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Problem 1

Prove that the supremum of any collection of convex functions on (a, b) is convex on (a, b) [if it is finite] and

that the pointwise limits of sequences of convex functions are convex. What can you say about upper and

lower limits of convex functions?

Proof. (1) For (pointwise) supremum: let {fn} be a sequence of convex functions on (a, b) and let x < y be

any two points in (a, b). Also let λ ∈ [0,1]. Then, for any n, we have

(1 − λ)f(x) + λf(y) ⩾ (1 − λ)fn(x) + λfn(y) ⩾ fn((1 − λ)x + λy).

(The first ⩽ is because f is the pointwise supremum so f ⩾ fn and the second by convexity of fn.) Taking

the supremum of the RHS once again, we obtain

(1 − λ)f(x) + λf(y) ⩾ sup
n
fn((1 − λ)x + λy) = f((1 − λ)x + λy),

from which the convexity of f follows.

(2) For pointwise limit: let {fn}, x, y, and λ be defined as above and let f be the pointwise limit of {fn}.
By convexity of the fn’s,

(1 − λ)fn(x) + λfn(y) ⩾ fn((1 − λ)x + λy).

Since fn(x)→ f(x), fn(y)→ f(y), and fn((1 − λ)x + λy)→ f((1 − λ)x + λy) as n→∞, we obtain

(1 − λ)f(x) + λf(y) ⩾ f((1 − λ)x + λy),

so f is convex.

(3) Upper and lower limits: for limsup, simply notice that

f(x) = lim sup
n→∞

fn(x) = lim
k→∞
( sup

n⩾k
fn(x))

and the convexity of lim sup fn follows from using (1) and then (2). However, lim inf fn need not to be

convex: if we let fn(x) ∶= (−1)nx on (−1,1) (or any interval containing the origin) then clearly lim inf fn

is −∣x∣ which is strictly concave.
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Problem 2

If φ is convex on (a, b) and if ψ is convex and nondecreasing on the range of φ, prove that ψ ○ φ is convex

on (a, b). For φ > 0, show that the convexity of logφ implies the convexity of φ but not vice versa.

Proof. (1) Let a < x < y < b for some x, y and let λ ∈ [0,1]. For simplicity denote z ∶= (1 − λ)x + λy. Since φ

is convex,

φ(z) ⩽ (1 − λ)φ(x) + λφ(y).

Therefore, by the monotonicity of ψ (first ⩽ below) and convexity of ψ (second),

ψ(φ(z)) ⩽ ψ((1 − λ)φ(x) + λφ(y)) ⩽ (1 − λ)ψ(φ(x)) + λψ(φ(y))

which completes the proof.

(2) Notice that φ = exp(logφ), and clearly exp is a convex function. The convexity of φ therefore follows

from (1). The converse is obviously false — id ∶ x↦ x is convex but log(id(x)) = log(x) is not.

Problem 3

Assume that φ is a continuous real function on (a, b) such that

φ(x + y
2
) ⩽ φ(x)

2
+ φ(y)

2

for all x, y in (a, b). Prove that φ is convex. (The claim does not follow if φ is not continuous.)

Proof. Notice that the inequality holds not only for (x+y)/2 but also (1−q)x+qy for any dyadic number q ∈ [0,1].
For example, we need to iterate the inequality twice to obtain the case for q = 3/4:

φ(x
4
+ 3y

4
) ⩽ 1

2
⋅ φ(x + y

2
) + φ(y)

2
⩽ φ(x)

4
+ φ(y)

4
+ φ(y)

2
= φ(x)

4
+ 3φ(y)

4
.

In general, if q is dyadic, then

φ((1 − q)x + dy) ⩽ (1 − q)φ(x) + qφ(y). (∆)

Let ϵ > 0 and λ ∈ [0,1] be given. Since the dyadic rationals are dense in R, there exists a dyadic sequence {qn}
that converges to λ. Since φ is continuous, it preserves sequential limits. Thus,

φ((1 − λ)x + λy) = φ((1 − lim
n→∞

qn)x + lim
n→∞

qny)

= lim
n→∞

φ((1 − qn)x + qny)

(∆) ⩽ lim
n→∞
(1 − qn)φ(x) + qnφ(y)

= (1 − λ)φ(x) + λφ(y).
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Problem 4

Suppose f is a complex measurable function on X, µ a positive measure on X, and

φ(p) = ∫
X
∣f ∣p dµ = ∥f∥pp (0 < p <∞).

Let E ∶= {p ∶ φ(p) <∞}. Assume ∥f∥∞ > 0.

(a) If r < p < s, r ∈ E, and s ∈ E, prove that p ∈ E.

(b) Prove that logφ is convex in the interior of E and that φ is continuous on E.

(c) By (a), E is connected. Is E necessarily open? Closed? Can E consist of a single point? Can E be any

connected subset of (0,∞)?

(d) If r < p < s, prove that ∥f∥p ⩽ max(∥f∥r, ∥f∥s). Show that this implies the inclusion Lr(µ) ∩ Ls(µ) ⊂
Lp(µ).

(e) Assume that ∥f∥r <∞ for some <∞. Prove that

∥f∥p → ∥f∥∞ as p→∞.

