6.12)
defines the map A™! from L2(Q) into D(A), we also have precisely

D(A) = HX(Q).

In this case it is very easy to characterise D(A), and we can see that A™! is
a compact operator, since a bounded set in L2(Q) becomes a bounded set in
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H 2(Q) i.e. a compact subset of L? (Q). Since A" is a compact symmetric
operator, it has a set of eigenfunctions that form a basis for L*(Q). These are
the real and imaginary parts of the exponential functions we have been using
in our Fourier expansion:

wt =2/ sin2nk-x/L and w =+/2/L" cos2wk - x/L,
with  Awl’ = @ /LY [k wl’. (6.13)

Note that k in (6.13) runs over all multi-indices with k > 0 (we usually index
the eigenfunctions by a single integer 2), and we have included a normalising
factor of /Z/L7 (so that [w{’| = 1).

Use of the Fourier expansion again makes it easy to deduce higher regularity
results, showing thatif f € H 5 thenu € H;“.

Theorem 6.5. Iff € HS(Q) ad u € H! p(Q) satisfies (6.10), then in fact
u e HS+2(Q) and

Nl gerz < ClLf Nl g
Proof If f € H;(Q) then

2 2 2
1F W = D 1K1 fl® < oo,

keZm

and it then follows from (6.12) that

lullpen gy = D kI ue? = < )Z|k|2f|fu2—cnf||f,(g)

k & zm keZm

Note that C does notdepend ons. @

We can use this result along with the Sobolev embedding in Theorem 5.31
to show that we obtain smooth solutions when f is smooth. This corollary
‘is particularly significant, since it shows that we can use the Sobolev space
formulation, with the generalised derivatives that it involves, and end up with
results about smooth classical solutions.

Corollary 6.6. If f € C°°(Q) andu € H! p(Q) is a solution of (6.10), then in
factu € C°°(O)

Proof. f € HS(Q) foralls > 0, and so u € HS(Q) for all s > 0, using
Theorem 6.5. It follows that u € C’ p€Q) for all r > 0, using the Sobolev
embedding H* ¢ C/if k > j + (m/2) from Theotem 5.31. &
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As a second gorollary, we obtain the important result that the eigenfunctions
of —A are clements of C°°(Q) Of course, since in this case we know that the
eigenfunctions are given exphutly by the trigonometric functions in (6.13) this
is not a surprise. However, we will also obtain a similar result in the Dirichlet
boundary condition case, when we cannot (in general) find an explicit form for
the eigenfunctions.

Corollary 6.7. In the case of periodic boundary conditions, the eigenfunctions
of the Laplacian are all elements of C o (D).

Proof. We know that each eigenfunction w is an element of L%(Q). Since w
solves the equation

Aw = Aw,

it follows from Theorem 6.5 that in fact w € H 2(Q) We then obtain similarly
w e H4(Q) and by induction that w € HS(Q) for any s > 0. It follows as in
the previous corollary that w € C s (). m

Finally, we note that we can use this regularity theory to characterise the
Sobolev spaces H »(Q) in terms of the fractional powers of the operator
= —A (see Section 3.10). Indeed, from Proposition 5.39 we have

Hy(Q) = {u:u = et G =c, Y lkPlal® < oo},
k0 k0
whereas, using the definition of fractional powers of A from (3.25), we have
2
D(AS?) = {u:u = z aw, z i|a,§”| < oo}.
k>0, t=s,c k>0. t=s,c

Since
2wk - x

. . 2wk - x .
Cke2mk-.\‘/L + C_ke—ka-x/L — RC(Ck) cos - Im(ck) sin

L
- \/T (Re(eowf? - Im(eowf”),
2
zckezmk-x/L _ L JE" (Z Re(c)w® — Im(Ck)w/(f)> ’

k+#0 k>0

we have
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and, using A, = (472/L?)|k|?, we have

2 2s 2
lullyy = D 1kl lcl

k>0

L™ (L?/4\°
=T(5F) I il

k>0, t=s,c

— C|A3/2u|2'

Therefore
$I2 = .

and so D(A*/*) = H$(0).

The very simple arguments of this section become much more involved in the
case of Dirichlet boundary conditions on a bounded domain  C R", which
we treat in the remainder of this chapter.

6.4 Higher Regularity for the Laplacian II:
Dirichlet Boundary Conditions
We now want to reproduce the results of the previous section in the case of
Dirichlet boundary conditions,

_Au=fa M|39=0,

where € is a bounded C* domain. We know thatif f € H~!() then there is a
solution that lies in Hy (£2); we have to investigate what happens when we take
f e LA().

6.4.1 A Heuristic Estimate
We will first give a heuristic argument indicating that we can still expect a result
along the lines of Theorem 6.4. We will try to show initially that if Q' CC Q
then
lull a2y < ClLf gy

This result, which shows that the second derivatives of u are square integrable
on any compact subdomain of €, is known as an interior regularity result. To
extend this result all the way up to the boundary of  will require some care

and messy manipulations.
For the remainder of this chapter we will use the abbreviations

— _ _ 2
u; = Diu, uij = D;Dju, u,ijj = DiDju,
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etc, This will cut down heavily on the notation, since many derivatives will be
involved.

To obtain our heuristic estimate, we treat all the terms in the equation as if
they ‘were smooth. Since we want to avoid any effect of the boundaries, we
introduce a cutoff function ¢ € C®() suchthat0 < ¢ <land{ =1ong'
Now we can write

m

/c | Aul dx—z/ w8 dx

i,j=I1

=—Z/u,u”,§ dx—Z/u iU, )25 8 dx

1,j=1 i, =1

_Z/u” u,ii¢ dx—Z/u iU, 208 i —u; u,12§§‘ dx.

ij=1 i,J=1

Note that we get no boundary terms in our integrations by parts, since { and all
its derivatives are zero on 9£2.

By using Young’s inequality “with €” (1.15) to estimate the terms involving
derivatives of ¢, for example

[u,iu ;208 < };M,zﬁfz +4u,2;§,%,

we obtain

/ IViufPetdx < 5 / IV2uletdx +C / IVu?|Ve P dx +/ o2 Auf dx.
Q Q Q Q

No_t_f.:AEhat hf;;e and in what follows we write

IV2u(x)| = Z 1) 2,

i, j=1

so that [ V2| gives an L? estimate on all the second derivatives of u. (ThlS is
very different from the engineering usage Viu = Au. 2)

We therefore have

[V2u|? dx 5/ IVZuIZg“de
g Q

SC[/IAuIde—l—/IVuIde}
Q Q

< CLAP+ iy o)l
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Since we already know from (6.8) that
””“Hol(sz) < Clfl,

we in fact have
/ [Viultdx < C|fI?,
QI
yielding the estimate

llull p2y < Corl £

We now have to make these arguments rigorous. To do this we will have to
discuss difference quotients,

u(x + he;) — u(x)

D! =
i u(x) a ;

which will enable us to treat “derivatives” of functions that we do not know a
prioti to be differentiable.

6.4.2 Difference Quotients

The usefulness of difference quotients is ensured by the following two results.
The first is unsurprising and shows that if ¥ € H'(2) then there is a uniform
bound on the L2 norm of its difference quotients.

Lemma 6.8, If u € H'(Q) then for any Q' CC Q we have
”D{'u”LZ(Q:) < ||Diu||Lz(Q)a
Sfor every h < dist(§2/, 982).

Proof. First consider the case u € C*(2). Then for any x € Q' we have, using
the fundamental theorem of calculus,
u(x +he) —u(x) 1

ft
Diu(x) = . ﬁ/ ui(x +&e;)ds.
0

1t follows that

2

h 2
/|D'('u(x)|2(lx=/ %(/ Diu(x—i-Ee,-)dE) dx,
o o * \Jo
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and so, using the Cauchy-Schwarz inequality and changing the order of inte-
gration, we get

1 h
/ |Dlu(x)| dx S/ = | IDwu(x + Een)l dt dx
o . Q h 0

1 y3
_/ /lD,-u(x)IzdxdE
hJo Ja

|D;ul®.

A

A

The result now follows for a general u € H'(£2) by taking limits, since C' (£2)
is dense in H'(2) (Theorem 5.21). B

More useful is the following converse, which shows that if the difference quo-
tients are uniformly bounded in L2 then we can deduce that the weak derivative
exists and is also an element of L2,

Lemmia 6.9. Suppose that Q@' CC Q and that for every h < dist(€2', 9€2) we
have

1
|,|Di'”||L2(Q') =C
Then Dju e L*(2) with
| Diull L2y < C. (6.15)

Proof. Since D!'u is bounded in L2(Q'), there is a sequence h, — 0 such
that D,."” u converges weakly to some v € L2(') as n — oo, It follows from
Lemma 4.14 that [|v|[L2¢qy < C.

We now need to show that in fact v = D;u. For any ¢ € C2°(2') we have

/ uDi¢dx=/uD,-¢dx
2 Q

= lim [ uD!"¢dx

n—co [9)

= — lim ( —h" )¢dx

n—00 Q

= —/ vopdx
@

—/vqbdx,
Q

and so v = D;u in the weak sense, and (6.15) follows. &
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We will also need the following three properties of the difference quotient.
The proof is left as an exercise (Exercise 6.7).

Lemma 6.10. If Q' CC Q and h < dist(Y, 3S2) then for any u € L*(Q2) and
any v € C%(Q) with supp v < ' we have the product rule

D! (uv)(x) = u(x) D! (x) + Dl u(x)v(x + he;) (6.16)

and the integration by parts formula
/ Diu(x)v(x)dx = -/ u(x) D " (x) dx. (6.17)
Q Q

Finally, ifu € H' () then
D; Dju = D! Dju

(differencing and derivatives commute).

6.4.3 Interior Regularity Result

‘We now use the difference quotients of the previous section to perform arigorous
analysis along the lines of that in Section 6.4.1. We replace derivatives with
differences and then use Lemma 6.9 to deduce that u € H*. 2 Otherw1se the
only real trick i is in ghoosmg an approprlate “test functlon v, Whl(,h wedo in
(6.21).

Theorem 6.11. Suppose that f €LYQ), and that u € _{g&_(ﬂsvz_)hsatisﬁes
((u v))H. =(f,v) forall ve H; (). (6.18)
Then in fact u € HZ(Q ) fo_[__an)i Q' cC Q, with

lullwzey < Carlfl. (6.19)

Proof, We first write (6.18) explicitly as

Z/ul,-vl;dx=/fvdx (6.20)
o Ja Q

forallv € H} (). Foreach Q' CC € we choose a cutoff function { € C2(2)
with¢{ =1 on €/, and

2
N —
dist(', 382)
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‘We now consider, for each k =1, . .., m the test function*
v=D;"[¢*D}u] (6.21)

and substitute this in (6.20) (clearly v € Hj (2)) to obtain

m

Z/ (D7 [¢2Dpu]) | dx_/QfD,:"[g“zD,'c'u]dx.

Use of Lemma 6.8 allows us to bound the right-hand side by

LAV (2Dfu) | < 1£1(|20(V ) Dgu| + |2V Dgul)
< 1£1(C|Dju| + | VDgul)

< CUFP+uldy) + 1 / eV Dul dx,
Q
where Young’s inequality “with € (1.15) was used in the last line,

‘We now treat the left-hand side, first “integrating by parts” using (6.17), and
then applying the derivative to the terms in the square bracket to obtain

-Z/ (D} u fu; 20Dl dx.

The first term here is equal to

Z/Q|4“D,'c'ul,-|2dx=/Q|§D,{3Vu|2dx,
i=1

and we can estimate the second, using Young’s inequality with ¢, by

c/;|pgvu||p,cu|dx < g/;2|p,';vu|°—dx+c/ | D uf* dx
Q

I/\

[ 1evDtuf’ dx + Cluty.

using Lemma 6.8 again and the fact that V and D} commute (Lemma 6.10).
‘We can now combine these estimates to obtain

/[{D Vu, dx < C(|f|2+||u||H.(Q))

* This is not a test function in the technical senise (i.e. not an element of C°()), but rmhex a
funcuon agamst whxch we “test” u in (6.20). -
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1t follows that

2

ey < CUP+ Tl @)

and so, using the result of Lemma 6.9, we have
IV2ul iz < CUFP + Ml q))-

Using the result of (6.8) (|lu|ly: < C|f]), we obtain (6.19). =

|D£Vu

We now improve this result, using induction, to show that the solutions are
in H:X4(Q) when f € H* ().

loc

Theorem 6.12. Suppose that f € H*(S2) and that u € Hy () satisfies (6.18).
Then u € HEY2(Q): for each Q' CC 2 we have the estimate

loc

lull sy < Carll £llas (-

Note that this interior regularity result does not depend on the smoothness of
the boundary.

Proof. Supposing that the statement is true for s < o, we show that it is then
true for s < o + 1. Take f € HoH (2); then we know from the induction
hypothesis that u € HZ}(£2), with

lull oy < Callf lam ).

We take a multi-index « with |a| = ¢ + 1, and for any w € C2(') use the
“test function”

v=(-DH*Dp*w
in (6.20). Integrating by parts |«| times we obtain
((D%u, w))yy = (D* f, w) for all w e CX(Q),

and so Dy is a weak solution of the equation with f replaced with D® f. Since
fe HF (Q), D* f e L*(S), and so we must have

|Dabl|H1(Q:) < ClDaflLZ(Q).
Since this holds for every multi-index « with |a| = o + 1, it follows that
il gesacery < CllLf Nl o)

and the theorem follows by induction.
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‘We have the following important corollary, which shows that if the right-hand
side is smooth (in C°°(£2)) then the solution is also smooth,

Corollary 6.13. If f € C*®(2) then the solution of
—Au=7f in
satisfies u € C*(Q).

Proof. Theotem 6.12 shows that u € Hy . (2) for every s. The Sobolev em-
bedding H* ¢ C/ifk > j + (m/2) from Corollary 5.30 shows then that
ue CH(Q) forevery k,and so u € C*(Q). @

In particular, the eigenfunctions of the Laplacianare elements of C*°(£2). This
will be extremely important in what follows, when we use these eigenfunctions
as a basis in which to expand trial solutions of parabolic PDEs,

Corollary 6.14. The eigenfunctions of the Laplacian with Dirichlet boundary
conditions are elements of C*(2) N Hy ().

Proof. That an eigenfunction w is an element of H] () follows from
Theorem 6.2. The smoothness of w on the interior of € follows using
Theorem 6.12 repeatedly on the equation Aw = Aw, starting with w & L% (),
to deduce that u € H; (S2) foreverys > 0. @

6.5 Boundary Regularity for the Laplacian

To improve the results of the previous section so that we obtain regularity up
to the boundary requires a more careful treatment. The idea is to treat first a
simple problem with a flat boundary, and then to use transformation ideas (as
discussed in Chapter 5) to treat the case of a general boundary. Once the flat
boundary case is dealt with the general boundary is relatively straightforward.

6.5.1 Regularity up to a Flat Boundary

We will have to treat a more general second-order elliptic equation near a flat
boundary since the coordinate transformations that straighten a general bound-
ary will change the form of the equation from —Au = f. Although theequation
is more complicated, the simple geometry enables us to perform the analysis.
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The plan is to obtain bounds on all the second-order derivatives u ;; apart
from u ,u,, by using methods similar to those of Theorem 6.11, and then to use
the equation itself to deduce bounds on u ;.

Forsome 0 < A < 1 we take

D* = B(0, R) NRY
and consider the equation
Lx)u=g with geL?D"
on DT, where
SN du
L(x)u = — ,; E <aij(x)a_xj)y
and the coefficients a;; € W (D*) are chosen such that

m

> aij0kE; = 0k, (6.22)
i,j=1
for some 8 > 0 (we say th\at Lis “unifonnly_,ellipt.ic”).
A weak solution of this equation is expressed in terms of the associated
bilinear form

2 du du
B(u, U) = Z a,'jé;a.
i, j=1 PE

We also call B uniformly elliptic when (6.22) holds.
Proposition 6.15. Suppose that u € H'(D7) satisfies
B(u,v) =(g,v) forall ve Hy(D") (6.23)
withu = 0 on ORY in the sense of trace. Then for any 0 < L < 1 we have
lullg2zapy < Cligllrzps.

Proof. Choose an index k = m, pick & € (0, %R(I — A)), and choose a cutoff
function { € Ci°(D*) suchthat 0 < ¢ <1,¢{ =1 onAD% and supp¢ C
B(0, %(1 + M) R). For v in (6.23) we use the same “test function” as in the proof
of Theorem 6.11: '

v=D;"[{*D}u].
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Now, v is in fact given by

ulx + hey) — u(x)
h

u(x) — u]Ex — hey) 3 guz(x)u(x + he;) — u(x) '

v(x) = D" [c%x)

1 [;Z(x — hey)
h

This complicated looking expression is useful, since it shows that v € H} (DY),
because { = 0 near the curved section of the boundary and u = 0 on
{x = 0).

Writing w = ¢ Di'u, so that v = D;"[¢ w], we have from (6.23)

m

Dt dx = iUV d
/D+g e (Cw)dx Z/ma]u,v,] X

ij=1

= Z / a,-ju,,-D,:h(gw),jdx
D+

ij=1

m

=> /D D} (ajju,i) (¢ w),; dx,

ij=1
Using the product differencing formula (6.16) on this we get

m

Z/D aj(x +/1ek)(D,i'u,i)(;w),jdx+Z/ (Diaiy)u;i(Cw).;dx,
+ D+

i j=1 ij=1

and so we have

/ gD G wydx = Z/ aij(x + heyw,w,j dx

D+ ij=1YD"

_ Z/ a(x + heo)t; (Diu) w,; dx
ij=1/D*

m

+ Z/ aij(x + hex) (Dyus)¢, jwdx
ij=17 D"

+ Z /D+ (Dias)uiQw),; dx. (6.24)

i.j=1
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Since

/ |D,fvu|2dx=/ lelzdxs/ IVw[?dx
AD* ADt D+

and the uniformly ellipticity of L implies that
/ aij(x +hep)w;w jdx > 9/ |Vw|2dx,
D+ D+
we can bound
l 2
/ | Dy Vu|” dx
AD+
by estimating
/ al'j(x +hek)wl,-wlj dx.
D+

To do this, we bound all the other integrals from (6.24). First, we have

< |gl| D" G w)|

L / D7 (G w) dx
D+
< 1g1(1De Il + ] DewD
< Clellwilm,

using Lemma 6.8 to bound the difference terms. Next, we have

h
=< Naijlooll V& lloo| Dy, 51

l/ a,-j(x—i—hek);l(D,’:u)w,j dx
D+

< Cllullgllwll

‘/ aij(x + hep) (Dfu ;)¢ jwdx| = ‘/ D" (ayj(x + hex)t jwyu ; dx
D+ D+

< laijlwroe [V wrco |wll oot i|

< Cllwllg lull s,

and finally

< llaijllwreo i1 o Wl g

‘/D+ (D,i'a,-j)u,i({lU),jdx

< Cliull g lwll a.
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Assembling these estimates we have
2
/D+ DAV dx < Clallull + Cllwllm lull .
A

Since
Il = 2 Dfully < CDE] 0 < CQlutsr +]DEVu]),

we can use Young’s inequality as before to obtain
[ 1ptvulax < (P + i) < Clef

Using Lemma 6.9 we deduce a bound on all the second-order derivatives apart

from v,

> / luij12dx < Clgl. (6.25)

i+j<2m

To estimate the derivative u ,,,, we use the previous interior regularity result
and the equation itself. We know that, since u € H 2(Y) for any € CC 9,
within €2 the equation is satisfied as an equality in L? and so it is also satisfied
as an equality almost everywhere, Rewrite the equation as

du
AU i + Gpmm Ui + z dij =
ax; X 8x
i+j<2m

Now, the uniform ellipticity condition (6.22) implies that @, = 6 > 0 (just

set £ = (0, ...,0, 1)), and so we can rearrange the equation to give
1 ( E [ u

Upm = —— | 8§ — GummU,m — z Ao al'j__ .
pan f1)<2m 0x; 3x]

We already know that the right-hand side is in L2(D}), and it follows from
(6.25) that

/ [t * dx < C(181% + llul%y). (6.26)
D+

s

Combining (6.25) and (6.26) we obtain

m
Z/ g dx = C (1 + Nul),

i, j=1

and an appeal to (6.8) yields the result.



180 6 The Laplacian

6.5.2 Regularity Up to a C* Boundary

Of course, we now need to improve this result so that it holds not only for simple
geometries but for general domains, We will assume that  is a bounded C 2
domain as in Definition 5.19. Recall that, in this case, near any point xy € 32
we can find a neighbourhood U and a C? transformation ® such that @ takes
QNU intoa set @ ¢ R™ (with coordinates “y”; see Figure 5.1), sothat QN U
is mapped onto y,, = 0 and x; is mapped onto the origin. The inverse of this
transformation we will denote by W. Furthermore, we can choose @ such that
det VW = 1 (see Exercise 6.8).

‘We now have to write down the equation satisfied by the transformed function
i(y) = u(¥(y)). Since u(x) = (P (x)), the equation

() gy = (£,0)

becomes

m m

/ZZ —( (x ))—(X)——@( ))———(x)dx

j=1 kI=1
= / F(@(x)B(@(x)) dx.
Q

Changing variables in the integral expression on both sides by using (5.18) and
det VU =1 gives

/ Z ()it dy = / F(y»)i(y)dy,

k=1

where

n

au(y) =y G j(T ()P (T (),

j=1

and F(y) = F(y). Using Theorem 5.18, F € L%(') with

1F 2y < Cllf L2y

To check that the new equation is uniformly elliptic, we write

m

z au(y)ék = z z D, ;51 P, 61

k=1 J=1 k=1

m
=> =k

i,j=1
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where n(y) = (V®)TE, that is,
n=Y Gri(U()k
k=1

Since (V)T is invertible with inverse uniformly bounded over the domain
€2, it follows that we have |£| < C|n|, for some C, and so

Y au(yEt = 01€R,
k.
ensuring that
m
B, v) = Zakl()’)ukvldy
Q=1

is uniformly elliptic on £2.
It follows from Proposition 6.15 that i € H 2($2), with

il g2y < CNF N2y

Since we have already shown in Theorem 5.18 thata C? coordinate transforma-
tion induces a bounded map from H2(QNU) into H2($2), and from L2(QNU)
into L2($2), we have

lull 2oy < ClFllzey-

Combining this with the interior regularity result of Theorem 6.11, we have
the following global regularity result.

Theorem 6.16. Suppose that 2 is a bounded C? domain and that u € H} €9
is a weak solunon of Poisson’s equation

—Au=f and ulaga =0,
where f € L*(Q). Then u € HX(Q) with
lull a2y < CllfllLzey-

Proof. For each point xg € 92, the above result provides an estimate in
H2(£2N U(x)) for some neighbourhood U (xg) of xg,

lull v2nvey < Ca)ll £l L2y
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Since 9€2 is compact, a finite number (N, say) of these regions cover 32. We
add to these one additional set Q' CC €2, such that

QU LNJ(sm U(x3)) o .

We know that « is in H%($2') by using the interior regularity result of Theo-
rem 6,11, Combining these we get

N
lull 20 < (CQ/ +y c(xg)) |71,
J=1
and so
lullzxey < Clflexey

as required.

Note that this also shows that we can use |Au| = |Au| to bound the H?
norm; in fact |Au| and || u|| 42 are equivalent norms;

[Au| < |ull grey < clAul. 6.27)

There is a higher regularity result, corresponding to the interior regularity
given in Theorem 6.12, that we will only state. A proof can be found in Evans
(1998). Note that to obtain regularity up to the boundary we have to assume
that the boundary is smooth, in contrast with the interior regularity result of
Theorem 6.12,

Theorem 6.17. Suppose that f € H*() and that w € H}(Q) is a weak
solution of Poisson’s equation

—Au=f with Ulgo = 0.
Then, provided that 2 is a bounded C*+? domain, we have u € H*+2(S2), with
el gsvzeey < CHf sy

If Q is a bounded C* domain (i.e. a C* domain for each k > 0) then we
have two immediate corollaries: (i) If f € C®(2) thenu &€ C™(Q) (cf. Corol-
lary 6.13) and (ii) the eigenvalues of the Laplacian are elements of C®(R)
(cf. Corollary 6.14).
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6.5.3 H*(Q) and Domains of A¥

Finally we show that we can once again use the fractional powers of A (the
negative Laplacian) to prov1de norms on D(A*/?) equivalent to the H*(Q)
norms, so that

|A 2y < flull gy < CelA¥ul,

along the lines of (6.14). Of course, this is exactly the consequence of the
1egular1ty theorem given in Equation (6.27) above for k = 2, and it follows
from the definition of the bilinear form that

|A2ul? = (A2u, AVu) = (Au, u) = aCu,u) = lully g, (6:28)

for k = 1. For general k we simply combine these two equalities.

Proposition 6.18. Fork € Z%, ifu € D(A*?) and Q is of class C¥, then

|A*Pu| < lull e @) < CelAMul. (6.29)

Proof. First we show (6.29) for k = 2n, with n an integer. The left-hand part
of the inequality is clear, since

|A"Ll|2 <C z |Da|+-..+auu|2 < C”””%—ﬂf"

lajl=2, 1<j<n

We show the right-hand inequality by induction on n. We have the result for
n=1in627).Ifitisaueforn =1,..., N, thenforn = N + 1 we have

2
lelwen < > 1D*ul
le]<2N,|81<2

<C ) D%l

le| <2N

<C ) |AD%uP?
lel<2N

=C z |D® Aul?
la}<2N

< ClAN+lll|2,

as required (note that A and D* commute because A just consists of second

derivatives).
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We now use (6.28) to prove the result when & is odd. In this case

|Ak+%u|2 — ”Aku“ilol
= > ID*A*u = C ) |A*Duf.
Je|=1 Jee|=1

This expression is bounded above by
Clluilyms
and bounded below by
C (el — luf35).

Since u € H}() ifu € D(A*/?), we can use the Poincaré inequality to deduce
that the left-hand inequality holds. &

Although this proposition is potentially useful, we need to take u € D(A*/?)
in order to apply it. Note that (6.29) shows that D(A*/2) ¢ H*(£2); the next
result gives a class of functions that form a subset of D(A*/?).

Proposition 6.19. If k is even then
H(Q) N Hy~H(Q) € D(A*Y),
and if k is odd then
HE (%) C D).
Proof Fork = 2stakeu € H*() N Hé‘"l (S2). If wj is an eigenfunction of A
then we have
VP, w)) = (u, Awp) = (u, (=AY w)) = (A u, wy),

where we can perform all the integrations by parts since (—A)/u € Hé‘ —1=2J
forall j =0,1,...,s — L. It follows that

(o]
|4l =) 35, wp) < 1(=AYul? < uld.
j=1
If k = 25 + 1, then take u € HE($2) and consider

M, w)) = (u, AAw)) = (—AYu, A'Pw)) = (A (=AY u, w))
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(the integrations by parts are valid because (—A)u € Hg -2 (Q) forall j =
0,1,...,5). Now, since (— A)*u € H} (), we have

|AY2 (=AY ul = I(—Au) ullgy < lullgx,

and the proof is concluded as in the even case. ©

These two results enable us to deduce interesting facts about the Sobolev

6.1

6.2

6.3

6.4

Exercises

Prove that if f € C%(£2), and u € C%(2) N CO(S2) satisfies u € HE ()
and

Z/D,-u(x)D,-v(x)dx:/f(x)v(x)dx
=i Jo Q

for all v € C}(), then u is a classical solution of
~Au=f with ulae = 0.
Find the weak form of the equation
Lu=f with ulgo =0,

where
m m
d du du
Lu=- — | a;;(x)— bi(x)— . 6.30

u ,-;1 o (a,l (x) ax,-> + ,z:; i (x) ox; +c(x)u (6.30)
Suppose that the operator in (6.30) is uniformly elliptic [1.e. that Equa-
tion (6.22) holds] and assume that a;; (for i, j = 1,...,m), by (for
k=1,...,m),and c are in L*(£2). Show that there are constants A and
C such that

a(u, u) + Aul* = C||u||§,n. forall  ue HJ(Q).

(This is a particular case of a more general result known as Géarding’s
mequality.)

Use the result of the previous exercise and the Lax—-Milgram lemma
(Lemma 6.3) to prove that for any o > A and any f € H~ (), the
equation

Lu+oau = f, ulgoa =0

has a unique weak solution in H{ (£2).
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6.5

6.6

6.7
6.8

6.9

6 The Laplacian

If n is the outwards normal to 92, Neumann boundary conditions are
Vu - n = 0 on 3. The weak form of Poisson’s equation with these
boundary conditions is

given fe H(),
find ue HY(Q), such that (6.31)
a(u,v) = {f,v) for all ve H(Q),

where a(u, v) 1s as in (6.3). Show that this problem has a solution iff

/ f(x)Ydx = 0.
Q

(Hint: You will need to use the result of Exercise 5.9.)

Give an example to show that the assumption of coercivity in the Lax—
Milgram lemma (Lemma 6.3) cannot be relaxed.

Prove Lemma 6.10.

Let  be a C? domain and z € 3%. Then after a suitable renumbering
and reordering of the coordinates there is a neighbourhood U of z for
which we can write

AQNU = {x €U ixp = ¥ (1, .., Lu-n)}
and

QNU={xeU:ixy > ¥(xn, ..., Xm-n)}
Now, the C? map x > ®(x) = y defined by

Xi — Zi, l<i<m-1
Yi = .
X — w()ﬂ, tee vxm—l)a 1=m

maps 2N U into a set with a flat boundary y,, = 0. Write down ¥ =
&1, and hence deduce that ® is a C2-diffeomorphism withdet V¥ = 1.
Suppose that €2 is a bounded C* domain. Use the equivalence of norms
given in Proposition 6.18 along with the interpolation inequality for
fractional powers of A (the result of Lemma 3.27) to deduce the Sobolev
interpolation inequality for u € H*(R),

k—. k—1 =D /(k—1)
leellzre < Cllul & D e 870/, (6.32)

forO0 <l <s <k
(Hint: Prove first foru € Hé‘ (£2), and then use Theorem 5.20 to prove
foru € H*(Q).)
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Notes

The theory of regularity of elliptic operators is an important subject with a large literature.
Various approaches are covered in Gilbarg & Trudinger (1983), inaddition to the Sobolev
approach we use here.

Treating a general elliptic equation involves only slightly more algebra than for Pois-
son’s equation, and details of this case, along with more on the Lax-Milgram lemma
and higher-order elliptic equations, can be found in both Evans (1998) and Renardy &
Rogers (1992). The arguments given here (and there) are originally due to Douglis &
Nirenberg (1955) and Agmon er al. (1959, 1964). The monograph by Agmon (1965)
also covers thése topics in detail.

The proof of Proposition 6.19 is adapted from Constantin & Foias (1988).



Weak Solutions of Linear Parabolic Equations

In this chapter we will consider how to solve the equation

a
51;_! — Au = f(x,1), with ulpge =0

for x €, t=>0, @7.1)

where f : @ — Ris atime-dependent functionand Q is a bounded C? domain.
As discussed in the Introduction, from a dynamical systems pomt of view, ‘the
natural way to think of a solution u(x,t) is as a trajectory in some infinite-
dimensional phase space. In other words, we regard u(x, t) as a sequence of
functions u () (a convenient abuse of notation), each defined on €2, so that

[u()]1Cx) = ux, 1) with u(t): 2 - R.

Since we have already seen that the natural solution spaces for linear equa-
tions are Sobolev spaces, it is likely that we will want to consider spaces of
functions that map a time interval into some Sobolev space.

7.1 Banach-Space Valued Function Spaces

We can define these function spaces in a natural way. Suppose that [ is an
interval (usually (0, T') or [0, T']) and X is a Banach space - say L2(2), in
the above example. Then the space of continuous functions from / into X,
C°(1, X), consists of those u(f) : I — X such that u(r) — u(to) in X as
t — to. Note that “u e C°(1, X)” says nothing about the smoothness of u (-, t)
asa furlt,tlorl of X

" TheLebes, guespaces LP (I, X) consistof all those functions u(¢) that take val-
ues in X for almost every ¢ € I, such that the L” norm of || (¢)||  is finite. Since
[l ()1l x is (almost everywhere) a real-valued function, this removes the need for

188
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any direct definition of the integral of a Banach-space valued function. How-
ever, we will need this briefly in Proposition 7.1 and in Chapter 11, so we treat
the theory in a cursory fashion in Exercises 7.1 and 7.2. We could also define
LP(I, X) (cf. Theorem 1.13) as the completion of C°(1, X ) with respect to the

norm )
| o
'||u||u(1,X)=</||u(t)||Pdf) -

In some cases we can write these spaces in another way for example, the norm
on LP(I L"(Q)) is

h I/p 1/p
</ ||u<r)||m)dr) - <// Iu(x,t)lpdxdt)
rJa
I/p
= (/ Iu(x,t)lpdxdt) )
IxQ

which is precisely the norm on LP(I x £2), and so these two spaces consist of
the same functions. ‘

“We will often write LP(O T X) for LP((O T) X) to avoid too clumsy a
notation.

If we need to consider the dual of such a space, then some care is needed.
For example the dual of LP(0, T'; L*(€2)) is LY(0, T; L*(£2)), with (p, q) and
(r,s) eonjugate lndIL,CS — we need to take the dual space of “both parts,” since
the pairing between i and v is naturally

T
/ / uvdxdt.
0 Ja

Some particular examples we will need are L2(0, T; H}) in duality with
L%(0, T; H™Y) (in this chapter) and L2(0, T; L”(£2)) in duality with L2(0, T;
L7(2)) (in the next chapter).

We can also define Sobolev spaces in this setting; for example, we say that
w e HO, T; L2()) if u and Du areboth in L*(0, T; L*(£2)). The embedding,
density, and compactness results we obtained in Chapter 5 can be proved in the
same way as they were for scalar-valued functions, and we will occasionally
use these in what follows.

Just as we found it helpful to weaken the requirement that the spatial deriva-
tives existed in a classical sense to obtain weak solutions of elliptic equations in
the last chapter, so in this chapter we will find it useful to weaken the temporal
regularlty of solutions and relax the condition that du/dt exists classically. To
do this, we will also interpret the equation in a weak sense in the time variable.
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We define the weak derivative du /dt by analogy with (5.2), so that

T T
/ du/dt(@t)p(t)dt = —/ u(t)(de/de)(e) dt
0 0

for all ¢ € C2(0, T). The Sobolev embedding Theorem 5.31 was the key to
deducing the existence of classical solutions in the purely spatial case in the last
chapter, and to obtain temporal regularity we will need similar results involving
the Banach-space valued function spaces we have just introduced.

Proposition 7.1. Suppose thatw € W20, T; X), 1 < p < co. Then
" du
u(t) = u(s) + E?(r)dr for every 0<s<t<T,
5

and u € C°([0, T1; X) (with the usual caveat). Furthermore, we have the
estimate

sup flu®llx < Cllullw (0, T; X).

0<r<T

Proof. If p = oo, replace it with some p < oo. Extending u to be zero ouside
[0, T'1, we mollify u (in ¢) to give a function uy. Then (duy/dt) = (du/dt),
as in Lemma 5.12, and so, using Proposition 1.18, we have

Uy — U in L7, T: X)
and
dup/dt = u in L?(0, T; X),

as h — 0.For h > 0 we can write

un (1) = ui(s) + / s 0y g,
dt

§

and then, taking the limit as &~ — 0, we obtain

u(t) =u(s) + /' [—lﬁ(r)dr
s dt

for almostevery 0 < s < < T. Since the map

"du
tl—)/ —(t)dt
o dt

is continuous, the first part of the proposition follows.
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To obtain the estimate, note that we have
i
lu@lx < lu)lx + / llu'(s)ll ds,
0

and so, integrating between 0 and T', we obtain

T T r
T|u(0)llx S/J IIM(I)ledf+/J | () llx ds dt

< iullporx +Tlw'llor:x

T ull oo, mox + TN W (| Logo,msx)

[\

(where p and g are conjugate). Therefore, we have
lu@lx < 1u©)lx + T | ro.r:x)
< TPl oo 0 + 2T Y9N [ r 0.1

< Cllullwiro,r:xy
asrequired.

In Section 7.4 wq: will be able to prove the existence of a solution u(r) with

w € L?(0,T; H'()) and with time derivative du/dt € L?(0, T; H™ ().
san1 cH™! 1tfollowsthatu € H'(0, T; H7'(Q)),sothatu € C°([0, T};
1(Q)) by the above result. As the next theorem shows it is in fact possible

to do better than this and to conclude that u is continuous (as a function of time)

mto Lz(Q)

Theorem 7.2. Suppose that
weL*0,T; H'(Q)  and  du/dt € L*(0,T; H~/(Q).

Then
(i) u is continuous* from [0, T]into L2(S2), with
sup [u(®)| < C(lull2r;ay + ldu/dtll20,7:8-1)> (7.2)
re[0,T]
and
(ii)"
d
Elul = 2{du/dr, u) (7.3)

* With the caveat that it may have to be adjusted on a set of measure zero, cf, the discussion before
Proposition 5.22,
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for almost eveiyt € [0, T], that is,
r
[u@)? = |uol* + 2/ (du/dt(s), u(s)) ds.
, 0

We can generalise this result to the case when V and H are Hilbert spaces
(where V* is the dual of V) with

VCCH=H"CV*

replacing ' with V, H~! by V*, and L2 by H. [For two Banach spaces A and
B we write A CC B if A is compactly embedded in B.] We will need this in
Chapter 17 with V = H3(0, L) and H = L*(0, L).

Proof. We will use a nonstandard pairing (v*, u) between an element v* €
and an element u € H'. Note that £~ is the dual space of H{, which is a
proper subset of H!. However, we know (by the Riesz representation theorem)
that there is an element v € H} such that

(v, u)) g = (v*, u)

for all u € H}. Here we are using the standard ' norm and inner product for
H}{, rather than the equivalent norm involving only first derivatives. Not only
does the Riesz theorem guarantee the existence of such a u, it also asserts that
the norm of v in /! is the same as that of v* in H7%,

We now define an extension of v* to a linear functional on all of #! by

W u) =(w,u)m, weH.
Since we have used the standard #' norm on H{, it follows that
(@, uDgr| < Il lulla = 10" a- llullg,

and so this extension has the same norm as v* does in H 1,

(1) By extending u outside [0, T'] by zero and setting u, = (i}1,s, a mollified
version of u (with respect to the variable t), we can approximate u by a sequence
uy € CY([0, T1; HY), which converges to u in the sense that

Up —> U in L2, T; H")
and

du,/dt — du/dt  in  L20,T; H™Y.
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Then, for any %,
3
O = 1 (I +2 [ 1), () s (7.4)
"

Choose t* such that
*®y (2 1 T 2
|un(t )l = "T' |un(t)|- d[,
0
estimate the integrand in (7.4) by

|<l:t,,(s), un (SN = eyl Nunll 2,

and so obtain

1 T T
()P < ?/ |un<r)|2dr+z/ it a0 .
0 0

From this it follows that

1
2 2 .
sup |un, (" < = lunllzz 1.2 + 2Nl 2o, r m-nlenll 20,15 51
1€l0,T] T

and so

S[ng] 1w (1) < C{Ntnll 20,1580 + Idun/dt |l 2o, -1) - (7.5)
1el0,

Since u,, is a Cauchy sequence in L?(0, T'; H') and du,/dt is a Cauchy se-
quence in L2(0, T; H7Y, it follows that uy, is a Cauchy sequence in C ([0, T'J;
L2(2)), and sou € C ([0, T1; L?(R2)). Taking limits in (7.5) yields the estimate
(7.2), and taking limits in (7.4) yields part (ii) of the theorem. &

To obtain greater regularity of solutions we will also need the following
sumlal result We obta}n _the_ equivalent of (7.3) in terms of fractional pow-

ers of the negatlve Laplacian, A_=. —A, since we saw in (6.18) (periodic

boundary conditions) and Proposmon 6.18 (Dirichlet boundary conditions)
that

|A*2u] < llullgx < CIA*?ul,  u e D(A?). (7:6)
Corollary 7.3. For some k > O, suppose that

we L20,T; HYYQ)  and  dujdt € L*(0, T; H*1(Q)).



194 7 Weak Solutions of Linear Parabolic Equations
Then u is continuous from [0, T into H*(Q). Furthermore, if
we L2(0,T; D(A**V?))  and  du/dr € L*(0,T; D{A% D7),
then we have
dithmuP = <A"/2%, Ak/2u>. 1.7

Proof. Fork = 0 the result is just Theecrem 7.2. For k > 0, consider v = D%,
with |a| < k + L. Then

velL?0,T; HY, dv/dt € L*(0, T; H™Y,

so that v is continuous from [0, T'] into L2(2). Since this holds for each «,
summing over all |«| < k + 1, we obtain the result.
To obtain (7.7), set v = A*2y, and observe, using (7.6), that

ve L*0,T; D(AY?)  and  dv/dr e L20, T; D(A™"/%).

It follows that v € L2(0, T; H') and that dv/dt € L?(0, T; H™1), and so
()
L \ol? = 2(dv/dt, v).
dt
Equation (7.7) follows, since v = 4*/2y,

Note that although the two conditions in the corollary are not identical, they
are similar. We will see below (Section 7.5) that we usually obtain estimates
that allow us to apply both parts of this result.

7.2 Weak Solutions of Parabolic Equations

We will investigate solutions of

au
5; - Au = f(x,1), ulag =0,  ulx,0) = up(x)

that evolve continvously in L?($2). Since we are thinking of 1 (x, £) as “[u(r)]
(x),” we will be rewriting the governing equation as

du/dt + Au = f(2), u(0) = uo, (7.8)

where A = — A with Dirichlet boundary conditions and f(¢) = [ f(t)](x) isa
function in L? (say) for each ¢ (see later for details). For example, we will take
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f@) € L0, oo, L?*(2)) in Theorem 7.6. This form of the equation serves
to emphasise that the spatial dependence is treated on a different basis from
the time dependence. Note that we have incorporated the boundary condition
in the definition of the operaior A (strictly in the definition of its domain). We
will show the existence and uniqueness of solutions, along with continuous
dependence on initial conditions, in Theorem 7.6.

To simplify the notation we will denote L2(Q) by H and, as usual, the L2
“norlﬁ"by | - | Since we will also use the space H, (2) throughout the argument,
we will denote this by V.

Since 2 is bounded the Poincaré inequality

[¢] < C|Vul

is valid (see Proposition 5.8). For the norm on V we will therefore use the H}
norm containing only derivative terms (5.12), and we denote this by |Ju|:

lul> = > 1D%ul.

la|=1

We will denote the normon V* = H1(Q) as || - [la.
Recall that in the previous chapter we defined the bilinear form

nt

a(u,v) = (Au, v) Z(D u, Djv),

which is the same as the HO1 inner product on V (5.13). We denote this inner
product by ((u, v)), so that

((u,v)) = a(u, v) = (Au, v), u,v €V, 79
We then obtained a weak solution of the linear equation (Poisson’s equation)
Au = f, (7.10)

which we could view in two alternative ways: either as an equality in f 1ol
alternatively (but equivalently), in the weak form

a(u,v) = {f,v) for all v e Hy. (7.11)
For.the time-dependent problem, we will similarly have two views. We find
a solution to the equation (cf. (7.10))

%5 + Au = (),
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where the equality holds in L2(0, T'; V*). This is equivalent to the statement
that

:—[(u, v) +a(u,v) = {f,v) for all vE L%0,T; V), (7.12)

for almosteveryr €[0, T'] (cf. (7.11)). This follows (with g = du/dt+Au— f)
from the following lemma, where we prove a slightly more general result.

Lemma 7.4. Let V be a Hilbert space and V* its dual. If g € LP(0,T; V™)
l=<p< oo)'thgn the following two statements are equivalent:

(i) g =0in LP(0, T; V*).
(ii) Foreveryv €V,

(8(®),v)=0

for almost everyt € [0, T].

Proof. [(i) implies (ii)] That g(t) = 0 in L?(0, T; V*) means that for each
¥ e L0, T; V)[(p, q) conjugate]

T
/0 (g(1), ¥ dr = 0.

Now, fix v € V. Then for any «(¢) € L?(0, T), ¥ = va(z) is an clement of
L?(0, T'; V). Therefore

T
/ (g@), v)a@)d:t =0
0
for all «(¢) € L9(0, T). Since g(¢t) € LP(0, T; V*), it follows that
(g@),v) € LP(0, T).
If we write G(¢) = (g(¢), v), we know that
T
/ G@a@)dt =0 for all a(t) e L0, T).
0

It follows that (g(¢), v) = G(¢) = 0in LP(0, T') and hence is zero for almost
all z,
[(ii) implies (i)] Conversely, elements of the form

Y= z vio (1), some K < 00, (7.13)
/=1
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with v; € V and a; € LY(0, T') are dense in L7(0, T'; V) (see Exercise 7.3).
Since

n

(@), v() =D (8(t), v))a; (1),

=1

and for each j, (g(t),v;) = O for almost every ¢ € [0, T], it follows that
(g(t), ¥ (2)) =0forae.t € [0, T]. Therefore

T
/ (@), ¥r(t))dt =0 (7.14)

0

for all v of the form (7.13). Since such ¥ are dense in L?(0, T; V) it follows
that (7.14) holds forall v € L9(0,T; V),andso g =0in LP(0, T; V*). HW

7.3 The Galerkin Method: Truncated Eigenfunction Expansions
We are trying to find a solution of the PDE

du/dt + Au = f(r), 1 (0) = uyp. (7.15)

Rather than treating the PDE dlrectly, we will approximate it by finite systems
of ODEs Whlbh We can treat easily using the theory of Chapter 2.

existence of avsolutlon for the‘ e_quatlon
x = f(x), x(0) = xo,

where f_is continuous but not LlpSthtZ Recall that the approach we adopted
was to approximate f (x) by a sequence of Lipschitz functions f,(x), so that
we could apply standard results to the equations

xu = f(xn)s Xn (0) = X0
to give solutions x, (f). By finding a convergent subsequence of these, {x,,}
with
Xp, —> X uniformly on [0,T1,

we obtained a solution of the original equation.
Not _]llSt for this example but also for the reacuon—dlffusmn equatlons of the

solution of (7.15) using the eigenfunctions of A (here — ) and then t tluncate
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the series to approximate the PDE by ever larger systems of ODEs. This is
known as the Galerkin method.

Existence and uniqueness for these approximations will follow from standard
ODE results. Some uniform bounds on the solutions (i.e. bounds that do not
depend on the truncation) will be used to find a subsequence that converges
(weakly) using the Alaoglu compactness theorem (Theorem 4.18). This weak
limit will give us our solution.

Since we will need some propetties of these truncated eigenfunction expan-
sions repeatedly in the next few chapters, we will gather them here. We treat the
case when A is the linear operator associated with the bilinear form a(u, v) and
the eigenfunction decomposition is ensured by the Hilbert—Schmidt theorem.
For example, for the Laplacian on a general domain we do not know (nor do
we need to know) the explicit form of the eigenfunctions — but we do know that
we have a set {w;} with eigenvalues A;,

Aw,- = A w;.

The regularity results of the previous chapter ensure that each w; 1s an element
of V = H} () and of C*(£2) (Corollary 6.14).

The Hilbert-Schmidt theotem tells us that these eigenfunctions form an or-
thonormal basis for H,

('w]', wk) = 5jk'
They also form an orthogonal (though not orthonormal) basis for V, since
((wy, we)) = (Aw;, wp) = jwy, wi) = X8k

If we take an element of A and project it onto the space spanned by the first

11 eigenfunctions, we get

I

Pou= Z(u, wjw;.

Jj=1

This definition clearly makes sense for elements of V C H. Also, if f € V*
we attach meaning to P, f by

<le1 U) = <f1 R,U) for all vev.

We also define the projection orthogonal to P,, O, = I — P,

Quue = Z (u, wjlwy.

j=n+1
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Lemma 7.5, If X = H, V, or V*, then
(Puullx <llullx  ard  Pu—u in X
Proof. If we write u € V as
[0 ¢
U= Z(u, w;w;,
j=l
we have
[0 ¢ n
2
Wl =D a0 wplPs 1Bwl? =Y a1, w2,
j=1 j=1
and so
[ Bell < el

Clearly, P, — u in V, since
(o]
2
= Pl = > A1, w)P,
J=n+l
and
(o]
2 2
D> 1wyl = flul? < co.
j=1
The argument for the convergence and norm bounds in H is identical.

In V*, the norm bound follows from

IPafllv- = sup [(Puf,v)| = sup [{f, Pav)| < sup [{f, w)| = flly-.

Tvli<li vli<1i Twii<1
For convergence, observe that each linear functional f € V* corresponds to an
element ¢ € V using the Riesz representation theorem (Theorem 4.9), so that

(fiv) = (¢, V) for all vev.

Now,
(Pufiv) = (fiv) = (f, Pav) — (f,v)
= {f, Quv)
= ((¢, Quv))
= ((Qng, v)),
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so that

{Po f, v} = (f0)l = 1 @nllllv]l.
Therefore

sup  [(Pnf — fiv)l < [[Quebll

{v: (joll=1)

and so tends to zero as n — oo by the previous convergence resultforp € V. &

7.4 Weak Solutions

We now apply these ideas to prove existence and uniqueness of weak solutions
on H = L¥().

Theorem 7.6 (Weak Solutions). If fe LIOC(O, oo; V*) then the equation
du/dt + Au = f(t), u@ =uoe H (7.16)

has a unique weak solution u(t) with, forany T > 0,

wel*0,T; V),  du/dieL*(0,T;V*), and ueC(0,TLH).

Furthermore ug — u(t) is continuous on H.

Equation (7.16) holds as an equality in L2(0, T; V*) [i.e. in the sense of
(7.12)]. The assumption on f is motivated by this.

Proof. We use the Galerkin method. First we look for an approximate solution
u, (¢) lying in the finite-dimensional space spanned by the first n eigenfunétions
of A and solving an ODE. We know that this ODE has a solution by using the
techniques from Chapter 2.

We then show that the solutions u,,(¢) of these ODEs in fact exist for all ume
Usé of Lemma 2.4 involves showing that the solutions cannot “blow up”
finite time. In fact we will obtain bounds on the solutions u, () in various spaces,
the important thing is that these bounds are independent of . For example, we
will show that for each T > 0 there is a constant K = K (7') such that

T
/ lua(O)N*de < K (7.17)
0

for all n. In other words, {u,,} is a bounded sequence in L2(0,T; V). Wecan ,t_bep
use the Alaoglu compactness theorem (Corollary 4.19) to find a subsequence
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Uy, that converges weakly in L0, T; V) to some u. The function u is our can-
didate solution for the infinite-dimensional equation, and with a little work we
can show that u does indeed satisfy (7.16) in a weak sense (as in Lemma 7.4).

