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4.4.1 Show that the norms ||z||w, |z]2, |z]1 satisfy the postulates that define a norm.

Proof. Assuming the vector space is R" (since proof for C" or ¥ spaces will be slightly different). Non-

degeneracy of all three norms are all trivial. Absolute homogeneity follows from the following:

n n
el = YAz = A Jai] = Az,

i=1 i=1

n 1/2 n 1/2 " 1/2
|Ax|2:(z|m|2) :(AQZW) :A(Dxiﬁ) _Alafyja, and

i=1 i=1 i=1
[Az] oo = max|Az;| = A max|z;| = A| 7 o.
1<i<n 1<i<n
For subadditivity of | - |1, notice that
n n n n
Jully + vl = D Jui +vil 2 3 (ual + [vil) = Y Jual + Y- vl = July + ]
-1 i=1 i=1

=1

For subadditivity of | - |2, it suffices to show (|u]s + [[v]2)? > ||u +v|3. Indeed,

n n n n
lu+v]3 =Y lus + i = Y lui® + Y lvs” + 3 2fus]jvi
=1 =1 =1 =1

n
= ullz + o]z +2 3 lusllvil

i=1

< [ul3 + [0l3 + 20/ S s P/ S0 o2

= (lull2 + v]2)*.

The red step comes from Cauchy-Scuwarz inequality, which requires a nontrivial proof. A proof of Cauchy-
Schwarz has been included on the next page.

For subadditivity of | + |, we have
Ju+v]eo = maxu; +vi| < max (juif +[vs]) = maxfui + maxfv| = fufeo + 0] -

Therefore |+ oo, | + |1, and || - |2 are all well-defined norms. O
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Proof of Cauchy-Schwarz. We begin by defining an inner product (-,-) : R” x R” - R, by
n
) = Z TilYi-
i=1
Notice that (-,-) is linear with respect to either argument, i.e.,

<$,y1 + )‘y2> = <$7y1> + >\<-T,y2) and <:L'1 + )\ZQ,ZJ) = <£L’1,y> + )‘<x23y)

and (x,y) = (y,z). Also notice that our previously defined ||z|2 = \/{x,z). (Indeed, |- |2 is induced by
the inner product.) Notice that ||z]2 > 0 implies (z,z) 2 0 for all z € R”, including v + Av for A € R.
Thus,

(u+ Av,u+ M) = A2 (v, v) + 2X\ (u, v) + (u,u),

a quadratic polynomial of A that has a nonpositive discriminant (since (-,-) > 0 and it can have at most

one distinct root). Therefore,
2
(2(u,0)” =4+ {u,u) {v,0) <O = (u,0)” < [ul*[v]* = (u,v) < Jul]v].

We’ve therefore proven Cauchy-Schwarz inequality for norms over R. O
4.4.2 Show that ||z]le < |z]2 < ||x|]1 for 2 € R™ and that there are nontrivial examples that attain the equalities.
Proof. Clearly |z|e < |z, for any p, as
n

|zl = max|aif” < szlp =[]

Instead of showing |z|2 < ||z||1, I'd like to show |z, < |z, whenever p <gq.

n
(1) If |z], = 1, then Y |z;|” = 1 which implies each individual |z;[" <1, and so |z;| < 1. Then,
i=1

n
lzlq = lezlq Dl =1
i=1

(2) If |x||, # 1, we can first normalize it to y := z/|z]|, so that |y| = 1. Then,

lzlg = 1 (zlp) ylg = Izlplylq < llp by (1).
——
eR,

Therefore |z||, < |z|, for all p < ¢, and of course |z|2 < |1 is just one special case. The equalities can be
easily obtained if we set  to be any standard basis for R", for example (1,0,...), in which case all three

norms evaluate to 1. O
4.4.3 Show that |z|1 < n||z]e and ||z|2 € /N||z|le for z € R™.

