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1. (Let us denote 0, given by the question, by c) Since α is discontinuous at c
either

lim
→c+

α() > α(c) or lim
→c−

α() < α(c),

due to Thm. 9.6. Let’s assume that the former is the case (the other case is
analogous). Then there exists σ > 0 such that α(c) + σ ≤ α() for all  > c
(recall α is nondecreasing).

Let P = (k)nk=0 be any partition, and let k ∈ {0,1, . . . , n} be such that c ∈
[k−1, k) (note that such k exists as c ∈ (, b)). Then α(k)−α(k−1) ≥ α(k)−
α(c) ≥ σ.

Furthermore, since ƒ is discontinuous at c from the right, there exists δ > 0
and  ∈ (c, k) such that |ƒ () − ƒ (c)| ≥ δ. In particular

sp
[k−1,k]

ƒ − inf
[k−1,k]

ƒ ≥ δ,

and so

U(P, ƒ , α) − L(P, ƒ , α) =
n
∑

=1

�

sp
[−1,]

ƒ − inf
[−1,]

ƒ

�

(α() − α(−1))

≥
�

sp
[k−1,k]

ƒ − inf
[k−1,k]

ƒ

�

(α(k) − α(k−1)) ≥ δσ.

Thus the condition (10.2) cannot be satisfied for ϵ < σδ, and so ƒ ̸∈ R(α) (by
Thm. 10.15).

2. Let g be the function that we obtain after redefining ƒ at points 1, . . . , n,
by adding c1, . . . , cn, respectively. Namely

g() = ƒ () + c1{1}() + . . . + cn{n}(),

where A() := 1 if  ∈ A and A() := 0 if  ̸∈ A denotes the indicator function
(note that we have used the same notation of the indicator function in Ex.
13.10). Since {} ∈ R on [, b] with

∫ b


{}()d = 0 for every  ∈ {1, . . . , n}
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(by question 6, which works also in the case even if c ∈ [0,1], see below), and
so g ∈ R on [, b] with

∫ b


g()d =
∫ b


ƒ ()d (by Lem. 11.4(a)).

This does not contradict question one, as in the case of Riemann integral
α() =  is continuous.

PS10.4 shows that the claim is false if one redefines a function at countably
many points.

3. Let us denote by ƒc() (with c ∈ R) the function

ƒc() :=
�

sin
�

1


�

if  ̸= 0,
c if  = 0.

We first show that for ƒ0(), there exists an antiderivative. If we denote by
gn() (with a positive integer n) the continuous function

gn() :=
�

n cos
�

1


�

if  ̸= 0,
0 if  = 0,

then for every n, gn() is Riemann integrable on every closed interval. Using
the idea given by the hint, we see that

F() := g2() − 2
∫ 

0
g1()d

is a differentiable function (even at 0), with the derivative equal to sin(1/) for
every  ̸= 0, and at  = 0,

F′(0) = lim
→0

F() − F(0)


= lim

→0

F()


= lim

→0

�

g1() −
2



∫ 

0
g1()d
�

= 0,

because by the MVT for integrals, there exists some c ∈ [0, ] such that

1



∫ 

0
g1()d = g1(c),

which then goes to zero as → 0 as g1() is continuous. Hence for ƒ0(), F()
is an antiderivative.

Assume now that c is a value for which ƒc() has an antiderivative. Observe
that

(ƒc − ƒ0)() =
§

0 if  ̸= 0,
c if  = 0.

If G were an antiderivative of ƒc, then G − F is an antiderivative of ƒc − ƒ0. By
Darboux’s theorem (Thm 9.19), G′− F′ must have the intermediate value prop-
erty. However, G′ − F′ = ƒc − ƒ0 takes only values 0 or c, which contradicts the
intermediate value property. Therefore the only value of c for which ƒc() can
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have an antiderivative is c = 0.