7.4.1 The Galerkin Approximations

We look for an approximate solution u, (¢) that lies in the finite-dimensional
space spanned by the first 12 eigenfunctions,

n

un(6) = D unj(D)w, (7.18)
j=1
and solves
(du,/dt, wj)+(Aun; wj):<f’ wj)s l <jZmn,

with (4,(0), wj) = (uo, wj). The final term makes sense since w; € V.
From (7.18) we have u,; = (u,, w;); also

(du,,/dt,wj)zdu,,j/_dt and (Aug, wi) = Ajuy;.
So we have a set of n ODEs for the components u;:
duyj/dt + Ajuy; = (f(t), w;). 7.19)
We could also write this as
du,/dt + Au, = P, f, (7.20)

where u, is the composite function given in terms of the components by (7.18).
In fact, this second form of the equation is more useful in deriving the estimates
that follow.

Existence and uniqueness results for ODEs imply that we have a unique
solution of (7 19) for the uy;, at least on some short time interval [0, 7,,]. We
can exiena this time interval to infinity if we know that the u,,; are bounded.
Note that if we consider u,, as an n-component vector (i.e. an element of R”)
we need to show that

n

ul, (7.21)

j=1

remains bounded.
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7.4.2 Uniform Bounds on u,, in Various Spaces

Now, using (7.18), observe that (7.21) is proportional to the square of the L2
norm of u,,. We can therefore try to obtain an L? bound on u,, using (7.20).
Take the inner product of (7.20) with i, to get

(duu/dt' “-n) + (A”u, un) = <Pnf7 un)-

Now, (Aug, uy) = a(uy, uy) = |[ual? (7.9), and we can bound the right-hand
side by

<‘Pllf1 Up) < WPy fllsllueall,
giving

1 d

2 2
55'”11' -+ "”u” = ”Pll.f”:k”un”-

Using Young’s inequality (ab < 4 («? + b%)) and rearranging yields

d
—Jua® + lal® < I Puf 2 (71.22)
dt

Note thai all these manipulations are rigorous (for example, we have taken
second derivatives in the Au,, term), because we know that the truncated Fourier
series (u,) is C*, since the eigenfunctions {w;) are. ‘

We now integrate (7.22) between 0 and T to get

T T
| (T2 +/ lun @I dt < [, (0) +/ 1P f I dt.
0

0

Since we know that f € L2,.(0, 00; V*) [ie. f € L2(0, T; V*) forall T < oc]
and furthermore (by Lemma 7.5) that

g (O = 1Pl < [uol  and  NPuflls < 1 fllss
we have
~ T 3 T
me+/uwmwmsmw+/uﬂmwu (7.23)
0 0

a bound that is uniform in 7. We can reexpress the two bounds contained in
(7.23) by saying that u,, is uniformly bounded (in #) in the two spaces

L®0,T;H) and  L%*0,T;V)
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forall T > O (cf. (7.17)). [We could say that {u,} is a bounded sequence in
L*(0, T; H), but the above terminology serves to emphasise that the bound

has to be uniform in n.]
To show that u is continuous into H, using Theorem 7.2, we will need to

obtain a bound on du/dt in L*(0, T; V*). We therefore work with du,,/dt and
show that we can find a uniform bound for this sequence. In fact this is almost
immediate, since

du,/dt = —Au, + P, f.

We know that B, f € L*(0,T; V*), and Au, € L%(0, T; V*) too, since u, €
L%(0, T; V) and A is a bounded lincar map from V into V* (see (6.7)). Thus

duy,/dt is uniformly bounded in L0, T; VY.

7.4.3 Extraction of an Appropriate Subsequence

We now use the Alaoglu compactness theorem (Theorem 4.18 and its corollary)
repeatedly to extract a subsequence (which we will repeatedly and wickedly
relabel u ) that converges in various different senses. First, u, is uniformly
bounded in L2(0, T; V), so by extracting a subsequence we can ensure that

Uy, —u in LZ(O, T, V).

Also, we have a uniform bound on du,, /dt in L2(0, T; V*), so by extracting a
second subsequence we can also guarantee that

duy/dt =i in  L*0,T;V*.

We have written i because it is not immediately obvious that in fact it =
du/dt (the weak time derivative). However, if we use the definition of weak-*
convergence of du, /dt to it we have

/ du "(t)t//(t)dr—>/ )y @)de  forall ¢ e L0, T; V).
0

Now, if ¢(£) € C2(0, T; V) then we can integrate the left-hand side by parts
to give

T
/ ﬂ([)‘l]/(l‘)d? = *—/ Mn(t) W([)d[
o dt

— —/0 ”([)71?([)‘1[‘
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using the weak convergence of u, to u, since dyr/dt € CX(0,T;V) C
L%*(0, T; V). We therefore have

T T dW
/ u@®y@)de = —/ u(t)zt—(t) dt for all v eCX0O,T; V),
0 0

and so u = du/dt as required.
So, we know that

du,/dt > du/dt  in L0, T; V*).

To obtain the same convergence of Au,, we use the fact that A is a bounded
linear operator from V into V*, so that the weak convergence of u, to u in
L%*(0, T; V) implies weak-* convergence of Au, to Au in L2(0, T; V*):

T T T
/(Au,,,wdr:/ (un,Atlf)dt—>/ (u, Ay) dt
0 0 0
T
=/ (Au, y)dr, ¥ e L*0,T: V).
0

Finally, to- show that P, f A f in L2(0, T; V*), observe that functions of
the form

k
v =) ¥,  Y;eV, a;el*0,T;R)
i=1

are dense in L2(0, T'; V). (We used this, the result of Exercise 7.3, in the proof
of Lemma 7.4.) For such ¢

T T
/O(R.f(t),\b(t))dt=/0 (f (D), Puipr(t)) dt

k

T
=/ > (O, Pavpa; () dr.
0 J

j=1

Now, since P,y; — ¢; in V for each j (see Lemma 7.5), this converges to

T _k T
/ Z<f<r),w,->a,-<r)dr=/ (f(0, ¥)dr.
o = 0

This gives weak-* convergence of P, f to f in L(0, T ; V*), and so we have
weak-* convergence in L2(0, T'; V*) of all the terms in (7.20).
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7.4.4 Properties of the Weak Solution

We therefore have
du/dt +Au=f
as an equality in L0, T; V*), and Lemma 7.4 shows that this is equivalent to
{du/det, v} +a(u,v) = {f, v} (7.24)

forevery v € V and for almost every ¢ € [0, T'].
Note that since the limit value u has

uel?0,T;V) and  du/dr € L*0,T; V"),
it follows from Theorem 7.2 that u is actually continuous into H:
ueC(o, T} H).

[Note that this is much better thanthe u € L*(0, T'; H) we could have obtained
by taking advantage of the uniform bound on u, in this space and extracting
another subsequence ~ in fact, we did not use the L bound above.]

Before checking uniqueness, we still have to show that u(0) = ug. Note
that although u € C([0,T]; H) and u = lim, . u, (in various senses)

with u, (0) = Pyu, this does not follow automatically: For example, suppose
that = '
1, t=0,
() = {t, 0<t<l;

then x,, (t) — x(¢) in L2, where x(¢) = ¢ and x (0) = 0.

Choosing a function ¢ € C'([0, T1; V) with ¢(T) = 0, in the “limit equa-
tion” (7.24) we can integrate from 0 to T and then do the first integral by parts
to obtain

T T
/ ~ (1, ) +au, $) ds = / (fr ) ds + @©).¢(®). (725
0 0

If we do the same in the Galerkin equation (7.20) we get

T T
/ = {upn, ¢/) +a(uy,, ) ds = /0 (Pufs d)ds + (un(0), #(0)).
0
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We have seen above that we can take limits in all these terms, so this becomes

T T
/ ~(u, ¢") +au, p)ds =/ (f, ¢)ds + (uo, ¢(0)), (7.26)
0 0

since u, (0) — uo. Since ¢ (0) is arbitrary, a comparison of (7.25) and (7.26)
shows that indeed u (0) = ug, as required.

7.4.5 Uniqueness and Continuous Dependence on Initial Conditions

To show that the solution is unique, suppose that we have two solutions « and
v of

du/dt+ Au = f(2).

Since the equation is linear, the difference of these two solutions, w(t) =
u(t) — v(t), satisfies

dw/dt + Aw = 0.

Using Theorem 7.2 we can take the inner product of this equation with w to
give

d
1 2 2
§Z|w| + [lwll® =0,
whence

d

le|2 <0.
It follows that

[w@®)| = [w(0)!,

which gives continuous dependence on initial conditions and, in the case when
w(0) = 0, uniqueness. @

7.5 Strong Solutions

We now show how increasing the regularity of f and ug results in more regular
solutions. In particular, we will see that if ug € V and f € L% (0, o0; H) then
the solutions are continuous into V and are elements of H for almost every ¢.
We call such solutions strong solutions (cf. discussion in Section 6.1).
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Theorem 7.7 (Strong Solutions). Suppose that f & LIOC(O oo; H) and that
ug € V. 70 hen there estts aunique solutionof

dy/dt + Au = f(t) 727
satisfying
weL?(0,T; D(A),  dufdi€L*O0,T;H), and ueC(0,TL V).

Furthermore, the map ug +— u(t) is continuous in V. The sense of Equa-
tion (7.27) is now an equality in L*(0, T; H); in particular, it holds in H =
L*(Q) for almost every T € [0, T1.

In the statement of the theorem, D(A) is the Hilbert space with the inner
product

((u, v)) peay = (Au, Av);
see (3.22). In particular, using the regularity result
lullzzgy < ClAul

of Theorem 6.16, we see that a bound in L2(0, T; D(A)) is equivalent to a
bound in L2(0, T; H2(2)).

Proof. The idea is essentially the same as the proof of the previous theorem,
except that we have to ensure that we have some better estimates on the u,, and
their derivatives. So, rather than take the inner product with u,, we take the
innér product of

duu/d[ + Aun = Pnf
with Au,,
(du, /dt, Auy) + [Au,|* = (P, f, Auy).

Now, since u, is smooth we have Au, = —Au,, and so, using the boundary
condition u,, = 0 on 32, we get

du, - du,, a2 un 1 d 2
% ax 2 =14 7.28
/ Auy / dx; 8t8x 2dr s ( )
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Therefore

| &

1 2 2
757 luall® + 1Any |* < 1B, fllAunl,

o,

t

so that, using Young’s inequality on the right-hand side, we have
d 2 2 2 2
d_[”un” + [Au,|” < | P fI” 2| fI5

and, integrating between 0 and 7', we get

lun(TH* + /OT |Au, ()P dt < lluoll® + /OT | £ () de.
Now we have uniform bounds for u,, in
L®0,T;V) and  L%0,T; D(A)).
Furthermore, since
dun/dt = —Au, + P, f

it follows that du,, /dt is uniformly bounded in L2(0, T'; H). Arguing as before,
we take subsequences by using Corollary 4.19 such that

up—u in  L*0,T; D(A)
and
dun/dt =~ dujdt  in  L%0,T; H).

We can show that all terms in the equation converge weakly in L2(0, T; H) —
applying Lemma 7.4 with V = H shows that Equation (7.27) holds in H for
almost every ¢ & [0, T']. Also, Corollary 7.3 shows that u € C°([0, T1; V).

Finally, uniqueness follows from the previous argument, since any two strong
solutions would both be weak solutions. We can obtain continuity in V with
respect to the initial condition uy by taking the inner product of

dw

— 4+ Aw=0
dt+w

with Aw (using Corollary 7.3) and dropping the |Aw|? term,

d 2
- < 0.
S wl® =
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Therefore
lwHI < wO),
yielding uniqueness and continuous dependence on initial conditions as before.

7.6 Higher Regularity: Spatial and Temporal

If we assume ever greater regularity for f(¢) and ug, then the spatial regularity
of solutions increases.

Theorem 7.8 (More regular solutions). If k > 0, Q is a bounded C* domain,
f € L%OC(O, 00: D(A®Y2Y and uy € D(AM?), then there exists a unique
solution u(t) of

dujdt + Au = f(t)
wfvith
we LXO, T; HYY(Q)  and  u e C([0, T} HY(R)).

We will not give a proof here, which relies on methods similar to the proof
of Corollary 7.3 and is relatively straightforward (see Exercise 7.4).

To obtain temporal regularity so that the time derivative du/dt becomes a
classwal one, we need some further assumption on the derivatives of f. We
give a 51mple 1esu1t ‘which gives differentiability into V*.

Theorem 7.9 (Temporal regularity). Suppose that f € L*(0, T; V) and that
in addition df/dt € L*(0, T; V*). Ifuo € D(A) then

ueC'(0,T: V*)  and  ueC([0,T]; D(A)).

Proof. Note first that Theorem 7.2 implies that £ € C°([0, T']; H). Now con-
sider the formal equation for v = & = du/dt, which is

dv/dt + Av = f(1), v(0) = —Aug + f(0).
This is an equation for v in the form of (7.8), since
feLl?0,T:v* and  v(0)€ H.

1t follows from Theorem 7.6 thatv € L2(0, T; VYN HY(0, T; V*).
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Since solutions of Equation (7.8) are unique, it follows that v must actually
be equal to i, so that it € L2(0, T; V) N H!(0, T; V*). Therefore y itself is an
element of H2(0, T; V*) N HY(0, T; V), and so it follows from the Sobolev
embedding theorem (Corollary 5.30) that u € C!([0, T]; V*). Noting that we
have

Au(t) = f@) —du/ds,

and the right-hand side is in L2(0, T'; V'), we can use the regularity theory for
the Laplacian (Theorem 6.17) to deduce that u & L2(0, T; H?). Corollary 7.3
now guarantees that u € C°([0, T]; D(A)).

It is possible to continue in this vein and to show that if f and uy are
smooth then so is u(x, ¢). Since we will be mainly interested in the dynam-
ical systems generated on L% and H! by the solutions of PDEs, we do not
pursue these higher-order estimates here. More details can be found in Evans
(1998).

Exercises

7.1 For a Banach space X we will now define the integral of function £ :
[0, T} — X.Wesay that f isintegrable if the function (L, f(£)}:[0, T] —
R is integrable for every L € X*, and there exists an element y € X such
that

T
(L,y)= / (L, f(t))dt for all L e X*. (7.29)
0
In this case we define
T

/ f@®de =y. (7.30)

0

Show that if X is reflexive and

T
/0 I f@lixdt < o0 (731)

then such a y exists and that Definition (7.30) is then unambiguous. (Hint:
Use Lemma 4.4 for the second part.)
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7.2 Show thatif f : I — X is integrable (as in Exercise 7.1) then

73

7.4

7.5

T
< /0 1LF @ l1x .

T
/ f@®)de
0

X

"(Hint: Use Corollary 4.5.)

For 1 < p < oo show that elements of the form
> e, (1.32)
=1

withv; € V and oy € L?(0, T), are dense in L? (0, T'; V). Show that the
same result is true if we take o € C([0, T]) orv; € C2(R).
Suppose that €2 is a bounded C**! domain, uq € D(A¥/?), and

f e Lt (0,00; D(A%D2Y).
By taking the inner product of the Galerkin approximation

dun/dt + Au, = P, f(2) (7.33)
with A%u,,, show that u, is uniformly bounded in

L™, T; D(A*) N L*(0, T; D(A*¥D/2)) (7.34)

and that
du,/dt € L*(0, T; D(A%"D/2)). (1.35)

Deduce the result of Theorem 7.8 by using Corollary 7.3.

Let {w;}?‘;l be an orthonormal basis for L2(§2), orthogonal in HOI(Q).
Use the Galerkin method to prove the existence of a solution for the
problem

—Au=f  uls=0 (7.36)
for f € L?(R) by considering the solution u, = >~ _; txkwy of
((Un, wr)) = (f, wy) for all k=1,...,n.

Show that u, converges in H{ () to some u, and deduce that this is a
solution of (7.36).
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Notes

The presentation in this chapter is designed to be consistent with that in the next two
chapters dealing with nonlinear equations. Temam (1984) covers the material in Sec-
tion 7.1 that gives sense to weak solutions, and concise proofs of the results in this
chapter are given in the introduction to his 1988 book.

Evans (1998) covers much of this material in similar detail, including the higher
regularity results mentioned in the final section. Renardy & Rogers (1992) give a very
brief account of these methods; Theorem 7.9 is taken from their treatment. These two
fine books do not overlap with this volume from now on.

The approach to Banach-space valued integration in Exercises 7.1 and 7.2 is adapted
from pages 77-81 in Rudin (1991). A more general theory can be found in Yosida (1980),
Chapter V, Sections 4 and 5.
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Nonlinear Reaction—Diffusion Equations

In this chapter we will study reaction—diffusion equations, a simple class of
nonlinear parabohc equations. As the name suggests, they model chemical
reactions in extended spatial domains where diffusion is important. If a chemical
concentration evolves locally according to the ordinary differential equation
(ODE)

du/dr = f()

then with the addition of diffusion we obtain the scalar reaction-diffusion
equation

?a—t— — Au= f(u). (8.1)

For questions concerning the existence and uniqueness of weak (and strong)
solutions, we will treat this equation on a bounded domain £ C R™, imposing
Dirichlet boundary conditions ulse = 0 and “sufficient smoothness” of €,
which we will specify below. We will also requ1re that f(s) be a C! function
that satisfies the bounds

—k — apls|? < f(s)s <k —azls|?, p>2, 8.2)
and

fle) =1,

both for all s € R. One example of such a function f(s) is an odd degree
polynomial,

2n—1

fl)= z stjv

i=1

213
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where a; < 0. This gives p = 2n above. We will consider the particular
example f(s) =s — s> in more detail in Chapter 11.

It is possible to treat systems of reaction-diffusion equations, and of course
these are better models of real chemical reactions. Some indications of possible
generalisations are given in the notes, but we stick to the scalar case for the sake
of simplicity.

8.1 Results to Deal with the Nonlinear Term

Although the linear terms are well behaved (we have already dealt with them,
more or less, in the previous chapter), the nonlinear term is more problematic.
In particular, although we will easily be able to ensure that there exists a x
such that f(u,) — x in some appropriate sense [where u, is our truncated
version of the solution u of (8.1)], it is much less straightforward to show that
X = f (), i.e. that the limiting function actually solves the equation.

The problem is essentially that the extraction of a subsequence usually gives
a weakly convergent sequence, and this is not enough to show that x = f(u)
directly. We will need in addition some strong convergence of u, (given by
the compactness result in Section 8.1.1) and a weak version of the dominated
convergence theorem (given in Section 8.1.2).

8.1.1 A Compactness Theorem

In the last chapter we saw that weak solutions of the linear parabolic equation

du

5 Au= f()

hadu € L*0, T; HOI) and du/dt € L*(0, T; H™"). The derivative was L? into
H~! rather than into H] . Nevertheless this enabled us to conclude something
about u as a function into L2, namely (Theorem 7.2) that u € C°([0, T]; L.
The same conclusion would follow, of course, if we knew thatu € H'(0, T; L?).
In this brief section we will state another result along similar lines. This com-
pactness result would hold from the standard theory of Sobolev spaces if {i,,}
were a bounded sequence in HI(O, T; LZ), but it is not so straightforward
if u, is bounded in L2(0, T; H}) and du,/dr is bounded in L2(0, T; H=1).
Nonetheless, the conclusion is the same ~ that there is a subsequence of {1t}
that converges strongly in L2(0, T'; L?).

Theorem 8.1. Let X CC H C Y be Banach spaces, with X reflexive. Suppose
that u, is a sequence that is uniformly bounded in L*(0, T; X), and du,/dt is
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uniformly boundedin L? (0, T; Y), for some p > 1. Then there is a subsequence
that converges strongly in L*(0, T H). ‘

Above we focussed on the case X = H{, Y = H™!, and p = 2. Note the
possibility of weakening the assumption on du, /dt discussed above [bounded
in L2(0, T; H™H] to boundedness in L?(0, T; H™Y) for any p > 1. In the
proof, which can be skipped on first reading, we will need the following result,
known as Ehrling’s lemina.

Lemma 8.2 (Ehrling’s Lemma). Suppose that X, H, and Y are three Banach
spaces with X CC H C Y. Then for each n > ( there exists a constant ¢, such
that '

lulle < nllully + cyllelly  forall  ueX.

Proof. Suppose not. Then there exists an 77 > 0 such thatforeach n € Z* there
is a u,, with

lunllz = nllunllx + nllually.
Now consider the normalised sequence
U = U/ l[Unllx,
which satisfies
lvalle = n+nlvylly. 8.3)

The sequence v, is bounded in X (since [|v,[|x = 1), and so it is bounded in
H (as X CC H). It follows from (8.3) that ||v, ||y — 0 as n — oco. However,
since X CC H, v, — v in H; clearly this limit should be zero. However, this
contradicts

” Uy ”H zn,
which follows from (8.3). ®
We can now prove Theorem 8.1.

Proof. Since X is reflexive, so is L2(0, T; X), and so, using the corollary of
the Alaoglu theorem (Corollary 4.19), there is a subsequence u, with

iy —~u in L%(0, T: X).
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Now, we need to show that v, = u,, — u — 0in L2(0, T; H). We start off
by showing that

v, =0 in L*0,T;Y) (8.4

will be sufficient to guarantee that v,, — 0in L2(0, T; H).
Indeed, we know that since X is compactly embedded in H, we can use
Ehrling’s lemma to guarantee that for each n > 0 there exists a ¢, such that

Nl < nlluly + cqllul}-
Therefore
om0 r,my < MMVnlli 7oy + Cullvallie.ryy-
and since v, is bounded in L2(0, T'; X),
v, "iZ(O,T;H) < Cn+cyllvn "iZ(O,T:Y)‘
If v, = 0in L?(0, T; Y) then we have

: 2
limsup | vs ||L2(0,T;H) =Cn,
n—o00

valid for any 1 > 0, and so this would give
Um (vnll 20, 7:8y = O,
n— 00

as required.
So we now have to try to show (8.4). 1t follows from Proposition 7.1 that

v, € C°([0, T1; ¥) and
[va(Dy < C(llvall 20,15 + ldvn/dtllr,riry) <M
for all t €[0, 7] 8.5)

uniformly in n. We now show that for almost every ¢ € [0, T1, v,(t) — 0
strongly in Y, and then the result follows using Lebesgue’s dominated conver-

gence theorem (Theorem 1.7).
We have (writing “for d/dr)

Un([) = U,,(M) - /1 i),,(‘L')d‘L’,

and integrating this with respect to u from ¢ to ¢ + s gives

1 1+$ 14+s u .
v, (t) = ;[/ v”(u)du—/ / 0, (1) (lrdu]

=a,+ by,
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where
1 [t 1 [rts
a,1=_/ va(ydu  and bn=—/ (¢ 5 — uyi, () du,
s Jy S Jr

Now take € > 0 and estimate

) t+s I/p
s Il 5/ ldv,/dt|ly du < </ Ildvn/dtll’ﬁdu) st
1 t

1
<5\ dv,/dt e 1)

Choose s so that
”bn”Y = 6/2-

For this value of s, observe that
145
/ v,(u)du — 0 in X. (8.6)
3

Indeed, if x is the indicator function of [¢, 7 4 5], and ¢ € X*, then x¢ is an
element of L2(G, T; X*), and

T 148 r+s
/ <Un(t)! X¢)dt =/ <Un([),¢)d[= </ Ull([)dt1¢>1
0 7 t

where we used (7.29) from the definition of such Banach-space valued integrals
(Exercise 7.1). Since v, — 0 in L?(0, T; X), (8.6) follows, and hence a,
converges weakly to zero in X. Since X is compactly embedded in ¥, a, — 0
strongly in Y. 1t follows that for n large enough we have

llanlly <€/2,
and so
lva®lly <€

Since v, (t) — 0in Y and v, (¢) is bounded in ¥ overt € [0, T} (8.5), an appli-
cation of Lebesgue’s dominated convergence theorem (Thecrem 1.7) completes
the proof. W

8.1.2 A Weak Version of the Dominated Convergence Theorem

Lebesgue’s dominated convergence theorem (Theorem 1.7) guarantees that if
a sequence g; € L7 is bounded by an L? function and converges to g almost
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everywhere then g; — g in L?. In the next result we weaken the condition,
requiring only that the sequence {g;} is bounded in L?, and obtain g; — ¢
in L7,

Lemma 8.3. Let O be a bounded open set in R™, and let g; be a sequence of
Sunctions in L?(O) with
lgillry =€ forall  jeZ*.

If g € L?(O) and g; — g almost everywhere then g; — g in L¥(O).

Proof. For each n, set
E,={x|xeO,|gjx)—gx)| <1forall j=>n}

These sets £, are increasing with 2, and the measure of E,, increases to the
measure of O as n — 00 (since g; — g ae.).

Now let @, be the set of functions in LI(O) (p~! + ¢! = 1) with support
in E,,, and let

[0 ¢
o=Jo,

n=1

® is dense in LI(Q0); for ¢ € L1(O) take
On = x[En]d,

where x[E] is the characteristic function of the set E. Then ¢, — ¢ a.e., and
since

[#n ()] < 19X,

Lebesgue’s dominated convergence theorem gives ¢, — ¢ in L7(O).
Now, if we take ¢ € &, then we can use Lebesgue’s dominated convergence
theorem again to show that

/ p(g;—g)dx—>0 as j— oo
o
Indeed, ¢ € ®,, {or some ng, and then for j > ng, we have

P () (g;(x) — g < 1¢(x)];

dominating ¢(g; — £), and ¢ (g; — g) tends to zero a.e.
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Finally we use the density of ® in LY(0); takeu € L9((?), and, givene > 0,
choose ¢ € ® such that

[ — @llsoy < €/4C
and M such that
/Ofl"(gj ~g)dx <e¢/2  forall =M.
Then
/O(gj —g(u—p+d)dx <2C(e/4C) +€¢/2 =€,

which shows that g; — g in L?(0), as claimed. @

8.2 The Basis for the Galerkin Expansion

As in the previous chapter we will write H = L?(Q) and V = H/ (), and we
will use |lu||? to denote the “reduced” norm on H}(£2), which is the same as
the bilinear form a(u, u),

lul® = a(u, u) = |Vul.
We again use [|-||, for the norm on V* = H (), and we will write Qr for
2 x (0, T). Note that
L', T; L"(€2)) = L' (22r)

for any r.

For linear parabolic equations (in Chapter 7) we performed our Galerkin
truncation by using the eigenfunctions of the Laplacian. We will do the same
here, but now we want to ensure that the eigenfunctions are all elements of
LP(S2), where p comes from the condition on f given in (8.2). Using the
Sobolev embedding theorem (Theorem 5.31) there is an s € Z* such that

HY(Q) C LP (). @.7)
We need
s=>m(p—2)/2p; (8.8)

note that this depends on m. In particular, if m = [ orm = 2 wecantakes = 1,
no matter what the value of p. This means that in one or two dimensions,
V C L?(R) for any p (we will come back to this later).
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We now assume that 2 is a bounded C* domain, with s chosen as in (8.8),
and then Theorem 6.17 ensures that the eigenfunctions of the Laplacian are
elements of D(A*/?) C H*(2), and so of LP () by (8.7). This is the “sufficient
smoothness” of §2 referred to at the beginning of the chapter.

As in the last chapter we will be projecting the equation onto the span of the
first n eigenfunctions, so we define P, as the orthogonal projection in L2 onto
the span of {wy, ..., wy}:

n
Pu= Z(u, w;w;.

J=

Lemma 7.5 shows that if u € L?(£2) then we have P,u — u in L?(2). We_
need to strengthen this to show that if u € L?(S2) is sufficiently smooth then
P,u — uin L?(£2). We can do this by showing that the eigenfunctions form a
basis for D(A*/%).

To prove that (w;} form a basis for D(A*/?) it suffices to show that if

((u, wj'))D(Asll) =0 for all j (89)

then u = 0 (since then only 0 is orthogonal to the linear span of the (w;},
cf. proof of Proposition 1.23). If (8.9) holds then

(4, wy)) pary = (A, APw)) = (u, Aw)) = A3 (u, wy),
and so (u, w;) = 0 for all j. Since the {w;} form a basis for L2() it follows
that u = 0. In particular, the expansion

W=y (u,wjw (8.10)

converges to u in D(A*/?) and so in H*(2) (using [[ullys < C|A*?u| from
Proposition 6.18). Using (8.7), we find that the expansion also converges in L”.
In particular, if 0, = I — P,, then

Ou— 0 in  L?(), ue D). 8.11)

Note also that, having chosen s so that v € Hy(£2) implies that v € LP(2),
it follows that, if u € L7(S2), the dual of L?(£2), thenu € H ~*(§2), the dual of
Hi (82), so that

L) C H(Q). (8.12)

This will be important when we come to apply the compactness theorem
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(Theorem 8.1) in this situation. (Again, in one and two dimensions this in
fact shows that L? C V* for any q.)

8.3 Weak Solutions

Apart from technical problems caused by the nonlinear term (we will need
both results from Section 8.1 and will have to make careful estimates in some
L? spaces with p s 2) we proceed much as in the previous chapter. We will -
obtain a solution by using the basis (w;} to approximate the equation by ever
larger systems of ODEs. Existence and uniqueness for these approximations
will follow from the ODE theorem (Theorem 2.3). We will then take a (weak)
limit by using the Alaoglu compactness theorem. Use of Theorem 8.1 and
Lemma 8.3 will guarantee that we actually have a solution. ~
As in the previous chapter, we rewnite (8.1) as

du/dt + Au = f(u), (8.13)

where A = —A with Dirichlet boundary conditions.

Theorem 8.4 (Weak solutions).. Equation (8.13), with f a Cfunction satisfying
—jc—oqlsl" < f(s)s < k—als|?, p>2, (8.14)

and
fis) <1, (8.15)

has a umque weak solution: for any T > 0 given uy € L*(R) there exists a
solutzon u with

ueL*(0,Ti Hy() N L (Qr),  ueC(0,T] LA (Q),

and ug > u(t) is continuous on L%(R2). Equation (8.13) holds as an equality
in L9 (0, T H™5(S2)), where q is conjugate to p from (8.14).

Since the equation holds as an equality in L7(0, T'; H~*(£2)), this means
(using Lemma 7.4) that for any v € L*(0, T'; H*(£2)), we have

(du/dt, vy +a(u,v) = {f(u),v) (8.16)

for almostevery ¢t € [0, T). Form = 1,2 we can take s = 1, and so the equa-
tion holds in the more familiar space L7(0, T'; V*), and (8.16) holds for all
v € V, as in the previous chapter.
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Proof. As before, we consider the ordinary differential system
duy,/dt + Au, = P, f(u,), u, (0) = Pug &.17

for the n-dimensional approximation

n
u, = E Upj Wi
j=1

Since the nonlinearity in (8.17) is locally Lipschitz, Theorem 2.3 shows that the
finite-dimensional system has a unique solution on some finite time interval.

We have to show that the solutions are bounded in time and uniformly
bounded in 1. To obtain an L?-type bound, multiply (8.17) by u, and inte-
grate. Noting that

(le(ull)s uy) = (f(uu)v Pnun) = (f(u)l)v Uy),
we get
3L 2+ Nt = / fn)u, dx.
2dt Q
Now we can use (8.14) to write
d
Ll 4 bl < [ k= aali ” d. 8.18)
dt Q

Integrating both sides between 0 and T gives

T T
%lun(T)|2+/ ||u,,<r>||2dr+a2/ /|un<x,r>|f'dxdrs Luol® + KT,
0 0 Q

where || is the measure of 2, || = [, dx. It follows from the last inequality
that

sup |un(t)[* < 2K,
tel0,T]

T
/ (), lI*dt < K,

0

T
/ / iy |? dx di < K Jan,
0 Q

where K = %|uo|2 + &T|%2|, bounded for bounded sets of initial conditions

and
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(in H) and bounded time intervals. One can write these as

Uy, is uniformly bounded in L*®0,T; H),
U, is uniformly bounded in L2(0, T; V), (8.19)
u, is' uniformly bounded in LP(Q27).

We now use the bound on u,, in L?(£2r) to obtain bounds on the nonlinear
term f (u,). Since

|£ @] < BUsI”H+ 1),

from (8.14), the bound on u,, in L?(21) gives a bound on f(u,) in L7(Q2r),
where (p, ¢) are conjugate:

T
1 @)Wy = / < / If(u,,)l‘ldx) dr
0 2
T
< ﬂ/ (/(lunll"1 + 1)9 dx) dt
0 Q
T
< C/ </ 0y |9P7D 1dx> de,
0 Q

and since p~! 4+ ¢~' = 1 it follows that g(p — 1) = p and so we have

fup) is uniformly bounded in LI(Q2r), (8.20)

as claimed.

Finally, we need a uniform bound on the derivative. Note first that both
L0, T; V*‘) and L9(0, T; LI(S)) are continuously included in L9(0, T';
H™(£2)) (we have ¢ < 2 since p > 2, and we have used (8.12)). It follows

that since
du,/dt = —Auy, + Py f (uy),
we have
du/dt  isuniformly bounded in LY, T: H'(Q).  (8.21)

We now use Corollary 4.19 to extract a weakly convergent subsequence, u,,
with
ty — U in L0, T; V),
Uy — U in L?(Sr),

fG) — x in Li(Qr).

With an application of the compactness theorem (Theorem 8.1) we can extract
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a further subsequence such that additionally
u, —u in L%, T;H). (8.22)

Indeed, we have that u,, is uniformly bounded in L2(0, T, HZ(£2)) (in (8.19))
and that du, /dt is uniformly bounded in L7(0, T; H~*(£2)) (in (8.21)). Since
H}(Q) cC L2(Q) ¢ H~*(Q) and H} () is reflexive (it is a Hilbert space),
we can apply the compactness theorem to deduce (8.22).

We have a little more to do, since we actually want P, f (u,,) — x in L7(S2r).
However, we can write

‘A(ﬂfwo~xwdxm=ié(fwo—xwdxm

~ | Qnf(u)pdxdt
Qr
for all ¢ € L?(S2r). We already know that the first term on the right-hand side
here tends to zero. For the second term, we note that functions of the form

n
b= a;t)e;
j=1
with o; € L?(0, T) and ¢p; € C°(Q) are dense in L7 (S2r) (see Exercise 7.3),
and for such functions

/Q Q,lf(un)<2aj(t)¢j> dxdt =/Q f(w)(Zaj(t)Q,,d)j) dx dt.
T j=1 T

J=1

Since Qn¢p; — 0 in L?(S2) for each j (see (8.11)) we have the required con-
vergence of Py f(uy).

It follows that all terms converge in the dual space of L2(0, T'; V)N L? (7).
This space is L2(0, T; V*) + L(S2r) (see Exercise 8.1); the equality

dujdt + Au=y (8.23)

holds in this space. To make this more explicit, we have already used above the
fact that L2(0, T; V*) + L9(Q2r) € L9(0, T; H™*), so certainly (8.23) holds
as an equality in this space.

It remains to show that x = f(u); this is now straightforward using the
strong convergence of u, to u in L*(S27) and Lemma 8.3. Since 1, — u
in L2(2r), Corollary 1.12 guarantees that there is a subsequence Uy, such
that u,,(x, 1) — u(x,t) for almost every (x,t) € . It follows, using the
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continuity of f, that f(u,, (x, t)) — f(u(x,t)) for almost every (x, ) € Qr.
Along with the bound on f(u,,) in L9(S2r) given in (8.20), we can apply
Lemma 8.3 to deduce that Flun) — f () in L9(27). By the uniqueness of
weak limits, it follows that x = f (u).

To prove continuity of the solution u(¢) from [0, T'] into L2(£2), observe that
u e L%, T; V)N LP(S7) and that

du/dt = —Au+ f(u) € L*(0, T; V*) + LY(Qr),

precisely the dual of L2(0, T; V) N L?(S2r). One can readily adapt the proof
of Theorem 7.2 for this case (see Exercise 8.2) and deduce that u € C°([0, TT;
L*()).

To show that 11(0) = ug. we use the same technique employed in the previous
Lhapter in (7. 25) and (7 26). Choosing some ¢ € C'([0, T1; V N LP(£2)) with
&(T) = 0, observe that ¢ € L2(0, T; V) N LP(Qr), and so in the “limiting
equation”

(du/dt,v) +au,v) = (f(u), v),

we can integrate by parts in the ¢ variable to give
/OT ~(u,¢") +a(u, ) ds‘ = /0T<f(u(s))» ¢)ds + (u(0), $(0)).
Doing the same in the Galerkin approximations yields
/OT— (un, ¢') + aun, p)ds = /0T<Pnf(uu(s))v ¢ ds + (un(0), $(0)).

(8.24)

Since our whole argument relies on showing convergence of the terms in (8.24),
we already know that we can take limits to conclude that

T T
/ (1, @) + alu ¢) ds = / (Fu(s))s 8) ds + (o, $(0)),
0 0

since u,(0) = P,ug = ug. Thus u(0) = up.
To prove uniqueness and continuous dependence, let ug and v be in A and
consider w(t) = u(t) — v(t). Then

%?+Aw=f(u)-—f(v), w(0) = ug ~ vy,

and multiplying by w and integrating over £ gives

2 — —
2dt|w| + wll® = (f @) — f(v),u~v).
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Note that the bound on f/ (8.15) shows that

(F) ~ F@)u—v) = /Q LF () ~ NI ~ v(x)) dx

u(x)
= / < () ds) w(x) —v(x) dx
Q

v(x)

< / Hu(x) — v(x)|* dx
e

=lu—v
We therefore obtain
d
1 2 2
s —|w|” < lwl|*,
2dt| | |

and integrating this gives
lu(e) = v()| < |ug — vole". (825)

This isuniqueness if 1y = vg and is continuous dependence on initial conditions
otherwise. @

8.3.1 A Semidynamical System on LA()

We have obtained existence and uniqueness of solutions and their continuous
dependence on initial conditions. We can therefore use these solutions to define
a semidynamical system on the phase space L2(2) by setting

Sug = u(t).

The continuity conditions we have obtained, along with the uniqueness, mean
that this semigroup of operators {S(¢)},>0 satisfies

SO)y=1,
SHS) =SS = S(s+1), (8.26)
S(t)xo is continuous in xg and ¢.

We call this a C? semigroup.
The resulting semidynamical system is

(L), (S(1))s20)-

We have shown that L2(§2) is an appropriate phase space in which to study the
dynamics of the reaction—diffusion equation. It is worth emphasising that we
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can use this phase space without imposing any very strong conditions on the
function f (only (8.14) and (8.15)).

In the next section we investigate strong solutions, and we will see there that,
under the current weak conditions on f, itis only in the casesm = landm = 2
that H{ () is a sensible alternative choice for a phase space.

8.4 Strong Solutions

We now prove a result similar to Theorem 7.7, and we show thatifug € VN L?
then u (#) is in this spacefor all ¢ > 0. Once again, we do not have to impose any
restrictions on p to obtain the existence of this unique strong solution, However,
we will take f(0) = 0 to simplify the argument, but this is not in fact necessary
(see Exercise 8.3). '

Theorem 8.5. Let f(0) = 0. If ug € V N LP(Q) then there exists a unique
strong solution

u(t) € C°([0, T1; VYN L™, T; LP(2)) N L*(0, T; D(A)).

Without further restrictions on p we cannot prove, for general m, that the
map ug > u(t) is continuous, although we can show this form <3 (m < 2
in Proposition 8.7, and m = 3 in Exercise 8.5). Note, however, that uniqueness
follows from our previous Theorem 8.4, since a strong solution is automatically

a weak solution.

Proof. We make some more estimates on the equation. First, we take the inner
product of (8.17) with Au,, so that (recall (7.28))

d
%_”“n”2 + |Au, [ = “/ Py f (un)Aupdx
dt Q

= ~/ fu)Auy dx

m

/ Zf(un)a u

i=1

m
[ >‘%
Qj=1 0x;

2
dx +/ fw)Vu, -ndS
F1o)

7

m

Zf (w)\—i dx,

using our assumption that f(0) = 0 (we know that u, = 0 on 32).
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Therefore we have

d
%Enunnz + |Auy > < Uluy |2 (8.27)

Integrating both sides from 0 to T gives

T T
2 lun (DI + / | Au () ds <1 / llen (DI dt + 3 llul?,
0 0
and so u,, is uniformly bounded in L2(0, T'; D(A)) (and in L% (0, T; V)), since
we already know from (8.19) that u,, € L2(0, T; V).
We now make a further estimate on du,, /dt. This time we multiply (8.17) by
du,, /9t and integrate. Using (7.28) again and noting that

du,, du, _ du,
<lev7)_<fspn?)—<fv dr )1

duy,
dt

we have

2 4
+ —<%nunn2 ~ / f(undx) =0, (8.28)
dt Q

where F(s) = fox f (o) do. Integrating the above equation from 0 to ¢ gives

[

and using

du,

2
ds + Hun ()2 - / Flun(t)) dx < Muoll® + / F(u(0) dx,
dt Q Q

—k — @y|s|? < F(s) <k — dols|?
(from (8.14)), we obtain

/

du,
dt

2
+ %nun(r)uzwz/ (017 dx
Q

< 219 + Llugll? +a1/ ol dx.
Q

It follows that du, /dt is uniformly bounded in L%(0, T; H) and that u, is
uniformly bounded in L*°(0, T'; L? (2)).
By extracting the appropriate subsequence we now have

u e L®O, T; LP()), u € LA, T; D(A)), and du/dt € L2(0, T; H),

from which Corollary 7.3 givesu € C°([0, T} V). ®m
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Note that the result does not pick out a natural phase space for the problem
unless m < 2. We need to take ug in both V and L? (2) to ensure continuity
into V; but this does not give continuity into LF(£2). In general it is only when

p<2m/(m—2)

that we can use the Sobolev embedding theorem (Theorem 5.31) to guarantee
that V. C LP(2). Thus it is only in this case that H}(S2) becomes a good
candidate for a phase space.

For this reason we prove continuity with respect to initial conditions in the
V norm only in the cases m = 1 and 2 = 2. (A similar result for m = 3 is
given in Exercise 8.5.)

The idea of the proof is that although f : R — R, it induces a map F on
functions via

Flu)(x) = f(u(x)).

We investigate the smoothness of this map F, and we show that it is Lipschitz
continuous from H ! into L2,

Proposition 8.6. Suppose that f : R — Risa C' function satisfying
') < CA+IsI") (8.29)

for some y, and ler @ C R™ withm = 1 or 2. Then for all u,v € H'(2) we
have

[F@) — FW)iey < CIE 4 Null + lull g3 2w~ vllm.  (8.30)

Although we would expect y = p — 2, with p from (8.14), we are in fact
introducing another restriction on the function f in (8.29).

Proof. The proof relies on an application of Hélder’s inequality and use of the
Sobolev embedding Theorem 5.31, which guarantees that

HY Q) C LP()
for all p when m = 1 or 2. We start with the simple equality
) = Fl = [ (£t = o) dx
Q

and then estimate the right-hand side, using C to denote any constant that does
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not depend on 1 and v:
u(x) 2
< )] ds) dx
v(x)

< C/ () = v R+ @ + v dx
Q

|[Fu) — F)I* = /

Q

= C/ ) = v R+ (O + [o() ) dx
Q
<Clu - Uliln(l + Iulizqy + |v|izq,,)_

Since we can replace the norm in L? with a constant times the H'! norm, we
obtain (8.30) as required.

We can use this to prove the continuous dependence on initial data.

Proposition 8.7. If m = 1 or m = 2 then, for each fixed t = 0, the map
ug > u(t) is continuous from 'V into V.

Proof. We know that u € L%(0, T; D(A)) and that du/dt € L*(0, T; H), so
we can use Corollary 7.3 to take the inner product of

d

d—tw+Aw = f(u)— f(v)
with Aw to obtain

| &

lwl* + [Aw[* = (F(u) — F(v), Aw)
< |F(u) ~ F()||Aw].

i
2

.

t

We use (8.30) to bound |F (1) — F(v)| in terms of the H! norm of u and v,
d
%Enwuz +1Aw? < fc®lu - vl* + §Aw,

where C(¢) = C(1+ [lu|l+ (lv]) € L*°(0, T) sinceuand varein L*(0, T; V)
(Theorem 8.5). Therefore we have

d 2 2y,,112
— < C(s
o lwll* < CE) llwl
from which it follows, by using Gronwall’s inequality (Lemma 2.8), that

lw)l?* < exp< / C(s)? ds) lw(0)1?,
0

which gives continuous dependence on initial conditions as required.
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It follows that for m = I and m = 2 we can take H}(2) as a sensible
phase space for the reaction-diffusion equation, and along with the semigroup
S(t): V = V given by §(t)ug = u(r),

(Hg (), {8(t)}r20)

is a semidynamical system. Note that the uniqueness of weak solutions shows
that in fact this is the restriction of the semidynamical system

(LA(2), (S()}iz0)

to HZ(£2). We will see in Chapter 11 that even in this case (m = 1, 2) it is
still more convenient to work with the weak solutions and the semidynamical
system they induce on L2(£2) than with these more regular solutions.

8.1

8.2

83

8.4

8.5

8.6

Exercises
Show that the dual space of X N Y (with norm |lu(lx + [uly) is
X* + Y*. [This shows that the dual space of L?(0, T; V) N L?(Qr)
is L2(0, T; V*) + LI(S21).]
Adapt the argument of Theorem 7.2 to show thatif u € L2(0, T; HH) N
L?(Qp)anddu/dr € L*(0, T3 H™Y) + LI(Q2r) thenu € CO([0, T3; L?).
In the case that £(0) # 0, show that we still have u, uniformly bounded
in L2(0, T; D(A)), as in Theorem 8.5. [Hint: Use the trace theorem
(Theorem 5.35) and the result [|u]| g2 < C|Au| from Theorem 6.16.]
Show thatif m = 3 then the conclusion of Proposition 8.6 holds provided
that y < 2.
If m = 3, a version of the proof of Proposition 8.6 shows that

|Flu] — F[v]| < C(1 + |Aul + [AvD?[lu — v[|/*|Au — Av|"/2.
(8.31)

Use this, along with the fact that u, v € L2(0, T; D(A)), to show that
the map ug +> u(t) is continuous from V into V for each fixed r > 0.
A different method of proving existence and uniqueness relies on apply-
ing a contraction mapping argument to the integral form of

du/dt + Au= f(u) (8.32)

(cf. proof of ODE existence, Theorem 2.3). By considering the derivative
with respect to s of

g(s) = e A u(s),
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where u(z) is a strong solution of (8.32) and e~ is the exponential
operator defined in Exercise 3.11, show that u(z) satisfies

u(t) = e Muy + / e 279 £ (u(s)) ds. (8.33)
0

This is known as the “variation of constants formula.” (Hint: Use the
result of Exercise 3.11.)

Notes

It is possible to treat more complicated models than the simple scalar equation we have
covered here. For multicomponent equations, for example

ou
— —Au= V),
a7 u= fu,v)
d
a—:) — vAv = g(u, v),

we could follow a similar analysis with appropriate conditions on f and g. Another
common problem is for multicomponent equations with invariant regions. For example,
ifu;,i = 1,...,n denote the concentrations of n chemicals then we would certainly
expect u;(x) > 0. Many “popular” models in fact have bounded invariant regions.
Different methods can be used to analyse these equations, and Temam (1988) and Marion
(1987) both outline approaches to proving existence and uniqueness in this situation.
For a more general treatment see Smoller (1983).

We have chosen in this chapter to concentrate mainly on weak solutions of our simple
equiition, which generate a semigroup on L2(£2). To obtain these weak solutions we
need to use the Galerkin method, the application of which as it appears here is taken
essentially from Marion (1987). Proofs of the two results from functional analysis in
Section 8.1 can be found in Lions (1969), although the proof given of the compactness
theorem (Theorem 8.1) is taken from Temam (1984).

We have not produced a sausfactory theory of strong solutions that is valid in dimen-
sions higher than two. In fact we need to make additional assumptlons on f to ensure
the existence of a semigroup on V in these higher dimensions; for m = 3 we need to
impose

[ <c+1s))y wih 1<y=<2,

which in fact ensures that Proposition 8.6 still holds, as shown in Exercise 8.4. Properties
of the semigroup on H, 1(§2) are discussed in more detail in Hale (1988).
Evans (1998) treats the problem of this chapter by using a contraction mapping

algument based on Theorem 7.7 and Proposition 8.6, If v(t) € C°([0 T1; V) “then
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[h(t)](x) f(x, 1)) € L*(0, T; H), and so Theorem 7.7 shows that the equation
dujdt + Au = h(t)

has a solution u € C%([0, T]; V). By showing that the map v + u is a contraction on a
subset of C*%([0, T']; V) one can deduce the existence of a strong solution.

Henry (1984), Taira (1995), and Cazenave & Haraux (1998) use a different contrac-
tion’ mappmg approach, based on the fractional power spaces introduced at the end of
Chapter 3,and on the “variation of constants formula” from Exercise 8.6, which gives
an implicit solution of the equation

dufdt + Au = f(u), u(@ = ug
as
13
u(t) = e ug +/ e~ AU fuls)) ds
0
(cf. the integral form of the ODE x = f(x) in Lemma 2.1). The standard version of

this approach does not allow us to construct the semigroup on L*($2) obtained in this
chapter (but see Arrieta & Carvalho (1999) for a more refined theory that does).



The Navier—Stokes Equations

Existence and Uniqueness

The Navier—Stokes equations are the fundamental model used for problems
involving the flow of fluids. Despite their great physical importance, existence
and uniqueness results for the equations in the three-dimensional (3D) case are
still not known, and only the two-dimensional (2D) situation is amenable to
a complete mathematical treatment. This problem of “regularity” for the 3D
equations is one of the outstanding issues in the theory of PDEs.

For an incompressible (constant density) fluid, the Navier—Stokes equations
determine the velocity, u(x, ), and the scalar pressure, p(x, t), at each point in
the domain 2. For a fluid with constant density (we take this density as p = 1,
and we can always treat this case by an appropriate rescaling of the variables),
the equations are

w—vAu+ Ww-Vu+Vp= f(x, ), V.u=0, O.1)

where the parameter v > 0 is the kinematic viscosity. The evolution equation
is essentially Newton’s second law F' = ma, and V- u = 0 is the mass con-
servation equation V - (pu) = 0 for an incompressible fluid. For a much more
thorough treatment of the physical background leading to these equations, see
Doering & Gibbon (1995).

The pressure term in the evolution equation is such as to ensure that V -
remains zero as the flow evolves in time. We will see that by restricting to a
phase space in which all elements are divergence-free we can (in some sense)
remove this pressure term and so simplify the analysis.

We will consider Equation (9.1) in the most simple case, on a domain Q =
[0, LY" (withm = 2 or 3), and impose periodic boundary conditions. Although
this corresponds to no physically realistic situation,* the mathematical treatment

* cf. Temam (1985): “... it is interesting to consider another boundary condition which has no
physical meaning.”