Proof. The first one is immediate since

Jols = ot < n uaxied) = el
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The second one is analogous. Since both sides are nonnegative it suffices to prove |z[% < n|x|2%. Indeed,
2 _ X2 2 2
Jol = el < (i) =l =

4.4.7 Determine if the following define norms on R".

(a) max{|xz|,...,|zs|}. No. (1,0,...) # 0 but this expression evaluates to 0.

n
(b) Z|xl|3 No: subaddtivity is not satisfied. Consider (1,...,1) which evaluates to n. (2,...,2), however,
i=1

evaluates to 8n > n + n.

(c) (2?1 | |) No. Consider (0,1),(1,1) e R?. Then

(4,0) = (2+0)* - but (4,0) + (0,4) = (4,4) > (2+2)? =16 > 4 + 4.
(0,4) = (0+2)% =
(d) max{|x; —xa|, |1 + 2|, |23, |24l ., |2n|}. Yes, this is a norm. Define f: R" xR™ - Ry by f(x) := the
max function described in this problem. Clearly the codomain is Ry by construction.
(1) Non-degeneracy: f(z) > 0 since absolute values are nonnegative. If f(x) =0 then 23 =---=z, =0
and |r1 — xo| = |£1 + 22| = 0. This means x; = 23 = 0 as well and thus z = 0.
(2) Absolute homogeneity: this follows directly from the fact that [Av| = |\||v].
(3) Subadditivity:

f(@+y) =max{|z1 +y1 - 22 — Y| |1 + Y1 + T2 + yal, [x3 + Y3l [T + Ynl}
<max{|zy - 2|+ [y1 - o, [v1 + o] + [y1 + ol lws| + [ys, ... }
<max{|xy — zol, |z1 + 2|, |23, . .. } + max{|y1 — yol, |y1 + yol, lysl,- - }
=f(x)+ f(y)-

Therefore, weird as it sounds, f actually defines a norm on R™.

Z 2’i|xi|. This is yet another norm. Like above, non-degeneracy and absolute homogeneity are clear.
i=1

It remains to show aubadditivity. Indeed,

n . n .

22 iyl < 327 (il + fyal)
i=1

i
n X n .
= > 27w+ Y0 27 il
=1 =1

n n
4.4.8 Define |A| := > > |ai;|. Show that this is a matrix norm. Show that it is not subordinate to any vector
i=1j=1
norm. Does it satisfy |I]| =1 and |AB]| < |A||B|?
Proof. Notice that |A| is very similar to the ||-|; on R™". Therefore all three postulate immediately

follow. However, |A| is not subordnated, as || =n >1 for n > 1. It does, however, satisfy (10). If A and

B have only nonnegative entries, then

ANgE

quzzmm D3

i=17=1 i=1j=1k

aibij = Z(Z UIBI) |AlIBI-
‘ =\ £
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On the other hand, if there is any negative entry in the i*" row of A or the j*" column of B, then

(ab)ij| = | 2 aibis| < Y lambrs] = D laiklbrl,
=1 k=1 k=1
and so in this case |AB| < ||A[||B|. Either way, (10) holds. O

4.4.11 Show that the matrix norm |Al|; subordinate to |z|1 (z € R™) is
n
4l = oo 3 laisl

Proof. Let A be given. Let the j*" column be the one with largest 1-norm. Let A; denote the i*" column
of A. Then,

ﬁéiﬂi/4i

[AllL = sup [Az]y = sup

lf1=1 [z]1=1 1] i=1 1
n n
< sup Y [widily = sup YoJal[ Aify
[zfi=14=1 |z)1=14=1

n n
< sup Y|zl Azl = [Az]y sup 3wl

lalli=1i=1 lz1=1i=1
= 14511
The other direction is much easier: simply consider Z € R™ with Z; = ¢, 5, i.e., 1 for the 7™ entry and 0
otherwise. Then |AZ[; = [A;]: and the > follows from definition of supremum. O

4.4.23 Prove that if |- | is a norm on a vector space, and if we define ||z||" := «|z| with a fixed a > 0, then || also
defines a norm.
Proof. Non-degeneracy is trivial. So is absolute homogeneity since |Az|’ = af|Az| = | a|lz| = |A||=]". For

triangle inequality,

|z +yl" = alz+yl <allz] + [yl) = alz] +aly] = |z + |yl [

4.4.24 1If the construction in the preceeding problem is applied to a subordinate matrix norm, is the resulting norm

also a subordinate matrix norm?

