Rudin RCA Ch2 Theorems

(2.3) Let X be a topological space (cf. 1.2).

(2.4)

(2.5)

(2.6)

2.7

(2.8)

(a) F c X isclosed if E° is open. (@ and X itself are closed.)

(b) E, the closure of E, is the smallest closed set in X containing E.

(¢) K c X is compact if every open cover of K admits a finite subcover.

(d) A neighborhood of p € X is any open subset containing p.

(e) X is a Hausdorff space if, for distinct p, ¢ € X, p and ¢ have disjoint neighborhoods.

(f) X islocally compact if every p € X has a precompact neighborhood (compact closure).
If K ¢ X is compact and F c K closed, then F is compact.

If X is Hausdorff, K ¢ X compact, and p € K¢, then there exist disjoint open sets U and W containing K and

p, respectively. Use Hausdorff separation axiom on p and all q € K and use compactness. In particular:

(a) Compact subsets of Hausdorff spaces are closed.

(b) If F is closed and K compact in a Hausdorff space, then F' n K is compact. From (a) and 2.4.

If {K,} is a collection of compact subsets of a Hausdorff space and if they have empty intersection, then so
does some finite subcollection of { K, }. Let V,, := K¢. If k € K, then k ¢ K for some i by assumption, so k € V,°.

Hence {V,} covers K;. Now use compactness:

KycVyu.uV, = Kin(Vo,u..uV, )=KnK, n..nK,, =0.

If X is a locally compact Hausdorff space, U c X open, and if K ¢ U compact, then there exists an open,

precompact V such that K ¢ V c V c U. Use local compactness of X and compactness of K to cover K using
open sets whose union G is open and precompact. Then for p € U€, use 2.5 to get W, > K such that p ¢ W,
Consider {U¢n G nW,}, the collection of which has empty intersection. Use 2.6 to derive a finite subcollection
and let

Vi=GnWp n.onW, .

A real function f on a topological space is lower semicontinuous if {z : f(z) > «} is open for every real «;

similarly, it is upper semicontinuous if {z : f(z) < a} is open for every real «. Note that

(a) Characteristic functions of open sets are lower semicontinuous,

(b) Characteristic functions of closed sets are upper semicontinuous, and
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(2.9

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(c) The supremum of lower semicontinuous functions is lower continuous; the infimum of upper semicon-

tinuous functions is upper semicontinuous.

The support of a function f on a topological space X is the closure of the set {x : f(z) # 0}. Given a

topological space X, the collection of all continuous functions with complex support is denoted by C.(X).
The continuous image of a compact set is compact.
Notation (think of characteristic functions):

(a) We write K < f if K c X is compact, f e C.(X),0< f(z)<1forze X, and f(z) =1forall x € K.
(b) We write f <V if V is open, f € C.(X), 0 < f <1, and that the support of f isin V.

Urysohn’s Lemma. If X is a locally compact Hausdorff space, V c X open, and K c V compact, then there
exists f € C.(X) with K < f < V. (Think xx < f < xv.)

Let {r, } enumerate all rationals in [0,1] with v, = 0,75 = 1. Use 2.7 to find open sets V,,V, with K c Vi c V; c
cV

largest rational smaller than 1.1 and r; the smallest rational larger than r,. Eventually we obtain a countable

- ra1 C Vi, Where, among ry, ..., vy, 7; is the

Vo € Vo c V. Do this inductively for later terms with V., c V,.

collection {V,} with s > r implying V., c V,. Let

r xzeV, 1 zeV,
fr(z) = gs(x) =

0 otherwise s otherwise
and define f :=sup f,, g = inf g,. It suffices to show f = g, and this can be done using the inclusion V , c V..

If X is a locally compact Hausdorff space, Vi,...,V,, ¢ X open, K compact, and K c Vj u...uV,, then there

exists h; < V; (for i € [1,n]) such that

hi(x)+...+hp(x)=1 forzekK.

By 2.7, for each x € K there exists some precompact neighborhood W, satisfying W, c V; for some i. Use K’s
compactness to cover it by W,, u...uW,, . Let H; be the union of W,,’s whose closures lie in V; for i € [1,n].
Note that H; is compact, V; open, and clearly H; c V;. Use Urysohn’s lemma and define g; such that H; < g; < V;,
and define

hi=q hp=(1-g1).(1=gn-1)gn-

Then h; < V;and hy + ...+ hy, = 1 - (1 - ¢1)...(1 = g,,) by induction. For x € K, it is contained in some H; so

gi(x) = 1, and thus the entire expression evaluates to 1 for all x € K.

Riesz(-Markov-Kakutani) Representation Theorem. Let X be a locally compact Hausdorff space and let A

be a positive linear functional on C.(X) (Af > 0 whenever f > 0). Then there exists a o-algebra 9t in X
which contains all Borel sets in X, and there exists a unique measure p on 9t which represents A in the sense

that

(a) Af:fodu for every f ¢ Cu(X).