234
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is much simplified. Nonetheless, the problems that obstruct a 3D existence
proof for Dirichlet boundary conditions are also present in this case, and all the
analysis we will perform below can be extended to the more physically relevant
case of Dirichlet boundary conditions on a smooth domain €2 (ix = 0 on 3€2).

We will also choose our initial conditions and the forcing term so that we can
work in a space of periodic functions with zero integral, allowing us to make
use of the Poincaré inequality (see Lemma 5.40)

_ 4n?

lul < A7Y*Vul, with A= 5 9.2)

We will assume that
/ up(x)dx =0 and / fl,)=0 for all t>0.
Y] Y]

It follows from the evolution equation that

d
E/Qu,'dx=/Q!:ZUD/'(D/'M[)—‘M/‘D/M[—D,'p-i-f dx.

j
Since |, oDig=0 when g is periodic, after an integration by parts the right-
hand side reduces to

/ > (Djuj)u; dx,
ey
which is zero since V - u = 0. Therefore we have

/ u(x,)dx =0 9.3)
[

for all ¢ > 0, and we can work consistently in spaces such as L2(0).

Even with these simplifying assumptions, the problem of existence and
uniqueness of solutions in the 3D case is still unresolved in general (but has
been dealt with successfully in the presence of certain symmetries; see Notes
at the end of this chapter).

9.1 The Stokes Operator

We first analyse the “Stokes problem,” which we obtain by neglecting all the
nonlinear and time-dependent terms in (9.1),

—VvAu+Vp=f, V-u=0. 9.4)
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Once again, the problem consists of two coupled equations, one involving the
velocity u and the pressure p, and the other (the incompressibility condition)
involving only the velocity.

Since we are considering the case of periedic boundary conditions, we canuse
the simple Fourier series approach that we used for the Laplacian in Chapter 6,
bearing in mind that in this case the function u is not a scalar, but a vector-valued
function.

We first define a space of smooth functions that incorporates the periodicity
and the divergence-free condition,

V={ue[C(Q)]":V -u=0}

that is, V consists of m-component divergence-free vectors, each component
of which is in C;o(Q). Since we will be using spaces such as V consisting of
m-vectors throughout this chapter, we will use the notation

L2(Q)=[L*(Q)" and HLQ) = [H(D)]",

where, for example, the norm of (uy, ..., u,) € L2(Q) is

m

2 2
lelitacgy =D lujlingy:
Jj=1

We now take the inner product of the first equation in (9.4) with an element
v of V, to obtain

vatu, ) + [ Vp-vdx=(£0)
Q
where a(u, v) is the bilinear form we used before:
a(u,v) = / Vu-Vvdx.
Q

Now, if we integrate the p term by parts we obtain

/Vp~vdx=/p(V-v)dx=0, (9.5)
o o

since v € Vand so V - v = 0. The pressure term has dropped out, and we are
left with

va(u, v) = (f,v)
for all v € V. Now, we know that V is dense in

V={ueHi(0):V u=0}, (9.6)
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and so we in fact want (9.7) to hold for all v € V. In this form, observe that the
equation makes sense for f € H™1(Q),

va(u,v) = (f,v). ©.7)
Defining the linear “Stokes operator” A from V into V* by
(Au, v) = a(u,v) for all vev,
we obtain
VAu = f.

Equation (9.7) is in exactly the same form as we derived for Poisson’s equa-
tion in Chapter 6, and so it follows as there that for every f € H™'(Q) there
exists a unique solution « that lies in V.

To investigate further regularity for the Stokes problem we want to consider

the smoothness of u when f € ]Lz(Q). Asin Section 6.3, we will use the Fourier
expansion. We take v = 1 and solve

expanding f as
f= Z eZnik-.r/Lfk,
kGZ'"

where now each fi € R™, and we have fo = 0 and 3, | fil* < oo (since
f e L2(Q)). If we similarly expand u as

u= Z e2mk-.\’/Luk,
keZm
(with u, € R™) and p as
p= Z e27‘rik-.\‘/ka
LeZm

(note that p is a scalar, so p; € R), we have

472 k.
—-Au = 553 E PRI 2y
kelel
and

2w .
VP — __L_ Z lke2mk x/LPk-
kelm
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Equating coefficients in (9.4) now gives

472 |k|? 2mik
Lz T

Pk = fi» ©.8)

and the divergence-free condition (V - u = 0) becomes
k-u, =0. 9.9)

Taking the scalar product of (9.8) with &k gives an expression for p; when
k =~ 0 (see also Exercise 9.1):

L (fi-R)

= , 9.10
i k2 (9-10)

Pr

and so one obtains the following expression for u;, when k # 0:

L? k(k - fi)
= e\ T T )

To fix u and p we set g = 0 and py = 0, which is fine since we required
fo = 0 in the first place (and we want 1y € V).
It follows (cf. Theorem 6.5) that

lullfre < CILF I ©.11)
P

and so in particular if f € L(Q) then u e H:]Ig(Q). Thus the domain of A4 is
given by

D(A) = {u e H3(Q): V - u=0}.
It is easy to see that we also have
D(A?) = {H(Q) : V- u =0} (9.12)
and that
|A2u] = Cllullyy gy, u € DAY, (9.13)
Finally, if we define
H={uel(Q):V u=0} (9.14)

that is, the space of allu € le(Q) whose Fourier coefficients satisfy (9.9), then,
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if f € H, the solution of the Stokes problem is given by the function u with
Fourier coefficients
L2
up = Wﬁc-

This expression is exactly the same as (6.12), which gives the solution of
Poisson’s equation. So we can deduce that

Au = —Au for all u € D(A). 9.15)

Note that this particularresult (9.15) is true only in the case of periodic boundary

conditions.
We can use the Hilbert-Schmidt theorem (Corollary 3.26) to deduce that A

has a set of orthonormal eigenfunctions w; (the sine and cosine Fourier modes)
and corresponding eigenvalues A,

which we can order so that
A’j-H > A./'.

It follows as in Corollary 6.7 that w; € C2°(Q).

9.2 The Weak Form of the Navier—Stokes Equation

We have already chosen a suitable phase space for the full evolutionary Navier—
Stokes equations in our discussion of the Stokes problem, the space H defined
in (9.14). Again we will find that by incorporating the divergence-free condition
into the definition of H we will eliminate the pressure from our equation. We
will use | - | for the norm on H, which is just the L.? norm.

If u(x, r) is a smooth solution of (9.1), we can take the inner product of (9.1)

with a function v € V. Then

(%,v)—v/Auv+/(u-Vu)v+/(Vp)v=/fv.
ar 0 0 0 0

Now, integrating the second term by parts gives the familiar bilinear form

Z/ a—uﬁ dx = a(u,v) (9.16)
j=17¢

Ox; dx;

(the boundary contribution is zero because of the periodic boundary conditions).
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Integrating the pressure term by parts gives zero, as in (9.5). We have thus
“removed” the pressure term and obtained

<a—u,v>+va(u,v)+/(u-Vu)vdx=/ fvdx for all veV.
ar 0 0
9.17)

One can check that if u(f) is in [C;(Q)]"' then (9.17) implies that u satisfies
the original Navier—Stokes equation (cf. Exercise 6.1).
Dealing with the nonlinear term in a similar way to (9.16), we define a trilinear

form b by
- du;
bu, v, w) = i—Lw; dx.
(u, v, w) .Z/Qu,ax‘_ ;dx
i j=I
We can then write (9.17) as

(Z_btt’v> +va(u,v) +b(u,u,v) =(f,v) forall wveV.

Defining V as in (9.6),

V=uecH(Q):V u=0},
we can now use the density of V in V to require this equation to hold for every
vev,

d
<a—?,v)+va(u,v)+b(u,u,v)=(f, v) for all veEV.

Since functions in V have zero integral over Q, we have the Poincaré in-
equality (9.2), and so we can use

m

du
llull? = Z’—-
i10%;

as a norm on V, with the corresponding inner product

"/ u dv
((u,v))=2(5;/—_,5;1—_).

j=1

2

As in the previous two chapters we have a(u, v) = ((u, v)).
Now, the linear operator A from V into V* associated with the bilinear form

((u, v}),
(Au,v) = ((u,v)) forall wveV, (9.18)
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is the Stokes operator discussed in Section 9.1. By analogy with this we can
define a bilinear operator B(u, v) from V x V into V* that is associated with
b(u, v, w), setting

(B(u,v), w) = b(u,v, w) for all wev, (9.19)

We can then rewrite the equation

(%,v) +v((u,v)) + bu,u,v) = (f,v) forall veV

as
d
d_”t‘ +vAu+ Blu,u) = f, (9.20)

using (9.18) and (9.19). If we assume that f € V*, then we can expect that
(9.20) will hold as an equality in V* for almost every ¢ € [0, T].

To analyse (9.20) we will need various properties of the nonlinear term
b(u, v, w). Wederive these in the next section before proceeding tothe questions
of existence and uniqueness of weak solutions.

9.3 Properties of the Trilinear Form
We start off with some elementary identities.

Proposition 9.1. If m =2 orm =3, thenforu e H,v,we 'V,
blu, v, w) = —b(u, w, v), 9.21)
whence the orthogonality relation
b(u, v, v) =0. (9.22)
For the case m = 2 (and only with periodic boundary conditions)
blu,u, Au) =0 for all u € D(A) (9.23)
and hence (by differentiation)

b, u, Au) +b(u, v, Au) + b(u,u, Av) =0 for all u,v € D(A).
(9.24)
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Proof. Equation (9.21) follows from an integration by parts. Taking u, v, w €
V, we have

m

b(u, v, w) = z ui(Divj)w;dx
Q=1

m
= —/ Z D,-(u,-wj)vjdx
o

i =1
m
= —/ z (Dsuiywyv; +u;(Diwy)vydx
Q=1
= —b(u, w, v),
since Y, Dyu; = V - u = 0. Equation (9.21) follows immediately using the
density of Vin H and V.

We now restrict to the case m = 2. To prove (9.23), note that if u € D(A)
then Au = —Au (9.15), and so

2
bu,u, Au) = — u;(Diu ) Au; dx
0 j j

ij=1
2
= — z / u,—(Diuj)D,fuj dx.
fk=1"2
An integration by parts yields

2 2
b(u,u, Au) = — z / u; Diguj Deuy dx + z / Dyu; Diu;Dyujdx.
Q Y]

i, jde=1 ijk=1
Both integrals vanish, the first because

2 2
Z/ uy Digutj Diu j dx = %Z/ uiDi(Dk”j)2
i=1 V@ i=1 v @

=-3 /Q(V -u)(Deuj)? dx,

and the second because, writing u;, ; = Dju;, we find that the sum is given by

2

E Dyu; Diu jDru
i, f.k=1

= u?_l + ”1.1”%,2 + umu%_l +uus 2
+ugurpunt + uz.zuf,z + ”%,1”2,2 +u3,
=ui +tuj, = (uis +uz2)(uf; —uiuaz+uj,)
=0,
by using V - u = uj | + uz, = 0 repeatedly.



9.3 Properties of the Trilinear Form 243

To obtain (9.24), we use the identity (9.23) with w = u + €v to get

e[b(v, u, Au) + b(u, v, Au) + b(u, u, Av)]
+é? [b(u, v, Av) + b(v, u, Av) + b(v, v, Au)] =0;

we can equate terms of O(¢) to obtain (9.24). &

Now we turn to inequalities for &. The proof of these is straightforward but
unexciting, involving repeated application of Holder’s inequality and results
from the Sobolev embedding theorem (Theorem 5.31). We omit some of the
details from the proof, leaving them as exercises.

Proposition 9.2. If m =2 orm = 3, then
b, v, W) < llullollvlllw], uel® veV, weH. 9.25)

Ifu,v,weV then

Ib( ) <k ]2 a2 0l w2 wl Y2, m=2, ©.26)
u,v, w) < )
e 4l ol w4 w4, m =3,
and ifu € V,v € D(A), and w € H,
b ) <k L2 [l 2 02 AP w], m =2, ©.27)
u,v, w) < .
leell w2 Av |2 wl, m=

Proof. Allthe inequalities follow from an application of the generalised version
of Hélder’s inequality proved in Exercise 1.8,

\/Q fghdx

with p~' 4+ ¢~' +r~! = 1. Applied to b(u, v, w) this yields

< WAl llglzalipller,

m

[b(u, v, w)| < Z / lui(Divj)w;|dx
Q

i,j,=1
m
< D luiloll Divy s llw; -
i, j=1

Now, choose (p, g, r) = (00, 2, 2) to obtain (9.25) after a further application
of the Cauchy—Schwarz inequality. If we choose (p,q, 1) = (4,2, 4) and use
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“Ladyzhenskaya’s inequalities” (see Lemma 5.27 for m = 2 and Exercise 9.2
form = 3)

lurllps < Clug |V u:I'2, m =2, (9.28)
uillps < .
TEZ Clu Vw4, m =3,

we obtain (9.26).
Finally, to obtain (9.27) with m = 2 take (p, ¢, r) = (4, 4, 2) and use (9.28)
again, along with the Cauchy—Schwarz inequality (Exercise 9.3). Whenm = 3,

take (p, g, r) = (6, 3, 2) to obtain

3
bGe, v, w)l < > Nuillzell Divjllze |wjl.-

i,j=1

Applying the Sobolev embedding H! C L from Theorem 5.31 and using the

result

y2y,,11/2
llulls < Clul'? [l

from Exercise 5.7, we obtain

3
G, v, w)l < k> flu 1 Dsvy V3 Dy | V2w

i, j=l
So we have
2 1/2
[bGu, v, w)| < kllullllv]*/ IIUIIH/zle-

Finally, we use {|v]|g2 = C|Av| (9.13) to obtain (9.27). m

9.4 Existence of Weak Solutions

With the above preparations behind us, we can now begin to investigate exis-
tence and uniqueness for the Navier-Stokes equations.

We will show the following result, valid for both m = 2 and m = 3. Note
that the theorem says nothing about uniqueness, and the solution need not be
continuous into 5. However, we do obtain weak continuity into H, that is, for
every ¢ € H,

tljg})(u(t) —u(f), @) =0. (9.29)
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Theorem 9.3 (Weak solutions). Let [ € Lﬁ,c(O, T, V*). Thenifuy € H, there
exists a weak solution u(t) of

du/dt + vAu + B(u,u) = f
such that, for any T > 0,
ueL®0,T; HYNL*(0,T; V),

and the equation holds as an equality in LP(0, T; V*), with p =2 ifm = 2
and p = 4/3 if m = 3. Furthermore, the solution is weakly continuous into H
as in (9.29).

Proof. We look at the finite-dimensional equation obtained by keeping only the
first n Fourier modes, the n-dimensional Galerkin approximation,

n
U, = z U (Ow;.
=1

The equation for u, is

du,
d—”t + VAU, + PuB(un, uy) = P, f, (9.30)

where, as in the previous two chapters, P, is the projection onto the first n
Fourier modes,

Px = Z(x, wwy.

j=1

As before, we try to find a bound on [u,,| uniform in n.
To bound |u,| we take the inner product of (9.30) with 1t,,, obtaining

d
%EluuP + U(Auny un) + (PnB(uny M”), un) = (P'lf’ u'1>'
Noting that (since u,, € P, H)

(PnB(ulh un)r un) = (B(u"1 ull)v Pnun)

= (B(un, un), up) = by, tn, uy),

and using (9.18) and the orthogonality property (9.22), we can write this as

d
%Elunlz —+ U"u””2 = (frun) < "f"*"u""
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Using Young’s inequality on the right-hand side, we obtain

2
2, IS
lluall® + ===

d v

1 2 2

ES u +1) u < -

2dr| ﬂl ” ”” -— 2 21)

so that
W13
=

d
el vl <
Integrating both sides between 0 and ¢ yields

' £ 122 pe
uu (O + v / lun(s)[% ds < [un (O + ——ﬁ‘”—”
0

Since |1, (0)] = |Puo| < |uo| (Lemma 7.5), we have the bounds

2
2 s Wl vy
sup [un () = K = |uol” + —————
1&[0.T} 4

and

T
/ lun(s) 2 ds < K /v

0

uniformly in 7. Thus u, is bounded uniformly (in ) in
L®©,T;H) and  L*0,T; V). (9.31)

These uniform bounds allow us to use the Alaoglu compactness theorem
(Theorem 4.18) to find a subsequence (which we shall relabel u,) such that

U, = u in L*®(, T; H)

and, extracting a further subsequence with Corollary 4.19 (and relabelling again)
we have

Upy = U in L%0,T; V),
with
we L0, T; HYNL*0,T; V).

Finally, we need to obtain bounds on the derivatives, du,/ dt.Here we find a
difference between m = 2 and m = 3. For m = 2 we can show that du, /df is
uniformly bounded in L%(0, T; V*), whereas for m = 3 we can obtain a bound
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only in L¥3(0, T; V*). Weset p =2 inthecasem =2 and p = 4/3if m = 3.
Since ‘
du,,/(lt = —vAu, — P B, uy) + P, f,

we need to show that each term on the right-hand side is uniformly bounded
in L?(0, T; V*). This follows for Au, since u, is uniformly bounded in
L*(0, T; V) and A is a continuous linear operator from V into V*. Clealy P, f
is also bounded in this sense, since we have assumed that f € L2(0, T; V*).
It remains only to verify the same kind of bound for P, B(u,, u,), and this is
where the difference arises between the casesm = 2 and m = 3.

The following bounds on || B (i, u) ||« are a consequence of (9.26) from Propo-
sition 9.2:

k||l m=2,

1BG, w)lly <
"7 kw22, m=3

(see Exercise 9.4). Since (see Lemma 7.5)

| Pa B, v)llx < 1BGt, V)«

we have
T
1B i)y < [ 1B (5D DI s,
0
so that form =2

T
2 2
1 PuB Gt ) orivey < k / en(5) Pt ()12 s
0
2 2
=< k””n”Lw(o,T;H)””n”LZ(o‘T;V)r
and form =3
4/3 T
2/3 2
”PnB(um u”)”L/‘m(O,T;V*) =< k/ |un(s)| / "un(s)” ds
0

2/3 2
< kllenl oo, 1o oy 14 2200, 15y

Since u, is uniformly bounded in L*(0, T; H) and L2(0, T; V) [see (9.31)],
P, B(uy, tty) is uniformly bounded (in ») in L2(0, T; V*) if m = 2 and L?
(0, T; V*)if m = 3. This gives the same bounds on du,, /dt:

L*0,T; V"), m=2,

du,/dt is uniformly bounded in
Un/ is uniformly bounde {L‘W(O, TV, m=3
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We can now use the compactness theorem (Theorem 8.1) to guarantee that
there is a subsequence {u,} (after relabelling) that converges to u strongly in
L2(0, T; H), and this will in turn give us weak-* convergence of the nonlinear

term in L?(0, T, V*),

B(up, up) = B(u, u) in L7, T; V*). (9.32)

Indeed, if w € L2(0, T; V) then

T T
/ b(up, un, lU)dt = —/ b(un,w,u,,)dt
0

0

m T
=T Z/ /(”n)i(Diwj)(”n)j dxdr.
0 JQ

i,j=1
Now we show (9.32). We have

T m T
[t ) = b,y e = S [ =0y
0 0 [0}

ij=1

+ (un)l’(Diwj)[(”n)j - ”j] dx dt.

So we need to consider expressions of the form

T
En=/ /(vn—v)wvndxdt,
0 [

where v, — vin L2(0, T; H), w € L9(0, T; H), and v,, is uniformly bounded
in L*(0, T; H). Since

lwvgllizo.r: 0y < w2, e lvell Lo, 1 m)

it follows that E, — 0. Thus B(u,, u,) converges weakly-* to B(u,u) in
L?(0, T; V*) as required.

We can now show that P,B(u,,u,) converges weakly-* to B(u,u) in
L?(0,T; V*) by using a similar argument to the one we used in the linear
parabolic case (see Exercise 9.5). We have therefore shown convergence of
all the terms in L?(0, T; V*), and we have a solution u € L2(0, T; V) N
L*>(0, T; H) that satisfies

duj/dt + vAu + B(u,u) = f (9.33)

as an equality in L?(0, T'; V*). Lemma 7.4 shows that this is the same as V
satisfying (9.33) in V* for almost every ¢ € [0, T'].
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To show that the solution has 1 (0) = ug, as in the previous two chapters, we
choose a test function ¢ & C*([0, T'}; V) with ¢(T') = 0, and we compare the
result of taking the inner product of (9.33) with ¢ and integrating by parts,

T T T
- / W (). &' () dt + v / (), 6O dr + /0 bu(t), u(e), (1)) dr
0 0

T
= (), $(O)) + /0 (F(). ¢ () dt,

with the result of taking the limit of a similar process applied to the Galerkin
approximations,

T T
- / Un(r), /() dt + v / ((n©), () dit
0 0
T T
+ /0 bn(6), un(), $ (1)) dt = (un(0), $(0)) + /0 (F(), $(0)) d,

which converges to
T T T
- / W), ') dt + v / (@), SO dt + / bu(r), u(t), 6 () dr
0 0 0

T
= (o, p(0)) + ﬁ (£, $ () dt,

since u,(0) = P,ug — u(0). As before, it follows that 1 (0) = u,.

Finally, we need to show the weak continuity into H. Since (9.33) holds for
almost every ¢ € [0, T as an equality in V*, take the inner product of (9.33)
with a fixed v € V to obtain

(du/dt, U) + V((”y U)) + b(uv u, U) = (fv U).
Now integrate this between ¢, and ¢, using Proposition 7.1, to give
@® = u) ) =v [ (@6, ds + [ b, u(s), vy ds
fo fo
= [ o 9.34)
]
valid for any 0 < ¢y < ¢. It follows from the inequalities for b (9.26) and the

bounds in (9.31) that for a fixed v € V, ¢ — bu(t), u(t),v) € L0, T; R)
foreach T' > 0. Similarly, ((x, v)) and (£, v) are both in L} (0, T; R), and so it
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follows from (9.34) that

’linll @) —ulw),¢)=0 for all pevV. 9.35)
>l
Since V is dense in H, (9.35) also holds for all ¢ € H.

This theorem is essentially the full extent of the rigorous results available for
the equations in three dimensions (but see the Notes at the end of this chapter).
To proceed further with no extra assumptions we will have to restrict ourselves
to the equations in the 2D case.

9.5 Unique Weak Solutions in Two Dimensions

In the two-dimensional case we can obtain much better results: continuity of
the solution into A and uniqueness of the weak solution.

Theorem 9.4 (Unique Solutions in Two Dimensions). If m = 2 then the solu-
tion u(t) of the Navier—Stokes equation

du/dt +vAu + B(u,u) = f
satisfies
ue C°([0,T]; H)

and depends continuously on the initial condition uy. In particular the solution
is unique.

Proof. The continuity into H follows from u € L2(0,T; V) and du/dt &
L%(0, T, V*) obtained above for m = 2, by using Theorem 7.2.

We have just proved continuity of the solution u(¢; o) with respect to z.
Continuity in &y amounts to a uniqueness result. The inequalities for 5 (u, v, w)
play an important rdle in the proof, and this is what distinguishes the analysis
possible for the 2D and 3D problems.

We consider two solutions 1 and v of (9.20) and write the equation for their
difference w = u — v. Then w satisfies

dw/dt + vAw + B(u,u) — B(v,v) =0,
which we rewrite, using the bilinearity of B, as

Blu —v,u) + B, u —v) = B(w,u) + B(v, w),
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as
dw/dt + vAw + B{w, u) + B(v, w) = 0.

If we take the inner product of this equation with w by using Theorem 7.2 and
use the orthogonality property of & (9.22), we obtain

d 2 2
zdtlwl +vflwll® = =b(w, u, w). (9.36)

Thus, using (9.26), we have
d
;Ew +vlwl?* < 15w, u, w)|
< klw| | wll x|
v k2
Euwn + —wl?|u]?,
1)
and so

d 2 2 K 2 2
i+ vlwl® < —ufPwl ©.37)

Neglecting the term v||w||?, we see that

32
;t{exp< /k—||u<s)||2ds)|w<r)|2}so
0 VvV

We can rewrite this as
2 s 2 2
|w(t)|” < exp TIIM(S)II ds | |w(0)[, (9.38)
0

and since Theorem 9.3 guarantees that u € L?(0, T; V), the integral in the
exponential is finite. Thus if we have w(0) = 0 then w(r) = O forallz > 0,
which gives uniqueness of the solution. &

Notice also that from the uniqueness expression (9.38) we have a Lipschitz
separation property of solutions:

[u(£) —v()| < L(T}uo ~ vol, 0<t<T. (9.39)

This will be useful later.
The results of this section show that, when f is independent of ¢, we can

define a semidynamical system on H,

(H, (Su(®)}i=0)>
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where Sx(£)ug = u(¢) and Sx (¢) is a C semigroup [that is, S (¢) satisfies the
properties in (8.28)]:
SH(0) =1,
Su(t)Su(s) = Su(s)Su () = Su(s +1),

Sk (£)xo 1s continuous in xg and £.

We will see in the next section that V is also a suitable phase space for this

problem.

9.6 Existence of Strong Solutions in Two Dimensions
In the 2D case, we can obtain smoother solutions if we take f smoother and
require the initial condition to be in V rather than in H. These are strong
solutions, of the same type that we obtained for reaction~diffusion equations
in Theorem 8.5. Such strong solutions will play a very important réle in our
analysis of the 3D equations later on, and we shall see in Section 9.7 that if a
strong solution of the 3D equations exists, then it is unique.

Theorem 9.5 (Strong Solutions). If m =2, ug € V, and f € L},(0,00; H),
then there is a unique solution of

du/dt + vAu + B(u,u) = f (as an equality in L*(0, T;, H))
that satisfies

ueL®0,T; VYNLY0, T; D(A)) (9.40)

andinfactu e C°([0, T1; V). Furthermore, the solutions depend continuously
on the initial condition ug.

Note that uniqueness of these solutions follows from the uniqueness of weak
solutions, since a strong solution is also a weak solution. However, to obtain
the continuity into V and with respect to the initial condition we will have to
do a bit more work to find some better bounds on u.

Proof. Take the inner product of the finite-dimensional Galerkin approximation
(9.30) with Au,, so that

d
3 e l? vl vl + (P B G, ), Aun) = (f, Au).



9.6 Existence of Strong Solutions in Two Dimensions 253
As before, we note that A commutes with P, since Aw; = A;w;, and so
(PpB(up, un), Auyg) = (B(uy, uy), Aup) = b(uy, u,, Auy),

and by (9.23) this expression is equal to zero in the 2D periodic case, so we
have

d
F—lluall? + vIAun* < | £ 1| Aual.
dt
Applying Young’s inequality as before we obtain
d If1?
hunll 4+ vldun? < L

Now, just as before, we integrate both sides between 0 and ¢ to find

' Y.
||u,,<r)||2+v/ | Aun(s)>ds < ||un<0)||2+—L—j’-"—*”,
0

and, since Lemma 7.5 shows that [|u,(0)|| < |[uo]|, we have

sup [lup()* < K = [luoll* +

2
|f 20,70
1e[0,T] v

and
T
/ |Auy (s)2 ds < K /v.
0

Thus u,, is uniformly bounded (in n) in L*®(0, T; V) and L2(0, T; D(A)). We
extract a subsequence by using Corollary 4.19 such that

Up = U in L*®, T V)
and
us —u in  L2%0, T; D(A)),
for some
u e L=, T; V)N LX0, T; D(A)).

Arguments similar to those in Theorem 9.3 show that du,/dr is uniformly
bounded in L2(0, T; H), and so, with a further subsequence,

du,/dt — du/dt in  L*0,T; H).

Corollary 7.3 now shows that u € C°([0, T]; V).
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The terms du,/dt, Au,, and P, f all converge weakly in L*(0, T; H). To
show that the nonlinear term P,B(u,, u,) converges in the same sense we
once more appeal to Theorem 8.1, which this time shows us that u, - u
strongly in L2(0, T'; V). This is sufficient to show the required convergence for
the nonlinear term, and so we can deduce that (9.20) holds as an equality in
L%(0, T; H) (and so an equality in H for almost every ¢ € [0, T]).

For continuity with respect to initial conditions, once again we set w = u —v
and consider

dw/dt + vAw + B(u,u) — B(v,v) = f.

Taking the inner product with Aw (this makes sense because of Corollary 7.3)
we obtain (using inequality (9.27))

d
%Ellwll2 + v Aw|? = b(v, v, Aw) — b(u, u, Aw)
< k[lwlV w7 Aul Aw] + (o202 w2 Aw?]
v
< ClIlwlllullAul + vI*Iwl?] + 5|Aw|2,

where we have used Young’s inequality in the last line. Neglecting the term in
[Aw|? we have

| &

T—lwl®> < C[llull|Aul + llv[I*]lwl?,

U

!

and so
lw(@)|I? sap(c /0 ()l Au(s)| + ||v<s)||“) lw(0)[12.

Continuity with respect to initial conditions follows since # and v are both strong
solutions and are therefore bounded in both L®(0, T; V) and L2(0, T, D(A)).
i

When f does not depend on time we can therefore also define a semidynam-
ical systemon V,

(V, (Sv(D)}iz0).

Because solutions are unique, this is the restriction of the semidynamical system
Sy (t) to V, and so we denote both simply by S(¢). We will make particular
use of this dynamical system on V when we discuss the 3D equations, mainly
because of the result in the next section.
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9.7 Uniqueness of 3D Strong Solutions

To end this chapter, we show that strong solutions of the 3D equations are
unique in the class of weak solutions:

Theorem 9.6. Let u be a strong solution of the 3D Navier—Stokes equations,
ue L™, T; VYN L*0, T, D(A)),

as in (9.40). Then u is unique in the class of all weak solutions.

Exercise 9.6 shows that the assumption u € L*(0, T'; V) is also sufficient to
ensure uniqueness in the class of weak solutions.

Proof. Once again we consider the equation for the difference of two solutions,
w = u — v, where u is a strong solution and v is a weak solution. We take the
inner product with w and obtain as before (9.36)

d
%E'“"ZJF vijw|? = —b(w, u, w). (9.41)
We now apply the 3D inequality (9.27) for b(w, u, w) to obtain

d
%d—t|w|2+ vilw|? < kllwlllle 73] Au ] w]
2
v . K 2
< —[jlwl* + —|lull| Au||w]|*.
_2|I I 21)II 11 Au]|w]

Rewriting this as
2

d k
—|wl + v[wl® < —ulllAullw]?,
dr v

and ignoring the v||w||? term (as before), gives
lw(n) < eXP(AI llue ()l Anes)] dS> lw(0)*. (9.42)
Since
/0’ lu(s)NAu(s) ds < lullL2.rvyllull 22,7 DAy
and both these quantities are finite, we have uniqueness. &

Note that (9.42) once again ensures the Lipschitz property of solutions (9.39).
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9.8 Dynamical Systems Generated by the 2D Equations
We end by summarising the results obtained above. When f is independent of
time, the 2D Navier-Stokes equations can be used to generate a semidynamical
system either on H (if f € V*)oron V (if f € H). In the 3D case we have no
way to define a dynamical system, since we cannot prove uniqueness of weak

solutions nor existence of strong solutions.
We will see in the next chapter how to use the concept of the global attractor to
help investigate the long-term behaviour of the semidynamical systems arising

in the 2D equations.

Exercises

9.1  The techniques in this chapter all involve transforming the equation by
projecting it onto a space of divergence-free functions so that p drops
out. Show that the pressure can be recovered by solving the equation

Ap=V_f

In fact we have already obtained the solution of this somewhere in this
chapter. Where? What happens if f € H?
9.2 Prove the 3D Ladyzhenskaya inequality for u € HPI(Q),

1/4 3/4
lellze < Clael*flaef>*.

(Hint: Use Holder’s inequality and the embedding le Cc LS)
9.3  Use the Cauchy-Schwarz inequality twice to show that

n 1/2 " 1/2 m 1/2
(zml) <Z|b;.,-|2> (zw) |
i, j=1 i=1

(9.43)

m

E a;b; ;c;

i j=1

9.4  Use the bounds in (9.26) to deduce the following bounds on || B(u, u) ||,

kelullfoelf, m=2,
B *
1B, )ls < {k|u|1/2||u||3/21 m =3,

9.5  Fill in the argument of Theorem 9.3 discussed before Equation (9.33):
use the argument from the linear parabolic case (see Section 7.4.3) to
show that P, B(u,, u,) converges weakly to B(u, u) in LP(0, T; V*)
(p=2ifm=2,p=4/3ifm =3). ‘

9.6 Show thatif u € L*(0, T; V) is a solution of the 3D Navier—Stokes
equations then it is unique in the class of weak solutions.
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Notes

This style of analysis of the Navier-Stokes equations goes back to Leray (1933, 1934a,b)
and Hopf (1951), who essentially proved all the results here. The technicalities in the
Dirichlet boundary condition case are only minimally more involved, and this case is
treated in detail in Ladyzhenskaya (1963), Lions (1969), Temam (1984), and Constantin
& Foias (1988). The periodic boundary condition case forms the subject of Temam
(1985) and Doering & Gibbon (1995). Recent technical texts are Galdi (1994a,b) and
Lions (1994, 1996).

Doering & Gibbon (1995) is a particularly readable introduction to the subject that
uses Fourier series to avoid the language of Sobolev spaces, but nonetheless it treats the
problems of proving existence and uniqueness in considerable detail.

There are some existence and uniqueness results in three dimensions in the presence
of various symmetries; see Ladyzhenskaya (1963), Ukhovskii & Yudovitch (1995), and
Mahalov et al. (1990).
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Finite-Dimensional Global Attractors






The Global Attractor

Existence and General Properties

We have now seen how to use the solutions of some ordinary and partial
differential equations (ODEs/PDEs) to define dynamical and semidynamical
systems on various phase spaces. For ODEs x = f(x) with Lipschitz non-
lmeanues we can define a dynamical system on R"; for reaction—diffusion
equatlons we saw how to define a semidynamical system on L2(Q) and if
m =1 orm = 2, on H}(); and for the 2D Navier-Stokes equations we
Eéﬁld"déﬁ'rie a semidynamical system on either H (essentially L2(Q)) or V
(essentially H!(Q)). We will discuss this in more detail in Section 10.1 be-
low.

One of the main insights from the theory of dynamical systems is that a re-
ductionin the possible complexity of the dynamics is obtained if we are content
to study the long -tern asymptotic behaviour of solutions. In the context of fluid
echanics, we can think of this as concentrating on the phenomena of “fully
developed turbulence,” rather than on the transient behaviour of the fluid flow.

In this chapter we introduce the concept of the global attractor for a dynam-
ical system: this is a compact subset of the phase space that attracts all the
trajectones As such, we can expect the set of solutions that lie in the attractor
to cover all possible ¢ ‘eventual” dynamual behaviours of the system (we make
this precise in Proposition 10. 14). We will give a general result that can be
used to prove the existence of a global attractor in a variety of systems, and
then we discuss some of its propertles Apart from one simple ODE example
(the Lorenz equations) we will delay all other, PDE, examples to Chapters 11
and 12.

10.1 Semigroups

For ODEs we defined a solution operator T'(¢), and we could do this for any
t € R, giving a group of transformations. For many PDEs (including the

261
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examples we studied in the last two chapters) it is only sensible to consider
solutions for ¢ > 0 (witness (10) in the Introduction).

Our standing assumption in this chapter is that we can find a phase space H
(usually a Hilbert space L2 or some related space), such that for ug € H the
equation has a unique solution u(; uo) for all positive times. In this case, we
can define a C® semigroup of solution operators S(¢) : H — H by

S(ug = u(t; ug).
These have the properties given in (8.26),

S©) =1,
SES(s) = SG)SE) = SGs + 1), (10.1)

S(#)ng is continuous in ug and ¢,

and we consider the semidynamical system
(H, (SM}s=0).

The joint continuity of S(¢) in both u¢ and 7 means that solutions vary contin-
uously in a uniform way with respect to the initial conditions “about a compact
set.”” For any compact set K, we have

| S — S vo| < 8k (T, |ug — vol) for all ug € K, (10.2)

where 8k (¢, d) has 6 (f,0) = 0, 8¢ (0,d) = d, and 8k is nondecreasing in
both r and d (for the ODE case (2.24) we had 8k (¢, d) = de’"). (For a proof
of (10.2) see Exercise 10.1.)

10.2 Dissipation

We have already seen how important it is to obtain bounds on the solutions to
ensure that they exist for all time (in Chapter 2 for ODEs and in the previous
three chapters for various PDEs). We think (imprecisely) of an equation’s being
“dissipative” if all solutions are eventually bounded, provided that this bound
is uniform over all trajectories. If we want to be more precise (and we do)
then there are various ways of making a more formal definition. First we will
examine various notions of dissipation in the context of ODEs.

We will begin by considering the weakest useful notion of dissipation. We
say that S(2) is point dissipative if there exists a bounded set B C H such that
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for every xg there is a #y(xg) such that
S(t)xg € B for all I > to(xp). (10.3)

This definition says that each trajectory is eventually bounded and that this
bound is the same for any trajectory.

In R™, this is eqﬁivalent to the stronger property of S(¢) being bounded
dissipative. For this, we require the existence of a bounded set B that absorbs
all initial conditions starting within any bounded set X in a uniform time: for
each bounded set X there is a time #;(X) such that

SHXCBHB for all > nX). (10.4)

We call B an “absorbing set,” and we can think of this definition as giving some
tolerance for error in our knowledge of the initial conditions. Even if we know
only that ug is within € of some u*, we can still guarantee that u(t) € B forall
> 1 (B*, e).

We show the equivalence of point and bounded dissipativity in R” in the
following proposition. Note how the compactness of closed bounded sets in
R™ is central to the argument.

Proposition 10.1. Suppose that S(t) is a point dissipative semigroup on R™.
Then S(¢) is also bounded dissipative. Indeed, for any € > 0 the set

Be= |J SON@B, e
0<r<oco

[where B is the set from (10.3)] is a bounded, positively invariant set that
absorbs any bounded set X in some fime £y (X).

A set Y is positively invariant if S@)Y C Y forallz = 0. Note that an
absorbing set is not necessarily positively invariant, although one can always
obtain a positively invariant set from an absorbing set (see Exercise 10.2).

Proof. Since B, D B it must absorb points, and it is clearly positively invariant
(S()B. € B.) by definition. Since S(z) is point dissipative, for any z &
N (B, €) there is a f(z) such that S(t)z € B forall = I5(z) (using (10.3)).
Since the solutions depend continuously on initial conditions, there is an open
neighbourhood of each point, N(z}, such that

St ()IN(z) C N(B, €).
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Now take a finite cover of N (B, €) by a set of such neighbourhoods N (z;), and
set t* = max; #y(z;). Then, since

U soN@B, e,

O<r<r*

B, is clearly both closed and bounded.
Now suppose that X is a bounded set. Arguing as above, we find that there
is a finite cover of X by open neighbourhoods N (x;) such that

S(to(x:))N (x:) C N(B, €),

and then

SON() C B, forall > fo(x).

Setting #;(X) = max; f(x;), we obtain

SHX C B,
forallt > 1 (X). m

This result shows thatin R™ the time 7 (xo) in (10.3) can be chosen uniformly
for initial conditions in any bounded set X as in (10.4). Since bounded sets
in R™ have compact closure, we could rewrite our definition of a bounded
dissipative semigroup as follows. We omit the word “bounded” since this is
the notion of dissipation we will use from now on.

Definition 10.2. A semigroup is dissipative if it possesses a compact absorbing
set B; that is, for any boimded set X there exists a to(X) such that

SOHXcCB for all t > 1y(X).

We will show in the next two chapters that the scalar reaction—diffusion
equation considered in Chapter 8 and the 2D Navier-Stokes equation treated
in Chapter 9 are both dissipative in this sense.

We have incorporated some compactness into our definition of a dissipative
semigroup, and this will allow us to get around the fact that in general bounded
sets are not compact in infinite-dimensional phase spaces.
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10.3 Limit Sets and Attractors

We now want to find a recipe for constructing an attracting set for our semigroup.
We start off by considering general notions of limit sets from the standard theory
of dynamlgal systems. We then show that the @-limit set of the absorbing set
B gives an attracting set with several desirable properties.

10.3.1 Limit Sets
The w-limit set of a set X consists of all the limit points of the orbit of X,

o(X)={y:3t, = o0, x, € X with S(#;)x, = y}. (10.5)
This can also be characterised as

oX) =[Js®x (10.6)

r>0s>t

(see Exercise 10 4) The set w(X ) in some sense captures all the recurrent

" Our . LOHSU‘ULUOH “of attragtors w111 be based on the following fundamental

result goncern ng such limit sets. Note that compactness properties of the

semlgroup oup featiire in a central way in the conditions. A set X is invariant if

SHX=X for all t>0. (10.7)
In parncular if you start in X you stay in X. Equation (10.7) also implies that

the whole of X is 1mportant in the dynamics, since no part of X “disappears”
as we run the dynamics on X forward in time.

Proposition 10.3. Let X C H. If, for some fy > 0, the set

US@X (10.8)

1>ty

is compact, then w(X) is nonempty, compact, and invariant.
Proof. First we use the characterisation (10.6). Since for > fp the sets

US@X

s>t
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are a sequence of nonempty compact sets decreasing as # increases, their inter-
section (@ (X)) is nonempty and compact.
To show invariance, suppose that x & @ (X). Then, using (10.5), we find that
there exist sequences {,} and {x,} with z, — oo and x,, € X such that
Stn)xa — x,
and so

SESE)xn = SU +t,)x, = SE)x,

since S(¢) is continuous. So S(f)w(X) C w(X). To show equality, for #;, >
t + fy [f from (10.8)], the sequence S(z, — #)x, is in the set (10.8) and so
possesses a convergent subsequence

S(tnj - t)xnj —> Y,
and so y € w(X). But since S(¢) is continuous (10.1),

x = lim S)S(t, — xa, = SG)y,
J—r0oo

and so w(X) C S@H)w(X). Thus SG)w(X) = w(X) forallt > 0. |

10.3.2 The Global Attractor

We now discuss what manner of limit set we can expect to give us the best
mformatlon about the asymptotlc dynamics. In the next section we prove an
CXIS(CHLC result that shows that the set we choose [w(B)] does indeed have all
the pr opertles we require.

Since in a d1551pat1ve system all trajectories eventually enter and stay in B,
one might expect that

AB) = | Jw(x) (10.9)
_XGB

would capture “all the asymptotu dynamics.” However, there are some prob-
lems with this set.
Consnder the example shown in Flgure 10.1(a) (from Hale 1988), where the

AO(B) = {a1 b1 C}1

a set of three isolated points. However, a small perturbation can produce a
periodic orbit I, as in Figure 10.1(b), so that now

Ae(B)Y={a,b,c,T}.
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(@) )

Figure 10.]. Phase portraits of two planar dynamical systems.

The periodic orbit is produced by bifurcation from the homoclinic orbits, a
well-known source of global bifurcations (Glendinning, 1994). Since Ao(B)
does not take into account the homoclinic orbit, the appearance of I' produces
a sudden “explosion” in the set A((B). (See also Exercise 10,3.)

The set A = w(B) turns out to be a more convenient way to study the
asymptotic dynamics. These sets are shown in Figure 10.2 for the dynamics in
Flgure 10.1. Observe that attractor .4 includes not only the homoclinic orbit
but all points in its interior; under perturbation A, enlarges only slightly. By
mdudmg more information we have obtained a much more stable object, and
we w111 show later in this chapter (Theorem 10.16) that, in general the global
attractor (deﬁned in this way) cannot “explode.”

'However, it can shrink drastually — if one considers a perturbation as in
Figure 10.3 one can see that the attractor A, is now homeomorphic to a line.
We could argue that in this case the set A(B) behaves better than a)(B) but
a reductlon in the size of the attractor is clearly Jess problematu (from an

(@) (b)

Figure 10.2, The global attractors for the dynamical systems illustrated in Figure 10.1.
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@ ®)

Figure 10.3. (a) Another planar dynarnical system and (b) its global attractor.

analytical and dynamical point of view) than a sudden explosion. (See also

Exercise 10.3.)
When B is an absorbing set as in Definition 10.2, then

w(B)=[)S1"B (10.10)

t>0

(seeExercise 10.5). Exercise 10.6 discusses some other properties of these sets.
In the next section we. will show that w(B) gives a set that is compact,
wnnected 1nvar1ant and attracts all bounded sets - the global attractor.*

Definition 10.4. Th_eﬂ_global attractor A is the maximal compact invariant set
SHA=A Sfor.all t>0 (10.11)

and the minimal set that attracts all bounded sets:
dist(S(1) X, A) — 0 as  t— o0, (10.12)

for any bounded set X ¢ H.

Expression (10.12) says that 4 attracts all orbits at a rate uniform on any
bounded set. Without the compactness condition we could just take A = H.

* Note that .4 is both “maximal” (in that if ¥ is a compact invariant set then .4 2 ¥)and “minimal”
(in that if Z attracts bounded sets then .4 C Z), The terms “maximal attractor” and “minimal
attractor™ are both used in the literature; “global attractor” should avoid any possible confusion.
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The distance in (10.12) is the semidistance between two sets,

dist(X, ¥) = sup mf [x — vl
xeX Y€
Note that this distance does nof define a metric — indeed, if dist(X, Y) = 0 then
one has only X C Y. [To obtain a metric on subsets of H, we need to use the
symmetric Hausdorff metric,

dists(X, Y) = max(dist(X, ¥), dist(Y, X)). (10.13)

(One can show that the space of all compact subsets of R” is a complete space
when endowed with this metric; see Exercise 10.7.)]

10.4 A Theorem for the Existence of Global Attractors

We now show that w(B) is the global attractor, provided that S(r) is dissipative
and B is an absorbing set. We already know that @ (B) is nonempty, compact,
and invariant, so it will remain only to show that it attracts trajectories as in
(10 12)

Theorem 10.5. If S(¢) is dissipative and B is a compact absorbing set then
there exists a global attractor A = w(B). If H is connected then S0 i A

Proof. That w(B) is nonempty, compact, and invariant follows immediately
from Proposition 10.3, as the dissipativity assumption ensures that (10.8) holds;
indeed,

U S()B

1>1fo

is a subset of B (and so compact) if fg > tg(B), from Definition 10.2. Fur-
thermore, A is clearly the maximal compact invariant set since if Y is compact
and invariant then S(¢)Y =Y, and, choosing r > f(Y), we get Y C B. Thus
w(Y) =Y C w(B) = A. (This argument also shows that 4 is the maximal
bounded invariant set.)

To show that A attracts bounded sets we argue by contradiction. Indeed, if
not, "then thele is a bounded set X, aé > 0, and a sequence {f,,} withr, — oo
such that

dist(S(,) X, A) > 8.
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It follows that there are x,, € X with
dist(S(t,)x,, A) > 8/2.

As X is bounded, S(¢,)x, € B for n large enough. As B is compact, there is a
subsequence with

Sty )xp, = B € B,
and
dist(8, A) = §/2. (10.14)
But
= jlglolo S(t";)x";

= jli)ﬂolo S(tr, — 10(X)) S (to(X))xn,

and, setting 8; = S(to(X))x,,, noticethat 8; € B and thus § € A, contradicting
(10.14).

A is clearly the minimal set with this property, since it must attract itself,
and S(1)A = Aforallt > 0.

Now suppose that A is not connected. Then there exist two open sets O; and
0z such that w(B) C 01U Oq, w(B)N O; # @, and O, N O, = @. Since B is
bounded, B is contained in a ball U that is a connected set and w (U) is clearly
equal to w(B). Since S(¢) is continuous S(¢)U is connected.

Thus O; N SV # @ and O1 Y O, does not cover S(#)U. Soforeacht > 0
there is an x, € S(t)U with x; ¢ O1 U 0,. Consider {x,}, n € Z*. Then for
n > to(U), x, € Bso xy, = x with x ¢ O1U O,. But we know that A attracts
bounded sets, so dist(x,, .4) — 0 as n — oo, which is a contradiction.

Importantly, we can show that if the semigroup S(¢) is injective on A (we
make this precise in the statement of the next theorem) then the dynamlcs
restricted to A4, actually define 2 dynamical system; thatis, S(¢)|.4 makes sense
for all r € R. This is one good reason for investigating the dynarmcs on the
attractor.

Theorem 10.6. If the semigroup is injective on A, so that -

S(tho=St)voe A  for some t>0 = Ity = Vg,
(10.15)
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then every trajectory on A is defined for all t € R, and (10.11) holds for all
t € R. In particular, ' I

(4 (S©)ier)

is a dynamical system.

Proof. For each u € w(B) we know that u € S(t)w(B), and so there exists
a unique v € w(B) with S(f)v = u. We define S(—¢)u = v to give S(¢) for
all r € R, and hence we obtain (10.11) for r < 0 also. Since A = w(B) is
compact, it follows from Exercise 10.8 that S(—) as defined here is continuous
on A. Thus S(¢) is a continuous map from 4 into itself for all + € R, Finally,
it follows that S(r)| 4 satisfies properties in (10.1) for all ¢, s € R.

We will prove the injectivity property (10.15) for the reaction~diffusion and
Navier-Stokes equations in the next two chapters.

10.5 An Example — The Lorenz Equations

Before treating various properties of the global attractor, we will consider a
simple example for which it is straightforward to prove the existence of such a
set.4. The Lorenz equations are a 3D system of ODEs, introduced by Lorenz in
1963, which have become a standard example in the theory of finite-dimensional
dynamical systems (see Sparrow, 1982, for more details). The equations are

dx x40
L e —ox ,
dt Y
dy

— =rx—y-—xz,
dt Y

dz

= = xy — bz,

dt 4 z

with o, r, and b all positive. Since bounded sets are compact in R?, all we
need to show is the existence of a bounded absorbing set. In fact, we can use
Proposition 10.1, and all we need is to show a uniform bound on each individual
solution. We will show that a large enough sphere centred on (0, 0, r + o) is
absorbing.

Consider

V(x,y,z)=x2+y2+(z~r~0)2,
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which satisfies

d
d—‘: = —20x%—2y% —2b72 + 2b(r 4+ 0)z

= —20x% =2y} = b(z —r — )2 = b+ b(r + 0)?
< —aV +b(+0),

where @« = min(20,2,b). Then by (2.21) from the Gronwall inequality
(Lemma 2.8), we have

2

when ¢ is large enough.

1t follows by Theorem 10.5 that the Lorenz equations have a global attractor.
However, as we will see below (Theorem 10.10), thls attractor contains more
than the “butterﬂy” so farmhar from popular chaos wntlngs

10.6 Structure of the Attractor
We now want to examine the attractor itself in more detail, first investigating its
structure. We show that it consists of all complete bounded orbits and contains
the unstable mamfolds of all fixed pomts and periodic orbits. This gives us a
better idea of the kind of dynam1cs we can expect to understand if we restrict
our attention to the attractor.