Solution

Yes.

Nonnegativity is trivial. Now suppose |A|" = 0. Clearly if A = 0 then ||A]|" = 0. For the converse,
if |A|” =0 but A is not the zero matrix, then some column of A needs to be nonzero (not all 0’s).
Consider v = (0,...,0,1/a,0,...)T where the 1/a corresponds to that column. Then |v|’ = 1 and
Awv # 0, contradiction.

Absolute homogeneity is also clear: |AA[" = sup [AAz|" = |\ sup |Az|" =|\[A]".
1 I

[l=]l’= z||’=1
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For triangle inequality:
|A+B| = sup [(A+B)x| = sup | Az + Bx|’
|]"= )=

S (JAz]" + | B=]") < Sup, | Az’ + Sup. | Bz’

[l])"= x|’= |]"=

= Al +1BI"

Therefore this new norm is still subordinated. O

If, on the other hand, the question is asking us to simply multiply everthing obtained from | - | by «, then
this does not define a norm in general, because if this is the case, then |I|" = a|I| = « =1 if and only if o = 1.

I am not sure which one the problem actually refers to, so I listed both.

4.4.29 Prove that if A has a nontrivial fixed point then |A| > 1 for any subordinate matrix norm.

Proof. Suppose Az =z for some = # 0. Normalizing x to Z := z/|z| we see that

A7=5 — [43] - 3] -1 — 4] = sup | 4r] > |43] - 1. -
z|=1
4.4.34 For any n x n matrix A, define the Frobenius norm to be |A|r := ( Z Z ) . Show that this defines a
ax
i,j<n

1j=
norm on the vector space of all n x n matrices. What about || A := m la ”|7

1
Proof (Frobenius). To see that |A|r defines a norm, simply notice that | A|z is the same as the 2-norm of
a super long vector in R™™ : (ay1,...,a1pn, 021, . .,0nn) Y. Therefore |A|r automatically satisfies all three

postulates.
However, the Frobenius norm is not subordinated. For example, Iz = « for all z, so if || p were subordinate,

one would have |I|r = sup |Iz| = sup ||z|| = 1, while in reality |I|r = /n and n can > 1. O
[z=1 [=|=1

Proof (mazx norm). Non-degeneracy and absolute homogeneity are trivial. For triangle inequality,

e Jaij +bi| < max (laig]+ [bis]) < max Jaig|+ max [bi].

This norm, unfortunately, is not subordinated, either. For if it were, then

|AB| = sup [ABz| < sup [|A][Bz[]< sup [|A[[ B[] =[A[|B].

flf=1 [lf=1 (B

However, notice that if we let A= B =
11

1
] then AB =

2
l. Then |A] = |B| =1 but [AB|=2. O
2

4.4.37 Prove that for each x € R™,

Jim ] = ] o

Remark: the same equation holds for x € {1 or L9, g > 1.
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Proof. On one hand, since each |z;| is bounded by the largest one, i.e., 1m‘ax|aci|7
sn

1/p 1/p
(X lal?) < (n-maxje:?) = 0 max|z,| = n'/? 2] .
4 n 1<isn

n
On the other hand, since z includes the largest one and other |z;|’s are also nonnegative,
i=1

1L 1/p 1/p
(Slwat) ™ > (maxlai?) = max|ai] = ] -
¢ 1<isn 1<isn

=
I
[

Since p/? = exp((1/p)log(p)) and L’Hopital’s rule gives

1 1
lim og(p) _ o /p

p—oo D p—oo |

we know lim p/? = € = 1. Therefore, by squeeze theorem, Lim ||z], = | ] co. O
p—oo

p—oo

End of Homework 7