4. Without loss of generality assume that g is nondecreasing (the other case
is analogous). By Cor. 9.18 g′ ≥ 0. Following the hint, let F() :=

∫ 


ƒ (t)dt. By

integration by parts,
∫ b



ƒ ()g()d =
∫ b



F′()g()d

= F(b)g(b) − F()g() −
∫ b



F()g′()d

= F(b)g(b) −
∫ b



F()g′()d

= g(b)
∫ b



ƒ ()d −
∫ b



F()g′()d.

By Lem. 11.18, there exists some ξ ∈ (, b) such that
∫ b



F()g′()d = F(ξ)
∫ b



g′()d = (g(b) − g())
∫ ξ



ƒ ()d.

Thus
∫ b



ƒ ()g()d = (g() − g(b))
∫ ξ



ƒ ()d + g(b)
∫ b



ƒ ()d

= (g() − g(b))
∫ ξ



ƒ ()d + g(b)
∫ ξ



ƒ ()d + g(b)
∫ b

ξ

ƒ ()d

= g()
∫ ξ



ƒ ()d + g(b)
∫ b

ξ

ƒ ()d.

Using this, we can compute limn→∞
∫ b


sin(n)/d as follows: Let ƒ () =

sin(n) and g() = 1/. Then by the FTC,
�

�

�

�

�

∫ b



sin(n)


d

�

�

�

�

�

=

�

�

�

�

�

1



∫ ξ



sin(n)d +
1

b

∫ b

ξ

sin(n)d

�

�

�

�

�

=
�

�

�

�

1



cos(n) − cos(ξn)

n
+
1

b

cos(ξn) − cos(bn)

n

�

�

�

�

≤
2

n
+

2

bn
→ 0

as n→∞. If we used the first MVT (Lem. 11.18), then we would get sin(ξn)(lnb−
ln), from where we are unable to calculate the limit in n. Note that we cannot
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use Lem. 11.18 with g() := sin(n), as it is not a nonnegative function.

5. Note from PS1.4, mx{ƒ , g} = (|ƒ − g|+ ƒ + g)/2 and similarly for min{ƒ , g}.
Since  7→ || is continuous (by PS8.7(b)), by Lem. 11.4(a), both mx{ƒ , g} and
min{ƒ , g} are Riemann-Stieltjes integrable.

6. Let ε > 0 be given. Let δ be such that for every  satisfying | − c| ≤ δ,
|α() − α(c)| ≤ ε/2. Let P := (0, c − δ/2, c + δ/2,1). Then

U(P, ƒ , α) − L(P, ƒ , α) = α(c + δ/2) − α(c − δ/2)
= α(c + δ/2) − α(c) + α(c) − α(c − δ/2)
≤ ε.

Hence by Thm. 10.15, ƒ ∈ R(α), and since L(Q, ƒ ) = 0 for any partition Q we
get (by taking spQ)

∫ 1

0
ƒd = 0, and so

∫ 1
0 ƒd = 0.

Note that the solution remains valid even if c = 0 or c = 1 (e.g. for the for-
mer case take P := (0, δ/2,1)).

7. (a) Observe that (3sin(2))′ = 6 cos(2). Hence by the FTC,
∫ 2

0
cos(2)6d = 3sin4.

(b) Observe that
d

d

�

−
1


−
ln



�

=
ln

2
.

Hence by the FTC,
∫ 2

1

ln

2
d =
�

−
1

2
−
ln 2

2

�

−
�

−
1

1
−
ln 1

1

�

=
1

2
−
ln 2

2
.

(c) Note that ƒ () := 3 belongs to R(α) on [−1,1] by Thm. 10.17. Observe
that since α is constant on [−1,0], α() − α(y) = 0 for every , y ∈ [−1,0].
Thus (by Lem. 11.4(c))
∫ 1

−1
3dα() =
∫ 0

−1
3dα() +
∫ 1

0
3dα() =
∫ 1

0
3dα().