Theorem 10.7. All complete | bounded orbits lie in A IFSQ@) is mjecnve on A
[asin (10.15)] then .A is the union of all the complete bounded orbits.

A “complete” orbit u(¢) is a solution of the PDE (or ODE) that is defined
forall € R. In general we do not expect the solutions of a PDE to lie on a
complete orbit, smce we cannot deﬁne Sy fort <0,

Proof. Assume that O is not contained in A4; then for some € > 0 there is a
point x € O with x ¢ N(A, ¢). However, since 4 attracts bounded sets, for ¢
large encugh

dist(S(¢)z, A) < € for all 2€0., (10.16)

Since O is a complete orbit, x = S(£)X for some ¥ € O; (10.16) now gives a
contradiction,
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If x € Aand S(¢) is injective then the orbit through x is defined for allt € R
(Theorem 10.6) and is contained in A since A is invariant. Thus .4 consists of
only complete bounded orbits.

Note from the proof that we use only the injectivity to show that every point
in' A lies on a complete bounded orbit. Even without the injectivity we know
that every complete bounded orbit lies in .A.

To investigate the structure of the attractor further, we need to recall the
definition of stable and unstable manifolds. If z is a fixed point, then

Definition 10.8. The unstable manifold of z is the set

W"(Z) = {ug € H:S(t)uq defined for all t, S(—t)ug = z as t = 00.}

Similarly,

Definition 10.9. The stable manifold of z is the set

W (z) ={ug € H:S()ug = zast — 00.}

Note that if the semigroup is injective, the first condition in Definition 10.8
[S()ug is defined for all ¢] is satisfied automatically since z € A (using Theo-
rem 10.7).

One can define the unstable manifold of a general invariant set X just as in
Definition 10.8, replacing “S(—f)uo — 2 with

dist(S(—)ug, X) — 0.

Now, the unstable manifolds of all invariant sets (in particular of all the fixed
pomts and penodxc orblts) are contained in the attractor:

Theorem 10.10. If X is a compact invariant set, then

WiX)C A

Proof. Let u € W¥(X). Then by definition (Definition 10.8) u lies on the
complete orbit ¥ = U,eru(¢). As t — —o0 we know that dist(u(r), X) — 0,
and as ¢ — oo we know that dist(u(¢), A) — 0, so the orbit u(¢) is bounded.
Thus u lies on a complete bounded orbit, and by Theorem 10.7,u € A. W

Thus the commonly drawn plcture of the attractor for the Lorenz equauons .
is not m fact the whole of the global attractor found in Section 10.5. There are
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unstable fixed points at the centre of the “eyes,” and their unstable manifolds
will fill out these eyes.

10.6.1 Gradient Systems and Lyapunov Functions

Some semigroups have particularly simple asymptotic dynamics. These are sys-
tems that possess a Lyapunov functional, termed gradient (or strictly “gradient-
like”) systems. This Lyapunov functional nges a powerful way of “managmg
the dynamics and proving much stronger results than those of the previous
section, For example, we will show here that the attractors for such systems
consist entirely of the unstable manifolds of the fixed points. We will see in
the next chapter that scalar reaction~diffusion equations are one example of a
gradient system.
First, we give the definition.

Definition 10.11. A Lyapunov function for S(¢) on a positively invariant set
X C H is a continuous function ® : X — R such that

(i) for each uy € X the function t — ®(S(¢)uo) is nonincreasing and
(1) if ®(S(r)u) = @ (u) for some © > 0, then u is a fixed point of S(¢).

This is a strong definition of a Lyapunov function. We could consider weaker
Lyzipunov functions that do not satisfy (ii), but for simplicity we consider only
the above case. We will be able to construct such a strong Lyapunov function
for the reaction-diffusion example in the next chapter.

Gradient systems are a good example of a situation in which the attractor
contains much more information than the set A(B) defined in (10.9). Note that
(i) in the definition implies that the system can have ne periodic orbits. It is
then perhaps unsurprising that the only limit sets of individual trajectories that
are possible are fixed points (or unions of fixed points). We denote the set of
all fixed points by &. '

Proposition 10.12. Suppose that S(t) has a Lyapunov function on B, where B
is a positively invariant absorbing set. Then w(io) C € for every ug € H. In
particular if H is connecte;i and & is discrete then w(uo) € €.

Proof. For each ug e H, there exists a £ such that 1; = S(¢)ue € B. Since
w(uo) = w(u1), we consider the trajectory starting at uy, u(t) = S(¢)u;. Then
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u(t) € B forall ¢ > 0, and

o) =[ w7 =)

5>0

is nonempty, compact, connected, and invariant (Proposition 10.3), Now, ® is
constant on w (1), since

Pl = lim ®@()) = inf S (). (10.17)

@ is bounded below since u(r) is a subset of the compact set A, and as @ (u(¢))
isa nomncreasmg function as f — .00 the limit in (10.17) exists. Thus w (1g)
consists only of stationary points [Definition 10.11, part (i)].

Since @ (1p) is connected if H is (by the same argument that gives connect-
edness of 4 in Theorem 10.5) it follows that if the fixed points of S(¢) are
discrete then w (1) consists of precisely one element of £, Wl

The structure of the attractor follows from a very similar argument.

Theorem 10.13. Suppose that S(t) has a Lyapunov function on A. Then
A =W"E). (10.18)

Furthermore, if H is connected and £ is discrete then

A=w"©) = W@ (10.19)
€€
and also
A=w& =W @. (10.20)
€€

Proof. Theorem 10.10 shows that W*(£) C A [and W¥(z) C Aforallz € £].
To show that 4 C W*(£), apply the argument of the previous proposition,
replacing w (up) with

y:ﬂ{u(t):t<s},

5s<0

where u(t) = S(t)ug, ug € A. This shows that y C £, and (10.18) follows.
If the stationary points are discrete and y is connected, then y = z for some
z € £. This gives (10.19). A very similar argument gives (10.20). @
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When £ is discrete, the double equality given in the theorem means that in
thxs case the attractor is made up of points 1o with

lim S(H)uo = zy, lim S(uo =22, 21,22 €€,
1 —=>—00 =400 .

that is, heteroclinic orbits joining two stationary points. Thus the structure of

“such attractors can be fully specxﬁed by a list of which stationary points are
Jomed to each other. This connection problem "has received much attention,
and techniques to establish which pairs of statxonary points are in  fact joined to
each other have been developed for certain systems (see for example Fusco &
Rocha, 1991, and Fiedler & Rocha, 1996).

10.7 How the Attractor Determines the Asymptotic Dynamics

We now make precise the idea that the dynamics “on the attractor” serve to
determine all possible long-time dynarmcs of mdxvxdual trajectones The propo—
sition says that aftera sufﬁcxently long time (r) any trajectory u(t) of the original
equation will look like some trajectory on the attractor for a long time.

Proposition 10.14. Gwen a trajectory u(t) = S(t)uo, € >0and T >0, there
exists atimet = t(e, T )~ 0 and a point vy € A such that

lu(t +¢) —S@w| <€ forall Os_tsT.

Proof. Since trajectories depend continuously on the initial conditions as in
(10.2), given €, T > 0 there exists a 8(¢, T) such that

upe A and |ug— vl <8(e, T) imply that
[u(@) — v()| < e, tef0,T]. (10.21)

Now, since A is the global attractor, the trajectory u(¢) tends towards A; thus
there exists a time 7 and a point vy € A such that

dist(u(7), A) = |u(t) — vp| < 8.

We now consider the trajectory v(r) on A with v(0) = vo. Then, the two
trajectories u(¢) [seenas a trajectory starting at the pomt u(r)landv(r) = S(*)vo
satisfy, by (10.21),

lu(z + ) — S| < e. /]



10.7 How the Attractor Determines the Asymptotic Dynamics 277

To follow the chosen traJectory u (t) for a longer time, one has to skip from

lary of Proposmon 10.14 (for a proof see Exercise 10.9).

Corollary 10.15. Givenasolutionu(t), there exists asequence of errors {€, 15,
with

€p —> Os
an increasing sequence of times {t,}32 |, with
tyyl — b = 00 as n — 0o,

and a sequence of points {v,}%2,, with v, € A, such that

n=1
[(t) — S~ t)vn| < € forall Ihn 2t =< lyyr-

Furthermore, the jumps |Vp41 — S(tyse1 — ty)Vy| decrease to zero.

This result shows that the chosen trajectory is shadowed closer and closer
and for longer and longer times by portions of trajectories that lie within A.
Alp' ‘ou 1gh elementary this result is instructive. Indeed, it shows exactly how the
dynarmcs on A canbe said to determine the asymptotic behaviour of trajectories
on H A trivial example is the 3D system

dx/dt = z(x - y),
dy/dt = z(y — x),
dz/dt = ~Az|z],
which has z = 0 as an attractor (not “the global attractor,” however, since it

is not compact), on which the dynamics are trivial (x = ¥ = 0). However,
trajectories that start with z 0 approach algebraically slowly according to

20

/) = ————,
S AT

Thus for an initial condition (r, g, zo) (Where the x and y have been turned into
polar coordinates), €(¢) is given by

0() =6+ — ln(l + umlzolt).

The trajectory is “determined” by that on z = 0 inasmuch as it remains nearly
constant (within an ¢ error) for longer and longer time intervals. Without a
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result such as Corollary 10.15, this interpretation is not necessarily an obvious
one,

10.8 Continuity Properties of the Attractor

As the final topic, we show as promised in Section 10.3.2 that the attractor
cannot “explode,” a property known as upper semicontinuity. Althouglir‘{ﬁis' is
ielatively easy result to prove, it is essential in guaranteeing some stability for
our notion of an attractor. We then discuss when it is possible to show that the
attractor does not implode.

10.8.1 Upper Semicontinuity

We treat a semigroup Sy (¢) with a global attractor .4y and a family of perturbed
semigroups S, (¢) with attractors .4,. Such a situation could arise (for example)
by making small changes to the right-hand side of an ODE or changing the forc-
ing term in the Navier-Stokes equations, We first prove upper semicontinuity.
Since dist(A,, Ap) < € means that .4, lies within a small e-neighbourhood of
Ay, it is clear that the result of the following theorem means that .4y cannot
explode.

Theorem 10.16. Assume that for n € [0, no) the semigroups S, each have a
global attractor A, and that there exists a bounded set X such that

U 4 cx

0<n<np

If in addition the semigroups S, converge to 8y in that, for eacht > 0, S, (t)x —
So(£)x uniformly on bounded subsets Y of H, '

sup |S, (H)uo ~ So(t)uo| — 0 as n—0,

upeY

then
dist(A4,, Ag) = 0 as n—0.

Proof. Givene > 0, we first show that S, (£)X C N(Ay, €) forsome ¢ > 0 and
all n < n(e). Now, since 4 attracts X there exists a time ¢ such that

S(HX C N(Ay, €/2).
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Then, for 5 sufficiently small (< 5(¢), say), we can ensure that

sup [S, ()x — So(t)x| < €/2.

xeX

Thus in fact, for n < 5(¢), since 4, C X,
A, =S84, C S,(HX C N(A,e),
and it follows that dist(A4,. 4g) <e. B

This is the most that we can expect to be true in general, as the example
discussed in Section 10.3.2 demonstrates.

10.8.2 Lower Semicontinuity

The result that would give full continuity would be that
dist(A4p, A)) = 0 as n— 0.

This is not known except in a few special cases. The most general result holds
for a generalisation of gradiexjt (Lyapunov) systems, inspired by the result of
Theorem 10.13 on the structure of the attractor.

Theorem 10.17 (Stuart & Humphries, 1996). Let the assumptions of Theo-
rem 10.16 hold and in addition let Ag be given by the closure of the unstable
manifolds of a finite number of fixed points, so that

Aop = U W=(2).
e€

Provided that the unstable manifolds vary continuously with n near n = 0 in
some neighbourhood of each fixed point, then the attractor is lower semicon-

fnnuous:
dist(A4o, 4,) = 0 as n— 0. (10.22)
It follows that the attractor is continuous in the Hausdor(ff metric:

disty;(A,, Aog) = 0 as n— 0.

Proof. We need to prove (10.22), i.e. that within ¢ of any point in A, there is
a point in A, for all n < n*, with n* > 0. Since A is compact this reduces
to showing that there are points in .4, within € of some finite set of points
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{xx}N_, in Ag. Since Ay is the closure of the unstable manifolds, there are
points {y}&_,, lying in the unstable manifolds in .4y, with

[xe — yil < €/2.

We write y; = So(f)zk, with each z; within a small neighbourhood of the fixed

points.
Now choose § > 0 such that

lzk —u| <8 = [So(t)ze — So(tp)u| < €/4
for all k=1,...,N,
using the continuity of Sp, and then pick 7 small enough ( < 5;) such that
[So(t)u — Sy(t)ul < e/4 for all ueN(Agd, k=1,...,N.

Since the local unstable manifolds perturb smoothly, provided that 7 is small
enough (n < n* < n,) there are points z; in the unstable manifolds within A,

that satisfy
|2f — 2| < 8.
It follows that
[Sy (t)zg — ¥l = [Sy(t)zg — Solt)z

< [Sy(m)z — So(t)z{ | + [ So(t)z — Solte)z|

<e€/d+€/4=¢€/2.
Therefore
[Sp(t)zf — x| < e,

and since S, (#%)z] € Ay, we have obtained lower semicontinuity. Coupled with
the result of Theorem 10.16, this proves the continuity of A, at 7 = 0 in the
Hausdorff metric. ®

10.9 Conclusion
In this chapter we have introduced the global attractor and shown that it exists
for dissipative systems (those that have a compact absorbing set). We have
also seen some of its basic structural properties and investigated briefly how the
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attractor serves to determine the asymptotic dynamics. In the next two chapters
we will verify the conditions necessary to prove the existence of global attractors
for reaction~diffusion equations (Chapter 11) and the Navier-Stokes equations
(Chapter 12). We then go on to address various questions about the dynamics
on these sets.

Exercises

10.1  Show thatif f: H — H is continuous and X is a compact set, then
f is “uniformly continuous near K,” in that there is a 8 (¢) such that
ueK,ve H,and [u — v| < 8g(e) implies that | f(u) — f(v)| <e.

10.2  Suppose that S(t) is a dissipative semigroup with a bounded absorbing
set B, Show that

Jsws (10.23)

>0

is a bounded, positively invariant set that is also absorbing (cf. Propo-
sition 10.1). If B is compact, show that (10.23) is also compact.
10.3  Another problem with the set A(B) defined in (10.9) is that

A(B) # A[A(B)]
in general, Verify this by finding A (B) and A%(B) for the example
F=r(l-r),
6 =(1-r)+6%
10.4  Prove that the characterisations of w(X) given in (10.5) and (10.6) are

equivalent.
10.5  Show that (10.10) helds, i.e. that

o(B)=[]S()B.
>0

Show also that, if T > 0,

w(B) = (] S(nT)B.

n=|

10.6  Show that if X is bounded and X > Y then w(X) D w(Y). Deduce
that if Y is an absorbing set then w(X) = w(Y).
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Show that the space IC(R™) consisting of all compact subsets of R™
is complete when equipped with the Hausdorff metric (10.13). [Hint:
From a Cauchy sequence {K;} in JC(R™) first take a subsequence such
that

disty (K, Ki) < 7! forall i3> j, (10.24)

and then consider the candidate limit set

D)X
s

Koo == K,'.

1i

J

.
i

Show that K, is compact, and then using (10.24) deduce that
disty;(K;, Koo) — 0.]

Suppose that X is compact and that f : X — Y is injective. Show that
7' f(X) — X is continuous.

Prove Corollary 10.15.

The following property is proved in Babin & Vishik (1992, Chapter 2,
Theorem 1.1); they call it “uniform continuity for all ¢ > 0 modulo the
attractor.” We will say that the semigroup S(¢) is C° uniformly contin-
uous if (10.2) holds for ug in any bounded (rather than just compact)
set X. Prove that if S(¢) is a uniformly C° semigroup then

sup disty, (S(6) By U A, S(HyB U .A) -0

=0

as disty(B;, B;) — 0, where B; and B; are bounded subsets of H.
[Recall the definition of the Hausdorff metric dist;; given in (10.13).]

Notes

There are many versions of Theorem 10.5 in the literature, the first probably that of
Billotti & LaSalle (1971). The statement given here, along with its proof, can be found
in Temam (1988). See also Theorem 2.1 and Lemma 2.1 in Chapter 2 of Babin & Vishik
(1992) and Ladyzhenskaya’s “semigroups of class K’ (1991).

In many applications (although not those considered in this book) the result in this

form is too restrictive, and Temam also gives another result under weaker conditions.
Note first that the nse of the dissipation in the proof of the theorem is to ensure that the
condition of Proposition 10.3 applies, namely that

U S()B (10.25)

219
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is compact for some fy. To generalise the conditions of the theorem, we assume that the
semigroup S{t) can be decomposed into one part that preserves the property in (10.25)
and one part that decays to zero.

In this case, one need only assume that the absorbing set is bounded, rather than
compact. More precisely,

Theorem 10.18. If the semigroup S(t) can be decomposed as
S({t) = S1(1) + S2(0),

such that for any bounded set X there exists a ty(X) giving

U SiHX compact in H,

153
and

rx(t) =sup|S;(t)p| - 0 as t - 0o,
peX
and If there exists a bounded absorbing set B, then w(B) is the global attractor as in
Theorem 10.5.

There are other equivalent conditions in the literature. For example, Ladyzhenskaya
(1991) calls a semigroup “asymptotically compact” if for any bounded sequence {x;}
and 1, — oo

{S(t)x}x has a convergent subsequence in H.

She shows that an asymptotically compact semigroup with a bounded absorbing set has
a global attractor Babin & Vishik (1992, Chapter 2, Theorem 2.2) and Hale (1988)
prove the existence of a global attractor under the condition that there is a compact set

K such that for any bounded set B
dist(S()B, K) - 0 as t — oo.

Goubet & Moise have shown that these three conditions are equivalent (the proof is
gjvell in Temam, 1997).
" Theorem 10.7 is taken from Stuart & Humphries (1996), as is the lower semiconti-
nuity theorem. Although their book is primarily concerned with analysis of numerical
methods in R™ using a dynamical systems approach, it contains many results that are
also interesting in the PDE case. The other results of Section 10.6 are taken from Temam
(1988).

The tracking property is proved in Langa & Robinson (1999), where they also give
conditions that ensure that the attractor is sitnply connected (this is not true in general).
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Continuity properties are investigated in various texts, including those by Hale (1988),
Temam (1988), and Stuart & Humphries (1996). The original treatment of the problem
in this setting was in the paper of Hale et al. (1988), with a lower semicontinuity
result in Hale & Raugel (1989). Related theories have been developed for Morse~Smale
systems (Smale, 1967; Hale ef al., 1984) and using Conway’s attractor-repellor pairs
(e.g., Hurley, 1983; Smoller, 1983).

Finally, one can generalise the theory in various ways to cover nonautonomous semi-
dynamical systems (Haraux, 1988, Sell, 1967; Vishik, 1992) and the “cocyles” generated
by stochastic PDEs (Crauel & Flandoli, 1994; Crauel er al., 1995; Schmalfuf}, 1992).



The Global Attractor
for Reaction—-Diffusion Equations

prove the exnstence of an attractor in L? and show that the equatlon glves rise
toa gradlent system (Deﬁnmon 10.11). It follows from Theorem 10.13 that the
structure of this attractor can be well understood.

In order to apply Theorem 10.5 we have to prove the existence of a compact
absorbing set. The usual method is to start by ﬁndlng an absorbing set in L?,
and then to use this result to help find an absorbing setin H'. Since H' cC L?,
thls g1ves a compact absorblng setin L2. As in Chapters 7-9, we will denote
the norm in L by [-|, the norm in "H{'by |-, and the norm in H~1 by |-,

We will treat the equation

3
a—: —Au=f@), ulsgg=0 (11.1)

under the same conditions that we imposed in Chapter 8 to ensure that solutions

smooth” (see Section 7.1}, and f must saﬂsfy the conditions
~k—ailsl?” < f@)s Sk—ealsl’,  p>2, (11.2)
and
fi) =1

foralls € R. As in Theorem 8.5 we also take f(0) = 0 to simplify the algebra.

11.1 Absorbing Sets and the Attractor

To prove the existence of a global attractor we need to show that there are
absorbing sets in L? and in H{.

285
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11.1.1 An Absorbing Set in L*

1t is straightforward to find an absorbing set in L2,

Proposition 11.1. The reaction--diffusion equation has an absorbing set in L?;
there is a constant py and a time to(Jug|) such that, for the solution u(t) =
S(t)ug,

lu(®)) < o forall £ = to(lugl). (11.3)

In addition there is a constant Iy such that
t+1
/ lu(s)I*ds < Iy~ forall 1t = to(|uol). (11.4)
I

The integral bound in (11.4) will help us to find the absorbing set in V in the
next section. For an analysis valid in the case of periodic boundary conditions,
see Exercise 11.1.

Proof. We write the equation as

% + A= f), (11.5)

and we take the inner product with u (using Theorem 7.2) to obtain, using
(11.2),

LR g = / FuCe)utx) d
dr Q

< / k — oy ju|? dx (1L.6)
Q
[ef. (8.18)]. Now we can drop the term in |u|” and use the Poincaré inequality
lul < A7)

{(where A, is the first eigenvalue of the Laplacian on §2) to obtain
Ll + 24 |uf® < 2|2
— |l .
7 1 <

The Gronwall inequality (Lemma 2.8) gives

k||

[ —e™2Mry,
I ( )

1O < luol?e ™" +
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1t follows that if

)~1|”0|2
—In
2A; k2|

t = f(|uol) =
then
2k
@) < pf = —I19.
A

To deduce the integral bound on ||u||?, we return to (1 1.6). Dropping the term
1n |u|? we are left with

d
3 Il + llul? < kg,
which we can integrate between ¢ and ¢ + 1 to obtain
I+1
/ lus) > ds < k|2 + §lu(@)*.
I
This shows that

+1
[ wentas ugi oy forall ez s(uob.
r

which is (11.4), with Iy = k|Q| + p%. B

11.1.2 An Absorbing Set in H}

We first give a heuristic derivation of the existence of an absorbing set in
H}. Ideally we would take the inner product of (11.5) with Au to obtam
[cf. (8.26)]

d
%d—llullerIx‘lulzSlIIMII2 (11.7)
t
on (0, T). Integrating (11.7) betweens and £ (t — 1 <5 < t) gives

llee (£} 117 szl/ w2 de + lus)I>.

Now, if we integrate this last equation with respect to s between s — 1 and ¢ we

obtain

@12 < (@ + 1)/ )P ds,
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and we can now use the bound from (11.4) to deduce that
lu@)I* < ( + DFIQA+ py] +C (11.8)

provided that # > fo(|ug|) + 1. (Although this may seem like a trick, the method
can be generalised as the “uniform Gronwall lemma” and 7applied in many
different examples; see Exercise 11.2.) ) .

However, we do notknow that u is smooth enough to _]UStlfy the computatlons
we have just performed. Corollary 7.3, which would allow us to take the inner
product with Au to write (11.7), requires u € L*(0, T; D(A)Y) and du/dt €
L*(0, T; L?), which we do not have for our weak solutions. A calculation like
that above, which assumes that we have sufficient regularity, is referred to as a
“formal” calculation. Although it usually gives the rlght answel it really needs
to be Justlﬁed rigorously before we can believe its conclusions. To do this we
will use the Galerkin expansion again and the following lemma.

Lemma 11.2. Let V. CC H, with dual V*. Suppose that {u,) is uniformly
bounded in L0, T; V),

ess sup, o, 7 l#x (DIl < C, (11.9)
and that u, — u in L*(0, T; V), then

ess sup,epo,ryllu @Il < C. (11.10)
Furthermore, ifu € C°([0, T1; H) then in fact

sup [lu(®)| < C. (11.11)
re(0,T]

We will apply the theorem below with V = H}(Q) and H = L*(S2).

Proof. First we prove (11.10). Since {u,, } is uniformly bounded in L*°(0, T'; V)
it has a subsequence {u,,} that converges weakly-* to some v € L*(0, T'; V).
We have, forall¢ € L1(0, T; V*),

T
/0 (un; (£), p(1)) dt

< Clolizio,rveys

by using (11.9). Since u,,, = v in L*(0, T; V) means that

T T
/0 () (1. () df — /0 (w(t), $(0)) dt
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for all such ¢, it follows that
lvllzeco.,1;vy < C,

[i.c. the limit v satisfies (11.10)]. Since L2(0, T; V*) C LY(0, T; V*), it follows
that u,, — v in L2(0, T; V). By the uniqueness of weak limits, » = v and so
u satisfies (11.10).

To deduce (11.11), suppose that there exists a £y € [0, T'] such that ||u(s)|| >
C. Then, since [|u(¢)|| < C almost everywhere, we can find a sequence t; — £,
such that [lu(z;)|| < C for every j # 0. Since u(t;) is bounded in V, it
follows that some subsequence converges weakly to v with ||v]| < C. Since
u(t;) — u(tp) strongly in A, it follows that v = u(%), and so in fact we do
have |lu(t)|| < C,and (11.11) follows. ®

We now use the lemma to prove, rigorously, the existence of an absorbing
set in Hj (£2).

Proposition 11.3. The reacnon—dlﬁimon equation has an absorbmg set in H0 ;
there Is a constant pv and a nme t1 (|ugi) such that

lu@ll < pov forall 1= n(ul).

Proof. We perform the same estimates as above, but work with the truncated
Galerkin equations

dun/dt + Au, = Pnf(un), un(o) = P,ug

instead of the full PDE. We note that the calculations of Proposition 11.1 can
be followed identically to show that

[u, (£} < pn for all t > to(luol),

since |u, (0)| < |ugl. Also, we can obtain (11.7) with u replaced by u,,, and then
the equivalent of (11.8),

lun@ < X +D[kIQI+p]  forall £ ro(luol) + 1,
a bound uniform in n. If we take

pv = (L+D[kIQI+ 5] and  fluol) = tolluol) + 1,
then we can write, forany T > f1,

ey llLoogsy. 730y < Pv-
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Since u, — uin L2(0, T; VY and u € C°([0, T]; H), it follows using Lemma
11.2 that

lu@)ll < pv  forall = n(luol). i

It is easy to see that what we have done in the proof of this proposition is
to perform exactly the same calculations as in the formal case and then to take
limits. Because of this, most research papers and monographs tend to skip over
this detail with a remark such as “this is a formal calculation, which can be made
rigorous usmg a Galerkin truncation . . ..” Of course, this makes life easier for
researchers, but we will tread carefully in this chapter. When we move on to
the Navier-Stokes equations, however, we will adopt the simpler approach,
relying on formal estimates and leaving the fully rigorous version for Galerkin
enthusiasts.

11.1.3 The Global Attractor

Using the absorbing set in H{}, we can deduce the existence of a global attractor.

Theorem 11.4. The reaction~diffusion equation has a connected global attrac-
tor A. ‘

Proof. A bounded set in H, is compact in L?. The result follows from Theorem
10.5, since L2 is connected.

11.2 Regularity Results

We have shown that the global attractor is a bounded subset of both L? and H{.
However, in many situations we can do even better and show higher regularity
of solutions in the attractor. In this section we will show that the attractor is
bounded in L, and also in H 2. This will enable us to.prove (in Section 11.4)
the existence of a Lyapunov functional for the equation, indicating that we have
a gradient system. The results in the prcviaus chapter then apply to limit its
structure. o

11.2.1 A Bound in L>

We start with the L* bound. To prove the theorem we will use a truncated ver-
sion of the function u(x) — M for some appropriate constant M. For u(x) € L2
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we define

B u(x)’ u(_x) > Os
up(x) = {0’ otherwise,

and similarly

u_(x) = {u(x), u(x) <0,

0, otherwise.
Clearly, if u € L2(£2) then u,. and u_ are in L2(£2), with
e g] < [ul and [u—| < [ul.

Furthermore, if u € H'(Q) then so are u, and u_, as shown in the following

lemma.

Lemma 11.5. If u € HY(Q) then so are u . and u_, with

gl < llull e and  lu-llgr < llullp. (11.12)
In fact,
_ Du(x), u(x) >0,
Dus(x) = {0, otherwise (L.13)
and
_ [ Du(x), u(x) <0,
Du-(x) = {0, otherwise.
Proof We prove the lemma for u . ; the result for u_ follows immediately since
u_ = ~(~u),. Consider the function u, defined by
2, 2y1)2
u(x)*+e€ —€, ulx) =0,
ué(x)={(()() ) (x) :
, otherwise.

Now, u, € H'(Q), with

Wy = | Y Qe 40 > 0,
€ otherwise.

’

Clearly u, — u4 In L? and is uniformly bounded in H! by [lu| y. Since
u. is uniformly bounded in the Hilbert space H' it has a weakly convergent
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subsequence, converging to some v. Since u, — uy in L2, it follows that
v=u,,andsou, € H', bounded as in (11.12). Noting that

Du(x), u(x) >0,

0 otherwise pointwise

u,(x) — {

the equality (11.13) follows using Lebesgue’s dominated convergence theorem.
1}

It follows immediately that
(Au,uy) = a(u,uy) = (Du, Duy) = |Duy [,
and we use this below.

Theorem 11.6. The global attractor of the reaction—diffusion equation ( 1] 1)
is uniformly bounded i in L°°(Q) wn‘h

k 1/p
lelloo < (—) for all ueA
T e o =2
Proof. Recall that f is bounded [from (11.2)] according to
f(s)s <k —als|?.
It follows that
F&) <0 when s> M= (k/a)"?. (11.14)
If we multiply (11.1) by (u(x) — M),. and integrate over Q we obtain
1 4 2 ' 2
550 | W)= M)ypdx+ [ [V — M) dx= | fu)(u— M);dx
dt Jo Q Q
<0,

using (11.14). Using Poincaré’s inequality it follows that
d 2 2
— [ (u(x) ~ M), dx < —C [ (u(x) ~ M), dx,
dt Jo e

and so

/Q(u(x) - M)2+ dx < e‘C’/Q(uo(x) — M)2+ dx.
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Since the attractor is bounded in L? and for any v € A there exists a ug such -
that v = S(f)ug, we have

/(u~M)2+dx=0
Q

for all u € A. A similar argument can be applied to (u + M)_ (see Exercise
11.4), which shows that

lullpee < M for all ue A m

Note that this result does not tell us that there is an absorbing set in L, but
oxlly‘t_hat each solutlon on Ais umformly bounded. It is in fact possible to show

that there is an L°° Aabsorbing set, but the calculations are significantly more
involved than those here (see Notes).

11.2.2 A Bound in H(%})

We now use the L™ bound to deduce that the attractor is bounded in H2(82).
Agam "note that we do not obtain an H 2(0) absmbmg set (although this would
follow from the existence of an absorbing set in L™, we avoided the lengthy
proof of this above). Because of this, we will not prove the existence of a global
attractor for the _dyné._mical system

(Hg (), {S())r20).

which we could deﬁne form = 1 and m = 2, as we saw in Chapter 8. This
will not trouble us, since by treating weak solutions we include all the strong
solutions too.

The rigorous argument for the A 2 bound is based on the following formal
calculation. We use the equation

u=—du/dt + f(u). (11.15)

The idea is to show that the right-hand side is bounded in L? and then use
the theory of elliptic regularity to show that u must be bounded in H*. Since
u e"L°°, certainly f(u) € L2. We need to show that du/dt is also bounded in
L% on A. We will write u, = d u/dt to simplify the presentation.

" The formal calculations to obtain the bound on u, are as follows. First, we
estimate [ |u,|*. Multiply

u, +Au = f(uw) (11.16)
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by u, to obtain
2,14 2 . d
w17+ 5=l = fOu, = — [ Fux, 1)) dx, (11.17)
dt dt Jq

where F(s) is defined as before [near (8.28)], F(s) = fg f(o)do. Now inte-
grate from Q to ¢ to give

r
/ | dt + %llu(t‘)”2 = %lluoll2 + / Fu(x,t))ydx — /Qf(u(x,O)) dx.
0 Q

Since A is bounded in H; and in L™, this gives

r
/ lu|? dr + 3O < K, (11.18)
0

for some K.
Now we obtain the required bound on u, in L2. Differentiate (11.16) to give

d !
T + Au, = f(u)u,

and take the inner product with ¢u, (this deals with the lack of smoothness in
ip at ¢ = 0) to give

Py, Quy) = £2(u, Aug) + 2CF Wy, ur),
and so
limz = g + 2 < Plug)?
g Uy (1779 ul”
Integrating between 0 and ¢ again gives
I r
|fu, |2 +/ 2 lu | ds < / (s + 15 |u > ds,
0 0
and since (s + Is?) is bounded on [0, 1], we obtain, setting t = 1,
1
e, (1) < (1 +l)/ lus?ds < 1 +DK. (11.19)
0
Using (11.18) this gives an L2 bound on u, (1), uniform over all the attractor.
Since any u € A is given as S(1)v for some v € A, it follows that f(u) —

du /dt is uniformly bounded in L2 over all of A. Since Au is uniformly bounded
in L? it follows that u is uniformly bounded in H2.



11.2 Regularity Results 295

To make this rigorous we have to be careful in two ways. Just as before,
the calculations we have made assume a smoothness of 4 and u, that is not
guaranteed by our existence theorem, so we should really calculate with the
Galerkin approximations and take a careful limit. Second, Equation (11.15)
only has to hold for almost every ¢, so we will have to exercise some care there
too.

Theorem 11.7. The global attractor of the reaction-diffusion Equation (11.1)
is bounded in H*().

Proof. We know that the equality
Au = —du/dt + f(u) (11.20)

holds for a.e. ¢ along a trajectory. Since u € L, so is f(u), and so certainly
f) e L™, T; L.

The bounds we obtain for u, above can be obtained by using exactly the
same manipulations on the Galerkin truncations, although we write the final
conclusion (11.19) in a form to which we can apply Lemma 11.2:

ldun/dtl|lpo—e 1460 < C+DK.
Arguing as before, we take the limit to find that
[du/dt(1)] < 2+DK.

1t follows, using (11.20), that u(¢) € L= (0, T'; D(A)).

Since the trajectory is continuous into L2, we can use the argument of Lemma
11.2 to show that in fact we have a bound on [Au(¢)| that is uniform for all
0 <t < T, and so the attractor is uniformly bounded in H2. ®

11.2.3 Further Regularity
With more sophisticated arguments, similar to those needed to prove the exis-
tence of an absorbing set in L%, it is possible to show that the regularity of the
attractor increases as f becomes more regular. We will give only a statement
of the result. A proof is cutlined in Marion (1989).

Theorem 11.8. IfQQ is a bounded C*™ domain and f is a C* function, then the
global attractor is a bounded subset of H* () for every k = 0. In particular, if
u€ Athenu € C®(RQ).
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11.3 Injectivity on .4

We have seen that in general it is not possible to use the solutions of a PDE to
define § (t) forall ¢ € R. However, for some examples it is possible to prove an

_'mJectmty, or “backwards umqueness > property: if S(f)ug and S(£) vy are two
trajectories starting from ug andvgatf =0,

S(TYug = S(T)vo, forsome T > 0, = ug = vp.

One can view this as saying that if there is a solution that goes backwards in
time, from ug to u(—T), then there can only be one such solution.
We will prove this property for solutions lying on the attractor. We can then

use Theorem 10.6 to show that
(A (S())rer)

is a dynamical system.
The proofs in this section are essentially technical and can easﬂy be skipped

on first readmg We first prove a result under some abstract assumptions, which
we will then check for the reaction—diffusion equation, and later for the 2D
Navier-Stokes equations. The first step is a lemma that treats the quotient of
the norms in V and H. Note that we can identify H with H* by using the Riesz
representation theorem (Theorem 4.9).

Lemma 11.9. Let H and V be Hilbert spaces, where V* is the dual of V, with
V CC H >~ H* C V*. Suppose that

we L®0,T; VYNL*0, T; D(A))
satisfies

dw
' + Aw = h(t, w(r))

as an equality in L2(0, T, _f{), where A is a bounded linear operator from V

into V*, and
[R(e, w(EN] < k@O NwO (11.21)
with k(t) € L*(0, T). If we write

lw@)?
lw(e)[?

A@) =
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then we have
A@) < AQ)exp <2 /f k*(s) ds).
0

We will take w to be the difference of two solutions when we apply the
_lemma.

Proof. Differentiating A(¢) gives
dA (W w) el

ar T e w0
(W', Aw) A (W' w)
= - (W, w
[wl]? [wl]?
—(w', Aw — Aw)

| |2(h Aw, Aw — Aw).

Now, (Aw, w) = A(w, w), so

(dA [Aw—Awf 1]
2 dt = —_l—ﬂz_ W(AU) Aw,h)

Using the Cauchy-Schwarz and Young inequalities on the last term gives

14N lAw— Awlr kP

24 — 2 |w|2 2|w|2’

and the result follows using Gronwall’s inequality (Lemma 2.8). &

We use this to prove the following “backwards uniqueness” result.

Theorem 11.10. Let w(t) satisfy the assumpttons from the prewous lernina. If
w(T)_WOfor some T > 0, then w(r) = Ofor all V<t <T.
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Proof. Suppose not; then w(f) # 0 for some fq € [0, T). It follows from the
assumptions on w that dw/dt € L*(0, T; L?), and so (using Corollary 7.3)
we know that w € C°([0, T'l; H"). Therefore, by continuity, we must have
w(t) # 0 for some interval (¢, fp + €). We can denote by ¢ the largest time for
which

[w@®)| #0 on [to, 11).

Clearly, w(s;) = 0.
On the interval [zg, #;) we can consider the function ¢ ~ log|w(¢)|, and,
differentiating, we have

d 1
d—tlog—:~%

[w
(

d_tl()glwlz
w', w)
[wl?
h— Aw, w)
O wP
(h, w)
wP

< A +kAV?,

by using the bound on 4 in (11.21). An application of Young’s inequality pro-
duces
d

—1 1<2A+k2
og L
ar B lw]

Integrating this between fp and ¢ € [#, ;) yields

: 2
& |w(e)] <lo (0)| / QAE) +k(s)) ds

Since k € L%(0, T) and so is A (by the previous lemma), this gives a uniform
bound on 1/|w(¢)| over [to, T), a contradiction.

To apply this abstract theorem to the reaction-diffusion equation is relatively
straightforward.
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Theorem11.11. Thereaction-diffusion equation(11.1) hasthe injectivity prop-
ertyon the attractor: ifu(t) andv(t) are two trajectories on Awithu(T) = v(T)
Ffor some T > 0 then u@®) =v@) forall0 <t <T.

Proof. The equation for w = u — v is

dw
ar + Aw = f(u) ~ f(v).

That w € L*°(0, T; V) is clear since the attractor is bounded in V; similarly,
that w € L2(0, T; D(A)) follows since the attractor is also bounded in H2
(Theorem 11.7). Since A(t, w(t)) = f{u()) — f(v(£)), we can use the bound
on f in L to write

1f@) - F@)P = /Q f) — )2 dx

u(x) 2
= fl(sYds| dx
v(x)
5/ 112, () — v(@) P dx
Q
72 2
< I1£1% 1~ i3, (11.22)

where || f'|loo is the bound on f'(u) that is uniform over all u € A. This
inequality shows that

1B (e, wEN] = N ool (®)],
which gives (11.21). m®
Corollary 11.12. The restriction of the semigroup {S(¢)}:»0 to A gives rise fo
a dynamical system
(A, (SE))ier),

where the norm on A inherited from L?(82) is used.

11.4 A Lyapunov Functional
Recall that a Lyapunov functional for a set .4 is a functional ® : 4 > R that is

(i) continuous on A4,
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(i1) nonincreasing along trajectories [® (x(#)) is nonincreasing as a function
of t].

Furthermore,

(iii) if ®(u(t)) = P (up) for some ¢ > 0 then ug is a fixed point.
Proposition 11.13. The ﬁmctional
Ou) = / 1Vul* = Fu)dx,
Q

where F(s) = f; f(o)da, is a Lyapunov functional on A for the reaction—
diffusion equation (11.1).

Proof. We saw above (11.17) that
d
E¢(u) = ~u,l?,

so that @ is clearly nonincreasing along trajectories, and if ®(u(T)) = P (up)
we must have u(t) = ug forall 0 <t < T, and so up must be a fixed point, It
remains only to check the continuity of ®(u) on .A. Now, the first part of the
integral is just ||« ||?, and from the definition of A we have

lull® = ((u, w)) = (Au, u) < |Aullul < [ulllull g

It follows that [lu||? is Lipschitz from L?(Q) into R. For the second term, we
u(x)
f(s)dsdx

can write [cf. (11.22)]
dx = /
QiJu(x)

.s/Q||f||oo|u<x)—v<x)|dx

= M lloolu = vlrz,

l / Fu) — F(v)
Q

so that the second term is also Lipschitz into R. &
We now know from Theorem 10.13 that the attractor is given by
A= W"(&), (11.23)
where £ is the set of fixed points, which are the solutions of the equation

—Au = f(u(x)).
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If £ is discrete then we can further simply (I 1.23) and deduce that the attractor
in this case consists of the unstable manifolds of the fixed points,

A=Jw@).

e€

We will now. investigate a particular example in which we can show that the
equ1hbr1um points are indeed discrete and say something more about the struc-
“ture of the attractor.

11.5 The Chaffee-Infante Equation

This is a much-studied example on a one-dimensional domain [0, ], with the

simple nonlinear term u — u>:

Uy = Uyx = A —u?), _u_ﬁQ) = u(x) =0. (11.24)

We have also included a parameter A that enables us to adjust the relative balance
of the diffusion term and the nonlmear term. For small A we would expect the
diffusion to dominate and the behav1our to be very simple. Indeed, we can write

d
%—|u|2+||u||2=x/ luf? — [u]* dx,
dt Q
and so
=1l + lul® < Aul.

1t follows from the Fourier sine expansion of u that ||#| > || (the constant in
Poincaré’s inequality is 1), and so this becomes

d
;EW < (1= N)uf (11.25)

Clearly, if A_< [ then u(t) — 0 ast — oo and there is just one stable
ﬁxed point, u = 0 For A larger we would expect the behaviour, and hence the
attractor to become more complicated.

11.5.1 Stationary Points

We want to investigate the stationary points of the equation, solutions of

—uye = A(u — u3), u(0) =u(r)=0. (11.26)



302 11 The Global Attractor for Reaction-Diffusion Equations

Taking v = u, we can write a coupled pair of differential equations in place of
(11.26):
Uy =V,

(11.27)
vy = —A(u — u?).

We can now apply phase plane ideas, treating x as the time variable. It follows
from (11.27) that, on any trajectory,

Husl® + 2 (3u* — Lu*) = constant.
We write this as
lus [ + A (u® = u*) = AE, (11.28)

where E is a constant.

The phase portrait for (11.27) is given in Figure 11.1. To satisfy the boundary
conditions in (11.26) we need a trajectory that starts on the v axis at x = 0 and
moves back onto the v axis when x = 7. Clearly, the only possible trajectories
in the phase diagram are those that are on closed orbits about the origin. These
correspond to values of 0 < £ < %; we will investigate therefore the time it
takes to traverse half of such an orbit, as indicated by the heavy black portion
in the figure.

For a given value of E, the “velocity” in the u coordinate is u,, and this is
given using (11.28) as

Uy = «/X(E —u? 4 %u“)]/z.

Now, a trajectory with this fixed value of E starts at 4 = 0, v = 4/AE and
moves around clockwise until it strikes the i axis at a value u = ug, where

ug —

VD S
AN e

Figure 11.1. The phase portrait for Equation (11.27).

4
uy = E.

N
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The “time” ¢ (£) it has taken to reach this point is then given by

4o -1/2

t(E) = (E—u”+ $u*)"" du.

f

The properties of the fixed points of Equation (11.24) follow from the following
properties of the integral ¢ (E):

() AsE —> zl,t(E) - 00.
(i) As E | 0F, t(E) = m/~/A.
(iii) ¢ (E) is strictly increasing as a function of E.

In particular, it follows that

T {(E) < 0.

Ny

To obtain a solution of (11.26) from a trajectory of (11.27), we need to be on
a trajectory where nt (E) = z for some integer n; we circle around n/2 times,
ending up back on the v axis. To find the number of fixed points we therefore
have to find the number of values of E for which nt(£F) = =.

First, if A < [ then JLX > 7, and so the only trajectory that fulfils our criteria
is the origin. This corresponds to the steady state u = 0, and we label this state
.

Now, if | < A < 22, the values of E are bounded below by 7/2 but do
include the value 7. Therefore there are two new fixed points, corresponding
to orbits that perform a half loop, and we call these ¢i.

For 2% < A < 3% we now have orbits that loop around 3/2 times, since one
of the orbits has ¢ (£) = m/3; these are ¢;" . We now have five fixed points.

This argument now provides us with a full set of fixed points.

Proposition 11.14. If n? <x<@m+1)? then there are 2n + 1 fixed points, ¢o,
and n pairs, q’), - ¢,, - The function qﬁ has j zeros | in (0 7).

Theorem 10.13 therefore applies, and we know that the attractor is given as
the union of the unstable manifolds of these fixed points. To obtain some more
information, we would have to investigate the stability of these fixed points.
Rather than do this in detail, we will investigate only the lmeansatlon near the
ZCID state. This at least glves some indication of the stability of the fixed points
that bifurcate from u = 0 as A crosses through square integer values.



304 11 The Global Attractor for Reaction-Diffusion Equations

11.5.2 Bifurcations around the Zero State

We end with a very heuristic investigation of the stability of the fixed point at
zero, assuming that approaches valid in the finite-dimensional setting remain
so here. We give references in the notes for rigorous treatments.

To study the stability of a stationary point of the equation

du/dt = Gu),

where G(u) is in general some unbounded nonlinear operator, we consider the

problem
d( *+ev) = Gt +ev)
Z(u = ,
dt .

where €v is a small perturbation away from the fixed point 1 *, and so we study

the linearised equation

d
Ev = DGu*)v.

We investigate this by looking for a solution v(f) = we?’, which gives an
eigenvalue problem for w,
DGu™yw = ow.
1f all eigenvalues have Re(o) > O then the fixed point is stable; otherwise it is
unstable.
For our example, we are interested in the solutions of

Wyy — A1 = 3uP)w = ow.

(The validity of this linearisation will be considered in Chapter 13.)If we choose
the fixed point u = 0 this becomes the simple equation

Wyy ~ AW = OCW.
Since we already know that the eigenfunctions of the problem
bxx = pop,  $0)=¢(r) =0
are simply ¢, = sinnx with p, = n?, the eigenvalues about the origin are

an=A~n2.
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When A < 1 the origin is stable [as we saw in (11.25)]. Each time A* passes
through an integer value, another unstable direction appears. We therefore have
successive saddle node bifurcations from the origin that produce all our pairs
of fixed points.

In fact, one can show that, once they have appeared, the first bifurcating pair
@ 1s stable, but that all the other fixed points are unstable. This enables us to
give an indication of the structure of the attractor.

For A < 1 we have a single fixed point. If 1 < A < 4 we have three
fixed points, configured along a line as in Figure 11.2(a). If 4 < 1 < 9, two
more fixed points have appeared, and the attractor is like the deformed disc
in Figure 11.2(b). For 9 < A < 16 we have yet another two points, and
the attractor is now a 3D object, something like Figure 11.2(c). This whole

.
1 ¢T
s < > ®2
1 ¢
@ ®)
o)
&
¢z 5
#3
¢
©

Figure 11.2. Sketches of the atwractor for the Chaffee~Infante equation when
@l<i<4,(dd<i<9%and(©)9 <A <16
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picture can be made rigorous with the appropriate arguments; see Henry

(1984).
Note that this discussion indicates that the attractor consists of unions of
n-dimensional manifolds when n%2 < A < (r + 1)?, and so we would expect

d(A) ~ A1 (11.29)

where d is some measure of the dimension of A.

In this example an unusually detailed knowledge of the structure of the
attractor is possible. Usually, one is not able to obtain such information, and
we have to rely on other methods to 1nvest1gate the asymptotic dynamics. In
the next chapter we treat the Navier—S tokes equations and then go on to discuss
various methods that are applicable to general attractors, whether or not they
possess a Lyapunov functional.

Exercises

11.1 If we had chosen to perform the analysis of Chapter 8 using periodic
boundary conditions, we could have obtained the same results. However,
we would not have had the Poincaré inequality, since the equation forces
us to work in L2(Q) rather than L2(Q). So we need a different approach
to enable us to prove Proposition 11.1. By using

2/p
/|u|2dx5 </ |u|de) Q=P (11.30)
Q Q

[which follows from Holder’s inequality with exponents p/2 and
p/(p — 2)] deduce that

d 20{2 2
I+ = < | —— +k |2
g+ =l <P~2 + )| !
and so obtain the results of Proposition 11.1 in this case.
11.2  Generalise the method used to get (11.8) to obtain the “uniform Gronwall
lemma.” Prove that if x, a, and b are positive functions such that
dx/dt <ax+b

with

r+r t+r r+r
/ x(s)ds < X, / a(s)ds < A, and / b(s)ds < B
1 r r
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for some r > Q and all ¢ > 1y, then

x(t) < <—i£ + B)eA

for all ¢ > ¢y + r. [Hint: Use the integrating factor

exp<~ /r a(r)dr)

withg <t <s <t+rl}
An alternative approach to finding an absorbing set in HO1 (2) would be
to obtain estimates on u to show that Corollary 7.3 can in fact be applied.
Assume that m < 3, and remember that f£(0) = 0. Then take the inner
product of

du,

"F + Au, = Pnf(un)

with t2Au,,, and show that [cf. analysis leading to (8.26)]
1 4 2 2, .2 2 120, 112
gallf”nll — 2tlluy |I* + 7| Aun|” < Le"lun|”.

Deduce that u,, is uniformly bounded in L%(¢, T; D(A)) forall 0 <t <
T. Now follow the analysis of Section 11.1.2, multiplying by #2(1,),
rather than (u,,),, to show that (), is uniformly bounded in L2(¢, T'; L?)
for all 0 < ¢t < T. It then follows that u(z) is in L2(¢, T; D(A)) and
that, for m < 3, u,(¢) is in L*(¢, T; L?). Corollary 7.3 can be applied to
deduce (11.7) on (0, T") and render the calculations there rigorous.
Repeat the argument of Theorem 11.6, instead multiplying through by
(u(x) + M), to deduce that

/(u+M)2_dx=o for all ucA.
Q

Notes

The analysis leading to the existence of a global attractor given here is due essentially
to Marion (1987); it also appears in Temam (1988), although the rigorous presentation
in Section 11.1.2 is inspired by the existence proofs in Evans (1998). See also Babin &
Vishik (1992).