Furthermore,
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(2.15)

(2.16)

(b) wp(K) < oo for every compact K c X.

(c) For every E c M we have p(F) = inf{u(V): EcV, V open}.

(d) wp(P)=sup{u(K): K c E. K compact} holds for every open set E and every E c M with u(E) < co.
(e) f EcOM, Ac E, and u(F) =0, then A c M.

Proof sketch. We first construct u and 9t and then show they meet the requirements.

(Construction 1) For open sets V c X, define u(V') := sup{Af : f < V}. It follows that if Vi c V5 then u(Vy) <

w(Va). In particular this gives an equivalent definition using infimum.

(Construction 2) Generalize i to all E c X using the second definition, i.e.,
w(E) =inf{u(V): EcV, E open}.
(Construction 3) Define My to be the collection of E c X satisfying
w(E) < oo and u(E) =sup{u(K): K c E, K compact}.

(Construction 4) Define O to be the collection of E c X such that En K € M for every compact K.

Sketch of main proof:

(Step 1) Show p is countably subadditive.
(Step 2) Show that if K is compact, then K € Mg and pu(K) = inf{Af: K < f}.
(Step 3) Every open set V with u(V') < oo is an element of M.

(Step 4) w is countably additive for disjoint members of M and if the union has finite measure then it is also in
Mp.

(Step 5) If E c My and € > 0 then there exist compact K and open V such that

KcEcV and w(V-K)<e.

(Step 6) My is closed under subtraction, union, and intersection.
(Step 7) M is a o-algebra in X which contains all Borel sets.
(Step 8) Mp={EecM: u(F) <oo}.

(Step 9) p is a measure on 9.

(Step 10) For f e C.(x), Af = f f du, as claimed in (a).
X

A measure 4 defined on the o-algebra of all Borel sets in a locally compact Hausdorff space X is called a Borel

measure on X. If y is positive and a Borel set E satisfies 2.14(c) (resp. (d)), then this set is outer regular

(resp. inner regular). p is regular if every Borel set is both outer and inner regular.

A set E in a topological space is o-compact if it is a countable union of compact sets.

A set F in (X, 1) has o-finite measure if F is the countable union of sets E; with p(E;) < oo.
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(2.17)

(2.18)

(2.19)

(2.20)

If X is a locally compact, o-compact Haudorff space, then p and 9t from 2.14 enjoy the following properties:

(@) If EeMtand e >0 then there exist a closed set F' and an openset V with Fc EcV, u(V -F) <e.

(b) pis aregular Borel measure on X.

(c) If E c 9, then there exist A€ F,, B e Gs with Ac E c B and u(B - A) =0 (notation: 1.11).

Proof sketch: write X = Ky UKo U.... If E € M then u(K,, N E) < oo, and for ¢ > 0 there exist V,, > (K,, n E) with
p(Vo = (KnnE)) <e/2" Write V = | J Vs, andso V - E c | J(V,, - (K, nE)). Then u(V - E) < ¢/2. Repeat
n=1

n=1
and obtain u(W — E€) < ¢/2 for W the union of some open sets W,, depending on E:. Take F = W¢.
For (b), show borel sets are inner regular: every closed F' ¢ X is o-compact because F' = Gl(F nK,). (Out
regularity is already given by 2.14.)
For (c), apply (a) with e = 1/n and let n — oo. Take A = D F, and B = ﬁ V-

n=1 n=1

If X is a locally compact Hausdorff space in which every open set is o-compact, and if A is any positive Borel

measure on X with u(K) < oo for compact K, then A is regular.

LetAf::fod/\forfeOc(X). By2.17thereexistsuwith[de/\:foduforallfeCc(X). Let V c X be

open. Write V = | J K. By Urysohn’s lemma, choose f; with K; < f; <V, and define g, := max{ f1,..., f,}. Then
i=1
gn € Co(X) and g,, — xv. Use MCT to get

A(V) = i fnd)\:l' fnd: V).
(V)= lim [ gnd=lm [ g du=p(V)

Let E be a Borel set and use 2.17(a) to complete the proof. Construct F' ¢ E c V (F closed, V open) with
w(V = F) <e. Then

ME)AV)=p(V)<u(E) +e

w(E)<u(V)=XMV)<A(E) +e

— A(E) = u(E),

where the second inequality A\(V') < A(E) + € is becuase V — F'is open and thus p(V - F) =XV - F) <e.

