Math 425A Midterm

Quiz problems (No proofs are required in this part, unless specified otherwise) [ A: é
(1) (1 pt) What is the supremum and the infimum of the set A := {m/n: m,n € Z,m <5,n > 2}? , P .
(2) (1 pt) Which of the sets Cd h=~o
A= {% ze [0,1],ye@\{0}},
B = {(:z:,y) € R2: xEQandy:\/i+qforsomequ}
is at most countable? Give a brief explanation (1 sentence) i< (_Guw—{-&é(( X} %: U U (L(x,ﬁ'*«él
(3) (1 pt) For which values of a € R does the sequence (1/n2® nxionverge ’<7 'O \ :6(2 4€Q
(4) (2 pts) Let (X,d) :== (R, |- |). Consider the set Z C R of all integers. Is Z /
(a) open? No Cen L,g&
bn b
(b) closed? VES &} #»\dk
(c) perfect? ) SUts
(d) What are the limit points (if any) of Z? Ne (uct —fS (A‘ 8 Ltrtoble
(e) What is the closure of Z¢ (the complement of Z)? %ﬁﬂ;@/_/lzo NJ) &5 AD [0,43
(5) (1 pt) Let (X,d) :== (R, |- ]). Give an example of a subse that is perfect, but not compact: 1
(6) (2 pts) Let (X, d) := (R2,]-]) and let K C R? be a bounded set with the following property: for any “"‘“"““""L(ﬂ>

sequence (z,)n>1 C K there exists a subsequence (x,, )x>1 such that x,, K23 4 for some = € R2.
Does this imply that K is compact? Give a brief explanation, or a counterexample._ Mo, | ( —k (1
xX€
(7) (1 pt) What are the limit points of the sequence (z,),>1 C R given by z,, := cos (nm/3)? e Ld("}

(8) (1 pt) Let z,, := (—=1)"2EL. Does (,,) have a Cauchy subsequence? Is (z,) Cauchy? F' _4 2 4
\ES NO = } Z( Z ( /),\

Proof problems

9. (4 pts) Show that

(2191 + 3x2yn + 2a3y3)° < (23 + 323 + 223) (yi + 3y3 + 243)

foramy pamovinn €8 Aply foe Casedag ~Stucorg uqpatey i X-/(Xn.f“xllfix>

= (4
0. (4 pts) Let (X,d) == (R,|-|). Suppose that z,, ‘=3 z for some z € R. Use the deﬁnltlo;{ of anve &hed 53)
i~ —xl< & Z
to show that /[ ¢ £20 37 of. |X7;+><1- & Jor WM. So dor Wy (N, 2)
:rn+T—>:r—|—1 as n — oo. {
)(4-1 X~ 4[ ‘x 't'l,l)

11. (4 pts) Let (X,d) == (R, |-|), let (z,)n>1 C R be any sequence, and let

CULJLZ (3(«—\\1‘3 wot ,69(0( (’3(«(.0@\/ =3

- (Xkatn a4, Ky —>-0
(o 5 (y‘*) S Al wbove aud belacs =5 -oock -?)E
— 4
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