The L* bound in the form here can be found in Temam (1988), and the argument
for the properties of 14 and u_ is similar to that in Gilbarg & Trudinger (1983). Marion
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(1987) contains the more involved arguments that yield an L> absorbing set, and hence
an absorbing set in H2. The arguments that give higher regularity (as in Theorem 11.8)
are outlined in Marion (1989).

The backwards uniqueness result is taken from Temam (1988); his proof in the
reaction—diffusion case is much slmphﬁed here since we restricted ourselves to so-
lutions on the attractor rather than considering all solutions. Indeed, without further
assumptions on the nonlinear term f (s) a oeneral result on backwards umqueness is
unknown.

Theanalysis of the Lyapunov functional given here is based on Babin & Vishik (1983;
see also 1992). The investigation of the structure of the attractor is based largely on the
presentation in Hale (1988) and Henry (1984); the results are originally due to Chaffee
& Infante (1974).

Hale (1988) treats the semigroup on Hy (2) using other methods, based largely on
the Lyapunov functional and his more powerful theorems for the existence of attractors
discussed briefly in the Notes at the end of Chapter 10. However, this treatment depends
on restricting the function f more than we need to here.



The Global Attractor for the Navier—Stokes Equations

In this chapter we will investigate the existence of global attractors for the
Navier-Stokes equations. We will first consider the 2D equations, for which
standard formal estimates (which can be made rigorous using a Galerkin method
and taking limits) prove the existence of absorbing sets in L2, H!, and H?. We
therefore can show the existence of an attractor for both the dynamical system
on H C L?,

H={uel?(Q):V-u=0},
and that on V ¢ H!,
V={ueH(Q):V u=0}.

Recall that we use |u], [|u||, and [« ||« to denote the norm of u in H, V, and V*
(the dual of V) respectively.

We then go on to consider the 3D equations. Although we could not even
show that they generated a semidynamical system in Chapter 9, here we take
this as an assumption and prove that this implies the existence of a global
attractor.

The global attractors we obtain in this chapter do not possess a Lyapunov
functional, so we will be unable to determine their structure in the detailed way
we did for reaction—diffusion equations in the previous chapter.

12.1 2D Navier-Stokes Equations

We first show the existence of absorbing sets in increasingly regular spaces.
Only the first calculation is not “formal.” The others need justifying via the
Galerkin method, which we leave to the (over)enthusiastic reader.

309
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12.1.1 An Absorbing Set in 1.2

We consider throughout this section the dynamical system on H defined by
virtue of Theorems 9.3 and 9.4 (see end of Section 9.5). We will see that even
if uy € H, eventually u(z) is smoother (we will show that u(t) € V fort > 1,
and u(t) € D(A) fort = 1)).

Proposition 12.1, If f € V* then there is an absorbing set in H: there exists
a time ty(|uol), a py, and an Iy such that

t+1
lu@) <py  and / lu(s)*ds < Iy (12.1)
t
for allt > 1o(lup)).

The integral bound on [|u(¢)(|* will be useful in obtaining an asymptotic
bound on ||u(¢)| in the next section.

Proof. As in our analysis of the Galerkin truncations of the equation in Chap-
ter 9, we take the inner product of the equation

du/dt +vAu + B(u,u) = f
with u and obtain
%d [ul? +vllull® + b, u, u) = (f, u).
Since b(u, u, u) = 0(9.22), we have
%Elulz ol < 1 f i,
which after application of Young’s inequality yields
d 2
—lul* +v)u|* < bty (12.2)
dt v

(Recall that we use || f || for thenorm of f in V*.} Using the Poincaré inequality
(9.2) we have jJul? = A, |u|?, and so

d z
4ot < W1
dt v

By Gronwall’s lemma (Lemma 2.8) we immediately deduce that

2
”f" ( 1 — ™M, (12.3)

[u(®)* < |uol* exp(—vA;1) + 7
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and so there is a time £ (|ug|), which we can take as

1 I fI%
I/ = ——1 =
o(luol) max< Ui n<v2A1|u0| 0

such that for all £ > ¢

2
P <2128 = 2. (12.4)

The bound on the integral of ||u(s)||* follows by integrating (12.2) between ¢
and ¢ + 1 to obtain

r+1 2
v/ lu@iFds = 2 4 uop

and then using (12.4). ®

Note that the results of this proposition also hold when m = 3, since we
have only used the orthogonality property of b (9.22), rather than any of the
bounds (9.25-9.27). However, for m = 3 we have to obtain these estimates
via the Galerkin process: we cannot apply Theorem 7.2, since we only have
dujdt € LY3(0, T; V*).

12.1.2 An Absorbing Set in H*

We now improve on Proposition 12.1, making use of the integral bound on
[lu(s)||?> to obtain an absorbing set in V. We require more regularity of the
forcing term, but no more regularity of ug. The estimates in the rest of this
chapter are formal and strictly require justification via the Galerkin method.

Proposition 12.2. If f € H then there is an absorbing set in V: there exists a
time ty(|ugl), a py, and an 14 such that

1+1
@l <pv  and / Au@)fids <1, (12.5)
I

forallt > t1([ug)-

The integral bound on |Au(s)| will help us obtain an absorbing set in D(A)
in the next section.
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Proof. We take the inner product of the equation with Au and obtain, since
b(u,u, Au) = 0(9.23),

d 2
—(ul? + v|Aul? gﬂ. (12.6)
dt v
Neglecting the second term* gives
d Lf?
—lul* = =—.
dt v
Integrating both sides between s and ¢, witht — 1 <s < ¢, gives

2
lu@I? < lu@)I? + %

Now integrate again, betweens = ¢ — land s = ¢,

2 2 |f|2
lu@®l” < IIM(S)II ds + —
r—
Provided thatr > #;(Jug|) = to(Jug|) + 1 we can use the integral bound in (12.1)
to deduce that

LfI?
lu@I* < pf = 1v+f—

an absorbing setin V. :
Now if we integrate (12.6) between ¢ and ¢ 4 1 we obtain

1+1 2
v/ o < Ly o,

which gives (12.5) with vl = |f[*/v +p3. B

This result shows that there is an attractor for the dynamical system on
H = L? provided that f € H. Also, we have shown that any solution on the

* Since we have |Au|? > Ay |lrl[2, we could write
d ISP
—=ll® + vArllul? < ~—.
dt v

It is tempting to do this and use Gronwall’s inequality (Lerma 2.8) to derive the inequality

1 < Tuollexp(—vAir) + 121 ’ vy

[cf. (12.3)]. However, this gives an estimate of [lu(¢)|| that is based on the norm in V' of ug.
Since we are only assuming that 1o € H, this is no help, and we are forced to adopt the uniform
Gronwall “trick” we used in the previous chapter.
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attractor is in L%(0, T'; V)N L2(0, T'; D(A)) and so must be a strong solution
(cf. Theorem 9.5).

Theorem 12.3. If f € H then the dynamical system on H generated by the 2D
Navier—Stokes equations has a global attractor Ay, and the solutions on Ay
are strong solutions of the original equation.

Note that in Chapter 9 we showed that the 2D equations generated a semi-
group not only on H but also on V. The question whether there is a global
attractor in V arises naturally. We have just shown that there is a bounded (but
not compact) absorbing set in V, and so we could define a set by (cf. (10.6))

Ay = s@s, (12.7)

T>0r2T

where B is the absorbing ball in V from Proposition 12.2, but the closure is
taken in H. This yields a set Ay that is bounded (but not compact) in V and
attracts all orbits in the norm of H. (That this set is bounded in V follows from
the result of Exercise 12.3.) However, a global attractor “in V” has to attract in
the norm of V. To obtain a proper global attractor for the semigroup on V we
have to find a compact absorbing set in V. We do this by showing that there is
an absorbing set in H2.

12.1.3 An Absorbing Set in H?

With a little more work we can show that there is also an absorbing set in
D(A) by finding an asymptotic bound on |Au| and hence, using the regularity
result (9.11) for the Stokes operator, an asymptotic bound on ||u|lgz. For the
dynamical system on A this amounts to a regularity result for the attractor. For
the dynamical system on V it shows the existence of a compact absorbing set
and therefore an attractor in V.

Proposition 12.4. If f € H is independent of t then there is an absorbing set
in D(A): there exists a time ty(|ug|) and a p4 such that

[Au()l < pa  forall  t = tr(luol)- (12.8)

In particular, Ay is bounded in ]HIE,(Q).

Note that if f is independent of time (which we need to prove the existence
of a global attractor) then f € H suffices to obtain an absorbing set in H?
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as in this proposition. If f is allowed to depend on ¢ then we need f to be
more regular to obtain asymptotic bounds on |Au(z)|. This case is treated in
Exercises 12.1 and 12.2.

Proof. The idea is to use estimates on the size of the time derivative i, to help
with estimates on the derivatives of u. Indeed, the first step of the proof is to
show that the norm of u, is related to the norm of Au.

Observe first that the bound (9.27) implies that if u € D(A) then B(u, u) €
H, with

[B(ut, w)| < ko2 ul| Al (12.9)
It then follows from the governing equation

du/dt +vAu + B(u,u) = f
that

lotr| < 1Aul + Kl lull|Aul"? + | £1.
An application of Young’s inequality gives
lurl < 31Aul + 3£ lulllull” + | £1,

and so, using (12.1) and (12.5), we obtain

lus| < clAul + comp3 +1f]

once ¢ is large enough. [t follows that for such large ¢ we can translate the
bound from Proposition 12.2 for

1+1
/ |Aw(s)®ds
r

into a bound on
r+1
/ lui*ds < Co = C[I4 + ph oy + 1 f17]. (12.10)
r

We now differentiate the equation with respect to ¢ and take the inner product
with u, to obtain

2 2
lotr|* + vllwl® < 16, v, up)l

S~

1
2

<kFIuIIIurIIIurII

v
E””r” +—[|uII Jus 2.
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It follows that for ¢ large enough

d
_|”1|2 =

Koy lus|?
U™
d[ _ t

Using the “uniform Gronwall” trick, we integrate the equation between s and
t+1witht <5 <t +1toget

k2p2 t+1
et + DI < iy + =+ / [l (9)[* ds,
and then again between ¢ and ¢ + 1 so that
) k2p2 1+1
lur(t + DI < <1+—vl)/ lui()Pds < C(L+k2py/v), (12.1D)
t

using the bound from (12.10).
It now follows that

[Au| < |u| + 1B, w)| +1f1,
which we can rearrange using (12.9) to give
|Aul < 2Ju| +K20u 0% +21£1,
and so we have that |Au(r + 1)| is bounded, using (12.11). @

Since |ug| < Af1/2||u0||, it follows that if ug € V then there exists a time
- ~1/2
Folllugll) = 11 (7" lluoll) such that

lu(®)ll < ov and [Au(®)| < pa for all t = (|lull),

so there is a compact absorbing set in V. Therefore the dynamical system on
V has a global attractor.

Theorem 12.5. If f € H then the dynamical system on V generated by the 2D
Navier—Stokes equations has a global attractor Ay.

12.1.4 Comparison of the Attractorsin Hand V
and Further Regularity Results
If f € H then Theorem 12.3 and Theorem 12.5 both ensure the existence of a
global attractor. It is a natural question whether these attractors coincide. They
do, and this is ensured by the regularity in Proposition 12,4,
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Lemma 12.6. If f € H then Ay = Ay.

Proof. The asymptotic bound on |Au| shows that A is bounded in D(A) and
therefore compact in V. It is thus a compact invariant setin V. Since the global
attractor is the maximal compact invariant set, we must have Ay C Ay.

Since the compact absorbing set in A contains the compact absorbing set
in V and the norm in H is weaker than the norm in V, expression (10.10) for
w(B) shows that Ay D Ay. Thus the two attractors are equal. R

It is worth emphasising that it is the regularity result that Ay is bounded in
D(A) that is important in the first part of the proof. Further regularity properties
of the attractor can be proved. In fact, the attractor consists of smooth functions
on Q = [0, L]?. The argument follows the pattern of Proposition 12.4, but the
calculations are more involved, and we will not give the proof here. It can be
found in Guillopé (1982) or Temam (1988).

Theorem 12.7. If f € ¢ °°(Q) then the global attractor is bounded in ]HI’”(Q)
for everym > 0. In particular, ifu € Athenu € C°°(Q)

12.1.5 Injectivity on the Attractor
It is now simple to apply Theorem 11.10 to prove the injectivity property on
the attractor.

Theorem 12.8. If f € H then the 2D Navier-Stokes equations have the injec-
tivity property on the attractor Ay.

Proof. We have to check the assumptions of Lemma 11.9; if w = u — v, with u
and v two solutions on A4, then we need w € L*(0, T; V)N L2(0, T; D(A)),

and if the equation for dw/dt is
dw/dt + Aw = h(t, w())
we need
(h(e, w(e))| < k@ w O, (12.12)
with k(t) € L2(0, T).

If f € H then Proposition 12.2 shows that the attractor is bounded in V
and that solutions lie in L2(0, T; D(A)). We can then use the inequalities for
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b(u, v, w) in (9.25) and (9.27) to show that

[h(t, w(e))| = |B(u, u) — B(v, v)|
< |B(u, w)| + |B(w, v)]|
< k[lulloliwll + (w2 w] (o] /?|Av|/?].

Using the result of Exercise 12.4,

ulloo < ClAu|Y?u|'?  forall  u & D(A),

we find that this becomes

la(e, w()| < Cllul*|Aul ]l + [w] ' w2 (o] 2] Av| 2]
< C(|Au| + |Av]lw]l.

Since u, v € L0, T; D(A)), h(z, w(?)) satisfies (12.12), and Theorem 11.10
then implies injectivity. @

Corollary 12.9. The solutions of the 2D Navier—Stokes equations generate a
dynamical system ’

(A, (S()}rer)

when restricted to the global attractor.

Note since Ay = Ay, Sy () = Sy (r) on the attractor, and we do not need
to distinguish between these two cases in the above corollary.

12.2 The 3D Navier—Stokes Equations

In Chapter 9 we could not show that the 3D Navier—Stokes equations generated
unique weak solutions, nor could we show that the strong solutions, which are
unique, exist for all time. Trying to investigate the existence of attractors without
the guarantee of a sensible semigroup seems futile. However, in this section
we will show that if we are prepared to assume that the equations generate a
semigroup on V (i.e. if we assume the existence of strong solutions), then the
equations must have a global attractor.

The main result proves the existence of an absorbing set in V. A much more
straightforward argument (whose proof, along the lines of Proposition 12.4, we
relegate to an exercise) can then be used to show that there is also an absorbing
setin D(A) and hence a global attractor.
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What we are doing here is making a physically reasonable assumption in a
mathematically precise way and then deducing an entirely mathematical con-
sequence. It allows us to consider the asymptotic regimes of the “true” Navier—
Stokes equations, and thus fully developed turbulence, within a mathematical
framework.

The analysis is very much geared to the particular form of the equation, and
(as a reading of the proof will make clear) it does not fall into the *standard”
framework in which we bound u in H and then bound u in V by what are
(essentially) straightforward estimates on the terms in the equation.

Another way to view this theorem, which does not require us to make any
“unjustified” assumptions, is as a description of the way in which the 3D Navier—
Stokes equations must break down if they are not well-posed. The theorem
shows that existence and uniqueness fail only if there is some solution u(f)
such that |u(z)| becomes infinite in some finite time.

12.2.1 An Absorbing Setin V

Theorem 12.10. Suppose that the 3D Navier—Stokes equations are well-posed
on'V, so that forany f € Handug € V,

dufdt + Au+ B(u,u) = f
has a strong solution u(t), i.e. a solution u with
ue L0, T; VYN L0, T: D(A))

forall T > 0. Then there exists an absorbing set in V.
Note that the strong solution is unique by Theorem 9.6.

Proof. The theorem comes in two parts. First we show that there is a uniform
bound on |lu(T)|| for all |ug|| < M, foreach T > 0,

sup sup ()| < Kr < o0 for all T > 0. (12.13)
1€[0,T] (ol <M
This does not preclude the possibility of blowup in infinite time, which would
be Kt — oo as T — oc. In the second part of the theorem we show that this
possibility can be excluded by using almost the same argument that guarantees
(12.13).
So, suppose that (12.13) does not hold. Then there must be sequences {1, }
and {t,} with ug, € V, |lug,ll < M, andt, € [0, T], such that

1S uonll — o0 (12.14)
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as n — oo. We take a subsequence such that t, — ¢* € [0, T'], and, using
the Alaoglu compactness theorem (Corollary 4.19), we take another such that
ug, — vg in V. Note that we therefore have [|vg|| < M, and since V is com-
pactly embedded in H, we can use Theorem 4.15 to take another subsequence
and relabel such that

u, — Vg in H. (12.15)

As in our proof of the existence of weak solutions, we can show that the
solutions u, (¢) of

du,,/dt +vAu, + B(u,, uy) = f

with #(0) = ug, are uniformly bounded in L*(0, T; H) N L2(0, T; V); taking
the [imit as # — 0, we obtain a weak solution v of

dv/dt +vAv + B(v,v) = f

with v(0) = vo. However, by assumption, this equation possesses a strong
solution y(¢). Since this solution is unique in the class of weal solutions, we

must have v(t) = y(¢), and hence
v e L%, T; V)N L0, T; D(A)).

We now use these regularity properties of v to obtain improved convergence of
u, to v; we will show that u,, — v strongly in L2(0, T; V).
Consider the equation for the evolution of the difference w,, = v —u,,. Then

w,, satisfies

d
Ewn +UAU),1 +B(wm wu) +B(”7 wu) +B(wlu U) = 07 w,,(O) = Uon — Vo.

Taking the inner product with w, yields [via (9.22) and (9.26)]

d
%lenlz + U”wu”2 = Ib(w,,. v, wll)l

2 2
< klwy " lw, P2 lvll

3y 2
l

K 20 14
< —||w + _.lw v|%,
=3 ” n 403 nl " "

where we have used Young’s inequality with (p, ¢) = (4, 4/3) in the last fine.

Therefore
4

d 2 U 2 k 4 2
w2 < X ol w, 2. 12.16
0 [w;| ) (1w, I < 23 lvl* | ( )
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Forgetting the second term and integrating we obtain

k4 1
[w, ()I* < CXP{2—3/ ||U(S)||4ds}|wn(0)|2-
V7 Jo
Since v € L*(0, T; V) and w,, (0) — 0in H (by (12.15)), this gives
w, = 0 in L™, T; H). (12.17)

Returning to (12.16) and integrating between 0 and T gives

v [T 2 kT 4 2 2
v / lun@) P ds < o [ 106 I1*lwn ()P ds + [, ().
2 0 PATE 0

Since v € L*(0, T'; V), and we have just shown (12.17), using (12.15) we now
have that w, — 0in L2(0, T’; V) as promised. So

upg = v in  L%0,T; V).

Since L? convergence on an interval implies that there exists a subsequence
converging almost everywhere (Corollary 1.12), we have

u,(s) = v(s) inV ae sel0,T] (12.18)

Take one of these times s; such that the convergence in (12.18) holds; then for
n large enough we certainly have

lus (sl < Mo =1 + vz, 13 v)-
We now show that there is some small time t such that
[lets (51 4+ )| < 2(1 + M) for all O0<t<r. (12.19)

This will give us the result,
Consider the equation for the evolution of [[uz(¢)]l,

d
Enuu? + v|Aul® = ~b(u, u, Au) + (f, Au)
< kllulP?1Aul? + | £ Aul,
which after an application of Young’s inequality on both terms yields

d 211
Sl + viAuP < '—f'— Tcllul® < a+ bllul®, (12.20)
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for some constants a, b, ¢ > 0. One can readily deduce from this equation that
there exists a time 1 (JJugll) such that

lul <20 + lluell)  forall  0<r<r.

Choosing t = t(My) implies (12.19).
Now cover theinterval [0, T'] with subintervals of length t, [s;, s;+1], where
each s; is one of the points where the convergence in (12.18) holds. Then

lun (O < 2(1 + Mo) for all tel0,T],

which contradicts (12.14). So we have shown (12.13), that K7 is finite for each
T >0.

We now have to exclude the possibility that Kr — oo as T — oo. To do
this, we will recast the statement that K+ — oo in a form identical to (12.14).
Recall first that, using Proposition 12.1, we have the integral bound

1+1
/ luHI* <Iy  forall ¢ > to(lugl)-
t

Now consider the set of all those s in [¢, ¢ + 1] for which [l()|® > 21y, and
[et o be the measure of this set. Then

1+1
2o s/ lu()Ids < Iy,
I

sothato < 1. Thusin any interval [z, t + 1], the measure of points such that
lu@)I* <21y (12.21)

is greater than or equal to % In particular, in every interval [z, 1 4 1] there exists
at [east one point s such that (12.21) holds.
Set ¢ = +/21y. We will show that

sup sup [u(®)| < oo.
120 [luoll<e

Indeed, if not, there is a sequence ¢, — oo and points ug, With [ug, || < @, such
that

1S Ctw)yuonll — oo (12.22)

Now consider the interval [z, — 1,¢,]. We know that within this interval there
must exist an s, such that

llun ()l < @,



322 12 The Global Attractor for the Navier—Stokes Equations

by (12.21). So consider the time-shifted solution v, (t) = u, (¢t —s,). Here v, is
a solution of the 3D equation, with v, (0) = vy, where [[vg,|| < ¢, and (12.22)
says that there exist a, =, — 5, < 1 such that

" Uy (an)” —> 00.

But this is exactly (12.14), which we have already shown cannot occur.
In summary, we know that there is a time s, with g ([[ugll) < s < to(Jluoll)+1,
such that

u@s)l < e-
‘We have shown that from this point on there must be some Ry such that
lu@®ll < Ry.
So certainly, if we set £; ([|ugll) = to(lluoll) + 1, then we have
lu@ll =Ry forall = t(uolD),

that is, an absorbing set in V.

12.2.2 An Absorbing Set in D(A) and a Global Attractor

As discussed above, just after Theorem 12.3, an absorbing set in V allows one
to prove the existence of an attractor that attracts the solutions in V “weakly”
(i.e. in the norra of H). To show the existence of a global attractor that attracts
in the norm of V, we need to show the existence of an absorbing set in D(A).
This can be done with an analysis that closely parallels that of Proposition 12.4,
and we leave this as an exercise (Exercise 12.5).

Proposition 12.11. If the assumptions of Theorem 12.10 hold then there is an
absorbing set in D(A).

We have therefore shown the existence of a global attractor for the 3D equa-
tions.

Theorem 12.12. If the 3D Navier-Stokes equations generate unique strong
solutions {as in the statement of Theorem 12.10) then there exists a global
attractorin V.,
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12.3 Conclusion

We have shown the existence of a global attractor in both H and V for the 2D
equations and, under the assumption of regularity, for the 3D equationsin V. In
the next chapter we will show that in fact these attractors are finite-dimensional

subsets of the underlying infinite-dimensional phase space.

Exercises

12.1 Show that in two dimensions
2

bu,u, A%w) = b(Au, u, Au) +22b(Dju, Dju, Au),
=1

integrating by parts and using the fact that V - u = 0. Deduce that
9k2
1bGs,u, A7) < 1A 2ul? + — ul*|Aul®. (12.23)

12.2  Forthe time-dependent 2D equations, supposethat f (¢) € L,20C 0, o0; V),
such that

t+1
/ IF)IPds < M (12.24)

for all + > 0. By taking the inner product of
dufdt + vAu + B(u, u) = f(1)
with A%y, show that
d 217172 €
—|Aul® 4+ v|A2u)? < 20717 + = llul?lAul®
dt v v

Now use the “uniform Gronwall lemma” trick, as in the proof of Propo-
sition 12.2, to show that there is an absorbing set in D(A).
12.3 Use the argument of Lemma 11.2 to show that the set defined in (12.7)

is bounded in V.
12.4 Use the Fourier expansion of u € D(A) to prove the 2D version of

Agmon’s inequality,

lulloo < Clul'|Aul'/2.

(Hint: [[ulloo < >4z luxl; split the suminto two parts, oneover || < «
and one over |k| > «, and then choose « appropriately.)
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12.5 Show the existence of an absorbing set in H? for the 3D equations un-
der the assumptions of Theorem 12.10. The first step is to obtain an

asymptotic bound on

fo+1
/ [Au(s) | ds,

fo
which you should do using Equation (12.20). Then follow the analysis
of Proposition 12.4, using the inequality

|B(u, )| < kllul?Aul'2, (12.25)

which follows from (9.27) whenm = 3.

Notes

Although the existence of an absorbing set in V' for the 2D equations was first shown (in
different terminology) by Foias & Prodi (1967), the proof of the existence of a global
attractor for the 2D Navier-Stokes equations was first published by Ladyzhenskaya in
1972 (this paper is in Russian - for an English version see Ladyzhenskaya, 1975), and
Iater, along with many other important results, by Foias & Temam (1979).

The proofs given here of absorbing sets in & and V are from Temam (1985), that of
the existence of an absorbing set in D(A) for f independent of time is adapted from
Heywood & Rannacher (1982). The case of time-dependent £, treated in Exercises 12.1
and [2.2, is taken from Foias et al. (1983) [the result also follows fiom the analysis in

Guillopé (1982)].
The regularity result of Theorem 12.7 is due to Guillopé (1982) and is reproduced in

Temam (1988).

Theorem 12.10 was proved first by Constantin er al.(1985); the proof also appears
in Constantin & Foias (1988), and the result as presented here is taken from Temam
(1988).

Alternative approaches that attempt to apply the theory of global attractors to the
solutions of the 3D equations can be found in Foias & Temam (1987) (“weak attractors,”
which attract in the weak topology on H) and in Sell (1996) (“trajectory attractors,”
where each point in the attractor represents a whole trajectory of the original equation).



Finite-Dimensional Attractors
Theory and Examples

In the previous two chapters we proved the existence of global attractors for
scalar reaction—diffusion equations and for the Navier—Stokes equations. Since
these attractors are compact, this guarantees that they are (in some sense)
small” subsets “of the o ougmal phase space Indeed the noncompactness of
the unit ball i inan infinite-dimensional space implies that these attractors have
'1_10 mterlor
In this chapter we will see that one can show that the dimension of these

global attractors is ﬁm_te even though they are subsets of infinite- dimensional
phase spaceswfhytlrrh_vresults in the three next chapters try to make precise the
notion that h asymptotic dynarmcs of these systems is determined by only a
ﬁmte number df f degrees of freedom

ﬁthe attractor were (a subsot of) a smooth mamfold then we could use the
conventional, topolog1cal dimension of the manifold to bound the dimension
of the attractor. However, except in some special cases (which we will cover in
Chapter 15), we cannot show that the attractor is of this form and we need to
mtroduce more w1dely apphcable measures of d1mer1slon

We will give two "definitions of dlmenslon both of which will be useful
in what follows. We then d1scuss how “to obtain bounds~on the dimension ot
global attractors. The method relies on ﬁndmg conditions that guarantee that {
any n- d1mer1s1onal volume in the phase space is contracted by the evolution
of the flow. If n- d1menslonal volumes are contracted, then it is reasonable to
expect that the attractor can have no n-dimensional subsets and so must have.

dxmenﬂ_cm_;_n‘__
We then apply this method to find bounds on the dimensions of the attractors
for the scalar reaction—diffusion and 2D Navier—Stokes equations.

325
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13.1 Measures of Dimension

There are in fact many ways of generalising our intuitive notion of “dimension”
to treat irregular sets and to allow fractional measures of dimension. With any
sensible generalisation, we would still expect that

) dX) <difX CY;
(il) d(X) = m if X is a nonempty open subset of R”;
(i) d(X U Y) = max(d(X), d(Y)).

We will consider two generalisations that have these properties: the “fractal”
dimension ds(X) and the “Hausdorff” dimension dy (X). In what follows we
consider subsets of an underlying Banach space H (in most applications A will
be a Hilbert space).

13.1.1 The “Fractal” Dimension

Our first measure of dimension is the “fractal” dimension, which we will write
as d(X). It is based on counting the number of closed balls of a fixed radius €
needed to cover X.

' We denote the minimum number of balls in such a cover by N(X, €). If X
were a line, we would expect N(X, €) ~ €™, if X a surface we would have
N(X,€) ~ €72, and for a (3D) volume we would have N(X, €) ~ ¢~3. So
one possible method for obtaining a general measure of dimensions would be
to extract the exponent from N(X, €). Accordingly, we make the following
definition. [The fractal dimension is also known as the (upper) box-counting
dimension,” the entropy dimension, and the limit capacity.]

Definition 13.1. If X is compact, the fractal dimension of X, d (X)), is given
by

log N(X
dy(X) = limsup M

" [3.1
o0 log(l/e) ( )

where we allow the limit in (13.1) to take the value +oo.

* At least in the finite-dimensional spaces R" Definition 13.1 is equivalent to the “upper box-
counting dimension,” The idea here is take a grid of cubes of side ¢ that cover R, and let
N(X, €) be the number of cubes that intersect X, The dimension is then defined exactly as in
(13.1). Although these definitions coincide in R" (see Exercise 13.1), the “unit cube” {0, 1]*°
in an infinite-dimensional Hilbert space has elements with arbitrarily large norm, so one cannot
“count boxes™ in this context.
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Note that it follows from the definition that if d > d¢(X), then, for sufficiently
small €,

N(X,e) <€, (13.2)

Along with (i) and (ii) from Section 13.1, the fractal dimension has the
following properties.

Proposition 13.2 (Properties of Fractal Dimension)
(i) The fractal dimension is stable under finite unions:

k=1

N
dy (U Xk> < max dy(X,). (13.3)

(i) If f : H — H is Holder continuous with exponent 0,
[fx) = fFOI < Llx =P, (13.4)

thends(f(X)) < ds(X)/8,
(iit) df (XX Y) <df(X) +ds(¥).
(iv) If X is the closure of X in H, then d;(X) = ds(X).

Proof
(i) Since

N N
N( &m)s}jNaha
k=1 k=1

it follows from (13.2) that, for any d > max; df(Xy), for all € small
enough we have

N(UXy, €) < Ne™,

and so dy(UXy) < d. Since this holds for all d > max; ds(Xy), (13.3)

follows.
(ii) Take a covering of X by N(X, €) balls of radius €. The images of these
balls under f have diameter at most Le®, and they provide a cover of

f(X). So

N(f(X), Le®) < N(X, €),
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which yields
log N(f(X), Le®)
—logLe?
logN(X,e) _ ds(X)
—logL —@loge = 6

ds(f(X)) < limsup

€—0

< limsup
e—~0

(iii) Finally, if X is covered by N(X, €) balls of radius € and ¥ by N(¥, ¢)
balls of radius €, then X x Y is covered by the product of all possible pairs
of balls: there are at most N (X, €) N (¥, €) such pairs, and the diameter of
their product is no more than 2¢. Therefore

N(X xY,2¢) < N(X,e)N(Y, ¢),

and (iii) follows immediately from the definition.
(iv) If By is a covering of X by closed balls of radius €, then By must also cover

X, and (iv) follows immediately. W

We now calculate the fractal dimension of varlous 51mple sets. For some
examples the result of Exercise 13.2 s:mphﬁes the argument

Example 13.3. Let Ip = [0, 11N Q; then dr(lp) =1
Proof. Since Ty = [0, 1], this follows from property (iv) above. W

Example 13.4. Let G, = (n™*}2.|. Then df(X) =1/k+1).

Note that no matter what value of k we choose, we always have dy (Gk) < 1
which is 'good news since G, C [0, 11.

Proof. Let N be the first value of n for which
-+ DH*<

It follows that the interval [0, N~*] will have to be entirely covered by balls of
radius €. If we include the other N — 1 points in the interval (N=*, 1], each of
which requires its own ball, we have

—k
N(X,e):%——i—(N—l). (13.5)
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Now, we can estimate this critical value of N using the mean-value theorem,

since

k(n + 1)_(k+1) <n*-(m+ 1)_1‘ kn~ D,

k 1/ (k1) k 1/(k+1)
- —-1<N<|- .
(2) == (d)

The estimate in (13.5) now becomes

and so

N(X,e) = O(e /&),
and so the result follows. m

We now consider a similar example in an infinite-dimensional space; the
fractal dimension can be made as large as we wish by the choice of £.

Example 13.5. Let {e,}2, be an orthonormal basis in a Hilbert space, and
let Hk {n e,,}" 1- Then df(Hk) =1/k

Proof. For a given € > 0, let N be the first n such that
n" <k,

so that N ~ e~1/¥_ Now, it is clear that a single ball of radius € and centred at
the origin is sufficient to cover all the points j e; with j > N. However, since

—k —k —k —k
7" e, ~m " en| =n"" +m™",

which is greater than 2¢ if n, m < N, we must have
NX, e) ~ AN
and sowe have d¢(X) = 1/k. @

The example Hlog = {e,/logn}jZ, can be treated in a similar way (see
Exercise 13. 3) For this example 'df(Hieg) = 00, which shows that countable
sets can have mﬁmte fractal dupensmn

Fmally, we treat the well-known example of the Cantor middle third set. This
is obtained from the interval [0, 1] by removing the middle third to obtain two
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-— -- - - - - -- --C

Figure 13.1. The first few stages in the construction of the Cantor set C == N%2,,C,.

intervals [0, %] and [%, 1], then removing the middle third of each of these two
intervals, and continuing this construction ad infinitum, as in Figure 13.1. More
concretely, the set C is the infinite intersection of the sets C;, where Cj is the
set from the jth step in this construction, consisting of 27 intervals of length
37,

The fractal dimension of this set is particularly easy to calculate.

Example 13.6. The Cantor middle third set C has
ds(C) = log2/log3.

Proof. From the construction, C can be covered by 2/ intervals of length 37/,
and this is the minimum such covering. Thus, using the alternative method for
calculating fractal dimension provided by Exercise 13.2, we have

. log2/  log2
de(C) =1 =
7€) ljisol:p log3/  log3

See also Exercise 13.4.

13.1.2 The Hausdorff Dimension

The fractal dimension is always greater than the second measure of dimen-
sion we now introduce (we prove this below in Section 13.1.3). However, the
Hausdorff dimension has the advantage that property (i) of Proposition 13.2
also holds for countable unions.

We base this construction on an approximation of the d-dimensional volume
of X by a covering of a finite number of balls B(x;, r;) with radii r; < €. Note
that here, unlike with the fractal dimension, we can take balls with arbitrarily
small radii less than €. Suppose that we try to cover a d-dimensional set of
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“d-dimensional volume” V with such balls. Then as the diameter of the balls
decreases, we would expect

= Vv

i

More rigorously, we take the best approximation of the volume using such a
covering of balls with radii < € and set

uX,d,e) = mf{z r,.d crp<eand X C U,-B(x,-,r,-)},

i

where the B(x;, r;) are balls with radius r;. We now define the d-dimensional
Hausdorff measure.

Definition 13.7. The d-dimensional Hausdorff measure of X, H%(X), is given
by k

HUX) = lin(l)p.(X, d, €. (13.6)

Since we will allow H? to take the value +o0, the limit in (13.6) exists
because uw(X,d, e) is nonincreasing in €.

The Hausdorff measure is of use in its ownright and is a natural generalisation
of Lebesgue measure, applicable on manifolds and for noninteger values of d

(m fact H"’ is proportlonal to Lebesgue measure on R”‘)
Suppose that we have a smooth d-dimensional manifold. If we take q>d

then
E ri"ge""’er—)O as e — 0,
i i

so that H7(X) = 0 (the conventional volume of a surface is zero), and if we
take p < d then

E 7P > @ P E rd = o0 as € — 0,
; ;

so that H9(X) = oo (the “length” of a surface is infinite).
We therefore define the Hausdorff dimension of a set X as the smallest value

of d for which M9 (X) is finite.
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Definition 13.8. The Hausdorff dimension of a compact set X, dy(X), is
defined by o

dy(X) = inf(d : HY(X) = 0).

nonzero; eyher arf; possible.
The following are useful properties of the Hausdorff dimension, along the

lines of Proposition 13.2. Again, (i) and (ii) from Section 13.1 also hold.

Proposition 13.9 (Properties of Hausdorff Dimension)
(i) The Hausdorff dimension is stable undgzt countable unions:

dy (U Xk) < sup dn(Xp). (13.7)

k=1

(ii) If f + H — H is Holder continuous with exponent 0 as in (13.4) then

dH(f(X)) < du(X)/6.
(iii) dy(X x Y) =df(X) +du(Y).

We have gained significantly over the fractal dimension in property (i), since
we now have stability under countable unions, rather than just finite unions.

Property (ii} is identical, but note that property (iii} is weaker, since we do not
have dy (X x Y) < duy(X) + dH (Y) but have to involve the fractal dlmensmn

We have also lost property (iv) entirely.

Proof
(i) Suppose that d > sup, dy (X;); then

HY(Xx) =0

for all k. Since (see Exercise 13.5)

G (U Xk) < z MY (Xe), (13.8)

=1 k=1

it follows that dy (I Xi) < d, and we obtain (13.7).
(ii) We consider how H* (X) behaves under the image of suchmaps. If B(x;, r;)
is a cover of X with r; < €, then B(f(x;), Lr?) is a cover of f(X), with
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each 7 = Lr? less than Le®?. Therefore

> () = 2

whence it follows that
u(f(X),s/0, Le®) < L'’ u(X, s, €).
If we let € — O then we get
HPLF O] < LR (X).

The inequality (i) now follows from the definition of dy [ f (X)].
(iii) Choose s > dp(X) and ¢t > ds(Y). Then there exists a 8o > 0 such that
N(Y,8) < 8" forall § < 8. Now let {B(x;, 1)} be a cover of X with

d o<l (13.9)

[which is possible since H*(X) = Oass > dy (X)]. Now, foreachi cover
Y with N (Y, r;) balls of radius r;, B(yij, ;). It follows that B(x;, r;) x Y
is covered by N (Y, r;) products of balls B(x;, r;) x B(yj, r;), and so

XxYC UU B(x;, 1) x B(yij, ry)-
ij
Therefore we get

WX X Y5 +1,28) <Dy (@2n)
i
< SN2
i
< o5 z ’_i—rrix+r < 25+
i

using (13.9). It follows that H*+ (X X Y) < oo whenever s > dy(X) and
t >ds(Y),sothatdy(X x YY) <s+t. ®

We now repeat the examples from above. Note that property (i) shows that ..
any countable set X must have dy (X) = 0.

Example 13.10. Let IQ, Gu and H, be as in Examples 13.3-13.5. Then
du(lg) = dH(Gk) =du(H) = 0.
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Proof. 1y, Gy, and H are countable.
Example 13.11. dy(C) > log2/log3.

Proof. We show that H*(C), where s = log2/log3, is bounded below by %
Suppose that we have a cover (x; — r;, x; + ;) of C. For each i let k be the
integer such that

3G+ r < 37k,

1t follows that (x; — ;, X; + ;) can intersect at most one of the intervals in Cy,
(the kth level of the construction of C), since these are at least 37% apart.

For every j > k, each (x; — r;, x; + r7) intersects at most 2/ % = 2/37% <
2/3°rf intervals in C;. Choosing j large enough that 3-U+V < r; for every i,
since the (x; — r;, x; + r;) intersect all of the 2/ intervals in C 7, We can count
intervals to obtain

2 <y 23,

which gives

5 ~s __ 1
EI‘I-Z3 = 3.

i

Since this holds for every cover, we have H*(C) > % Itfollowsthatdy (C) > s,
and so we have the equality given in the statement. B

In general it is much harder to obtain lower bounds for the Hausdorff dimen-
sion than upper bounds.

13.1.3 Hausdorff versus Fractal Dimension

The definitions of Hausdorff and fractal dimension are not equivalent, as the
above examples show. To investigate this further, in this section we write Defi-
nition 13.1 in a way that makes comparison with the Hausdorff dimension more
straightforward.

Lemma 13.12. [f we define an “approximate fractal measure” as

prX,d, €)= N(X, €)ed,
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and the “d-dimensional fractal measure”* by

my(X,d) =limsupur(X,d,e),

e—0

then

dy(X) = inf(d : ms(X,d) =0},

Progf. Let D = infy.4(d : ms(X,d) = 0}. Now take ¢ > d > d¢(X), so that,
using (13.2), there is an €y such that, for € < €,

N(X,e) < e,

From the definition of m (X, d),

m¢(X, e) < limsup e =0,

e—~0

and so D < e. Since e > d(X) is arbitrary it follows that D < ds(X).
Similarly, suppose that ¢ < d < dg(X). Then there are infinitely many ¢;s
with

log N(X, &) > dlog(1/€;),
which is just
€!N(X, &) > 1.
Then

m¢(X,d) > limsupe; N(X, &)

i—o00

- c —d
> lim sup €/¢;

i—o00

> 1,

and so for every ¢ < df(X), mg(X,c) > 1, which implies that D >
dr(X).

* This terminology is somewhat misleading, since unlike the Hausdorff measure, this “fractal
measure” is not a bona fide measure. This is one reason why one might prefer the Hausdorff
dimension in some situations, even though the fractal dimension has important properties not
shared by its weaker counterpart.
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The following is an immediate corollary, since clearly

w(X,d,€) < €'NX,e).
Corollary 13.13.‘ "’%.(.?‘).,5 ds(X).
As a simple application, we have
Corollary 13.14. If C is the Cantor set, then dy (C) = ds(C) = log2/ log_ 3.

Proof. We saw in Example 13.11 that dy(C) > log2/log3, and the above
corollary shows that dy (C) < df(C) = log2/log3 (Example 13.6). ®

13.2 Bounding the Attractor Dimension Dynamically

We now proceed to find an analytical method to estimate the fractal dimension
" of the global attractor. Clearly, if we can bound ds(X) then Corollary 13 13
Hlmmedlately glves us the same bound on dy (X ).

The idea is to study the evolution of infinitesimal n-dimensional volumes as
they evolve under the flow and to try to find the smallest dimension n at Wl’llCh
we can guarantee that all such n-volumes contract asymptotically.

We will consider an abstract problem, written as

L Fu), w0 =w,
t

with ug contained in a Hilbert space H, whose norm we denote by [-|. We
assume that the equation has unique solutions given by u(z; up) = S(#)uo and
a compact global attractor .A.

We want to start off with an orthogonal set of displacements near an initial
point ug € A, and then watch how the volume they form evolves under the
flow. If we have n vectors {£07} (1 < j < n) then they form a parallelepiped,
which we write as

ED AL AED,

We are interested in the n-volume of this, which we denote as
EO AL AED)

and is given by

[ED AL AED) = det M(ED, ... E®), (13.10)
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S x(z) °

12

Figure 13.2. Evolution of the infinitesimal volume element §x‘ A ... A 8x%) under the
semnigroup S(¢).

where the matrix M has components

M(U(l),..., v(")).. =

;= (00, v).

This gives the correct volume, since M is the matrix that transforms an or-
thonormal set of umt vectors into the set [5(1 5 (se,e Exercise 13.6).

To study the evolution of the volume we have to study the evelution of a set of
infinitesimal displacements 8x (¢) about the trajectory u(z) (see Figure 13.2).
To be able to consider such displacements, we need to be able to linearise the
equahon around the trajectory, and for this we need to make some assumption
about <t—lif—:*sr-ﬁoothness of the ﬂow

This technical assumpnon we call “uniform differentiability,” and it turns out
that we can restrict ourselves to uniform differentiability near trajectories on
the attractor.

Definition 13.15. We say that S (¢) is uniformly differentiable on A if for every
u e .A there exzsts a lmear 0perator A(t, u), such that, forallt > 0,

ISy — S(u — A, u)(v ~ u)|

sup -0 as €e—>0
uveA; O<lu—vl<e [v — ul
and sup [|A(e, u)llop < 00 for each t>0. (13.11)
ue A

This assumption, which is straightforward to check for ordinary differential
equations, W111 often involve technical difficulties in the PDE case; we verify it
for the reaction—diffusion équation and the 2D Navier—Stokes equations later
on. In fact, we will see that the major work in applying the ideas of this chapter
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is usually in checking this condition. As with the technicalities of the previous
chapter, where we had to use a Galerkin approximation to make sure that our
formal estimates really held, this is something that is often relegated to the “we
can check that . . .” status in research papers. Once again, itis worth emphasising
in a textbook such as this that these things cannot be assumed without careful
proot.

However, now taking this assumption as given, we suppose that A(r, u)§ is
given by the solution of the linearised equation

au
— = F' (S up)U (), U =§.

We write this as
dUu
— = L(t; up)U (1), U =¢.
dt
Then each displacement 8x” evolves according to
d W
L 53 = L@t; ug)dx . (13.12)
dt
We need to investigate the evolution of
Vo) = |8xP AL A 8x™|.

To do this, consider

d d
log V= %d—[ log[det M(2)],

d
Z logV,(t) = 1 —
dt og Va(®) 2dt

where
M@ =M(xD @), ..., 8x" @),

by (13.10).
Now, log[det M] = Ti[log M] (see Exercises 13.7 and 13.8), so that

d 1 4.
E log Vn(f) = E;i—[Tl[log M]
Furthermore, we can show that

d M
L Trflog M] = Tr| M1 —
dt tlog M] 1[ dt}
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(see Exercise 13.8 again), and so we have

d _1dM
7 losVa() = 3Tr [M 717]' (13.13)

[Notice that the expression log V;, (¢) occurs more naturally here than does V,, (¢)
itself.] We now have to find a way of evaluating the trace in the above equation.

We do this by introducing a time-dependent set of orthonormal vectors
{¢@}(¢)) that span the same space as the {(8xU(£)}. We can define the matrix
m(t) given by the components of the 8x” in the ¢® directions,

mi(t) = (@), 8xP (),
so that
M=m"m and M l1=m'm") L
We can also refer the linearised evolution operator to this basis by setting
aij = (¢@, L), (13.14)

We now write d M /d¢ in terms of m and a, starting with the equality
dM;; d . ; . d .
hudhuint? SR Sl (1), Sx 8 (1), Z e
dr <dt e T dt x
= (L8x®,8xD) + (8x?, L8xD),

usiﬁg (13.12). Since
u=>y ¢V (", u) (13.15)
j=1

if u is an element of the space spanned by the (¢}, we can write

n

dMij _ S (320, 6®) [(Lo®, 6©) + (6%, L6®)] (60, 827)

dt k=1

"
= E myi (ay + aw)mi;,
k=1

so that
am

—— =mT(a" + a)m.

dt
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Then from (13.13)

d
ZElog V,(t) = Tr(m"l(mT)"lmT(aT + a)m)
= Tr(m_l(aT + a)m)
=Tr(a” + a)
= 2Tr(a),
where we have used the cyclic property of the trace and that Tr(AT) = Tr(A).

We now express this equality in terms of a projection operator. We define
P® as the projection onto the span of the {5x®™}; since this is the same as the

span of the (¢}, we have

n

PO =30 (p9, ).

i=1

Then from (13.14) and using (13.15) again, we get

n

Tra) = > (9, Lo?)

i=1
= i (¢(]'), L¢(i)) (¢(i)’¢(f))
ij=1

= Te[LP™].
Integrating for V,,(t) we obtain
t
V, (1) = V,(0) exp [/ Tr(L(s; uo) P®(s)) ds].
0

Therefore, the asymptotic growth rate of this particular initial infinitesimal

n-volume is

!
lim exp [—1- / Tr(L(s; ug) P™ (s)) ds] .
—>00 t 0

We want the maximum possible asymptotic growth rate, taken over all possi-
ble initial conditions. Our initial conditions have two parts — the choice of initial
point ug € A and the choice of the initial infinitesimal n-volume. Since the lat-
ter is specified by the original set of orthonormal vectors, and so by PO (),
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we define

1 1
TR,(A) = sup sup limsup—-/ Tr(L(s; uo) P (s)) ds
0

xeA PM©) 100

If we denote the time average operation by (-},

(f@) _llmsup / f(s)ds, (13.16)
then we can write this as

TRA(A) = sup sup {Tr(L(t; uo) P (r)).
Xo€A PM(0)

In applications we will seck the smallest n for which the sign of TR, (A) is
negative. If we have a uniform bound on Tr(L(s; xo) P®(s)), so that

sup sup Tr(L(s; up) P®(s)) < C
xo€A PO (©)

then clearly TR, (A) < C. This s often the case and is what we will find below.

If TR,, (A). < 0 then 1nﬁmte51maln volumes  decay exponentially. Although
it is then reasonable to assume that the attractor contains no n-dimensional
subsets and to expect that d r(A) < n, this is far from straightforward to
prove. A proof due to B. Hunt (personal communication, 1999), is given in
Appendix B. See the Notes for more details.

Theorem 13.16. Suppose that S(t) is uniformly differentiable on A and that
there exists a to such that A(t, uo) is compact for all t > to. IfFTR,(A) <0
then d ! (.A) <n.

Before we apply this result to give dimension bounds for reaction—diffusion
equations and for the Navier-Stokes equations, we will need an auxiliary lemma
that gives a lower bound on Tr( AP,,), valid for any rank n orthogonal projec-
tion.

Lemma 13.17. Let P, be arankn orthogonal prOJecnon in L*(Q), where Q is
a pertodtc domam inR™. Then

Tr(—AP,) > Cn"+d/m, (13.17)

The same result is also valid for any bounded C 2 domain Q MC_R’".
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Proof. Write A = —A, and denote its orthonormal eigenfunctions as w;, with
corresponding eigenvalues A ; ordered so that A1 > X;. Now if P, is the pro-
jection onto the space spanned by some orthonormal set of vectors {¢1, . .., @n},
then

Te(AP) =) (97, Adj). (13.18)
j=1
We show first that
Te(AP) 2 ) A (13.19)
j=1
We write (13.18), expanding the ¢; in terms of the eigenbasis {w;}, and obtain

n

Te(AP) =) Y Ml (¢, w)l?

j=1 k=1
o0 n
-3 (S w0f )
k=1 j=1
Now, since [¢;| = 1 we have
n [o.e]
SN w91 =,
j=1 k=1
and since {¢;} are orthonormal but do not span H we have
n
> lwe, ¢)IP < 1.
j=1

Expression (13.19) now follows.
The explicit bound in (13.17) follows easily, using the property of the eigen-
values of the Laplacian (see Exercise 13.9),

CJ-Z/m S)\-j < Cjz/'”,

since then

n n
z)\']_ > Czj.?/m > Cn(2/m)+1 — cn("'+2)/"'. o
j=1 j=1
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13.3 Example I: The Reaction-Diffusion Equation

First we apply the result to the scalar reaction—diffusion equation from Chap-
ter 8. Note that in the one-dimensional scalar case treated at the end of Chapter 11
we already have in (11.29) a heuristic dimension bound

df(X) ~ A2 (13.20)

This will be a useful test of our rigorous estimates.

13.3.1 Uniform Differentiability

The first step towards proving dimension bounds using the trace formula is to
verify the differentiability condition (13.1 1); to do this we usually need some
regularity properties of the attractor. In this case we will need the L bound

proved in Theorem 11.6.