Since α is increasing on [0,1] and since α′() = 2 ∈ R, by Thm. 11.8, we have
∫ 1

0
3dα() =
∫ 1

0
3(2)d =
∫ 1

0
24d =

2

5
.
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8. Suppose for contradiction that ƒ (c) > 0 for some c ∈ [, b]. Let ε := ƒ (c)/2.
By continuity, there exists some δ such that for every  satisfying | − c| < δ,
ƒ () − ƒ (c) ≥ −ε = −ƒ (c)/2, i.e. ƒ () ≥ ƒ (c)/2. Hence (since ƒ is nonnegative)

0 =
∫ b



ƒ ()d =
∫ c−δ



ƒ ()d +
∫ c+δ

c−δ
ƒ ()d +
∫ b

c+δ
ƒ ()d

≥
∫ c+δ

c−δ
ƒ ()d ≥

δƒ (c)

2
,

and this is a contradiction.
To show the second assertion, let g = ƒ . Then ƒ2 is a nonnegative continuous

function, hence by the previous assertion, ƒ2 = 0 ⇐⇒ ƒ = 0.

9. First note that we can assume that z ∈ [0, c), since otherwise we have
z ∈ [kc, (k+ 1)c) and so letting y := − kc (i.e. letting α() := , φ(y) := y+ kc,
A := z − kc, B := (z − kc) + c,  := z, b := z + c in Thm. 11.14) we have
∫ z+c

z

ƒ ()d =
∫ (z−kc)+c

z−kc
ƒ (y + kc)dy =

∫ (z−kc)+c

z−kc
ƒ (y)dy,

using periodicity.
We have (by Lem. 11.4(c))

∫ z+c

z

ƒ ()d =
∫ c

z

ƒ ()d +
∫ z+c

c

ƒ ()d.

Consider Thm. 11.14. Let α() = , φ() =  + c. Then φ : [0, z] → [c, z + c],
β() = φ(), and ƒ (φ()) = ƒ ( + c) = ƒ (), and so
∫ z+c

c

ƒ ()d =
∫ z+c

c

ƒ ( + c)dα()
Thm.11.14
=
∫ z

0
ƒ (φ())dφ() =

∫ z

0
ƒ ()d.

Hence
∫ z+c

z

ƒ ()d =
∫ c

z

ƒ ()d +
∫ z+c

c

ƒ ()d =
∫ c

z

ƒ ()d +
∫ z

0
ƒ ()d =
∫ c

0
ƒ ()d.

10. Let g() := n. This is a nonnegative function on [0,1], so by the MVT for
integrals (Lem. 11.18), there exists some ξ ∈ (0,1) such that

�

�

�

�

�

∫ 1

0

n

1 + 
d

�

�

�

�

�

=

�

�

�

�

�

1

1 + ξ

∫ 1

0
nd

�

�

�

�

�

≤
1

1 + n

Hence as n→∞, the above integral tends to zero.
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11. By Lem. 11.16 with ϕ() := π − , ϕ : [0, π] → [0, π],
∫ π

0
ƒ (sin())d =

∫ π

0
(π − )ƒ (sin)d

= π

∫ π

0
ƒ (sin)d −
∫ π

0
ƒ (sin)d.

This gives the desired equality
∫ π

0
ƒ (sin)d =

π

2

∫ π

0
ƒ (sin)d.

Since cos2  = 1 − sin2 , observe that if we let

ƒ () :=
8

8 + (1 − 2)4
,

then ƒ (sin) + ƒ (− cos) = 1, and

∫ π

0

 sin8 

sin8  + cos8 
d =

π

2

∫ π

0
ƒ (sin)d

=
π

2

∫ π/2

0
ƒ (sin)d +

π

2

∫ π

π/2
ƒ (sin())d

=
π

2

∫ π/2

0
ƒ (sin)d +

π

2

∫ π/2

0
ƒ (sin( + π/2))d

=
π

2

∫ π/2

0
ƒ (sin)d +

π

2

∫ π/2

0
ƒ (− cos())d

=
π

2

∫ π/2

0
ƒ (sin) + ƒ (− cos())d

=
π2

4
.
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