Let P, be the set of all = ¢ R* with coordinates being multiples of 27". Let €2,, be the collection of all 27" boxes
with corners at points of P,. Then every nonempty open set in R is a countable union of disjoint boxes from
Q1N Qo n.... Write V as the union of balls centered at each x € V. Start with boxes in Q; and remove all balls

with centers in these biggest boxes and iterate the process.
Lebesgue measure. There exists a positive complete measure m defined on a o-algebra 90t in R¥ satisfying

(@ m(W) =vol(W) for every k-cell .

(b) O contains all Borel sets in R*. In particular E € 90t if and only if there are A ¢ F,,Be Gs5,Ac E c B,
and m(B - A) = 0. Also m is regular.

(c) m is translation-invariant, i.e., m(F + x) = m(E).

(d) If u is any positive translation-invariant Borel measure on R* such that ;(K) < oo for every compact K,

then u(F) = em(F) for some ¢ and all Borel sets F.
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(2.21)

(2.22)

(2.23)

(e) To every linear transformation 7' : R* — R* corresponds A(7') € R with
m(T(E)) = A(T)m(E)
for every e € M. If T is a rotation then A(T) = 1.

The members of 9t are called the Lebesgue measurable sets in R* and m is called the Lebesgue measure.

Proof sketch: first define A, f := 27"F > f(z)forneN If fe C.(R*), fis real, and W > supp(f) an open

xeP,
k-cell, then the uniform continuity of f (continuous with compact domain) implies we can bound f by locally on
(each box in) Qpn by two (box-piecewise) constant functions differing less than e, i.e., (1) g, f constant on each
box Qn, (2) g< f<h,and (3) h-g<e Using (1) and (2),

ANg = Ang < Anf < Anh = ANh

Letting ¢ — 0 we have Axh — Ayg < e-vol(W) = 0so Af := lim A, f exists for f € C.(RF).
Now define m and O using 2.14. Since R* is o-compact, 2.17 implies (b).

Now for (a): let W be an open cell. Use 2.19 and define E., to be the union of those boxes belonging to §2,.. Choose
f- with E,. < f. < W and define g, = max{fi, ..., f,}. Then vol(E,) < Af, < Ag, < vol(W) and

Ag, = '/E gr dm > m(W) as r — co by MCT since g, — xw .

Thus (a) holds for open cells W. Now use [a,b] = ﬁ (a—=1/n,b+1/n) to get ().
n=1

To prove (c), define A\(E) := m(FE + x). Then X\ is a measure, A\(E) = m(E) by (a), and thus m(E + z) = m(E)
for all Borel sets. Then use (b) for arbitrary sets.

For (d), let i be such a measure and let ¢ := u(Qo) where Qg is the unit box. Then for 2~"-boxes,

2" (@) = 1(Qo) = em(Qo) = 2" m(Q).
Use 2.19 to generalize this to all open sets and thus all Borel sets.

For (e), if dim(Range(T")) < k then A(T') = 0. Otherwise define a new measure u(E) := m(T(E)):
(B +2) = m(T(E +2)) = m(T(E) + Ta) = m(T(E)) = u(E),
and A(T) is simply m(T(E))/m(E). If T is rotational then letting it act on the unit ball gives coefficient 1.

A Lebesgue measurable set is not a Borel set in general. “Most” subsets of R* are not Lebesgue measurable.
For the first claim, consider subsets of a Cantor set. The cardinality of 9, the collection of Borel sets generated
by a countable base, is ¢, whereas the collection of subsets of the Cantor set is 2°, but each of them is indeed

measurable, as guaranteed by the completeness of m.

If A c R and every subset of A is Lebesgue measurable then m(A4) = 0.

2.20’s A(T) is equal to |det(T")|, where T is represented in its matrix form, i.e.,
k
Tej =, aijei = Tij = oy
i=1

It suffices to prove the claim for permutation, scalar multiplication of a row, and addition of two rows.
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(2.24)

(2.25)

Lusin’s Theorem. If f is complex measurable on X, pu(A) < oo, f(x) = 0 outside A, then for all e > 0 there

exists g € C.(X) with
p({z: f(x) #g(x)} <e
In particular, there exists such g satisfying sup|g(z)| < sup|f(z)|.

Corollary. Assuming above and that |f| < 1. Then there exists sequence {g,,} with g,, € C.(X),|gn| < 1, and

f(@) = lim g,(a) ae

For the corollary, for each n there exists g, such that u(E, ) < 27" where E,, is the set on which f and g, differs.

Then Z w(Ey) < oo, and 1.41 says that almost all x: € X are in finitely many E,,’s. For sufficiently large n, f and

n=1

gn agree at these points, hence “a.e.”

Vitali-Carathéodory Theorem. Suppose f € L'(;) and f is real valued. Then, given e, there exist functions
u,v such that v < f < v, u is upper semicontinuous and bounded above, v is lower semicontinuous and

bounded below, and

/X(U—u)d,u<e.