Proposition 13.18. Providedthat f isa C? function and satisfies the conditions
(8.14) and (8.15) irﬁpo&ed before, the flow generated by the reaction—diffusion

equation

d_u = Au + Af (u) (13.21)
dt

is uniformly differentiable on A, with (¢ ug)é the solution of

‘;—lt] = AU+ Af @)U, U(0) = &. (13.22)

Furthermore, A(t; ug) is compact for all t > 0.

Proof Let u(t) and v(r) be the solutions of (13.21) with initial conditions ug
and v, respectively (uo, vo € A), and let U (¢) be the solution of (13.22) with
initial condition vy — ug. The error in this linear approximation is given by

0@t) = v(t) — u(t) — U@®).
It follows that 0 satisfies the equation

%9 — AO+Af (W0 +1g,  0(0) =0, (13.23)

where

g=f)— fu)— fwv—u).



344 13 Finite-Dimensional Attractors

Since f is C? it follows from Taylor’s theorem that
8] < 31F7@1v () — u()®

for some ¢ on the line segment joining u(x) to v(x). Since both 1 and v lie in
A, they are bounded in L*, and so

lg(0) < Clu(x) — v(x)|? (13.24)
for some constant C.

Now, using Theorem 5.31, choose a g such that if p is the conjugate ex-
ponent to g, then HUQ) c LP(Q). It follows from (13.24), if we write

g(t) = g(u(x, 1)), that
lg@)i. < C/Q lu(r) — ()™ dx
<C /Q lu(t) — v() 224U — v|*“ dx
< Clu(t) —v(@®)*,
using Holder’s inequality and the L* bound on u and v. So now we have
lg@)lie < Clu(e) —v(r)|®74,
and if we now choose € = 2 —g(1+38), forsome § € (0, (2—g)/q), we obtain
Ig@)lize < Clue) — (). (13.25)
It follows from the uniqueness result (8.24) that in fact
lu(e) = v()| < €"'|ug — vol,
and so (13.25) can be written as
lg@lize < Ce®*M|ug — vo| '+,

Taking the inner product of (13.23) with € then yields
d
%EW + 1011 < A101% + Mg e l61Lr -
< MI01% + Cre™D |y — vol ¥ (0|l

S MIBIP + CETHM 1y — 204D 4 Lyjg)2,
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so that, neglecting the [|9||? terms, we have
1L 10 < a7 4 C2 49 g — w204,
Using Gronwall’s inequality yields
8O < k@) uo — vo1+2,

so that (13.11) holds — the flow is differentiable, and the derivative is indeed
given by the selution of the linearised equation (13.22).

The compactness of A(¢; ug) follows by obtaining bounds on the solution of
(13.22) in L2(£2) and Hg (£2). Taking the inner product of (13.22) with U we
obtain

d ,
%—IUI2+IIUII2=>»/f(u)U2dx
dt Q
<1UP,
using f'(s) <1 (8.15). Therefore
d
1 2 2
AU < U,
15, |UF < Ul

which shows that any set of ¢ that is bounded in L? remains bounded under the
evolution of (13.22). Also, for any ¢ > 0 we can integrate

d
1 2 2 2
5—|U Ul <Il|U
27 [UI°+ U < U]
between ¢/2 and ¢ to bound the integral of [|U||%:

! t
/llU(s)||2dsgl/ [Us)*ds + 31U /2)]. (13.26)
12 172

Taking the inner product of (13.22) with AU gives
d
LIV + 14U = A/ FWU =AU (x)]dx
Q

< AC/ |U (x| — AU (x)| dx
Q
< AC|U||AU],

since the attractor is bounded in L*(£2), and so | ' (u(x))| < C. Rearranging
this gives

d
Z”U"ZJF'AU'Z <ClUA
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Dropping the term in | AU |? and integrating from s tot, with¢/2 < s < ¢, gives

IU®I* < C/ U @)Pdr + U3,

and then integrating with respect to s from ¢ /2 to t we have

I3 {
U @)I* < §Cr/ |U<s)|2ds+/ U s)II2ds,
t/2 /2

which is finite because of (13.26). Thus a bounded set of £ in L? becomes a
bounded set in Hy . It follows that A(¢; uo) is compact forany ¢t > 0. B

13.3.2 A Bound on the Attractor Dimension

With the differentiability property ensured we can apply the result of Theo-
rem 13.16.

Theorem 13.19. The dimension of the global attractor A for
u — Au = Af(u), Ulgo =0, QCR”
is bounded by ds(A) < cA™?, for some ¢ > 0.
Proof. We need an estimate on
(TrL(2) P,),

where L is the linearised evolution operator at time ¢ and (-) is the maximum
time average from (13.16). Since the linearised equation is

v = Av + Af (u)v,

then, as ' < (8.15),

(TEL(t) P,) = —(Te(— AP,)) +x< / Z¢jf’(u)¢j>
Q0

—(Tr(—AP,.))+lA<Z/ |¢,-|2dx>
j=178

—(Tr(—AP,)) + nlx.

IA

IA
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A lower bound on Tr(—A P,) is given in Lemma 13.17, so that
(TeL(£) P,) < —en™¥D/™ o i,
Thus (TrL(¢) P,) is certainly negative once
\"?
()"
c

and thus, using Theorem 13.16, one obtains the bound given in the statement
of the theorem. m

Note that this result agrees with (13.20) in the scalar case m = 1.

13.4 Example II: The 2D Navier-Stokes Equations

We now do something similar with the 2D Navier—Stokes equations. We will not
make any attempt to prove the best possible bound for the attractor dimension
here. Sharpening the result we prove in Theorem 13.21 has been a major concern
in the mathematical theory of fluid dynamics, and we discuss this more fully in

Section 13.5.

13.4.1 Uniform Differentiability

The differentiability property is easier to prove in this case.

Theorem 13.20. The solutions of the Navier-Stokes equations in two dimen-
sions satisfy (13.11) with A(t; ug) the solution of the equation

d—dlt—] +vAU + B(u, Uy + B(U, u) =0, U@ =%&. (13.27)
Furthermore, A(t; ug) is compact for all t > Q.
Proof. As before, we take u(¢) and v(r) as solutions of
Z—L; +vAu + B(u,u) =0

with initial conditions uo and vy, respectively (uo, vo € A), and we consider
U(z), the solution of (13.27) with U(0) = vp — uo. Then, after some algebra,
the equation satisfied by @ = v — u — U is

0
g—t——i—vAG+B(u,0)+B(9,u)—|—B(u~v,u—v)=0.
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Writing w = u — v and taking the inner product with 6 yields
%5—[|9|2 +v|0)1> = —b(8, u, 6) — b(w, w, 6),
and so, using (9.26), we have
%‘%IGI2 +vlI6l? < ko101 ul + klwl w161

Now, the attractor is bounded in V, so that |u| < py, and we can use Young’s
inequality on both terms to give

d
EW +vl811% < clo? + clw?||w]*.
Dropping the [[@] term and using the Gronwall inequality with 8(0) = 0 gives
t
@) <k / [w(s)*lw(s)lI* ds. (13.28)
0

Now, recall that during the uniqueness proof of Theorem 9.4, we obtained as
(9.37) the equation

d 2 K 20,12
—lw|* +vflwl® < —lul*lwl, (13.29)
dt v

and from this we deduced the bound (9.38):

t k2
lw(t)[* < exp ( / 7||u<s)||2ds) lw(0)[*.
0
Since [lu]| < py, this becomes a simple exponential estimate
[w(e)* < eXfwol?

(for some K), and we can then multiply (13.29) by |w(r)[? and integrate between
0 and ¢ to give

t k2 t
v/ [w(s)Hlws)*ds < jpé/ lw(s)|* ds + Llwol*,
0 0
which implies that
t
/ [w(s)Flws)I2ds < CeX!wol*.
A _

Feeding this into (13.28) shows that

16()] < C®)luo — vol?,
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and so

[v(@) ~ u@®) - U@

<Clvg—ug| = 0 as Vg —> Uy,
[vo — ug|

proving the required differentiability.
Exercise 13.10 asks you to check that A(r; ug) is compact forallr > 0. m

13.4.2 A Bound on the Attractor Dimension

With the differentiability ensured we can apply the trace formula to find a bound
on the dimension.

Theorem 13.21. The attractor for the 2D periodic Navier-Stokes equations is
finite-dimensional, with

2
Py

Proof. The correct form of the linearised equation is given in (13.27), and so
L(u)w = vAw — B(w, u) — B(u, w).

Thus the time-averaged trace (P, L(u(¢))) is bounded by

(PuL(w)) = <Z<L<u>¢j,¢,—)>

j:l
= ~<Z<—vA¢,-, ¢j)> - <Zb<¢,-, i, ¢,—)>.
j=1 j=t1

Using the bound on b(u, v, w) in (9.26) now gives

(PL@) < —v > (I4;1%) +k<2 lull 51 |¢,-|>

j=1 j=1
=—vy (le;l* +k<z llul ||¢j||>
j=1 j=1

n n

< =0 3 () + kY (lul llgy 1),

j=1 j=I
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where we have used the fact that |¢;| = 1. Now, via Young’s inequality on the
final term,

(PyL(u))

l/\

—v Y (1% +Z<—n¢,u + ||u||2>
j=1

=S e + fj(nuu%

- 244 ! W

v k2n
~ = (Te(—=APy)) + ——(llul®).
2 2v
Finally, using Lemma 13.17 with m = 2 yields

2

(PuL@) < =S + ),

so that the trace is negative provided that

()
a( ‘I )

Note that ([[ul?) < p‘z/ is finite, since we know from Proposition 12.2 that
[lull < py on A, Theorem 13.16 now provides the bound on the fractal dimen-
sion of A.

13.5 Physical Interpretation of the Attractor Dimension

The existence of finite-dimensional global attractors has been proved for many
equations that arise in mathematical physics, and Temam (1988) provides proofs
for many of these models.

However, there 1s little point in proving the existence of these objects for such

a plethora of equations if their existence has no implications for the underlying
_physics. One way of interpreting the physical significance of an attractor is as
a means of giving a rigorous notion of the number of independent “degrees of
t; make | precise in the following three chapters, coming closest perhaps with
Corollary 16.3, which shows that a finite number of variables (roughly 2d) will

parametrise an attractor with d¢(A) =
For now, we assume that the dimension of the attractor is a good indication of
the number of degrees of freedom, and we use this to relate d ¢ (A) to a possible
fundamental length scale of the original problem.
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Assume that the original equation is posed on some domain 2 C R™, with
volume [€2[. Suppose that there is a smallest physically relevant length scale [
in the problem, the idea being that interactions on scales of less than I do not
affect the dynamics (for example, in fluid mechanics the viscosity has a large
effect on the very small scales, and we hope that this means that fluctuations
on these scales have negligible effects). A heuristic indication of the number
of degrees of freedom would then be given by how many “boxes” of side [ fit
into €2,

Rheuristic ™ lgll_m-

If we assume that rpeyisic 15 @ good estimate of the true number of degrees of
freedom, and in turn that this is well estimated by the attractor dimension, we
can isolate a length scale, given in terms of ds(A) by

|Q| 1/m
I~ <df(A)) : (13.30)

Notice that tighter bounds on dy (A) raise the estimate of the smallest length
scale. In particular, much effort has been expended on obtaining optimal bounds
for the case of the 2D Navier-Stokes equations. Our bound in Theorem 13.21 is
extremely poor, since we made no effort to obtain optimal bounds at any stage.
The estimates are usually expressed in terms of the dimensionless Grashof
number G, a measure of the strength of the forcing relative to the viscosity,

/1 (13.31)

- 1)2)\.1 )

Our estimate was of the order of G? as v — 0.
However, the best current estimates are

ds(A) < cG¥3(1+log G)'° (13.32)
in the case of periodic boundary conditions and
df(A)y <cG

in the case of Dirichlet boundary conditions, both due to Constantin et al. (1988),

with a simpler proof of (13.32) to be found in Doering & Gibbon (1995).
What is remarkable about the bound in (13.32) is that, when our “very heuris-

tic” estimate in (13.30) is used, it corresponds to a length scale ! that satisfies

! -1/3
—~GgV 13.33
L ( )
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to within logarithmic corrections (L denotes the size of one side of our 2D pe-
riodic domain). The length scale in (13.33) is precisely the “Kraichnan length,”
derived by other (also heuristic) methods as the natural minimum scale in 2D
turbulent flows (see Kraichnan, 1967, and Exercise 13.11). This links the rig-
orous analytical bound on the attractor dimension with an “intuitive” estimate
from fluid dynamics.

13.6 Conclusion

We have now seen that the global attractors we found in the previous two
chapters are finite-dimensional subsets of L%, and we have obtained explicit
bounds on these dimensions in Theorems 13.19 and 13.21. We spend the rest of
this book trying to understand exactly how the existence of a finite-dimensional
attractor produces dynamics that are determined by a finite number of degrees

of freedom.

Exercises
13.1  Show that if X C R” then the box-counting dimension defined in the
footnote in Section 13.1.1 and the fractal dimension from Definition
13.1 coincide.
13.2  Show that if ¢, is a sequence that tends to zero as n — oo, with
€nt1 > a€, for some «, then

log N(X, ¢,
df(X)=limsup0—g(—’e)'

n->00 —loge,

that is, one can take the limit over the sequence ¢, instead of the con-
tinuous € — Q.

13.3  Let {e,} be an orthonormal basis in a Hilbert space H, and let Hoy =
{en/logn}2,. Show that dy (Hiog) = 00.

13.4  Show that the fractal dimension of the “middle-o”” Cantor set, obtained
asinExample 13.6, except by removing the middle « from each interval,
islog2/log B, where 8 = (1 — a)/2.

13.5  Show that (13.7),

holds.



13.6

13.7
13.8

13.9

13.10

13.11
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Let L be the linear map that takes the basis elements e® into a new set
v® . Show that the matrix M(v®, ..., v®”) used in the derivation of
the trace formula,

My = v D,

isinfact LT L. Deduce that the volume V,, of the parallelepiped formed
by the vectors (v™} is indeed given by

V"2 =detM,

as claimed.

Show that M as defined above has strictly positive eigenvalues.

Use the decompositionof Mas M = 3 Ajejejr,where Me; = )je;
with (e;, ex) = &, to prove that

log[det M] = Trflog M]

and that

d aM
—Trfl = iy .
dtTr[ og M} Tr[M T } (13.34)

[Whendet A # 0, log A isthe matrix B suchthate® = 3772 ((B/)/j! =
A; see Rudin (1991, p. 265).]

In Lemma 13.17 we used the fact that the eigenvalues A ; of the Lapla-
cian, arranged in increasing order, satisfy

Cj2/m S)‘-j < CjZ/m.

Verify this in the case of periodic boundary conditions on [0, L]™, where
the eigenvalues are proportional to the sums of /m square integers. For
some indications of the proof in the general case see the Notes.

Show that the operator A (¢; ug) from Theorem 13.20 (linearisation of
the 2D Navier—Stokes equations) is compact for all t > 0.

The Kraichnan length scale L, is the only quantity with dimensions of
length that can be formed from the viscous enstrophy dissipation x and
the viscosity v. The quantity x is defined by

1 t
X = v((Au)z) . lim sup sup —/ IAu(s)I2 ds
L2 t Jo

t—00 €A
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(it is the rate of decrease of [V [?). Use the inequality (12.6) to show
that

x < LS G?
and hence that L, satisfies

o ) (13.35)
7z
Compare this with (13.33).

Notes

Because of certain properties to be discussed in Chapter 16, and because Theorem 13.16
allows us to obtain bounds on the fractal dimension of attractors as easily as we could
on the Hausdorff dimension, the fractal dimension has become the preferred dimension
measure to use in the theory of global attractors. However, no extensive literature exists
on fractal dimension, which is treated in passing in Falconer (1990), and in more detail
in Eden er al. (1994b). Robinson (1995) also treats it in some detail.

The Hausdorff dimension has a much longer history. That H™ is proportional to
Lebesgue measure in R™ is shown in Falconer (1985). His two books (1985 and 1990)
are both good introductions to the geometric aspects of fractal sets in R™. That H™ is a
measure for all /n makes it an appropriate foundation for geometric measure theory (see
Rogers, 1970, and Federer, 1991), an extensive and important subject in its own right.

The proof of Propositions 13.2 and 13.9 are taken from Falconer (1990), as is the
proof of the Hausdorff dimension of the Cantor set (Example 13.11). The other examples
are from Eden er al. (1994b), as is the proof of Lemma 13.12.

The use of the trace formula to obtain bounds on the attractor dimension goes back to
Constantin & Foias (1985); see also Constantin et al. (1985). The theory is discussed in
greater generality and more detail than here in the books of Constantin & Foias (1988)
and Temam (1988). We follow the simpler presentation in Doering & Gibbon (1995).

The result of Theorem 13.16 is a recent one. The original argument of Constantin &
Foias (1985) shows that dy < 1 but that d; < 2n. A proof of Theorem 13.16 in finite-
dimensional spaces is given in Hunt (1996), and his proof in the infinite-dimensional
case (B. Hunt, personal communication, 1999) is given in Appendix B. Blinchevskaya
& Ilyashenko (1999) provide a proof that is valid without the compactness assumption -
ot A(r; ug). '

The proof of Lemma 13.17 relies on the property of the eigenvalues of the Laplacian

CjZ/HI < )‘J' < Cjz/'", (1336)

proved in Exercise 13.9 in the case of periodic boundary conditions. The same result for
a general domain follows since one can show (see Davies, 1995) that the eigenvalues
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depend (in some sense) continuously on the shape of the domain. By putting a collection
of rectangular domains “around” and “inside” €2 one obtains (13.36) in this case also.

The proof of the uniform differentiability of the reaction—diffusion equation is taken
from Marion (1987) and Debussche (1998), while that of the Navier-Stokes equation is
from Temam (1988).

The periodic estimate in (13.32) is sharp, since an example due to Babin & Vishik
(1992) shows that there are flows in which (13.32) is also alower bound on the dimension.
The discussion of the relation of these estimates to the classical ideas of the “minimum
length scale in the flow” is inspired by Doering & Gibbon (1995). One can also ob-
tain estimates for the attractor of the 3D equation, under the regularity assumptions of
Theorem 12.10 (Constantin et al., 1985; Temam, 1988; Gibbon & Titi, 1997).

Finally, we note that there are methods for estimating the attractor dimension which
do not rely on differentiability, see Ladyzhenskaya (1982, 1991) and Exercise 14.1.






Part IV

Finite-Dimensional Dynamics






The Squeezing Property
Determining Modes

In the previous chapter we proved that the global attractors we had found are
in fact finite-dimensional subsets of the infinite-dimensional phase space H.
However, ‘this is qN_property of the set A and a priori says nothing about the
dynamics on the attractor. In the next three chapters we will investigate various
ways in which we can make precise the statement that the dynamics on the
attractor are finite-dimensional.

The main aim is to treat the dynamics of solutions on the attractor, that is,
to investigate S(z)| 4. Although we are interested in the asymptotic dynamics
of all solutions of the original equation, the tracking result of Corollary 10.15
shows that the eventual behaviour of all solutions is determined by those on
the attractor, and so by making this restriction we are not sacrificing too much
information. Furthermore, we saw in Theorem 10.6 that if the semiflow is
‘injective on A then in fact S(r)| 4 is a dynamical system [S(¢) is defined for all
t € R}

This chapter starts from the geometric “squeezing property,” which can be
proved for a variety of examples, and deduces various consequences. In partic-
ular we will show that the attractor is nearly a finite- dimensional submanifold of
H and that the behaviour of a finite number of modes in the Fourier expansion
“Qf:terrmncs” (we will make this precise) the asymptotic behaviour of solutions

on A.

14.1 The Squeezing Property

The squeezing property was first introduced in the context of the Navier—Stokes
equations, but it holds for many other examples as well. The idea is that there is
a natural splitting of the phase space into a finite-dimensional subspace and its
infinite-dimensional orthogonal complement, such that the finite-dimensional
part of the solution dominates. We write P for the orthogonal projection onto

359
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the finite-dimensional subspace, and Q for the projection onto its orthogonal
complement. As such, we can split any element of H into two components,
u= Pu+ Qu.

In the examples we will consider, P will be the orthogonal projection onto
the first n eigenfunctions w; (ordered sothat1;; > A;)of some linear operator
A (usually —A),

P,u = Z(u, w;)wy,

i=t

and so we refer to the P part of solution as the “low modes” and the Q part of
the solution as the “high modes.”

The squeezing property treats the difference between two solutions, w =
u — v, and gives the following alternatives: after both solutions have evolved
for a fixed time (we choose t = 1), either the high modes are dominated
by the low modes, so that the finite-dimensional low mode component is more
fmpbrtarit; or if not, then at least the solutions are closer together than they were
at ¢ = 0, which serves to dampen the effect of such “ill-behaved” solutions.

Definition 14.1. Write S = S(1). Then the squeezing property holds if, for
each 0 < § < 1, there exists a finite-rank orthogonal projection P (8), with
orthogonal complement Q(8), such that for every u, v € A either

|Q(Su — Sv)| < |P(Su— Sv)| (14.1)
or, if not, then

[Su— Sv| < 8lu~ vl (14.2)

In general to decrease § we need to increase the rank of the orthogonal
projection P(8) (i.e. to increase the dimension of PH). We will verify that
this property holds for our examples in Sections 14.4 and 14.5. For now, we
discuss its consequences for the structure of the attractor and the dynamics of
the equation. Exercise 14.1 shows that one can use the squeezing ploperty to
obtain bounds on the dimension of the attractor.

14.2 An Approximate Manifold Structure for .4

One way of interpreting the squeezing property is as follows. If u, v € A, then
since the attractor is invariant we have y = S(l)u Landv = S( 1)v_y, for some
u_1, v—; € A. Now suppose that the P components of u and v agree, so that
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Py = Pv. Then the squeezing property shows that either Qu = Qv [from
(14.1)}], in which case u = v, or [from (14.2)] that

lu—v| < 8lu_y — vyl

Since the attractor lies in a bounded set in H, {|u| < Ry}, in either case we
have

lu —v| < 28Ry if Pu= Pv.

The finite-dimensional projection ontoc PH serves to identify points on the
attractor to within an error of 26Ry. By taking § smaller, and hence n larger,
‘We can increase the accuracy of this approximation,

With a little further work we can use this approach to say something about
the structure of the attractor. In fact, A must lie within a small neighbourhood
(48 Ry) of an n-dimensional Lipschitz manifold in H.

Proposition 14.2. If the squeezing property holds then there exists a Lipschitz
ﬁmcn'on ¢:PH —» QOH,

@)~ @@ <lp~Pl foral p,FePH,
such that A lies within a 46 Ry neighbourhood of the graph of ®,

Ggl®l=(ueH: u=p+o(p), pePH}

See Figure 14.1,

OH

> PH

Figure 14.1. Highly schematic illustration of Proposition 14.2.
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Proof. Consider a subset X of A that is maximal for the relation
[Q(u — v} < |P(u—~v)| for all u,veX, (14.3)

Then, for every u € X, we can define uniquely ¢ (Pu) = Qu such that Pu +
¢(Pu) = u [since if Pu = Pv (14.1) shows that Qu = Qv]. Furthermore, it
follows from (14.3) that

l¢(p1) — @ (p2)| < |p1 — pal forall  p;,ppePX.

Assume that we can extend ¢ to a function ® : PH — QH (defined on the
whole of P H) that satisfies the same Lipschitz bound.* Now, if ¥ € A but
u ¢ X, it follows that

[Q(u~v)| = [P(u~ v}

for some v € X. Thus, if u = S(1) and v = S(1)7, with 7, 7 € 4, we must
have

[Q(u —v)| <8|Q @ ~7)| <28Ry.
Since [P(u — v)| < |Q(u — v)| it follows tha.t | — v| < 48Ry, and so
dist(u, G[P]) < 48Ry,
as claimed.

One idea arising from this result involves using the manifold G[®] to aid
computations, and much effort has been expended on finding a good explicit
form for &, in particular for the Navier-Stokes equations. We will discuss this
in more detail when we prove the squeezing property for the Navier-Stokes
equations in Section 14.5.

In the next section we show that if we consider the asymptotic behaviour of
solutions on the attractor, the low modes determine the whole behaviour of the
solution.

* This is certainly not obvious, but it is true. We prove a related, but weaker, result in Chap-
ter 16 (Theorem 16.4). Obtaining exacily the same Lipschitz constant for the extension is far
trom swraighiforward: A proof is given in Wells & Williams (1975), and a proof for the case
7 :R"™ — R that can be extended to the case f : R” - H can be found in Federer (1991).
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14.3 Determining Modes

We now show that the squeezing property implies that the flow on the attractor
has a finite number of “determining modes.” This concept, introduced by Foias
& Prodi (1967), says that if two ‘solutions agree asymptotically in their P
projection, then they agree asymptotlcally in their entirety.

Theorem 14.3 (Determining modes). Suppose that the semifiow S(t) satisfies
the Lipschitz condition

IS(t)\uo — S(t)yvgl < Llug ~ vpl forall O0<r<l1 (14.4)

and that the squeezmg property holds. Then the projection onto P H is “deter-
mnung, > in that for two solutions u(t) and v(t) on the attractor; if

[P(u(t) — v_(t_))l -0 as t— 00 (14.5)

then
lu(t) —v(t)| = 0O as t — oo. (14.6)
It is as important to stress what this result does not say as what it does say.
If you take two solutions of the full equations and know that the P modes are
converging, you can deduce that the full solutions are converging. However,
it does not say that the solutions of the P-mode Galerkin truncation determine
the solution, nor that knowledge of the P modes at any instant will deter-
mine the full solution. [Indeed, we saw above that knowing the P modes will

give only approximate information as to the Q component on the attractor,
[Qu — ®(Pu)| <48Ry.]

Proof. Asinthesqueezing property, we write § = S(1), and then (14.5) implies
that

[P(S™ug — S"vg)| — 0 as m — 00. (14.7)
We want to show that
[S™ug — S"vg| — 0 as m — 00. (14.8)
This implies (14.6) by the Lipschitz property of solutions in (14.4), since

IS()up — S(eyvol = | St — (DS — S = [1))Swo| < L[STug — Swo],
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where [¢] is the greatest integer less than or equal to ¢, and clearly [¢] — o0 as

t _S>oovc\’/é: suppose that (14.8) does not hold and deduce a contradiction. In this
case, there exists an € > 0 and a sequence m ; — oo such that
|S™ ug — S™vg| > €. (14.9)
Since we have
[P(S™ug — S™vp)| — O,

we must have, for m; large enough,

[Q(S™ up — S™vp)| > | P(S™up — $™vp)l,
so that we can use the squeezing property (14.2) to obtain

[8™ ug — S™vg| < 8[S™  ug — S™ g
We now consider §” " ug and $"/ v, Either they satisfy
1Q(S™ ™ up — S™ 1) < |P(S™ Mg — 5™ up)|

or again we can apply the squeezing (14.2) and consider S M =240 and S~ 2y
in the same way. We continue like this M times, either until M; = m; or until

108" Miug — §™~Mivg)| < |P(S™ Ming — "5~ Mivg).
By then we have, applying the squeezing property M ; times,
A4 q g property M
1™ ug — S™ | < ~/28M1| P(S™1~Miyg — §™=Migy)], (14.10)

We now have two possibilities for the sequence M;. M; could be bounded,
so that M; < M for some M; then

1™ up — S™ivg| < /2 max |P(S™ *ug — §™*up)],
o<k<M
which, using the convergence of the P modes (14.7), gives
[$™up — S™ vy — 0, (14.11)

contradicting (14.9). The second possibility is that M ; is unbounded; so there is
a subsequence (relabel this M; again) such that M 7 — 00. Butsince $"up € A
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for any 1, the sequence {S$” up} is bounded in H . It follows, using (14.10) along
with the fact that § < 1, that (14.11) holds in this case also.
Thus we obtain the discrete convergence (14.8) and hence (14.6). @

For a similar result involving the value of u(x, ¢) at a finite number of points
within the domain, called “determining nodes,” see Exercises 14.4—14.7.

14.4 The Squeezing Property for Reaction-Diffusion Equations

Checlcmg that the squeezmo property holds can be messy and needs to be tai-
Iored to partlcular examples We prove ‘this property for our two examples
scalar reaction—diffusion ‘equations and the 2D Navier-Stokes equations. Al-
though these proofs could easily be skipped on a first reading, Section 14.5 also
discusses another topic, approximate inertial manifolds (cf. Proposition 14.2)
for the Navier—Stokes equations.

The main idea is to consider w(r) = u(f) — v(t) and to make estimates on
the equatl —t—f;at b;)ur;d ZiEPw)/dt below and d(Qw)/dt above With some
moderate trlckery we can then prove the squeezing property.

It will be important that the global attractor is bounded in L% (£2) (Theo-
rem 11.6), ' ‘ ”

lulloo < M for all ueA.
This enables us to treat the nonlinear term F'(u) from
du/dr + Au = F(u)

[the form in which we wrote du /3t — Au = f (u(x)) in Chapter 8} as a Lipschitz
function from L? into itself, since

2
v(x)
|F<u)—F<v)|2=/</ f’(s)ds> dx
Q ux)

/ Cu(x) — v(x)|*dx
Q

= C%u — v|%, (14.12)

[\

where

!
Il

sup | f/(s)!.

s<M
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Here the linear operator A is the negative Laplacian, and we write its eigen-
functions as w;, ordered so that the corresponding eigenvalues are increasing

with j:
Aw; = \jw;, Ajet = A (14.13)

We denote the orthogonal projector onto the first 7 modes as Py,

Pu=> (u, w)w, (14.14)
j=1

and that onto the remaining “high” modes by Q,,
[0 ¢
Quu=(=Pyu= > (uww; (14.15)
J=nl

We now show that the squeezing property holds. We will make use of the
following two inequalities:

Ipll < A2 pl (14.16)
and
lgll = 2/ 1l (14.17)

which follow from the eigenvalue expansion of 1 and the identity
lull? = a(u, u) = (Au, u);
see Exercise 14.2.

Theorem 14.4. The squeezing property holds for the scalar reaction—diffusion
equation

0
a—”t‘ —Au=f@), =0

from Chapter 8 [i.e. we make the same assumptions on f ((8.14) and (8.15))
and Q (“sufficiently smooth”) as there].

Proof. The equation for the difference of two solutions w(r) = u(r) ~ v(¢) is

‘fi—‘t“ +Aw= F) - F(v), (14.18)
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and we will write
p = Pw, q = Quw, w=p+gq.

First of all we take the inner product of (14.18) with p and get, since A commutes
with P,,

L |p|2+||p||2 (F(u) — F(v), p).

Q.lQ_

If we use the Lipschitz property of F' (14.12) this becomes

2 2.
+ —C|w||p|.
Zdtlpl lp1° =z =Clwl|pl

Using (14.16), and writing A = 1,,, we then have
d 2. 2
Zdtlpl —x|pl|* = Clw||pl,
or, using Exercise 2.5,
d
— |pl = =Alpl = Cpl +IgqD. (14.19)
dr +
Similarly, if we take the inner product with ¢ we obtain, using (14.17),
d
7 lg| = =Algl +C(pl+ IgqD)- (14.20)
[t
We now choose n large enough that
A, —C > 2C. (14.21)

Now, either (14.1) holds, and so there is nothing to prove, or it does not, in

which case
[Qw(1)| > [Pw(1)|. (14.22)
In this case, using (14.21), we see that the inequality
= O Qw@)| > 2C|Pw(1)| (14.23)

holds for t = 1. Since w(r) is continuous into H, (14.23) holds in a neigh-
bourhood of r = 1. We consider two possibilities, the first being the most

straightforward.
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If (14.23) holds for all ¢ € [4, 1], then we have, by (14.21),
(= )lgl = Clp| > 3. — O)lgq| > clql

fOI re [2; 1|y and SO (1 '20) becomes

which gives

lg()] < e"2C|g (4)].
Since (14.22) holds, this implies that

(Dl < V2o g (4)] = v2e 2 w(d)],

and using the Lipschitz property of solutions (8.27),

lw(3)| < L(3) 1w,
we have

(D] < VIL(Y)e 7w (0.

This gives (14.2), provided that A, (i.e. n) is chosen large enough.
If (14.23) does not hold on all of [-é-, 11, then it holds on [#, 1], with

A= O)Qw(n)| =2C|Pw(t). (14.24)

We proceed in this case by a trick. Define

B () = d(p(1). q (1)) = (Ip| + 'q')e’“’(EﬁlW) (14.25)

we do this since if the inequalities in (14.19) and (14.20) are replaced by equal-
ities, we have d®/dr = 0. Happily if we restore the inequalities, elementary
but tedious computations (see Exercise 14.3) show that

dd/dr <0 for all t €[, 1.
Thus we know that

O(1) = P(r).
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However, at t = 1 we have (14.23), so that
(1) > [g(1)[eM€,
and at ¢ = £y the equality (14.24) holds, which gives
2C(p )| + lg(w)) = (A + C)lg ()1,
and so
) = 1917010,
It follows that

lq(D)] < e et E

e e*lq (o),

and using once more the Lipschitz property (8.27) we obtain
A+ C
| <e MO —Z2L(1)|w(0
lg(1}] <e °C (D [w()].
Since [p(1)| < [g(1)], it certainly follows that
()] < 2672 C 2p (1w (o).
- T2

Therefore if n is chosen large enough we have once again ensured (14.2), and
the theorem is proved. @

14.5 The 2D Navier-Stokes Equations

We now turn to the 2D Navier—Stokes equations. First we sketch a proof that
guarantees that the squeezing property holds, and then we consider an explicit
form for the function & from Proposition 14.2 that gives some information
about the global attractor.

14.5.1 Checking the Squeezing Property

In this section we prove that the squeezing property holds for the 2D Navier—
Stokes equations, Recall from Chapter 12 that if f € H then we have bounds
ontheattractorin H, V, and D(A). The argument is essentially the same as that
for the reaction-diffusion equation, and we merely hlghhght the dlfferences
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In this case, we take A to be the Stokes operator, and we define P, and O,
as in the reaction~diffusion case by (14.14) and (14,15), where we order the
eigenfunctions as in (14.13).

Theorem 14.5. If f € H then the squeezing property holds for the 2D Navier-
Stokes equations.

Note that the constant C may change from line to line in the proof.
Proof. The equation for the difference w(¢) = u(t) — v(¢) is
dw
i +vAw + B(u, w) + B(w, v) =0, (14.26)
and we will write

p = Pw, q = Qnw, w=p+gq.

First we take the inner product of (14.26) with p, using b(u, w, p) =
b(u, p+q, p) = blu, q, p),

d
gd—tw +vlipl* = —b(u, q, p) — b(w, v, p).

Using the bounds on b in (9.27) and the existence of an absorbing setin H, V,
and D(A) (see Chapter 12), we can obtain

d
27711 +vIpI = =k (lul 21 4ul g1 pIl ~ [wlllpl vl Av]'?)
= —Ci(lgIP1pl + |wlr!?|pl)
> —CA'2(pl(Ipl + ql),

where A = A, so that

d|p|

o = ~IPI(vAp] + CA2Ip| + CA2 pl)

= =M pl(vA2 + Clpl| + Clgl).

[Pl

Now take the inner product with ¢,

d
37 1a1” + vligl?® = =b(w, p, ) ~ b(w, v, 9)
< klplligll + Klwlliql
< Cdpl+Igql,
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so that

dlql
lal—= < llgll (—vA'2lq] + Clp| + Clql).

Provided that the expression in the parentheses is negative,
(A2 - C)iql > Clpl,

then we have

dlq|
t

lg1—= = 2gl(-vA(g] + Clpl + Clql).

We now choose n large enough that
w2 - ¢ >2c.

If (14.1) does not hold then we follow the previous approach, seeking the first
time at which the inequality

(LAl2 = C)lQw(r)| > 2C|Pw(r)|

fails to hold. In this case we take

12
B () = (), g = (Ip| + gD exp (%)

The argument is essentially unchanged from here, ®

14.5.2 Approximate Inertial Manifolds

Recall (Proposition 14.2) that if the squeezing property holds we can show that
the attractor lies within a neighbourhood of the graph of some function &,

dist(A4, G[P]) <e.

The graph of such a function ® has come to be termed an “approximate inertial

manifold” (we will see why in the next chapter).
We can obtain a very simple approximate inertial manifold by setting

@ = 0 (this corresponds numerically to the classical Galerkin approximation;
see Exercise 14.8). Now we have

[Onul| = IA—IAQnuI = "A—lQn”oplAul-
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Using the expansion in terms of eigenfunctions of A (cf. (14.16)),

Al Z (u, wj)w;

J=n+l

[o¢]
Z AJTl(u,wj)wj

Jj=n+l1

>0 A7, wpl

j=n+l
—2 2
< At Onul

-2
= A'n+l

2

A~ Quul* =

2

luel?,
and so

IA™ Onllop < Mgy
Therefore, since we know that

|Au| < Rp

on the attractor, we have

|Qnut| < 271 1Au] < RpAh,, (14.27)

so that as we take more and more modes we get a better approximationtou € A.
A nontrivial approximation, where ® =% 0, should give an improvement on the

convergence as n.— 00.in (14.27).
There are many possible forms for the approximate slavmg rule P, and

we will discuss one that has a nice physical interpretation. The * stat10nary
.approximate inertial manifold” is obtained by.the following simple heuristic
argument, which we will then (to some extent) justify rigorously. From the 2D

Navier—Stokes equation,

du/dt +vAu + B(u,u) = f, (14.28)

we try to obtain a relationship between ¢ = Q,u and p = P,u. All steady
states of (14.28) satisfy '

vAu + B(u, u) = f,
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and projecting this equation onto the higher modes gives

vAq = —QB(u,u) + Of.

We now define the stationary approximate inertial manifold, &, as the solution

of

VADs(p) = =Q0B(p + ®s(p), p + P5(p)) + OF.

One can show that such a solution exists by using the contraction mapping
theorem applied to the map T', where

[T®Np) = VAQ)'[f — B(p + ®(p), p + P(PN].

Smce we actually want an explicit form for the approximate inertial mani-
fold we w111 not use @, itself, but the first iterate of ® = 0 under the above
contraction map,

®1(p) = (VAQ)"'[f — B(p, P} (14.29)

One can in fact show that the theoretical estimate for the accuracy of ®; is no
better than that of ®;. We will therefore concentrate on the explicit approximate
inertial manifold given by (14.29).

To show that &, is a improvement on ® = 0, we will appeal to a result due
to Foias & Temam (1979) that guarantees that the solutions of the complexified
form of the 2D equation,

du/dt + vAu + B(u, u) = f,
are analytic in { in a strip of width & about the real axis, and if u € A then

sup |Au@)| < M.
[¢:im ] <3)

We can then use the Cauchy integral formula

q(t)=/ q() dz,
rz—rf

where T is a circle, centred on fp of radius §/2, to obtain an expression for

dq/dt,
dq / q(z)
1 — _dz,
dt r (z — )?
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and hence the bound (following (14.27))

< 7% st = kag
— (5/2) n+l = nl

dq

dt

Now, we subtract

dq/dt +vAq + OB(u,u) = Of

from
VA (p)+ QB(p, p) = Of
to obtain
vAlg - @) = 5L + 0B + 4.0+ ) - 0B(p. p)
= % + B(p, q) + B(q, p) + B(q. q).

Bounding %ffl as above and the terms in B by using the inequalities (9.27), we
obtain

[vA(g — @u(p))| < CAL +K[IpI'2 AP 2

+1a1'"*1Aq1 211 pll + 1g1*1Aq1*1Iq1l]

—1/2
n4l >

< KA\

since there are absorbing sets in H, V', and D(A). As above, the estimate

|A(q — @ (p))] < kA7l

implies that

—~3/2
n4l ?

lg — ®(p)| < kA

~1/2

an improvement on (14.27) by a factor of A, 1"

14.6 Finite-Dimensional Exponential A ttractors

The global attractors whose existence was proved in Chapters 10-12 can attract
solutions arbitrarily slowly. To remedy this problem, the notion of an expo-
nential attractor was introduced in 1990 by Eden et al. These are positively
invariant, finite-dimensional sets, that attract all trajectories exponentially fast,
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When the squeezing property helds, it is possible to prove the existence of
such an exponential attractor with finite fractal dimension (earning this section
its place in the current chapter). Instead of giving the proof of this, which is
quite involved, we prove a much simpler result that relies on the fact that any
countable set of points has zero Hausdorff dimension, namely the existence of
an exponential attractor whose Hausdorff dimension is (essentially) the same
as that of the attractor.

The only assumption we will need here is a Lipschitz property of solutions,
[S(E)ug — SEYvol < K(T)(lup — vo| + £ = £'[) forall O0<t' <T
(14.30)

for up, vp € X. Not only does this contain the Lipschitz property of S(¢) for
each r > 0 that we derived for our examples in Chapters 8 (8.25) and 9 (9.39),

[S(#)up — S()vp| < k(T up — vol for all 0<r<T,

but it also tells us that the solutions are Lipschitz in ¢. This follows easily for
both our model equations. »
For the reaction—diffusion example,

du/dt = —Au + F(u),

we know that the global attractor is bounded in D(A) and in L*°(€2). This
implies that the right-hand side is bounded in H = L%(R). Similarly, the
bound in D(A) for the attractor of the Navier-Stokes equations shows that the
right-hand side of

du/dt = —vAu — B(u,u) + f
is bounded in H. It follows for both examples that |du/d¢| < k for some k,
and so
lu(r) = u@) < klt = '],
Expression (14.30) then follows with K(T') = max(k(T), k), via the triangle

inequality.

Theorem 14.6 (Exponenttal attractors). Suppose that S(t) has a compact
absorbing set X, has a global attractor A with finite Hausdor(f dimension
dy (A) < oo, and satisfies the Lipschitz property (14.30). Then for any o > 0
there exists a set £, an “exponential attractor” that is positively invariant,

sSWEcCé for all t >0,
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attracts all solutions exponentially fast,

dist(S(t)up, £) < Ce™",
and has finite Hausdorff dimension,

dn(€) < du(A) + 1.

Note that the construction can produce a set with an arbitrarily fast rate
of attraction o. The'more refined constructions obtain sets with finite fractal
dimension but place limits on this rate of attraction.

Proof. We first prove the existence of a set &g with dy (E5) = dy (A), which is
an exponentia] attractor for the time f,(X) map,

= S(t(X)),

where fp(X) is the time it takes for X to absorb itself. Note that we therefore
have

SHXcX for all t > tp(X).

We then take the image of this set under the flow between r = 0 and ¢ = £»(X)
to obtain an exponential attractor £ for the continuous semiflow.
Set

§ = e, (14.31)

Note that we have S(X) C X, and by the characterisation from Exercise 10.5
we have

A=()s"X.
n>0
Since X is compact, we have X C B(0, R) for some R > 0. We now choose
a covering of $X by balls of radius @ R, centred at a set E" of points in $X,
that is, we choose

EO={q;:j=1,..., N} C §X,

such that

N
sx < | B(a;. 0R).

j=1
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Since SX is compact, this is a finite set. We now choose a covering by balls of
radius 82 R of S2X, that is, we choose a set of points

E(Z)z{az'j:jz 1,...,N2}CS2X,

such that

Ny
$*X c | B(az;, 6*R).

j=I
We continue in the same way, defining at each stage a finite set of points E®,
E® =(q;:j=1,..., N} C §*X,

such that

Ni
s*x < | Baj, 6*R).

J=t

Finally, we gather all these points together into the countable set E© given by

00
E©) U E(k)'
k=1

We claim that
o= E0) = E® U A.
Indeed, if {a,} € E© and @, — a, then certainly
a, € E(k")

for each n. Either &, is bounded, say k, < k, in which case

k
a, € U EWD,
j=t

which is just a finite set of points, so clearly a € EU? for some j < k; or k,, is
unbounded, so that for a subsequence (relabeled a,) we have k, — o0, so that

ay = Sk Xns

with x,, € X and k, — 00, and we must have a € A.
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To make & positively invariant under S, we have to add the images of all the
points in & under all iterates of S,

ES == AU U S}(E(oo)).
j=0

Note that the addition to A is still a countable set of peints, and so by (13.7)
we have

dy(Es) =duy(A).
We also have
dist(S¥X, &) < Ro*. (14.32)

Indeed, take any x € X. Then by construction there exists ana € E® such
that

[S*x — a| < R6F,

and since E® < &g, (14.32) follows.
To obtain an exponential atiractor for the continuous semiflow, we set

t= |J smées

O<r<ro(X)
and noting that
S#):[0,1]xEs — H
is Lipschitz by (14.30), we see that
du(€) =dn (0,11 x &) =ds ([0, 1) +du(A) < 1+du(A),

by the properties of dy given in Proposition 13.9. To show that £ attracts
exponentially, write

t = k(X)) + s, s € [0, (X)),
and then, foru € X,
dist(S(t)u, &) = ]}relg |S(u — vl
= inf [S(5) S u — v

< inf |S()S*u — v,

veES(S)E
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since S(s)€ C £. Now using the Lipschitz property (14.30) and the exponential
attraction of £5 C £, we have

dist(S(H)u, &) = inf 1S(s)S*u — S(s)v|
< inf L(to(X))|S"u — v
< L((X))R6*.

Finally, using the definition of 8 (14.31), we obtain

dist(S(u, £) < L(fp(X))e k0
= L(tp(X))e e~
< L(tp(X)) exp(otp(X)e™,

and the theorem is proved. ®

14.7 Conclusion

Using the squeezing property we have shown that the attractor lies close to a
finite- dlmensmnal mamfold given as a graph over P H and that the dynamics
plojected” onto PH give 4 good indication of the asymptotic behaviour of
solutions. Furthermore, it is possible to find a large set £ O A that attracts all
solutions exponentially fast.
" Inthenextchapter we show that under a strengthened version of the squeezing
property we can prove that the attractor is a subset of a finite-dimensional
manifold M that attracts all solutions exponentially fast. As such, the projection
of the dynaxmcs onto some finite-dimensional space P H determines exactly
the dynamics of the full equation. We call such a manifold M an “inertial

mamfold >

Exercises

14.1 Suppose that for § = 1/8 the squeezing property holds for some projec-
tion P of rank np. Then it is possible to show that if a € A4, the set

Z = S(B(a,r)N A)
can be covered by Kp balls of radius r/2, where

Ko < a™
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for some constant ¢ independent of r. Deduce that the fractal dimension
of the global attractor must be bounded by

(Iog“)no. (14.33)

log2

This result has the advantage over the methods of Chapter 13 that it
does not require the semiflow to be uniformly differentiable (Defini-
tion 13.15). [Hint: If r is chosen such that A C B(0, r), show that
N(A,27%r) < Kk

By writing

[o¢]
u= Z(u, wiwj,

J=l
where {w;} are the eigenvalues of A = — A ordered as in (14.13), show
that (14.16) and (14.17) hold. Deduce that

|Ap| < X, lpl for all ueH
and
[Agq| = Auvtlg] for all u € D(A).

Verify that if

Ab
d)(f) = ((l + b) exp <m>

[this is essentially (14.25)],

da
— > —(A+Ca - Cbh,
dr — @+ Ca
db
— <-(A=-CY+C
7= ( Yo+ Ca
[these are essentially (14.19) and (14.20)}, and
(L—CY >2Ca (14.34)

[whichis (14.23)}then d ®/d¢ < 0 (these are the “clementary but tedious
computations” referred to in Section 14.1).

The following four exercises provide a proof, in the case of the 2D Navier—
Stokes equations, that one can replace the finite-diménsional projection P in
Theorem 14.3 with the value of 1 at a finite number of points throughout the
domain Q. The notes discuss further generalisations.
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14.4 Use the Fourier expansion to show that if u € HPZ(Q), where Q =

14.5

14.6

14.7

[0, LT?, then
lu(x) —u()| < cllullalx - yI'2
(You may assume that
|eZm'k-x/L _ eZnik-y/L' < ClkMx — yI'/2, (14.35)

You can prove this easily by considering the two cases [k||x — y| < 1
and |k[[x — y| > 1 separately.)
Consider a finite set A of points x; € Q, and set

d(N) = supmin |x — x;|.
xeQ J

Use the result of the previous exercise and (9.13) to deduce that for

u € D(A) we have

lulloo < [SUP Iu(xj')l] +cd (M) Aul. (14.36)

X; €
Show that if X(¢) is bounded, b(z) — 0 as ¢t — o0, and
dX
— X < b(1),
dt +aX =b(0)

then X(t) = O ast — oo.
Suppose that u and v are two solutions lying on the global attractor of
the 2D Navier-Stokes equation

dufdt +vAu -+ B(u,u) = f

(periodic boundary conditions), and write w = — v. Define

n(w) = sup |w(x;)l

XIEN

(N as in Exercise 14.5) and suppose that n(w(f)) — 0 as r — oo.
Starting from the identity

d
3wl + vidwl® = bw, w, Au),
use (9.25) and Poincaré’s inequality to show that

d
yriid +ullw|? < Cn(w)  forsome  u >0,
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if d(NV) is small enough. Deduce, using the result of Exercise 14.6, that
in this case

[le(z) — v()]| = O as t — 00. (14.37)

We say that AV is a set of “determining nodes.” [Recall that .4 is bounded
in H, V,and D(A), soyoucanreplace [ul, ||u|l, |Aul, etc. with constants
if necessary.}

In previous chapters we used the Galerkin truncation to prove existence
of solutions of various PDEs, but it can also be used as the basis of a
numerical scheme. Suppose that we want to approximate the solution of

du/dt + Au = F(u), u(0) = ug (14.38)

where we will assume for simplicity that F : H — H is bounded and
Lipschitz continuous,

|[F(u)| <Co  and |F () = F(v)| < Cilu - vl.

The numerical version of the Galerkin method is to approximate the
solution of (14.38) by the solution of the finite-dimensional truncation

dpu/dt + Apn = P, F(ps), pn(0) = P,u(0). (14.39)

(i) Show that if u(r) is the solution of (14.38) then

10uu(t)] < Aﬂ + 10O (14.40)

n-+1

(ii) Use (14.40) to show that if u(¢) solves (14.38) then the differ-
ence between P,u(t) and the solution p, (¢) of (14.39) is bounded
according to

Go

A-n~H

[Pou(t) — pa(@)| < Cf‘[ + IQnu(O)I]eC",

and hernce
|Ll([) _Pn([)l g 0

uniformly on [0, T'] as 1 — oo. This shows that the solutions of
(14.39) converge to those of (14.38) as n — oo.
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Notes

The squeezing property was introduced by Foias & Temam in 1979 in the context of the
Navier-Stokes equations. The proof of the existence of determining modes given above
is nonstandard but emphasises the role of the squeezing property in this particular kind
of “finite-dimensional” dynamics. The standard method consists of making estimates on
the P and Q components of the equation for the difference of two solutions, and this has
led to the best estimates on the number of modes required. For the 2D Navier-Stokes
equations with periodic boundary conditions the best current estimate is due to Jones
& Titi (1993), who show that one can take n < ¢G!/?, where G is the Grashof number
defined in (13.31). A similar theory for certain stochastic equations has been developed
by Flandoli & Langa (1998) and Kuksin & Shirikyan (2000).

The idea of determining modes has been extended in other directions [Cockburn et al.
(1997) give aunifying framework for all these “determining things.”] For example, Foias
& Temam (1984) introduced the notion of determining nodes (see Exercises 14.4-14.7).
Here you take a finite set of points {x;} in Q = [0, L]* and consider the values of the
solution only at these “nodes,” They showed, for the 2D Navier-Stokes equations, that
if these points are close enough together and

max (u(x;) — v(x;)| — 0 as - 00
j
then
sup |u(x) —v(x)| = 0O as t — 00,
xeQ

As with the determining modes, the estimates on the maximum separation have been
improved in a series of papers, and currently the best estimate (which is naturally a
length scale) is § < ¢G~'/2, due to Jones & Titi (1993). See also Section 16.1.1 for a
related result.

The proof of the squeezing property for the Navier-Stokes equation given here is
taken from Temam (1985); the reaction—diffusion proof is adapted from this. Proofs for
many other examples are given in Eden et al. (1994b).

Approximate inertial manifolds were introduced as a separate object of study in
Foias et al. (1988c¢) and in Foias et al. (1989), and there is now a large literature on
approximate inertial manifolds and the numerical methods associated with them. The
stationary approximate inertial manifold and the rigorous contraction mapping analysis
discussed in this section are due to Titi (1990); the approximation in (14.29) turns
out to be precisely that considered in Foias er al, (1988c). The best theoretical result
(Debussche & Temam, 1994) is that one can find a family of (calculable) approximate
inertial manifolds of exponential order, so that, if G[®,,] has dimension m, then

lq - q)m(p)l < CEAI“:’&I’

for some C, k, ¢ > 0,
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Discussion of the effectiveness of the approximate inertial manifold in computations
is given in Marion & Temam (1989), Jauberteau et al. (1990), Heywood & Rannacher
(1993), Jones et al, (1995), and Temam (1995). Results are at present still inconclusive.
For recent references, and a more promising method, see Garcfa-Archilla et al. (1998,
1999).

Exponential attractors were introduced in 1990 by Eden et al., and in fact these post-
date inertial manifolds, the subject of the next chapter. Indeed, when they were first
introduced they were termed “inertial sets.” The construction given in this chapter is
very simple minded, and much more sophisticated techniques are available: a fairly
up-to-date summary is given in the monograph by Eden ez al. (1994b). If one makes
use of the squeezing property it is possible to produce an exponential attractor with
finite fractal dimension, and with yet more work one can obtain an exponential attractor
whose dimension agrees with that of the global attractor estimated using the techniques
of Chapter 13 [this appears in the article by Eden ez al. (1994a)]. Finally, anicediscussion
of the relevance of exponential attractors to fluid turbulence is givenin Eden er al. (1993).
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The Strong Squeezing Property
Inertial Manifolds

In this chapter we introduce the strong squeezing property” and use it to prove
the ex1stence of mertral manifolds. When an_ mertral mamfold exrsts ‘We can
that determines the dynamus on th the attractor

Thf?éssErT’mT idea is to find an invariant mamfold that contains the attractor
(cf. Proposrtlon 14, 2) Since this manifold has a smooth structure that is not
given by the existence of an attractor alone, it becomes easy to write down a
system of ODEs that determines the attractor dynamics.

In this chapter we will give a construction of inertial manifolds that works
for equations on a Hilbert space H, in the form

du/dt + Au = F(u), (15.1)

where A4 is a positive linear operator (the negative Laplacian, for example) and
E satrsﬁes gertam gondmons which we will discuss below (Section 15.3). We
will show that our general result 1mphes the exrsteme of mertral ‘manifolds

domains in two drmensrons “We w111 then dlSLUSS how these results can be

drffusron equauons on any repttlngular domain in two dimensions and to cubic
ones in three dimensions) and give an indication of why the method cannot
presently be applied to the Navier_Stokes equatlons

15.1 Inertial Manifolds and “Slaving”

The standard construction of inertial manifolds 1s based on the Fourier expan-
sion of the solution u(¢) in terms of the eigenfunctions of A,

[o 0] [o 0]

u(t) = Z(u(r), w;)w; = ch(t)wj.

j=1 j=1

385
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We would like to express the high Fourier coefficients (j > n for some suffi-
ciently large n) in termis of the lower Founer coefficients (j < n), but we allow
for an error, so that

cj(tY = pj(cy, ..., cn) + error for all J>n. (15.2)

This is commonly referred to as a “slaving rule,” since the higher modes are
govemned by or “slaved to” the lower modes (see Haken (1978) for example).
Although we cannot expect that the relationship in (15.2) holds exactly for all
solutions, we will insist that the error decays exponentially to zero in time.
Also, we would like to be sure that once equality holds in (15.2), it contmues
to hold.

We can write (15.2) more concisely in terms of the projection P, onto the
first n eigenfunctions of A (in their usual order, such that A;; > A;) and its
orthogonal complement Q,,,

n (o]
Pu=Y (uww;, and Qu= Y (,w)w;.
j=1 J=n+l1
The projection P, has a finite-dimensional range spanned by the {w; Y=, but
Q,, has infinite-dimensional range. If we write p = P,u and ¢ = Q,u, (15.2)
can be rewritten as

q = ¢(p) + error, (15.3)

whereg¢ : P,H— Q,H
The graph of ¢,

g[¢]E{ ”=P+¢(P),P€PHH};

defines an n-dimensional manifold M in the phase space H. Insisting that an
exact equality in (15.3) remains an equality means that we need this manifold
to be positively invariant. Requiring the error to decay exponenually to zero
ineans that the manifold should be exponentially attracting: if u(z) is a solution
“of (15.1) and we write p(r) = P,u(t) and g(t) = Q,u(t), we need

lg(®) = p(pN| < C(luole™. (15.4)

(We have used | - | for the norm in H.) This is illustrated in Figure 15.1.
Ideally, we would like to be able to write down a finite set of ODEs that gives
the dynamics on M. If we project Equation (15.1) onto P, H we obtain

dp/dt + Ap = P, F(u),
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QHH

Figure 15.1, Via the inertial manifold M, the inertial from gives rise to a set of ODEs
on P, H =~ R" with a global attractor A, = P, A,

since P, commutes with A. If u € M, then we know that u = p + ¢(p), and
so in fact we obtain an n- -dimensional system of ODEs for D

dp/dt + Ap = P, F(p+ ¢(p)). (15.5)

This set of ODEs is called the “inertial form.” Since the global attractor is
a subset of M and Mis posmvely invariant, the system (15.5) must have a
global attractor A, that is just the projection of A onto P,H, A, = P, A
The dynamics on A are entirely determined by the dynamics on .4,, and so the
asymptotic behaviour of our original PDE is now completely determined by the
dynamics of the finite-dimensional system (15.5); see Figure 15.1.

If we want to ensure that the inertial form has unique solutions we need the
nonlinear right-hand side to be a Lipschitz function of p (cf. Theorem 2.3).
“Even if we know that F is Lipschitz (in some appropriate way, which we will
ensure below), we will need ¢ to be Lipschitz too. So we build this into our
definition, requiring ¢ to satisfy

lp(p1) — d(p2)| < Lip1 — pal-

Definition 15.1. An inertial manifold M is a finite-dimensional Lipschitz mani-
fold, which is positively invariant and attracts all trajectories exponentially,

dist(S()ug, M) < C(luolye™  forall  uo € H. (15.6)

That the convergences given in the definition here and in the discussion above
(15.4) are equivalent is shown in Exercise 15.1.
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15.2 A Geometric Existence Proof
There are many different methods in the literature for proving the existence
of an inertial manifold, We will give a geometric proof, based on the “graph
transform” method. The idea is simple. Since the inertial manifold is attracting
(if it exists), we should be able to find it by following the evolution under
the flow of any initial manifold G[y]. It is most convenient to follow the
evolution of the flat manifold P, H, so we investigate the behaviour of the

sets
M, =S®)[P.H]

Under a condition called the strong squeezing property we will be able to show
that for each ¢ the new set is still given as a graph,

MI = g[¢r],

and that the functions ¢, converge as t — oo. The method is illustrated by
some computations in Figure 15.2.

15.2.1 The Strong Squeezing Property

We now introduce a stronger version of the squeezing property, which will
enable us to prove the existence of inertial manifolds. First, we motivate the
definition.

If u and w lie on a manifold given as a Lipschitz graph with Lipschitz constant

1, then

[Quu ~ QU] < |Pyu — P,ul. 15.7)

Since we wish to ensure that manifolds given as Lipschitz graphs remain Lips-
chitz graphs under the evolution and we would like to ensure that the Lipschitz
constant does not increase under the flow (so that the Timit is LlpSthtZ) we
require that the condition (15.7) be preserved so that it also holds with u and W
replaced by S(¢)u and S(¢)u forany ¢ > 0.

Because we would like trajectories to satisfy (15.7), we will also require that
the distance between two trajectories that do not satisfy (15.7) decay to zero.
The combination of these two requirements leads us to consider the strong
squeezing property.

In all that follows, we will write P = P,, Q = Q,, and always p = P,u,
P = P, p = P,ii,q = Q,u, etc.
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Figure 15.2. The graph transform method, showing S(f) PH for t = 2, 5, 10, and 25.
The final set (¢ = 25) is close to the inertial manifold illustrated on the front cover of

the book (¢ = 100).
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Definition 15.2. The strong squeezing property holds if, for any two solutions
u(t) andu(t), we have (i) the cone invariance property:

1g(0) — 7(0)| < [p(0) — B(O)|
implies that
lg(®) =70 < |p) =) (15.8)
for all t > 0 and (ii) the decay property: if, for some t > 0,
lg(t) =) = |p(t) = P()|
then
lg() =] < Ig(0) —F(O)|e™. (15.9)

See Figure 15.3.

(The strong squeezing property can also be defined with a geperal Lipschitz
constant L taking the place of the 1, so that |¢ (p) — ¢ (P)| < L|p — P, ete,,
but this affects the argument only by introducing extra algebra.)

An immediate consequence of this definition is that the global attractor is in
fact a subset of a Lipschitz graph (cf. Proposition 14.2). '

Proposition 15.3. If the strong squeezing property holds then there exists a
Lipschitz function ® : P,H — O, H, "

[®(p1) — ®(p2)| < lp1—p2l  forall  pi,ppe P,H,  (15.10)

such that A C G[®].

*i1(0)

Figure 15.3. The strong squeezing property, The behaviour of i, (r) and () is deter-
mined relative to the cone |QU — Qu| < |Pu — Pul,



15.2 A Geometric Existence Proof 391

Proof. Take u, v € A; then the claim is that |Qu — Qv| < |Pu — Pv|. If not,
then we fall into (15.9) of the strong squeezing property. Since A is invariant we
know that for each 7 there exist u,, v, € Asuchthatu = S(t)u, and v = S(t)v,,

and so (15.9) gives
lu—v] < e™u, — .

Since A is bounded (Ju| < Ry for all u € A) we have

lu—v| <2Rye ™™,

Since this is valid for all z, we have u = v. It follows that we can define
a Lipschitz function ® on PA by ®(Pu) = Qu for every u € A. Asin
Proposition 14.2, we can now extend ® to a Lipschitz function as in (15.10).

In fact we can show that there is such a Lipschitz manifold that is positively
invariant and attracts solutions exponentially fast: this is an inertial manifold.

15.2.2 The Existence Proof

We need to make one additional assumption for our proof to work.

Definition 15.4. We will say that the equation has been “‘appropriately pre-
pared” if ' '
(i) there exists an absorbing ball in H, B(0, p), such that B(0, p) N PH is

positively invariant and
(ii) foreveryt >0,

PSt)[PH] = PH,
that is, for every p € P H there exists a po € PH such that
p = P(S(®)po).

We now show that the strong squeezing property implies the existence of an

inertial manifold.

Theorem 15.5. If the strong squeezing property (Definition 15.2) holds for an
appropriately pijepared equation, then this equation has an inertial manifold
M, given as the graph of a Lipschitz function ¢ : PyH — QO H,

2~ ¢@I <|lp—Pl forall pFePH
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The manifold attracts exponentially, at the rate k from (15.9) in the strong
squeezing property, '

dist(u(t), M) < C(lugl)e™".

Proof. We set ¢g = 0 and My = P,H = G[¢y], and we follow the evolution
of My under the flow as outlined above. We write

M, = S(t)Mo = (S(t)ug: uo € Mo},
and we want first to show that
M, = Gl¢] (15.11)

for some ¢, that has Lipschitz constant at most 1. Since any two points u and
% in Mg have ¢ = 7 = 0, we certainly have |¢ — G| < |p — P|. The cone
invariance part of the strong squeezing property (15.8) then shows that

lg(&) = q(O] < |p(r) — D).

Thus |g1 ~ q2| < |pt — p2| for any two points u; and up in M,. Thus for
every point p € PM,, there is a unique ¢,(p) such that p + ¢,(p) € M,.
Equation (15.11) now follows, since part (ii) of the “appropriately prepared”
assumption ensures that there are no “holes” in M, and so PM, = PH.
Thus we have to investigate the behaviour of the functions ¢; (from (15.11))
as t — oo. Consider the two points u = p +.¢,(p) and 7 = p + ¢-(p) with
T > t. Since u lies on M,, it is equal to S(¢)ug for some ug € PH. Since
lies on M., itis equal to S(r)%, for some 7y € PH. Now, if ¢,(p) # ¢ (p)

we have
Q8o — QS(t)ho| = | (P) — =(P)| > 0= |PS(t)uo — P S(v)ho|,
and so using the decay property (15.9) we have

l6:(P) — ¢ (P)] < |Quo —~ OS(x — Tple™
<108z — Hygle™.

Now, ug € PH, and so by the preparation assumption part (i), S()ug €
B(0, p) U PH forall ¢ > 0. It follows that |QS(t — t)ify| < p, and we obtain

e — e lloo < pe™, >t (15.12)
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This shows that the sequence (¢} is Cauchy, and so it converges to some
Lipschitz function ¢. Taking limits in (15.12) then shows that ¢, converges
exponentially fast to ¢,

lp; — plloo < pe™.

The graph of this function ¢ we will call M.

The invariance of ¢ follows from the uniform convergence of ¢, to ¢. Sup-
pose that we have an initial condition uo € M. Thenug = p+é(p)andevolves
under S(t) into S(t)ug. Now consider the approximations to ug, ué) e M,,
so that

”((Jr) =p+¢(p).

We know that S(r)ug) € M,4.. Wenow let t+ — oo, and by the continuity of
solutions in terms of the initial conditions we have that

Sl — S(tyuo,
but the left-hand side is equal to
P[S@uL] + ¢ (R[SUP]),
and so its limit is
P[S(z)uo] + ¢ (PIS(z)uol)

by the uniform convergence of ¢, to ¢. Thus S(r)u € M and M is invariant.

To show that the manifold is exponenually attracting, we follow an argument
similar to that used above to show the convergence of the functions ¢,. Consider
an initial condition ug € B(0, p) and its image after a time ¢, S(H)ug = u =
P+ q. Consider also the point @ € M givenby @ = p + ¢(p). Then

[Qu — Qu| > 0= |Pu~— Pu|,
so the decay property (15.9) shows that

lu—1| =g -7l
< |Quo — ¢p@)le™,

where S(¢)[z + ¢(z)] = u. Then

dist(S()ug, M) < |u — 7|
< (p+ lIplloo)e ™.
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For a general initial condition ug not necessarily in B(0, p) thereis a time £,(Y),
uniform fol' ug in a bounded set Y € H, such that S(r)uy € B(0, p). Thus

dist(S()ug, M) = dist(S(¢ — t0)[S(o)ug], M)
< (0 + glloo)e 0,
<C@)e™,

with the constant C(Y) uniform on bounded sets Y. H

Note that the above proof does not depend in any way on the choice of
phase space H. Since the conditions are geometric, the proof works in axiy
phase space provided that all distances are measured in the norm of that space.
This comment will prove useful later when we discuss problems in proving the
existence of inertial manifolds for the Navier-Stokes equations.

15.3 Finding Conditions for the Strong Squeezing Property

We now turn to a general result that gives a condition for the strong squeezing
property to hold. We will deal with the equation

du/dt + Au = F(u),

making the assumption that F (1) is a globally Lipschitz function from H into
itself,

[F(u) — F(v)| < Cilu —v|, u,ve H, (15.13)

We will be able to use regularity results for the attractor to “prepare” reaction—
diffusion equations to ensure that (15.13) holds.

The condition given in the following theorem, which is based on the eigen-
values of A, is known as the “spectral gap condition.”

Proposition 15.6. If there exists an n such that the eigenvalues X, and A,y
satisfy

A-n+1 - A.,, > 4C1 (1514)

then the strong squeezing property holds, with the k in (15.9) bounded below
according tok > A, + 2C;. ‘
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Proof. Theideais simply to let w be the difference of two solutions w = u — I
and to consider what happens on the boundary of the “cone”:

{w,D:10w -1 < |Pu-B}.

The first step is to show that pairs of trajectories cannot leave this cone, and so
we must show that

%(IQWI— [Pw()

is negative when | Qw| = |Pw|. We do this by bounding d|Qw/|/dt above and

d|Pw|/dt below.
The difference w of two solutions satisfies the equation

dw/dt + Aw = F(u) — F(u). (15.15)

Set p = Pw and ¢ = Qw. We can write (15.15) as two coupled equations
for p and ¢. Since P and Q commute with A we can apply both operators to
(15.15) to obtain

dp/dt + Ap = PF(u) — PF(3),

(15.16)
dq/dt + Aq = QF () — QF ().

It is straightforward to obtain a lower bound on d|Pw|/dt by taking the
scalar product of the P component of (15.16) with p to give [using (14.17)]

d _
%d—|p|2 =~|pl*~ (PF(u) — PF(@@), p)
> —xalpl* = Cilwl|pl,

or when [g(0)| = |p(0)],

d
hall > —(, + 2CD|4gl.
(dt+|P|),:0 > —( vlgl

We now take the inner preduct of the Q equation in (15.16) with g to obtain
d _
1719l +llgl? = (QF ) = QF @, q),
and so [using (14.18)] we get

d
%ZICJI2 < —Xartlgl? + Cilglwl. (15.17)
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When | p(0)| = |¢(0)| this becomes
14, 0 < - 24 90102
§E|CJ| < = Xyytlgl” + 2C g "
1=0
Therefore,
d g1 == 2C))Iql
dr+ q o = n+1 viql.
Thenatt =0
d
o (gl = 1PDe=0 £ =t — Ay — 4C1)1q 0},
[+

which is negative provided that (15.14) holds, and so we obtain the cone invari-

ance property.
The exponential squeezing outside the cone (15.8) follows directly from the
Q component of the equation with |g| = |p[; in that case (15.17) becomes

d
%d7|q|2 < —Aastlgl* +2C11gl%,

and the exponential decay in (15.9) follows with & = X4 — 2C; using the
Gronwall lemma (Lemma 2.8). The lower bound on k follows from the spectral
gap condition. W

15.4 Inertial Manifolds for Reaction—-Diffusion Equations

We now want to apply the abstract theorem above to the scalar reaction—
diffusion equation

e o et
ot u= fu), ulaa =0.

The first stage is to prepare the equation “appropriately.”

15.4.1 Preparing the Equation
The preparation comes in two parts. First we adjust f(s) to give a new function
g(s) that is globally Lipschitz. For this we use the L*™ bound on the attractor.
Then we truncate the resulting functional G[u] to give a new nonlinearity F'[u]
that is zero outside some ball B(0, p). The construction yields an equation that
is “appropriately prepared” and a nonlinear term that is globally Lipschitz from
L? into itself.
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Although we will have changed the original equation, we will be careful to

leave everything unchanged on the set
(ueH:lul <R, |ullo = M},

where R and M are the bounds on A in L2(£2) and L™ (), respectively (from
Proposition 11.1 and Theorem 11.6). If we adjust the nonlinearity outside this
set we do not affect the dynamics on A.

For the first step we use the L* bound and define

8(s) = Oy (s) f (),

where Oz (s) = 8(s/R) and 0 is a C* cutoff function, § : R ~ [0, 1] such that

L =1,
o) = {0, 7l > 2,

with |8'(r)| < 2. The function g(s) is now a globally Lipschitz function, so we
have, for some C,

lg(s) — 8 < Cls —r|.

This allows us to prove the global Lipschitz bound (15.13) we need for Propo-
sition 15.6. Writing G[u](x) = g(u(x)) we have

|Gl - Gl < / 8(u()) — g(v() 2 dx
Q

< c2/ [u(x) — v(x)|® dx
Q
= C?lu—v|.

Compare this with the general result (Proposition 8.6) we used before (to prove
continuity of the solution semigroup in H, ), where we could show only that F
was locally Lipschitz from H' into L? (in the case m = 1 or m = 2).

To ensure that the equation is appropriately prepared, we now replace
G(u) with

F@) = 6r(uhGw).

If we set p = 2R, then F' (1) = 0 outside B(0, p). It then follows that B(0, p)
is absorbing, since outside B(0, p) the equation becomes

0= —Au, (15.18)
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whose solutions decay exponentially. B(0, p) is also positively invariant, and
ifug ¢ B(0, p) withug € P, H then (15.18) implies that u(¢) € P, H until u(r)
enters the positively invariant set B(0, p), which gives property (i).

For property (ii), note that the form of the equation outside B (0, p), (15.18),
implies that

S(t){ue PH:|u| <2pe™'} > {ue PH:p<|ul <2p}
and
S(t){u € PH :ju|> pe""’} D {u € PH:u|l > p}.

It follows, since both P and S(¢) are continuous, that PM, = PS(t) My is
closedin PH.

Now, a simple variant of the analysis in Chapter 11 (Theorem 11.11) shows
that S(¢) is injectiveon PH:

S(Hp1=S()p, = n=p for all t>0, pi,pp € PH.

Thus we can define a continuous map S(—¢) : M; — M (using Exercise 10.8
on each bounded subset of M in turn). It follows that the map S(—t)¢;:
P M, — PH is continuous, and so P M, is alsoopenin P H. Since PM, = 0
we must have PM, = PH, as required.

We can also show that this preparation has not sacrificed the global Lipschitz
property of G.

Lemma 15.7. F (u) is bounded and globally Lipschitz from H into H.

Progf. F is globally bounded, since

I Flloc < Co = sup [G(u)] < |G(0)] + pC.

ll<p
To show that F is globally Lipschitz we consider three cases.

(i) First, if [u1], [u2) > pthen F(u) = F(up) = 0, so the Lipschitz property
is clear.
(i) If fuy] = p = Jup| thep 8z (Ju1|) = 0, and so

IF (1) = Fuz)l = |0r(1u1])G (u2) — Or(112)) G (u2) |

Ml

IA

Co
— |1y — usl.
el
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(iii) Finally, if futy], Ju2] < p, then

IF (u1) = F(u2)] < |0r(ur]) = Ox (121G (uo)
+0r(ua)IG (1) — G (un)]

C
< (—” + C)Jm — ual,
o

and we are done. B

15.4.2 Checking the Spectral Gap Condition
We need to satisfy the spectral gap condition (15.14), which is

A-H+1 - A.,, > 4C1

To look for large gaps in the spectrum we clearly need to have a good idea of
the behaviour of the spectrum itself. We will consider two cases: first, general
domains € C R™, where one can show that

Ay ~ Cn¥™, (15.19)

and second for box domains [}, [0, L], where the eigenvalues of the Lapla-
cian are proportional to weighted sums of squares of integers,

n

2
A-(m W) 68 z 12
J

[Note that (15.19) still holds, but we have more control over the eigenvalues
since we can write them explicitly.]
In a one-dimension domain, where ,, o< n% /L2, the gap between consecutive

eigenvalues satisfies
Angt — Ay < (21 + 1)/L2,

and so the gap condition is essentially, for large n, 21 + 1 > L2C;. This can
easﬂy be sausﬁed by choosmg nlargeenou gh It follows that a one-dimensional
" For two-dimensional domains it is not so clear tha{'iihe spectrum has the
required gaps. Indeed, on a general two-dimensional domain (15.19) tells us
only that A, ~ n. Large gaps look unlikely, and it is not known whether or not
they exist for such general domains.

HoWevel for the rectangular domain [0, L;] x [0, L,], the eigenvalues are
appropriately weighted sums of squares. Although they still satisfy A, ~ n,
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we can appeal to a result from number theory due to Richards (1982), which
guarantees that there are arbitrarily large gaps in the weighted sums of two
squares provided that L, /L is rational. This implies that A,,,; — X, can be big;
to achieve a gap of size k, the result requires that n ~ e** for some constant k,
giving an estimate of the dimension of the inertial manifold that is exponential
in C} (the required gap is 4Cy).

We now consider briefly how these dimension estimates compare with those
for the global attractor we obtained in Chapter 13. Suppose that we introduce

a parameter A into the equation
dujdt + Au = LF (u),

as we did when we were considering the structure of the attractor in Chapter 11
and its dimension in Chapter 13. The effect of this on the gap condition would
be to replace C; with AC, and therefore the dependence of the dimension* of

the inertial manifold on X is
A, m=1,
n ~
e m=2.

We already know that the dimension of the attractor is much less than this for
large A, since we found in Chapter 13 that d(A) ~ A2 We will come back
to this in the next chapter.

Let us now return to our discussion of spectral gaps as we increase the
dimension. In three dimensions, results from number theory show that the only
gaps between the sums of three integers are 0, 1, 2, and 3; and any integer can
be represented as the sum of four squares [see Hardy & Wright (1960) and
Exercise 15.4]. We therefore cannot prove the strong squeezing property in
these cases by using Proposition 15.6. However, it is possible to get around
this problem and improve the results slightly.

15.4.3 Extensions to Other Domains and Higher Dimensions

What happens when we are in a 2D rectangular domain [0, L] x [0, L] and L,
and. L, are not rationally related? Mallet-Paret & Sell (1988), using methods
dramaugally different from those of Proposmon 15.6, showad dir ectly that the

* This underestimates the dimension if we introduce the A dependence in the original equation,
— Au = Af(u),

since then the bounds on A in L2 and L that we used in our truncation also depend on A, Since
the Lipschitz constant of #(u) depends on these bounds, C, also increases as A increases.
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strong squeezing property holds in this case. Their analysis also works for the
¢éube [0, L]?, extending the results into this one special 3D domain.

In any higher dimensions results are unlikely. Indeed, Mallet-Paret ez al.
(1993) have shown that there is no inertial manifold for “hyper—cubi@ domains
in m = 4 in the case of Neumann boundary conditions (Vu - n = 0).

15.5 More General Conditions for the Strong Squeezing Property

For many equatlons it is not possible to prepare them so that they can be put
in the form of (15 1) with F Lipschitz from L2 into L2. However, it is often
p0551ble to ad]ust the equatlon so that F is Lipschitz from one fractional power
space D(AY) into another, D(A#), with B < «, so that

|AP(F () — F(0)| < C1|A% (u— v)| forall  u,veD(A%). (15.20)

(Fractional power spaces were defined in Section 3.10.) The difference between
o and B, y = a— B, measures the “loss of smoothness” mvolved in the mapping
u > F (u)

We say that the strong squeczmg property holds in a space X if all the norms
in Deﬁmuon 15. 2 arc norms m X. Under the assumptxon (15.20) it is possible to
adapt the argument of Proposmon 15.6 to guarantee that the strong squeezing
property holds in D(A%). However, we need to strengthen the conditions,
#équiring that both

)»,11:_;{ > 2C;
(which can be satisfied easily by choosing 12 large enough) and the strengthened
gap condition,

Aot = A > 2C1 (A + 00,1 ), (15.21)

hold. The new gap condition requires not only the occurrence of large gaps,
but means that they have to occur soon enough in the spectrum to outweigh the
growth on the right-hand side.

15.5.1 Inertial Manifolds and the Navier—Stokes Equations

Problems with spegtral gaps have obstructed the proof of existence of iner-
tial mamfolds “for_the Navier—Stokes” ¢quations. This is a particularly im-

portant ‘open problem since the queonn' “Is turbulence a finite-dimensional «
phenomenon?” is of great interest.
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For the Navier-Stokes equations the nonlinear term B (, u) = u- Vu contains
a derivative, and we cannot expect it to be Lipschitz from L2 into L2, However,
we can show that B(u, 1) is locally Lipschitz from H! into 2. Writing F () =
B(u,u)+ f and w = 1 — v, we have

F(u) -~ F(v) = B(u,u) — B(v,v) = B(w, u) + B(v, w).
It follows from the inequalities for b (9.27) that
[Bw, w)| + [B(v, w)| < k[lw|" w2l Aul* + v/ Av2w]],

and so on the intersection of the absorbing sets in D (A) and V (and so certainly
on the attractor)

[F@t) — F()| < Cillue — vl (15.22)

We will now see that this Lipschitz property will not be of any use to us,
even if we can prepare the equation “appropriately” and preserve it. Since
H}(Q) = D(A"?), weneed totake @ = 3 and B = 0 [i.e. y = 1 in (15.21)].

Thus we must satisfy the stronger gap condition

Mgt = d > 201 (A2 02, (15.23)

We mentioned above that on a general domain the eigenvalues of the Lapla-
cian (and so of the Stokes operator) satisfy A, ~ Cn, and so we cannot expect
the condition to hold in general, since this would require C > 4C;n'/2. Even
on a square domain [0, L]?,

{420 /L2, n € 7)

is a subset of the spectrum of A. Thus if the gap condition holds for the equation
with viscosity v,

VAngl — VA, > 2C) (vl/z)»,l,fl + v20)7%)

for some n, then we must have n/L > v~!/2C;, which cannot be satisfied
for small v. Since small v is the parameter range in which the flow becomes
complicated and turbulent, a result valid only for large v is of no account.

The final chapter (Exercises 17.12 onward) treats an example in which the
general form of the spectral gap condition can be applied to deduce the existence
of an inertial manifold.
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15.6 Conclusion

We have shown that inertial manifolds exist for scalar reaction—diffusion equa-
tions on one-dimensional domains, two-dimensional rectangular domains, and
the cube in three dimensions. We do not even have an existence result for gen-
eral two-dimensional domains. Furthermore, the dimension estimates obtained
are much larger than that for the global attractor of the system.

The existence or otherwise of inertial manifolds for the most important ex- -
ample, the Navier-Stokes equations, is still entirely open. We therefore need to
develop other methods if we want to investigate finite-dimensional behaviour
in fluid mechanical systems or in reaction—diffusion equations in arbitrary
bounded domains in dimensions higher than one.

In the next chapter we adopt a more direct approach, starting from the exis-
tence of a global attractor.

Exercises

15.1 Show that the characterisations of “exponential convergence” towards
M given in Equations (15.4) and (15.6) are equivalent. [Hint: Consider
dist(u, M)? = inf e py (|Pu~pl>+|Qu—¢(p)[*) and | Qu~p(Pu)|*.]

15.2 Suppose that F is a Lipschitz function from H into H,

|[F(u) — F()| < Clu ~ vl

Show that if the strong squeezing property holds then there is a Lipschitz
ODE on P, H =~ R" for which P, A is an invariant set. [Use Proposition
15.3 and the ideas behind the inertial form (15.5).]

15.3 Suppose that the strong squeezing property holds for an equation that
has been “appropriately prepared,” and let

T =9P,B(0, p).

Show that, for each rp < oo,

= |J SOT

O<r<ry

is a subset of a Lipschitz graph over P, H with constantat most 1. Define

T=[JsHr

>0
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154
15.5

15 The Strong Squeezing Property
and
M=%U{ueP,H:|ul > pl.

Assuming that P, = P,B(0, p) (this is true provided that n is large
enocugh) show that M is an invariant Lipschitz manifold that contains A.
(This is the basis of the geometric, or “Cauchy,” method of construction;

see Notes.)
Express 135, 136, 137, and 138 as sums of at most four squares.

Suppose that
du/dt + Au = F(u) (15.24)

has been “appropriately prepared” and has an inertial manifold given
as the graph of a Lipschitz function ® : P,H — Q. H with Lipschitz
constant 1 (as in Theorem 15.5).
(1) Show that if u(r) is any solution of (15.24) then p(t) = P,u(t)
solves

dp/dt + Ap = F(p + ®(p)) + k(t), (15.25)

where |h(¢)| < Ce™ .
(i) Suppose thatif h(¢) satisfies |h(z)| < Ce™, then for each solution
p(t) of (15.25) there is a corresponding solution p(¢) of

dp/dt + AP = F(p + ®(P))
such that
|p(t) — P()| < De™.

Show that if u(z) solves (15.24) then there exists a solution u(¢)
of (15.24), which lies on the inertial manifold, such that

u(t) ~T(r)| < Me™. (15.26)

(This property, known as asymptotic completeness, is stronger than just
exponential attraction to A; see Notes.)

Notes

The subject of inertial manifolds has some overlap with the theory of normally hyperbolic
invariant manifolds, extensively developed for the case of ODEs; see for example Hale
(1969), Hirsch er al. (1977), Fenichel (1971), and Wiggins (1994). Direct precursors
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of the theory of inertial manifolds are contained in Maifié (1977), Mora (1983), Henry
(1984), and Kamaev (1984).

Inertial manifolds themselves were introduced in a short paper by Foias et al. in 1985.
From the start the hope has been to apply the ideas to the NavierStokes equations, but
thls has so far been frustrated. There are many methods for proving the existence of
inertial manifolds. The one here is based on Mallet-Paret & Sell (1988) and Robinson
(1993). The most powerful results, due to Chow et al. (1992), follow from a contraction
mappmg argument such as was used in the first detailed paper on the subject by Foias
et al. (1988a).

Other possible methods of proof are the geometric “Cauchy” method of Constantin
et al. (1989) and Constantin (1989), reformulated in terms of the strong squeezing
property and significantly simplified in Robinson (1995), and the method of “elliptic
regularisation” in Fabes et al. (1991) and Debussche (1990). Mention should also be
made of Ninomiya (1992) and Rodriguez Bernal (1990); the latter provides a proof valid
in general Banach spaces.

For general equations there appears to be no way around the spectral gap condition,
although this was circumvented for some reaction-diffusion equations, as discussed
in Section 15.4.3, by Mallet-Paret & Sell (1988), and there are examples of particular
equations in which it is not necessary (e.g., Bloch & Titi, 1990).

The number theoretic results on sums of squares can be found in Hardy & Wright
(1960). The result of Richards (1982) can also be found in Mallet-Paret & Sell (1988).

Asymptotic completeness was discussed in Foias ef al. (1989) and in detail, following
on from the result of Exercise 15.5, in Robinson (1996).
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A Direct Approach

Although we have obtained finite-dimensional global attractors in Chapter 13
and investigated various approaches towards showing that the dynamics of the
equation is therefore finite-dimensional, all these methods have been somewhat
indirect. The most successful, the theory of inertial manifolds as described
in the previous chapter, relied on finding a smooth manifold containing the
global attractor in order to construct the “inertial form” (15.5), a set of ODEs
reproducing the dynamics on A.

In this chapter we explore the possibility of working directly from the exis-
tence of the attractor to construct such a finite-dimensional system. Since we
would like the results obtained to hold in the greatest possible generality, we
will discuss this question for the attractor of an abstract evolution equation on
a Hilbert space H, with semigroup S(z) that is injective on A.

An ideal result would be the following.

Conjecture 16.1 (Utopian Theorem). For some k, comparable with dg(A),
there exists amap ¢ : H — R* that is injective on A and a smooth ordinary dif-
Serential equation (ODE) onR¥, with corresponding solution operator T (t) and
global attractor X, such that the dynamics on A and X are conjugate under @,

T@lx=goSt)op™.

Currently this theorem appears out of reach, but we will give two partial
results in this direction. One of these weakens the requirement that the ODE
have unique solutions and the other reproduces only the time T-map on the
attractor (S(T')|4).

The first step is to show that it is possible to parametrise a finite-dimensional
set with a finite number of coordinates.

406
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embedding into R*

parametrisation of .4
using k coordinates

Figure 16.1. Schematic illustration of Theorem 16.2 and Corollary 16.3.

16.1 Parametrising the Attractor

We will show that, if & is large enough (roughly twice the dimension of the
attractor), then the attractor can be embedded into R¥. This result can be con-
sidered in two ways (see Figure 16.1). First, the idea is that we can take the
attractor “out” of the infinite-dimensional space and map it, using some linear
map L, homeomorphically onto a subset of R. This makes sense of the idea
that 4 is a finite-dimensiona] set. Second, and perhaps more importantly, it
follows that L~! provides a way of parametrising the attractor using a finite set
of coordinates. We will make use of both interpretations in what follows.

Theorem 16.2. Let X be a compact subset of H, withd¢(X) < d, d an integer,
and let k > 2d + 1. Then if Ly is a bounded linear map into R¥, for any € > 0
there exists another bounded linear map into R¥, L = L(e€), such that L is
injective on X and

"L - LO”op < e€.

Proof. We will use the Baire category theorem (Theorem 3.5) applied to an
appropriate countable intersection.
First, we set

Y={v—w:v,weX}].

Since Y is the image of X x X under the Lipschitz map (v, w) > v — w it
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follows from the result of Proposition 13.2 that ds(Y) < 2ds(X) < 2d. We

now define
A, ={v—~w:v,we X with|v —w|>1/r}

and

1
Ar.j,n = {M € Ar : |(ej, Ll)l > —-'}.

n

Note that A, ; . is compact, and since 0 ¢ A,, we have

00 00
Ar = U U Ar,j,rz-

i=

,..

=
Il

L

We now define
Lyj.={L&LHTRYLTIO)NA,j., =0)

We first show that

RININLE (16.1)

that

consists of those linear maps for.which L~1(0) N A, = @, that is, for which
diam(L™'(x)NX) < 1/r  forall xeR"

It is therefore clear that (16.1), the intersection of these over all , consists of
maps that are injective on X.

If we can show that each L, , is open and dense in L(H, R*) then we can
apply Baire’s theorem. First, we show that each IL, ; , is open. To do this, we
show that if L & L, ;, then there exists an € such that |[L — L|| < € implies
that € L, ;.. This amounts to showing that if Lx £ 0 for all x € A, j, then
Lx # 0 also. Since 4, ; , is compact, it follows that -

min |Lx|=n>0 and max |x| < R,
XGA,-_/_,. x€ Ar.j.n
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for some 0 < n < R. We now write
[Lx| = |Lx — (L — L)x|

> |Lx| = |(L — L)x|
zn- ”L - Z‘”opR-

So if we choose € < 77/2R we can ensure that | Lx| # 0 as required.

To show that IL,, ; , is dense, we will make use of the Hausdorff dimension.
We choose Ly € L(H, R*) and some € > 0. We let ¢ be the map from R* into
the unit sphere S(0, 1) defined by

_ [x/Ixl, x#0,
p(x) = {p. X =0,

where p is some pointin S(0, 1). Now, ¢ is a Lipschitzmapon O, = {x : |x| >
p) for any p > 0. For any set W we can write

P(W) = {U¢<W nox,k)} Ur-
k=1 N~

if DeWw

Since dy (p) = 0, by the countable additivity property of the Hausdorff dimen-
sion we have

du(¢(W)) < Sl;PdH (6(W N O1)),
and since ¢ is Lipschitz on each O, this yields
du(@(W)) < du(W).
It follows in particular that
dr(p(LoA,)) < dy(LoA,) <dy(A)) <ds(A) < 2d.

Since the dimension of S(0, 1) is k — 1 = 2d, there rnust exist a z € S(0, 1)
such that z & ¢ (Lo A4, ).
Now set

L=1Ly+ eze;‘f,

where e? is the linear functional that takes u > (u, ¢;). Clearly L € L(H, RF),
and

IL = Lo|l < e.
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Of course, it remains to show that in fact L € L, ;.. If not, then there must
existau € A, ;, with Lu =0, i.e.

Lou = —(ej, u)ez.
Since u € A,,;, implies that |(e;, u)| > 1/r > 0, we can write z in terms of u:
z = —((e;, w)ye) ' Lou.
Using the definition of ¢, we have
2=¢@) = p(Lou) € p(LoA,),

which is a contradiction. It follows that L. ; , must be dense.

To conclude, we have shown that, for each r, j,and n, L, ; , is open and dense
in L(H, R¥). It follows from the Baire category theorem (Theorem 3.5) that
their countable intersection (16.1) is open and dense in L(H, R¥) also. Since
this intersection consists precisely of those linear maps that are injective on X,
the result follows. m

It follows from Exercise 10.8 that L™~! is continuous when restricted to LX,
since LX is compact. This gives a continuous parametrisation of the attractor
using a finite number of coordinates.

Corollary 16.3. Let X be a compact subset of H, withd ;(X) < d, d an integer,
and take k > 2d + 1. Then there exists a continuous parametrisation of X using
k coordinates.

By using different methods this corollary can be strengthened considerably.
The most powerfu] current result is due to Hunt & Kaloshin (1999), who guar-
antee further that the inverse of L is in fact Hélder continuous,

IL7'x — L7ty < Clx = y/’, x,yeLX, (16.2)

and give sharp bounds on 8. See Exercise 16.2 for more details.

In fact one can also prove Theorem 16.2 and the stronger version in (16.2)
for finite-dimensional orthogonal projections P as well as general linear maps.
What this result says is that the attractor lies in a manifold that is the graph of
some Holder continuous function ¢ over PH,

ACGpl={u=p+¢(p):pePH)

This is the general version of Proposition 15.3 (which needed the strong squeez-
ing property). Note that in this case the function ¢ need not be Lipschitz and the
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projection P has nothing to do with the “natural” finite-dimensional projections
P, we have used in previous chapters.

16.1.1 Experimental Measurements as Parameters

One problem with embedding results such as Theorem 16.2 and the corre-
sponding parametrisation (as in Corollary 16.3) is that the parameteis do not
correspond to any natural physical quantitics. We mention here a recent result
due to Friz & Robinson (2000) that gives one physically relevant consequence
of the existence of a global attractor. In this situation each “parameter” corre-
sponds to an experimental measurement. For the 2D Navier-Stokes equations
on the periodic box @ = [0, L1?, if the forcing term f(x) is real analytic and
k > 8ds(A), then the map

u (ule), ..., ulx)

is one-to-one between the attractor and its image for almost every choice
{x1, ..., x%} of k points in Q.

This shows that a sufficient number of instantaneous point measurements will
determine the velocity field everywhere within the domain Q. Similar results
are also valid in the case of Dirichlet boundary conditions (Friz et al. 2000).

16.2 An Extension Theorem

In what follows we will need the following extension theorem. It guarantees
that a continuous function defined on closed subsets of R* has a continuous
extension to the whole of R, with essentially the same modulus of continuity
(cf. footnote in Section 14.2). In particular, Lipschitz (Ho!der) functions have
Lipschitz (Holder) extensions (set w(r) = Cr?).

Theorem 16.4. Let X be a compact subset of R™, and let f be a continuous
function from X into R¥ such that

[fx) ~ O £ o(x — ], (16.3)
where w, the modulus of continuity of f, is convex:
o +s) <o)+ owls). (16.4)
Then f has a continuous extension F : R™ — RF that satisfies

[F(x) — F(y)| < vVEkw(x ~ y|). (16.5)
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Exercise 16.1 shows that one can always find such an o for a continuous
function defined on a compact set. Note also that the result of the theorem can
be extended to cover a function defined on a closed subset of R™, provided that

f satisfies (16.3) and is globally bounded (|| f|loo < 00).

Proof. Tt follows from (16.3) that
[fi(x) — fi0)] < o(lx ~ y)) (16.6)

for each component of f. We extend each component in turn preserving this
property and then combine them to give an extension of f itself. Set

Fi(y) = sug[fj(X) ~o(lx ~ P

First, note that if x, y € X then
Fi(x) = F;() + o(x = y]) = 1 f;(x) = [ —o(x - y]) 0,
and so F;(y) = f;(»). To show (16.5), we use (16.4),
Fi(y) = Fj(z) = flel)lz[fj(x) ~o(jx ~y)] ~21;§[fj(w) ~o(lw ~z|)]
< flel)l()[fj(x) —o(lx =y = fj(x) + o(lx —z))]
< fg[w(!x —z[) = w(jx = y)]
< o(lz -y,

giving (16.6) for each F;. Combining these inequalities yields (16.5) for F. &

16.3 Embedding the Dynamics Without Uniqueness

We will show that there is a finite set of ODEs, with dimension comparable
with that of the global attractor, that reproduces its dynamics, However, these
ODEs do not have unique solutions, so we cannot really speak about the “dy-
namical system” they generate, nor the corresponding attractor (as required by

our Utopian Theorem).
Theorem 16.5. Let S(t) be the semigroup generated by the PDE
du/dt = F(u), ' (16.7)

where F(u) is (Holder) continuous from A into H (with Holder exponent o).
Suppose that S(t) has a global attractor A, with ds(A) < d. Then, for any
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k > 2d + 1, there exists a system of ODEs in R¥,
dx/dt = f(x), (16.8)

where f : R¥ — R is(Holder) continuous, and a bounded linearmap L : H —
R¥, which is injective on A, such that for every solution u(t) of (16.7) with
u(t) € Athereis a solution x(t) of (16.8) such that

u(®) = L7 x ()] (16.9)

Note the assumption that F : 4 — H is a (H6lder) continuous function. It
is certainly not reasonable to expect that F is continuous from the whole of
H into H, since in most of our examples F (1) contains the term Au, which
is unbounded on H. However, we can often use the increased regularity of
solutions on A4 to prove the required continuity, and we do this for our two
examples after the proof of the theorem.

Proof. Theorem 16.2 guarantees that there exists a bounded linear map L from
H into R¥, which is injective on .4 and has a continuous inverse on L.4. Now
consider the ODE for x € L.4 obtained from the equation on A,

x = LF(L™'x).
The function f: LA — R¥ given by
fe)y=LF@L %)

is certainly continuous. If we have assumed Holder continuity of F, then £ is
also Holder, since we can use (16.2) to write
[f(x) — FO)| = ILF(L™'x) — LF(L™'y)|
< ILllopl F(L™"x) = F(L™'y)|
< KlLlloplL ™ x — L™ y
< CK||Lllplx ~ yI™*. (16.10)

One can then use Theorem 16.4 to extend f to a function f :RF — R that
is (Holder) continuous and bounded. Then we have a system of ODEs

x = f(x), x € R¥, (16.11)

with a (Holder) continuous right-hand side and solutions that exist for all time,
since f(x) is globally bounded.
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However, the solutions of (16.11) may not be unique, as f is only (Holder)
continuous, not Lipschitz. Nevertheless, by construction, we have ensured that
one of the solutions of (16.8) through xp = Lug with up € A will be precisely

x(t) = Lu(z).
This guarantees (16.9).

Note that we have that L4 is “weakly invariant,” in the sense that for any
initial condition xp € L.A we cannot guarantee that x(¢) remains in L.A4, but
we do know that there is at least one solution x(z; xp) that remains in L.A4 [see
Bhatia & Szegd (1967) for some discussion of such sets].

16.3.1 Continuity of F on A for the Scalar Reaction-Diffusion Equation
To show that the “right-hand side”

F(u) = Au—+ f(u) = ~Au+ f(u)

is continuous we need to use some regularity of solutions on the attractor. We
will assume that f is a C™ function and that §2 is a bounded C™ domain,
and then we can appeal to Theorem 11.8, which guarantees that A is bounded
in H*(Q) for every k > 0. In particular, A is bounded in H3(£2), and so in
D(A3?).

We can now use the interpolation inequality for fractional powers proved in
Lemma 3.27,

|Aw| < |w]'?| A 2w *?,
to show that the map u > Au is H6lder on the attractor, since
|[Au — Av| < |u — v|"P|A>2(u = v)|*? < Clu — v|'?, (16.12)

as A is bounded in D (A%/?).
Also, we saw before in Equation (11.22) that

£ @) = fO] 2 1 oot ~ v],
so that f is continuous from L2(Q2) into L2(£2). It follows that
—Au + f(u)

is Holder continuous from A into L2(£2), and Theorem 16.5 applies.
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16.3.2 Continuity of F on A for the 2D Navier-Stokes Equations

To show that the nonlinear term
F(u) = —vAnp — B(M, u) + f

from the Navier-Stokes equations is continuous we once again need to use
some regularity of solutions on the attractor. We will appeal to the regularity
theorem (Theorem 12.7), which shows that if we take f & C;°(Q) [and in fact
f € V is sufficient] then A is bounded in H? and so in D(A%?) [using the
result of (9.13) to move between D(A*/?) and H].

The Hélder continuity of A follows as above in (16.12), and we saw in the
last chapter (15.22) that B(u, u) is Lipschitz from V into H,

1B, u) ~ B(v, v)| < Cillu~ vl
Clearly this implies that
|B(u, u) ~ B(v, v)| < C1A]'*|Au ~ Av],

and so we obtain via (16.12) that B(u, 1) is also Holder continuous. It follows
that F itself is H6lder continuous from A into H:

|F(u)~F(v)|§K|u—v|l/3, u,v € A.

Once again, Theorem 16.5 applies.

16.4 A Discrete-Time Utopian Theorem

Although our Utopian Theorem requires a set of ODEs on R* with X as an
attractor, any such construction is made extremely difficult by the fact that
f(x) = LF(L™'x) is only H&lder continuous on X [see (16.10)].

Instead of struggling against this lack of uniqueness in ODEs, we will look
for a map on R¥ that reproduces the time T-map on the attractor and consider
the discrete semidynamical system that comes from iterating S(7'). Since any
numerical algorithm produces only the values of the solutions at discrete-time
steps, this approach is more akin to numerics than a continuous system would
be. We discuss this in more detail at the end of this section.

We will show that there is an iterated map on R¥ that comes “within €” of
our Utopian Theorem in a discrete-time formulation. The result relies heavily
on the topological properties of the global attractor. A detailed discussion of
these is beyond the scope of this textbook, but we outline the main ideas below.
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16.4.1 The Topology of Global Attractors

The topological structure of a global attractor (at least in simple cases) can be
deduced from our construction in Chapter 10. There, we saw that (Exercise 10.5)

A= ()S(T)B

n=1

for any absorbing set B and any T > 0. Since A is bounded, B(0, R) is an
absorbing set for some R. If we take T to be the time B(0, R) takes to absorb
B(0, 2R), then we can write

A=()Cu (16.13)

n=1
with C, = S(nT)B(0, R) a sequence of sets satisfying
Chy1 C Int(C,), (16.14)
and we know that for every € > O there exists an ng such that
Cuy C N(A, €). (16.15)

If the flow has the injectivity property then in addition for each n there is a
homeomorphism £, that maps

(C,9Cy) onto (B(0, 1), 3B(0, 1)). (16.16)

If A satisfies (16.13)-(16.16) we say that A is strongly cellular. With more
powerful results from infinite-dimensional topology it is possible to show that a
global attractor is always strongly cellular (even if we do not have the injectivity
property).

The useful thing about this topological property is that it is invariant under
linear embeddings of the set into finite-dimensional spaces. We state without
proof the following topological theorem.

Theorem 16.6. Suppose that A is strongly cellular and that L: H — R*
is linear and one-to-one between A and its image X = LA. Then X is a
strongly cellular subset of R¥. In particular there exists a homeomorphism
h:R¥\ {0} = R¥\ X such that, for each n € N, h maps

(R*\ B(0,27™),8B(0,27"))  onto  (R¥\ Cy, 3Cy,). (16.17)
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We now use this to show that if X C R¥ is strongly cellular then there is
a dynamical system that has X as an attractor. Note that this theorem in fact
shows that strong cellularity fully characterises the topology of global attractors
in dynamical systems.*

Theorem 16.7. If X C R* is strongly cellular then there exists a dynamical
system o(; x) on R* for which X is an attractor consisting entirely of fixed
points.

Proof. We willtake a,, = 27", write S = dB(0, 1), and use the strong cellularity
of X in R* to deduce the existence of a homeomorphism as in (16.17).

Now, using the uniform continuity of / on the closed set[a,43, a;]S it follows
that for any n € N there exists a b, such that

|h(As) — h{(us)| < a, (16.18)

whenever A, it € [a,.3, a,] and | — | < b,. Clearly we can assume without
loss of generality that b, ; < b, and that b, < a,.
Now define Ty = 0 and

Since b, is decreasing we must have 7, — co asn — oo. Define a continuous
scalar function m : R — (0, 1] by

) = 1 -t t <0,
" - an[l - %([ - Tn)bn]: 7;1 <t < Tn+1‘

Observe that m(0) = 1 and m(T,) = a,. The idea is that m(+) — Oast — co
in such a way that it slows down enough to compensate for the larger changes
inh(s)ass — 0.

We use m(z) to define a dynamical system g (z; x) on R \ {0},

u(t; x) =m@ + s)x when y = m(s)x, for some x€eS.

* There is asubtlety here. In infinite-dimensional spaces, global attractors of semiflows are strongly
cellular, whereas in finite-dimensional spaces this is unknown. The result is that strong cellularity
fully characterises the topology of attractors of semiflows in infinite-dimensional spaces and of
flows in finite-dimensional spaces.
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Using u, we define a dynamical system ¢(¢; x) on R¥ by

o Jhou(t RN (X)), x eRF\X,
vt x) = {x xeX.

s

The function ¢ is clearly continuous away from X, and since y is a dynamical
system, ¢ satisfies the uniqueness property:

o(t; 7 (s; x)) =ho w(t; E Y (ho us; h_l(x))))
=hopu(r; u(s; k™' (x)))
=hou(r+s;h7'(x))
=o(t +5;x).

It remains to check that ¢(z; x) is continuous for every (¢; z) with z € X.
Assume that x € Cyq \ Cpyz. Then BV (x) = m(s)¢ for some £ € S, and

m(s) € (a2, au 1],
If |t| < 1/a, then |t| < 1/b,, and so it follows that we have
m(t +35) € [ay.3, a,l. (16.19)
Siuce |t| < 1/ay, it follows from the definition of m(¢) that we must have
[m(t 4 s) — m(t)| < b,. (16.20)
Since
(e hH (X)) = (e m(s)E) = m(t + 5)¢
it follows from (16.19), (16.20), and (16.18) that

lp(t;x) — x| = B opu(t; h™(x)) — h(™ ()
< |h(m(t + $)&) — h(m(s)&)]

_<_. a!l!
whenever x € C,,1 \ Cy42 and |¢| < 1/a,. Since a, is decreasing we obtain
lp(t;x) =zl < lp(t; x) — x|+ |x —z| S a + |y — 2|

wheneverz € X, x € Cpyp, and || < [/a;.
That X is an attractor is clear by construction. &
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We will use the following immediate corollary, obtained by setting ®(x) =
@(1, x).

Corollary 16.8. If X is a strongly cellular subset of R¥ then there exists a map
& : RF — R for which X is the attractor, and ®(x) = x forall x € X.

16.4.2 The “within €” Discrete Utopian Theorem

The following theorem guarantees the existence of a discrete dynamical system
on R* that reproduces the time 7-map on A and has a global attractor arbitrarily
close to X.

Theorem 16.9. Let A have finite fractal dimension, ds(A) < d. Then given
T > 0and € > 0, for any k > 2d + 1 there exists a bounded linear map
L: A — R injective on A, and a continuous map f from R* into itself such
that if we write X = LA, then

(i) the dynamics on A and X are conjugate under L;

flx=LoS(T)oL™,

and
(ii) the global attractor for the discrete dynamical system generated by f, X ¢,

satisfies

Xf C N(X, €),
and has X as an invariant subset.

For a schematic illustration of this result, see Figure 16.2.
Note that part (ii) says that

disty (X, Xf) < ¢,

and so X is very nearly (within €) X, as is required in the full version of the

Utopian Theorem.

Proof First use Theorem 16.2 to find 2 bounded linear map L : H — R* that

is injective on .4, and set X = PA.
Let ® be the map on R* from Corollary 16.8. Then, since X is a global

attractor for the dynamical system generated by @, it follows that for the given
¢ there exists a § such that

x e N(X, 8) = ®i(x) e N(X,e)  forall  j=0. (16.21)
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S(T)

LY Wit

N(X, €) D X;

Figure 16.2. Schematic illustration of the “within ¢” discrete-time Utopian Theorem.

Using the continuity of S(#) and the compactness of 4, choose an M such
that the map g (x) given by

gx)=LoS(T/M)yoL™ (16.22)
satisfies
B(x) —x| <8/4  forall xe&X.
Now extend the function

By —x, xeX,
Pi(x) = {o, x & N(X,5/2)

to a function p; (x) defined on the whole of R¥, using* Theorem 16.4. Defining

* In fact we use the modification of Theorem 16.4 discussed briefly after its statement, since py(x)
is defined on a set that is nol compact. One way 10 avoid this would be 1o find an extension p;

of the function )

- _JEx)~-x, xeX,

Pix) = {0, x € IN(X,8/2),
using Theorem 16.4 as stated, and then set

[ 2@), x €N 82,
paAx) = {0, x ¢ N(X, 3/2).
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D(x) by

_ [p2(x)|
p(x) = pa(x) 0(————~8/4 )

where 8 : [0, co) — [0, 1] is continuous and satisfies

I, 0<r=l,
9(’)_{0, r>2,

we obtain an extension p(x) of p;(x), with [p(x)| < §/2 for all x.
Now let g (x) = x + p(x) to obtain an extension of the function g (x) defined
in (16.22) above, and consider i(x) = g™ (x). Then A(x) extends

LoS(ToL'x, xeX,
x, x ¢ N(X,38/2)

and has the property that
x e N(X,48/2) = h(x) e N(X, 8).

Finally, define f as the composition of & with &, which is again a map from
RF to itself,

f=doh.
Then, as @ is the identity on X,
flx=LoS(TyoL™",
and, since 4 is the identity on R* \ N(X, §/2),
flrawesy = .

This ensures that N (X, €) is an absorbing set for the dynamical system { f},
since f = @ until the trajectory enters N (X, §/2). From then, the iterates under
f # ®eitherremainin N(X, §/2) orleave into N(X, §). There we have f = ¢
once again, so that the iterates under f remain in N(X, €} by (16.21).

Thus the system has a global attractor X ;, which must lie within N (X, €).
That X is invariant and that X C X are obvious. @

The result of this theorem provides some optimism that in time it may be pos-
sible to develop numerical schemes that take advantage of the finite-dimensional
nature of the system, It is notoriously difficult to compute the solutions of PDEs,
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and efficient codes for the Navier—Stokes equations, for example, are extremely
valuable. Since most numerical methods correspond to an iterated map on some
finite-dimensional phase space, we could interpret the result of this theorem as
proving the existence, at least in theory, of an efficient method based on the
intrinsic dynamics of the equation.

16.5 Conclusion

The results of this chapter give the best indication so far of the sense in which
finite-dimensional attractors imply that the underlying system has a finite num-
ber of degrees of freedom.

Not only have we proved the embedding Theorem 16.2, which shows that the
global attractor can be parametrised by a finite set of coordinates, we have also
proved the discrete-time Utopian Theorem (Theorem 16.9). This says, ineffect,
that even though the models we have studied are infinite-dimensional, their
asymptotic dynamics are no more complicated than those of an iterated map ona
finite-dimensional space. In particular, this means that numerical investigations,
by their very nature finite-dimensional, can be expected to provide insight into
the behaviour of these extremely complicated systems.

The main focus of research into global attractors over the past decade and a
half has been to extend the theory to an ever increasing array of models. The two
examples that we have treated in the previous chapters have been supplemented
by a host of others, and new equations are succumbing all the time. A large,
though by no means exhaustive, set of these is covered in Temam (1988) and
more in the second edition of the same book (Temam, 1997).

However, the theory is now clearly valid in a great many situations, and there
is a need to concentrate more specifically on the direct physical implications of
the existence of a finite-dimensional global attractor. The results of this chapter
(in particular those of Section 16.1.1) offer a first step in this direction, but there
is much more to be done if we are to make the most of the dynamical systems
approach to these infinite-dimensional problems.

Exercises

16.1 Suppose that X is a compact subset of R™ and f is a continuous function
from X into R*. Show that it is possible to find 2 modulus of continuity
for f asin (16.3), w : Rt — R¥, such that

w(r+s) <o)+ wls).
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[Hint: Set

o(r) = sup ] [£(x) — FO.

{x,yeX : lx—ylzr

and show that & is well defined and has the required convexity property ]
The result of Hunt & Kaloshin (16.2) shows that linear maps whose
inverse satisfies

[L™ix — L_lyl <Clx — y(e, x,y € LX

form a dense subset of L(H, R¥) for any § in the range

k — 2d /(X)
K1+ 1(X)/2)

Here (X)) is the “thickness” of X, a measure of how well the set can be
approximated by finite-dimensional linear subspaces. If d(X, ¢) is the
minimum dimension of any finite-dimensional subspace, V, such that
every point of X lies within € of V, then the “thickness” 7 (X) is defined

by

0<8 <

. logd(X, €)
(X)) = lim sup ———.
(%) =limsup = /e

(i) Show that r(X) < ds(X).

(ii) Find an example of a set X with t(X) = 0 butd,(X) = n.
Let A be the negative Laplacian on £2. Then its eigenfunctions form an
orthonormal basis for L2(€2), and its eigenvalues (ordered to increase
with n) satisfy A, ~ n?" for n large. By considering the linear subspace
consisting of the firstn eigenfunctions of A, show that, if X is bounded in
D(A"), then the quantity d(X, €) (from the previousexercise) is bounded

by
d(X,e) < Ce™™¥,

Deduce that

x)< = (16.23)
2r
If X is bounded in D(A”) for any r deduce that the Holder exponent
of L~! can be made as close to 1 as possible provided that k is large
enough. [See Friz & Robinson (1999).]
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164 Suppose that A: A— H is Lipschitz continuous. By writing
w = u — v in two pieces, one consisting of the first n modes and one of
the remaining modes (an infinite number) show that in this case .4 must
lie in a Lipschitz manifold given as a graph over P, H. (Hint: Use the
result of Exercise 14.2.)

16.5 Under the same assumptions as those in the previous exercise, we can
write down a Lipschitz ODE on R" ~ P, H for which P,.Aisaninvariant

set (cf. Exercise 15.2). Denote this by
x = f(x).

Giinther (1995) has proved that there exists a Lipschitz ODE on R”,
x =g(x),

for which X = P, A is the global attractor, with g|y = 0. Prove a
“within €” continuous-time Utopian Theorem in this case. [Hint: Con-
sider an equation of the form F(x) + g(x), where F(x) = f(x) ina
neighbourhood of X ]

Notes

The proof of Theorem 16.2 is based on that of Maiié (1981), with some simplifications
due to the fact that we are considering the problem in a Hilbert space setting. Many
papers have treated the problem since, all concentrating on the case of orthogonal pro-
jections until the result given in (16.2), due to Hunt & Kaloshin (1999) [this is also
valid for orthogonal projections; see Friz & Robinson (1999)]. Eden e al. (1994b) gave
a constructive proof in a Hilbert space and showed that the inverse is Holder continu-
ous if X C R¥; Ben-Artzi ef al. (1993) gave sharp bounds on this Holder inverse (for
X < RY); Saver et al. (1993) replaced density by a probabilistic version (“almost all”
in some sense); Foias & Olson (1996) gave the first proof that the inverse is Holder
continuous when X is a subset of an infinite-dimensional space.

The proof of the extension theorem here is due to McShane (1934); a proof that works
when f:RF — H is given in Stein (1970). As mentioned before, it is possible to extend
the function keeping the same Lipschitz constant, but the proof is much more involved
[see Wells & Williams (1975); one can also adapt the proof of Kirszbraun’s theorem in
Federer (1991)].

Eden et al. (1994b) provide another construction aimed at satisfying the demands of
the Utopian theorem. Let £ be a bounded linear map from H into R¥ that is one-to-one
on A, and set X = L.A. They define a function v:R¥ > X by v(x) = y, where y is
chosen to be one of those points in X such that [x — y| = dist(x, X). Although this
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function v is not continuous, they show that solutions of the ODE
%= fwx) +o@x)—x) (16.24)

are attracted to X and reproduce the dynamics on .A. However, the right-hand side of
(16.24) is not even continuous, so there is no hope that the solutions can be unique.

The discussion of the topology of global attractors, given in more detail in Robinson
(1999b), combines several results, motivated by the treatment in Garay (1991). That
strong cellularity is preserved under linear embeddings (as in Theorem 16.6) follows
from results of Geoghegan & Summerhill (1973) and Borsuk (1969, 1970). The existence
of the appropriate homeomorphism is proved in McCoy (1973). The construction of the
dynamical system in Theorem 16.7 is adapted from Garay (1991); see also Giinther
& Segal (1993). Note that Theorem 16.7 does not claim that there is a smooth system
of ordinary differential equations with X as an attractor, but this has also been proved
(Giinther, 1995).

Finally, the proof of the discrete-time Utopian Theorem (Theorem 16.9) is taken from
Robinson (1999b).
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We also define the bilinear form B(u, v) : Hf, X Hf, — H2by
(B(u, v), w) = b(u, v, w) for all u, v, w e Hg

In terms of A and B we can write the KSE as
du

- + Au+ D?u+ B(u, u) = 0. (17.1D)

17.2 Existence and Uniqueness of Solutions

We now want to use the eigenfunctions of the bi-Laplacian operator from
Exercise 17.2 to prove the existence of solutions via the Galerkin method.

Exercise 17.5. With
n
U, = Z UnjW;
j:.l

consider the equation for u,, given by

du,
dt

Take the inner product of this equation with u,, to show that

+ Auy + D?upy + P, B(uy, uy) = 0. (17.12)

Uy is uniformly bounded in L, T; L2,
Un is uniformly bounded in  L*(0, T; HY), and  (17.13)
duy/dt  isuniformly boundedin ~ L*(0, T; H™%).

[Hint: You will need to use (17.4).]

Exercise 17.6. Use the bounds in (17.13) along with the compactness theorem
(Theorem 8.1) to extract a subsequence of the {u,) that converges to a weak
solution u of (17.7) and show that

ue C(0, T LY L*(0, T; Hj). (17.14)

[Hint: Theorem 8.1 can be applied to show that some subsequence converges
strongly in L*(0, T; H)).]

Exercise 17.7. Show that

d
E'“"Z + |D*w|* < CA + |D%ul + |v|})|w|?,
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and use the fact that any two solutions u and v of (17.7) are elements of
L%, T; Hg) (17.14) to deduce that the solutions satisfy

lw()? < |lw(0)|*>exp (c/ 1+ |D%u(s)| + Iv(s)lzds), (17.15)
0

which gives uniqueness.

17.3 Absorbing Sets and the Global Attractor

With existence and uniqueness ensured, we now turn to finding absorbing sets
in L? and H ; to give a global attractor. This is not going to be an entirely
straightforward calculation, since taking the inner product of (17.11) with u
and integrating yield

d
37 lul” + 1D%ul® = | Dul?, (17.16)

and we have a “forcing” term on the right-hand side that is not always dominated
by the dissipative term [ D?u|2. Indeed, if we use (17.4) and Young’s inequality
then we end up with

d
—[ul* + |D?ul* < 2lul?,
dt
from which we can deduce only that |u ()| grows no worse than exponentially,
lu@? < ¢'lu(0)*.

We therefore have to proceed in a more roundabout way.
We will restrict all that follows to the case of odd solutions, that is, those
u(x, t) for which

ulx, t) = —u(—x,1).

This is at least consistent, since it follows from the equation that if the initial
condition is odd then the solution is odd for all time.

The key is to consider not the variable u but a transformed variable v = u —¢,
where we choose the “gauge function” ¢ € Cg“’ in an appropriate way. With
this substitution (17.1) becomes

]
5;+D4U+D2v+¢Dv+uD¢+va:g(q’)), 17.17
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where
g(¢) = —D*¢ — D*¢ — ¢D¢.

Note that g € L2,
Multiplying (17.17) by v and integrating over (0, L) we obtain

d L
L P+ IDNE Do 4 [ 2Dgdx = 6. )
To make use of the potentially helpful terms on the left-hand side,
L
|D*v)?* + %/ v’Dedx,
0

Nicolaenko et al. (1985) proved that for any & > 0 there exists an odd function
¢ € C° such that

L
|D2v|2+/ v:Dpdx > alul?
0

for all odd functions u € H ; {An alternative proof can be found in Temam
(1988).]

Exercise 17.8. Use the above result for an appropriate value of a to show that
d 2.1 D2y|2 2 1,2
EIUI + 3 1D|" + 2]v]” < 518l

Deduce that there is a ty(|ug|) and constant R and M such that

r+1
()| <R  and / |D*u(s)|?ds <M forall  t > to(juel).
' (17.18)

It is comparatively easy to find an absorbing set in H ;.

Exercise 17.9. Take the inner product of (17.11) with —D*u, and use (17.10)
1o obtain

d
;l—tlDu|2 < |D*u|* + |D*u|*|Dul.

Use (17.18) and the uniform Gronwall lemma of Exercise 11.2 to obtain an
absorbing set in H ‘1), and deduce the existence of a global attractor A in L2
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17.4 The Attractor is Finite-Dimensional

To show that the attractor is finite-dimensional we first have to check that the
semiflow is uniformly differentiable on the attractor 4. The analysis is very
similar to that for the 2D Navier-Stokes equations in Theorem 13.19.

Exercise 17.10. Show that the semigroup obtained in Exercise 17.6 is uniforinly
differentiable on A in the sense of Definition 13.15, with A(t; ug)¢ given by the
solution U (t) of the equation

Ui + Uppxx + Usx + Uy +ulU, =0, U(O) =£. (17.19)

Exercise 17.11. Show that A(t; ug) is compact forall t > 0.

We now want to show that the attractor has finite fractal dimension. We know
that d ¢ (A) < n provided that

(TrP, L(ue(2))) < O.

If {¢;)_, are a set of n orthonormal functions in L then we need to bound

> (Lo, ).
j=1
Since

L L
(Loj, ¢5) = —|D2<;s,-|2+|D¢>,-|2—/0 u(D¢,-)¢,-dx-/0 ¢2Dvdx

L
= —|D*¢;| + |Dg;|* - %/ ¢ Dvdx,
0

after an integration by patts, we need to consider

n n n

n L
S Ly ) = =S ID%;1+ S 1Dy gz/ 2Dudx,
J=1 Jj=1 =1 j=1v0
Exercise 17.12. Show that
ST Dg;P <n+ 131D
J=i j=t
and that

L
/ ¢?Duds < Cle;1> + §1D*¢;%.
0



432 17 The Kuramoto-Sivashinsky Equation

[For this second estimate use H* C L* and (17.4).] Deduce that

n

D Ly 6)) s =35> ID*¢;1* + Mn

j=1 i=1
for some constant M and hence, using the argument of Lemma 13.17, deduce
that ds(A) < oo.

17.5 Inertial Manifolds

Finally, we use the generalised spectral gap condition (15.21) to check that the
strong squeezing property holds. We let A be the linear operator associated
with D*, as in Exercise 17.2, and analyse the remaining terms in the equation,

N(u) = D*u+ uDu.

First we show that if u € L? then N () € D(A™Y?) [the dual of D(AY/?)].

Exercise 17.13. Show that
[(N ), v)| < C(L+ lul)lullA?v|
forallv e D(AY?).
Since D(A™Y/2) is the dual of D(A!/?), we can rewrite this as
|ATYV2N )] < C(1 + lul)ul.

We now show in addition that N (x) is locally Lipschitz from L? into D(A™"2).

Exercise 17.14. Show that
|(N @) — N@), w)| < C(L+ |u+v])|u— v][Aw|
forall w € D(AY?).
This gives
[A"YHN (@) — N@)| < C(1 + |u + v])|u — v|.

One can now prepare the equation, following (essentially) the argument in
Lemma 15.7 to show that the function

F(u) = Or(lul)N(u)
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(with g defined as in Section 15.4.1) is globally Lipschitz from L? into
D(A~Y2) and zero outside the ball B(0, 2R).

Since the eigenvalues A, of A satisfy A,, ~ n?, itis easy to satisfy the spectral
gap condition (15.21) and to deduce the existence of an inertial manifold for
the KSE.

Notes

Almost all of the analysis needed for these exercises, or something very similar, can be
found in Temam (1988).

It is possible to show the existence of an absorbing set in L2 for arbitrary initial
data, but the various arguments are significantly more involved; see II’yahsenko (1992),
Collet er al. (1993), or Goodman (1994). In particular the approach of Collet et al. is
a generalisation of that given here. Foias ef al. (1988b) prove directly that the strong
squeezing property holds for the KSE and hence that it has an inertial manifold. Forsome
numerical studies of the Kuramoto-Sivashinsky equation see Hyman & Nicolaenko
(1986), Hyman et al. (1986), Kevrekidis er al. (1990), and Jolly et al. (1990).
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S — Appendix A ee——

Sobolev Spaces of Periodic Functions

In this brief appendix we give simple proofs of the Sobolev embedding theorem (The-
orem 5.31) and the Rellich-Kondrachov compactness theorem (Theorem 5.32) in the
setting of spaces of periodic functions. The arguments use the Fourier series expansion
rather than the calculus methods of Chapter 5.

To prevent too clumsy a notation we will drop the “p” subscripts in what follows and
assume that all sums over k are for k € Z".

A.1 The Sobolev Embedding Theorem — H*, C", and L

In this section we investigate how the spaces H*(Q), C’(Q), and L?(Q) are related,
We first find conditions to ensure that a function in A*(Q) is in fact continuous and then
investigate its integrability properties,

A.11 Conditions for H*(Q) C C*(Q)

We will show thatif s > m/2 then H*(Q) c C°(Q), i.e. thatif a function is in A* then
itis in fact continuous, Note that the caveats given by Proposition 5.22 apply equally in
this case,

Theorem A.1. If u € H*(Q) with s > m/2, then u € C°(Q) and
lulloo < Collt]|ars.

Proof. Write

U= -S' ck62mk»x/L,
k
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and then
lulloo < lel
!
1
< N kZ.r 172
“;(lﬂkwwz( + k) 2|
112 1
= <Z(1 + |k|b)lck|2> ZW
k k )
Now,

1
;ﬂﬂklk)zqw’

provided that s > m /2. Therefore

lulloo < Csllellass
and the absolute convergence of the coefficients yields the uniform convergence of the
Fourier series and hence continuity of u., W

A straightforward corollary is:

Corollary A.2. Ifs > m/2 + j in Theorem A.I, then u € C/(Q) and

lullcs < Cllell as.

A.1.2 Integrability Properties of Functions in H*

To obtain bounds on u in various L* spaces given u € H*(Q) we will need to know that
if ¢ = {c,} € I” (the sequence space introduced in Section 1.4.5), then

u= g cre'™* e LY
&

(p and g conjugate) with
lellee < elle]e. (Al

The proof is not straightforward and relies on complex variable methods [cf. Rudin
(1974), Theorem 12.11].

Theorem A.3. Ifu € H(Q) withs < m/2, thenu € LP(Q) with

pe {z, L)
(m/2) —k

Ifs = m/2 then the embedding holds for all p < oo (but not for p = 00).
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We show the result for the half-open interval, but in fact it holds for the closed interval
(this requires the calculus methods used in Chapter 5).

Proof. Itisimmediate that H°(Q) C L2(Q) with |u| < ||u| g5, s0 we prove the embed-
ding only for p > 2., Then, using (A.1), we have

e < o S lentr)

| ,
< a( SO R+ ) ledr)

4
2z

= {( Z(l + lklb)lc"lz) (Z(l + |k|2’)~q/(2—q)) ¥:’ v

2-9)/2q
< alulls (301 + Py e )

The sum in this final expression is finite provided that gs/(2 — ¢) > m/2, that is,
provided that g > 2m/(2s + m). Since p~! + g~ = I, this requires

as in the statement of the theorem, M|

A.2 Rellich-Kondrachov Compactness Theorem
Theorem A.4. H'(Q) is compactly embedded in L*(Q).

The proof is taken from Temam (1985).

Proof. Consider a sequence {u,},
u, = § c”keZnier/L,
k

bounded in H', Then, for some M,
> A+ Plewl? < M. (A2)
k

In particular, each Fourier component is uniformly bounded in n, so one can extract
a subsequence u,,, such that c,;, converges. From this take a subsequence Up,, SUCh
that Ciy)1 and Cuy,2 CONVEIEE. Continue in this way with subsequences Uy, such that
Cigps v v vs Cuyyl all converge. Now take the diagonal sequence &; = u, and write c
for the corresponding Fourier coefficients. Then, for each k, ¢ converges to a limit c}.
From (A.2) we know that

A+ kP < M.
k
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D A+ Py — I < 2M.
k
Now,

. 2 2
iy —u*” = g lese — il
k
*2 1 *2 2
= E leji —cl t g leje — ;1|

|k|<K |k|zK

Given € > 0, choose K large enough that the second term is < /2, and choose j large
enough that the first term is too. Then u; — u*in L2, B

Corollary A5 HH (Q) is compactly embedded in H*(Q).
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Bounding the Fractal Dimension Using the Decay
of Volume Elements

This appendix provides a proof of Theorem 13.16, due to Hunt.* [See Blinchevskaya &
Ilyashenko (1999) for a similar result valid under less restrictive assumptions.]

The essential idea of the proof is to take a covering of .A by N (A, ¢) balls of radius
€, and then to apply the time 7 -map of the flow (for some suitable T') to obtain another
covering. With some appropriate bounds one can iterate this idea to show that N(A, €)
obeys some scaling law, which gives the dimension estimate,

We will consider the action of the map F = $(7") on X. How would we measure
the effect of each iteration of F on infinitesimal n-volumes? Clearly we need to know
about DF at each point on X. Now, the image of a ball of initial conditions under a
linear map L is an ellipse, and the semi-axes of this ellipse describe the change in the
volume of this ball. In this appendix we treat the case when DS(T) is compact, but
the argument can be extended to more general situations using the methods in Temam
(1988) or Blinchevskaya & Ilyashenko (1999),

Lemma B.1. If L is a compact linear map from H into itself, then L(B), the image of
the unit ball, is an ellipse, with the length of the semi-axes given by the eigenvalues of
(LTI,

Proof. LTL is a positive compact self-adjoint operator, as is its square root (L7 L)!2,
Thus there is an orthonormal basis {¢;} of H that consists of eigenvectors of (LT L)/?,
with corresponding eigenvalues o; (L), which we order so that

(L) zon(l)yz - 20, (LTL)%e; = aye;.
Since
(Le;, Ley) = (L7 Le;, e;)y = aiz(e,-, e;) = ai26,»j,

the vectors {Le;} are orthogonal and |Le;| = «;. S0 {Le;/a;} form another orthonormal

basis for H. If
U= ZC,’E,’

j=1

* B. R, Hunt, Department of Mathematics and Institute for Physical Science and Technology,
University of Maryland, College Park, MD 20742, USA. I would like to thank him for permission
to reproduce the argument of his proof here. Any errors that may have crept in are entirely my
own fault,
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then

e} e}

Le
Lu = Zc,(Le,-) = Zc,a,a—’,
J

=1 j=1

and the unitball 37 |c;* < 1 is mapped into the ellipse

{u:ije,-:le;jz'l—Sl}. 1}
j=1 J J

The lengths of the semi-axes of L{B) can be used to give an estimate of the effect
of L on n-dimensional volumes, Line displacements can be magnified by a maximum
factor of «y, areas by a factor of at most & oz, etc. Therefore we can define 2 maximum
factor for expansion of rn-volumes, w,, by

a)n(L) = Ol](L)---Ol,,(L), (Bl)

and if w,(L) < 1 then “L contracts in dimension n.”
If we define

wu(F, x) = w,(DF(x)).

we can state the result precisely.

Theorem B.2 (B. Hunt, personal communication, 1999). Let X be a compact set, and
let F be a C' map defined on a neighbourhood of X whose derivative DF is compact.
If for some integer d

wg(F,x) <1 forall xeX,

(where in the case of equality d is the largest integer with this property), we have
ds(X) < di(F, X).

The first part of the proof shows that image of a ball of points can be covered by a
certain number of balls of a different radius. Note that the singular values of an operator
L are the eigenvalues of (L7 L) (cf. Lemma B.1).

Lemma B.3. Let G be a C* map defined on a neighbourhood of a compact set X, and

let 0y (G, x) = (G, x) = a3(G,x)... > a,(G,x) > ... be the singular values of

DG (x). Assume that there exists an integer d and constants p > o > O such that for

allx € X,

(i) ag1(G,x) < p/2and

(ii) @;(G,x) <(c/2) 4 for]1 <i=<d.

Let B(x) = max(20441(G, x), 0) € [0, pl. Then there are constants ¢ > 1 and €9 > 0

suchthat forall x € X and 0 < € < €, the set G(B(x; €)) can be covered by at most
cBlx)™ (B.2)

balls of radius B(x)e.

Proof. Let B = B(x) = max(2wy4,(G, x), o) € [0, pl. If B > o take j = d, whereas
if B = o take ; to be the smallest nonnegative integer such that 2o,y < 8. We have
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j <dand
w; < (B/2), (B.3)

from (if).

First we study the image of the unit ball under the linearisation of G; we then use this
to treat the case of B(x, €) under G for small enough €.

Let E = DG(x)[B(0. )], so that (by Lemma B.I) the lengths of the semi-axes
of E are precisely a; = a;(G.x) for j = 1,.... Set § = o/4, and let E' be the -
neighbourhood of E, E' = N(E, §). Since a;;1 < B/2, every point of E' lies within
(B/2) + é of E' NI, where I1 is the hyperplane spanned by the first j semi-axes of E.
So if E' N1 is covered by a collection of balls of radius 8/2 — & with centres in IT, then
E' can be covered by balls with the same centres but with radius 8.

To estimate this number, consider a covering of E’ N IT with a grid of j-dimensional
boxes with sides of length (8 — 28)/+/. Then the number is balls is bounded by

28 2a; + 26 2a;
( (2a: + ),+1)( (20, 425) +1)---( ( a,+25).+1)' B4
B-28/VF (B -28)/J7 (B=28)/V7
Now, B > o = 48,50 B — 28 > 1(B + 28) and therefore
(2a, + 26) < 37 (2a; + 28)
B-28/Vj - B+25

If 1 <1 < jthen2a; > 2a; > B, and so this is bounded by
Wita o GY]+Dea)

B B

Therefore the number of balls in (B.4) is bounded by

6Vita 6Vi+2a  (6vi+2a;
B B B
— (67 +2)f% <cB™,

+ 1L

with ¢ = (6/d +2)¢.
The image of B(x, €) under the linearisation of G is

G(x) + DG(x)[B(x,€)] = G(x) +€E.

Now, DG is uniformly continuous on X, since G is C! and X is compact. Thus for €,
small enough we can guarantee that the linear approximation is within d¢ of the true
value,

|G(x) + DG(x)u — G(u)| < de, u € B(x;e),
for all x € X whenever € < €. For these values of €, we have that
G(B(x;€)) C G(x) +€E+ €6B(0,1) = G(x) +€E',
and so G(B(x; €)) can be covered by ¢~ balls of radius Be. B
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We now apply this result to a covering of X (o obtain the bound on the fractal
dimension,

Proof. By definition we have
w441 (F, x) <1

for all x € X. In fact, since F is C', wy41(F, x) is a continuous function of x, and so
there exists 2 y < 1 such that

w1 (F,x) <y for all x €X.
1t follows that for any r > 1,
g1 (F7, %) < 0y (F, XY (F, F(x)) ... cam(F, F7 ' (x) <"

Now, note that
d
wa1(F7, x) = g (F7, x)*,

and hence
g1 (F7, x) <y,
Therefore, choosing r large enough that
= /{d+1) 1
p=2y" <3

we can apply Lemma B.3 to G = F”, Condition (i) is clearly satisfied, and we just have
to check (ii). However, w;(G, x) is continuous on X and so must take on its maximum
value somewhere in X; we choose o small enough that (ii) is satsfied.

We now start our iteration, observing that 8(x) is continuous and so uniformly con-
tinnous on X. Begin with a cover Cy, using Ny balls of radius €, where € is such that

3BO) <B(x) <2B(y) forall x,yeX with |x—y[<e (BS)

and is also less than the €, required in Lemma B.3.

We will find a bound on the number of balls of radius (2p)™ ¢ required to cover X,
and we will deduce a bound on the fractal dimension.

From our initial cover we now form a family of covers C,, by repeatedly applying
Lemma B.3, that is, in the first step we apply Lemma B.3 to each of the original N, balls.
The image of the ball B, (xp) can be covered by at most cf(xp) ™ balls of radius 8(xp)e,
with centres in G(B.(xp)). We then apply Lemma B.3 again to these balls - the ball
centred at x; and of radius B(xo)e canbe covered by c8(x,) ™ balls of radius 8 (xg)B(x:)e.
Then C,, consists of all such balls, with centres x, and radii B(xp)B(x,). .. B(xn_1)¢€,
where the x; are the centres of the balls used in each stage of the construction and
1<n<m.

We now show that the subcollection C;, of balls in C,, whose radii lie in the range
[(p/2)y" o€, (2p)" €] still covers X. To see this, let y be a point in X and consider the
points

Y0, Y1, Y2 oy Y with  y, =y and  y;u =G(y)).

Since B(x) € [o, p] forall x € X, we can choose an n with 0 < n < m — 1 such that

BDIBGnt1) .. B(¥m-1) € [00™, p"].
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Now take a ball, B(xg; €), from the original covering Cp that contains y,, choose x;
to be the centre of a ball from C, that contains y,+1 = G(¥,), and so on. Then the ball
centred at x,,_,, and of radius B(x,_._1)-. . B(xo)€ belongs to C,, and contains y. Not
only that, but since |x; — y,i| < € foreach 0 <[ < m — n, we have from (B.5) that

%.B(ynﬂ) = ,3(_761) = Z.B(ynﬂ)‘
and so

ﬂ(xm—n—l) - ,B(JC())G
€ 2B .. BOm-1E 2" BON) ... B(Ym—1)€]
C (p/2) o€, (2p)"€].

Thus we have found a ball in C,, containing y.

Finally we bound the number of balls in C;, by using a weighting system, We assign a
weight of [ to the centres xg of the Ny balls in the original cover. For every xg, we divide
the weight evenly among all the centres x; that result from an application of Lemma
B.3. We continue in this way for each stage of the construction. Since we are dividing
the weight equally, the sum of the weights for each collection of centres x, (I < n < m)
is at most Ny, and the sum of the weights of all the centres in C,, is at most mNy.

Since the weights are divided equally, an upper bound on the number of x,,1, coming
from a ball centred at x,, implies a lower bound on the weights of the centres in the new
covering, The weight assigned to a centre at the nth stage is therefore at least

1 _ [Bao)B@D) ... B0

cB(xo)4cB(x) ... cB(xn1)? c"

Now, if a ball centred at x, lies in C,, then its weight must be at least

(/") o/

c? cm

and since the total weight of all the balls in C!, cannot exceed m Ny, the number of balls
in C;, cannot exceed

N — mNoc'"
" e/)mo)
1t follows that

d:(X) < lim logN,,  logc —dlog(p/2)
A8 =T Tlog(@oyme) T ~log(20)

B logc + dlog4

- log2p ’

Since p can be made arbitrarily small by choosing r large enough, we have that
di(X) =d
as required. W

Our previous Theorem 13.16 is a straightforward corollary of the above result.
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Corollary B.4. I[f TR, (A) <OQthend;(A) <n.
Proof. We will write 7R, (.A) in another form as

1
limsup : log §2,,(z).

t—r00

where

Q. (1) = exp { sup sup / Tr(L(s; xo)P(")(s)) ds:'
0

xeA p(0)

is a bound on the volume of an n-dimensional volume element at time #.
Now, suppose that » is such that

TR.(A) <0

then for large enough 7 we must have
Q(Ty< 1.

1t follows that

wa (S(T). x) < Q(T) < 1 for all x € X,

and therefore the result follows from Theorem B.2.
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generalised form, 40, 134, 155

inertial
form, 387, 406
nianifold (IM), 387
approximate, 371, 383
for Navier-Stokes equations, 3724
asymptotic completeness, 404, 405
in Banach spaces, 405
dimensions, 400
existence
for Kuramoto-Sivashinsky
equation, 433
for reaction—diffusion equations,
399-401
by strong squeezing property, 391-2
and Navier-Stokes equations, 401-2
set. See atiractor, exponential
ijectivity
of semigroup, 270, 297
for Navier-Stokes equations, 316
for reaction—diffusiou equation, 299
inner product, 33
on D(A), 83
ol D(AY), 84
on H*(Q), 115
on H} (), 118
on Hf (), 118
onl?, 34
o L%, 34
and 11orm, 34
on R", 33
integral
of Banach-space valued functiou, 189,
210,211
equationl, 43, 78, 86
Lebesguc. See Lebesgue integral
operator, 64,71, 73, 78, 85, 86
interpolation
between fractional power spaces, 84, 87,
186,414
between L? spaces, 24, 40, 144
between Sobolev spaces, 186
invariant, 265
positively, 263
inverse of linear operator, 65,
85, 86
and kernel, 66
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of unbounded symmetric operator, 81
isometric isomorphism, 94

K(X,Y), 69
kernel of linear operator, 66
Kraichnan length, 352
Kuramoto—Sivashinsky equation, 6, 426
absorbing sets, 430, 433
bilinear form, 427
global attractor, 430
dimension, 431-2
uniform differentiability, 431
inertial manifold, 433
strong squeezing property, 433
trilinear form, 427
weak form, 428
weak solutions, 428

7,32
L', 21,22
L%3
L2(Q), 236
L?(a,b),77
LP (1l < p <00),22
L., 30
LP(l, X), 188
L, 28
L(X,Y),77
Ladyzhenskaya’s inequality, 138, 244, 256
Laplacian, 159
bilinear form, 162
domain, 165, 182, 183-5
eigenfunctions
Dirichlet boundary conditions,
163, 175
periodic boundary conditions, 166, 167
eigenvalues, 342, 353, 354
fractional powers
and H*(2), 183-5
and H(0), 167
regularity
Dirichlet boundary conditions,
boundary
f e (), 182
f e H (), 182
f e L*R), 181
interior
f e C®(), 175
f e H(Q), 174
feLQ),172
periodic boundary conditions,
fecr(), 166
f e L*(Q), 165
f € H(Q), 166
Lax-Milgram lemma, 163, 185, 186
Lebesgue
integral, 21, 41
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Lebesgue (cont.)
measure, 20
and Hausdorff measure, 331, 354
Leibniz’ theorem, 16
lengthscales, 351
limit set, 265
in gradient systems, 274
linear
functional, 89
extension, 89. See also Hahn~Banach
theorem
of integrals, 210
separates points, 92
space of, 89. See also dual space
operator, 62
adjoint, 88
bounded, 62
and continuity, 64
space of, 62
closed, 81, 115
domain, 65, 80
inverse, 65, 81
kemnel, 66
positive, 83
range, 65
self-adjoint, 88
spectrum, 88
symmetric, 72, 81
unvounded, 79
linearisation, 304
of Kuramoto-Sivashinsky equation, 431
of Navier-Stokes equation, 347, 349
of reaction—diffusion equation,
343, 346
Lipscliitz
continuity, 18
of B{u, u) in NSE, 402
and differentiability, 18, 40
local, 45
of nonlinearity in RDE, 229
continuous functions, 18, 50
extension, 411
separation property of solutions, 363,
375,379
for Navier-Stokes equations
in 2D, 251
in 3D, 255
for ODEs, 56-7
for reaction—diffusion equations, 226,
368, 369
local existence, 45
for continuous ODE, 51
for Lipschitz ODE, 45
Lovenz equations, 271
global attractor, 272, 2734
Lyapunov function, 274, 299-300
and global attractor, 275

Index

for reaction—diffusion equation, 301
and w-limit sets, 274

manifold(s)
inertial. See inertial manifold
and the global attractor, 361, 379, 390,
410, 424
stable, 273
unstable, 273
maximal interval of existence, 48
measure zero, 20
metric, 41
Minkowski’s inequality, 25
modulus of continuity, 411, 422
under exiensions, 362,411
Hélder, 18
Lipschitz, 18
and mollification, 20
of parametrisations, 410, 423
mollification, 18-9, 41, 112, 143, 190, 192
of u € C2(2), 19
of u € C% (), 40
of u € HE (), 121
ofu € L (R),30
and weak derivatives, 121
monotone convergence theorem, 22
multi-index notation, 15-6, 117

N(X,e), 121
N(X,€), 121
Navier-Stokes equations (NSE), 6, 234
absorbing set in 2D
inH!, 311
in H?
time-dependent f, 323
time-independent f, 313
inl?, 310
absorbing set in 3D, if well-posed
inH', 318
in H?, 322,324
bilinear operator B(u, v), 241
complex version, 373
determining nodes, 380-2, 383
global attractor
comparison in various spaces, 316
continuity of vector field, 317
dimension, 349, 351
as dynamical system, 317
existence in 2D
in H,313
in V, 315
existence in 3D if well-posed, 322
smooth solutions, 316
sirong solutions, 313
uniform differentiability, 349
as semidynamical system, 256
on H in 2D, 251-2



on Vin 2D, 254
squeezing property in 2D, 370
strong solutions
existence and uniqueness
in 2D, 252
uniguieness in 3D, 255
trilinear form b(u, v, w), 240
properties, 241
inequalities, 243
weak form, 241
weak solutions (2D and 3D), 245
uniqueness in 2D, 250
well-posedness in 3D, 318
norm(s), 11
on C*(), 15
on C"(R2), 17
on D(A), 83
when A is the Laplacian, 182
on D(A"), 84
when A is the Laplacian, 183-5
on dual space, 89
equivalent, 13
on HJ(Q), 150
on H;(Q), 151-2
on R™, 13
on H* (), 115
on HE(Q), 118
on H*(0R2), 145
on Hi(Q), 145
and inner product, 34
onl?, 32
on L”(2) (I < p < 00), 22
on L, 28
of linear operator, 62, 85
symmetric, 72
on products, 14
on R™, 12-3
normally hyperbolic manifold, 404
nowhere dense, 67
numerical methods, 371, 382,
415,421-2

ordinary differential equation, 42
as dynamical system, 42
continuous dependence on initial

conditions, 567, 58
existence
global for globally Lipschitz f, 56
local
continuous f, 51
locally Lipschitz f, 45
integral form, 43, 45, 48, 52
orthogonal
complement, 35
decomposition, 35
projection, 36, 198,
360, 410

Index 459

vectors, 36
orthonormal vectors, 36

parabolic equation, linear
continuous dependence on initial conditions
in H, 206
in V, 208-9
regularity of solutions, 209, 211
strong solutions, 206-7
weak form, 195-6
interpretation, 196
weak solutions
parallelogram law, 34, 35, 40
parametrisation of atiractors, 407, 410
by experimental measurements, 411
modulus of continuity, 410, 423
partial order, 90
partition of unity, 121, 123, 129, 130, 145,
146, 147
phase space, |
for NSE, 317
for ODE, 43
for reaction—diffusion equation, 226, 229,
231,232
Poincaré’s inequality, 117, 151, 152, 153, 162,
195, 235, 286, 292, 310, 381
Poisson’s equation, 159, 195
existence and uniqueness, 162, 164
Galerkin method, 211
with Neumann boundary conditions, 186
weak form, 161, 164
See also Laplacian
positive operator, 83
fractional powers, 84
product spaces
norm, 14
separability, 12, 39
pullback operator, 127

range of linear operator, 65
finite-dimensional implies compact, 70
reaction—diffusion equation (RDE), 5, 213
absorbing set
in H},289
in L2, 286
“appropriate preparation”, 396-8
global attractor
continuity of vector field, 414
dimension, 346
dynamical system, 299
existence, 290
injectivity, 299
regularity
in C° (%), 295
in H?,293-5
in L™, 292
squeezing property, 366
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reaction—diffusion equation (RDE) (cont.)
global attractor (cont.)
uniform differentiability, 343
as gradient system, 299-301
inertial manifolds
in 1D, 399
in 2D, 400-1
in [0, 173, 401
Lyapunov function, 300
phase space, 226, 229, 231
strong solutions, 227
weak solutions, 221
reflexivity, 100
Banach-space valued integrals, 210
and dual spaces, 100
fails for cg, 100
fails for I', 1°°, LY, L™, 101
of (P and L? (1 < p < 00), 100
weak compactaess of unit ball, 106
and weak-* convergence, 104
regularity
of attractors. See particular equation
Laplacian. See Laplacian
in time for Banach-space valued functions,
191, 193
uniformly elliptic equation, 176
Rcllich-Kondrachov theorem, 143, 437
Riesz representation theorem, 99, 102, 107,
162, 164, 192, 199
right-hand derivative, 53, 55, 56, 57, 60, 368,
395, 396

self-adjoint, 88
semicontinuity of attractor,
lower, 267-8, 279
upper, 267, 278
semidistance, 269
semidynamical system, 5, 261, 262
in a function space, 4, 188
for Navier—Stokes equation, 256, 309
on H in 2D, 251-2
onV in 2D, 254
for reaction-diffusion equation
in HY,231,232
in L2, 226
semigroup, 226, 262
separability, 12
of C*(Q), 15
of C7(), 17
of C™7 (%), 18
fails for [*(I"), 41
fails for L™, 28
and Hilbert spaces, 38
12 canonical, 38
of L? (1 < p <00),27
of linear subspaces, 12, 39
of products, 12, 39

Index

of R™, 13

of WA (Q), 114
sequence spaces /7, 32
slaving rule, 386

Sobolev
embedding theorem, 142-3, 219, 229, 244,
344,435
space

Banach-space valued, 189
on boundary, 145
and continuous functions, 132, 141-2
and coordinate changes, 127
dual space, 118
fractional index, 154
interpolation, 186
and L? spaces, 137
periodic, 149-151
and smooth functions, 142
See also HY, etc.
solution(s)
classical, 160, 185
of exercises, 7
operator, 1, 42
strong, 160
for linear parabolic PDE, 206-7
for Navier-Stokes equations, 252
for reaction—diffusion equation, 227, 232
See also strong solution
weak, 160, 185
for linear parabolic PDE, 200
for Navier-Stokes equations, 245
for reaction—diffusion equation, 221
See also weak solution
spectral gap condition, 394
generalised, 401
for Kuramoto--Sivashinsky equation,
432-3
and Navier-Stokes equations, 402
for reaction—diffusion equations, 399400
and strong squeezing property, 394
spectrum, 88
squeezing propeity, 359-60
and determining modes, 363
and dimension of attractors, 379-80
manifold structure of A, 361
for Navier-Stokes equations (2D), 370
for reaction—diffusion equation, 366
strong. See strong squeezing property
Stokes
operator, 237, 240-1
domain, 238
eigenfunctions, 239
fractional powers, 238
and Laplacian, 239
regularity, 237-8
problem, 235
weak form, 237



strong squeezing property, 388, 390, 394, 433

inertial manifolds, 391

manifold structure of A, 390

from spectral gap condition, 394
strongly cellular, 416, 425

counstruction of attractor, 417-8
Sturm-Liouville problem, 76-9, 86
support of a function, 16
symmetric linear operator, 72, 81

test functions, space of, 109
thickness, 423
time-average, 341, 346, 349, 353
trace
of —AP,, 341, 347,350
formula, 341, 346, 349
and attractor dimension, 341, 444
operator, 146
and Hj, 147
triangle inequality, 11, 25
trilinear form
in Kuramoto—-Sivashinsky equation, 427
in Navier-Stokes equations, 240
turbulence, 261, 318, 401

uniform boundedness principle, 67, 82, 85,
103, 104

uniform differentiability on the attractor, 337
of Kuramoto-Sivashinsky equation, 431
of Navier-Stokes equations (2D), 347
of reaction—diffusion equation, 343

unit ball
noncompactness, 38
weak compactness in reflexive space, 106
weak-* compactuess, 106

Utopian theorem, 406, 424
in discrete time, 415, 419, 420
without uniqueness, 412-3

V, 236
variation of constants formula, 232, 233
volume elements, 336-7, 353, 439
evolution, 338—40
exponential decay, 325, 341, 444

Index 461

Whr(Q), 114

weak

compactness in reflexive space, 106
continuity, 244
for solutions of Navier-Stokes equations,
245, 249-50
convergence, 101
and compact operators, 103
and norms, 103
properties, 102
and strong convergence, 102
vs weak-* convergence, 104
derivative, 110
Banach-space valued, 190
and difference quotients, 171
and mollification, 120
form
elliptic equation, 185
parabolic equation, 194
interpretation, 196
Poisson’s equation, 161
solution
for linear parabolic equation, 200
for Navier-Stokes equations, 245
uniqueness in 2D, 250
for reaction—diffusion equation,
221
weak-*
compactness, 105. See also
Alaoglu theorem
convergence, 104
well-posedness of 3D Navier-Stokes
equations, 318
and absorbing set in V, 318

Young’s inequality, 23, 34, 193, 202, 246, 253,
254,298,314, 319, 320, 348,
350, 429
with €, 23, 169, 173, 179
Zorn’s lemma, 90, 91, 107

w-limit set. See limit set