Proof. (a) Since r < p < s, we can express p as a convex combination of r, s; namely, there exists λ ∈ (0,1)
satisfying p = (1 − λ)r + λs. Hölder’s inequality on the conjugate exponent 1/(1 − λ) and 1/λ gives

φ(p) = ∫
X
∣f ∣p dµ = ∫

X
∣f ∣(1−λ)r+λs dµ

= ∫
X
∣f ∣(1−λ)r ∣f ∣λs dµ

[Hölder’s] ⩽ {∫
X
(∣f ∣(1−λ)r)

1/(1−λ)
dµ}

1−λ
{∫

X
(∣f ∣λs)

1/λ
dµ}

λ

= {∫
X
∣f ∣r dµ}

1−λ
{∫

X
(∣f ∣s) dµ}

λ

= φ(r)1−λφ(s)λ <∞.

(b) If E has empty interior then the claim holds trivially. Otherwise, E is connected and its interior can only

be of form (a, b) for some a < b. Let x < y be two points in (a, b) and let λ ∈ [0,1]. Since ∥f∥∞ > 0 by

assumption, we claim that φ > 0 as well. Indeed, if

φ(p) = ∫
X
∣f ∣p dµ = 0,

then ∣f ∣p = 0 = ∣f ∣ almost everywhere, and its essential supremum = 0, contradicting ∥f∥∞ > 0. From (a),

φ((1 − λ)x + λy) ⩽ φ(x)1−λφ(y)λ,

and since log is monotone we can take logarithm of both sides while preserving the ⩽:

logφ((1 − λ)x + λy) ⩽ logφ(x1−λ) + logφ(yλ)

= (1 − λ) logφ(x) + λ logφ(y)

so logφ is convex.
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To show that φ is continuous on E, first notice that it is continuous on (a, b), the interior of E: the

convexity of logφ on (a, b) implies that of φ by Problem 2, and this further implies continuity of φ on

(a, b). It remains to show that φ is continuous on the endpoints of E [if it has any]. WLOG let us assume

E is at least left-closed [i.e., it is of form [a, b] or [a, b)]. We pick ϵ > 0 such that [a, a + ϵ) ⊂ E. Then, if

p ∈ [a, a + ϵ), we have

∣f(x)∣p ⩽

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∣f(x)∣a if ∣f(x)∣ ⩽ 1

∣f(x)∣a+ϵ if ∣f(x)∣ > 1,
Ô⇒ ∣f(x)∣p ⩽ ∣f(x)∣a + ∣f(x)∣a+ϵ,

so in L1(µ), ∣f ∣p is bounded absolutely by ∣f ∣a+ ∣f ∣a+ϵ [which is also L1]. Clearly as p→ a, ∣f(x)∣p → ∣f(x)∣a,

so by Lebesgue’s DCT, we have

lim
p→a

φ(p) = lim
p→a
∫
X
∣f ∣p dµ = ∫

X
∣f ∣a dµ = φ(a),

and so φ is indeed continuous on the boundary of E, if it has any.

(c) (1) An example where E = (a, b): define f ∶ (0,∞)→ (0,∞) by

f(x) ∶=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x−1/b x ∈ (0,1)

x−1/a x ⩾ 1.

It follows that

∫
∞

0
∣f(x)∣p dx = ∫

1

0
∣f(x)∣p dx + ∫

∞

1
∣f(x)∣p dx = ∫

1

0
1/xm dx + ∫

∞

1
1/xn dx

which converges if and only if m = p/b < 1 and n = p/a > 1, that is, p ∈ (a, b).

(2) An example where E = [1,∞): consider f(x) ∶= 1/(x log2(x)) on [3,∞). If p < 1, then the series

∞
∑
n=4

an ∶=
∞
∑
n=4

1

np log2p(n)

diverges by the Cauchy condensation test because
n

∑
k=4

2na2n diverges:

lim
n→∞

2n+1a2n+1

2na2n
= lim

n→∞
2 ⋅ 2np(n log 2)2p

2(n+1)p((n + 1) log 2)2p

∼ lim
n→∞

2 ⋅ 2−p > 1.

On the other hand, if p = 1, then

∫
∞

3

1

x log2(x)
dx = 1

log(x)
]
∞

x=3
= 1

log 3
<∞,

and if 1 < p <∞, then the integral is dominated by that of p = 1, so E = [1,∞). (This is the only reason

why I chose the domain [3,∞): 1/(3 log2(3)) < 1 and the function is strictly decreasing hereafter.)

(3) A tentative solution to E taking the form [a, b]: since [a, b] =
∞
⋂
n=1
(a − 1/n, b + 1/n), we define

fn(x) ∶=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x−1/(b+1/n) 0 < x < 1

x−1/(a−1/n) x ⩾ 1
and f̃(x) ∶=

∞
∑
n=1

2−nfn(x).
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(We still let f be defined as in (a).) Since on (0,1), x−1/k decreases as k increases, f̃ ∣(0,1) is bounded

by
∞
∑
n=1

2−nx−1/b = x−1/b,

and similarly f̃ ∣[1,∞) is bounded by x−1/a. Therefore f̃ is well-defined and bounded by f . If p ∈ (a, b),
then

∥f̃∥pp = ∫
∞

0
f̃(x)p dx ⩽ ∫

∞

0
f(x)p dx = ∥f∥pp <∞ by (a).

If p ∉ [a, b], WLOG we can assume p < a. Then there exists sufficiently large n such that p < a − 1/n,

and so

∥f̃∥pp = ∫
∞

0
f̃(x)p dx ⩾ ∫

1

0
f̃(x)p dx ⩾ 2−n ∫

1

0
fn(x) dx = 2−n ∫

1

0
1/xp/(a−1/n) dx.

Since p > a − 1/n, the last integral diverges, and thus f̃ ∉ Lp.

Now we discuss the case where p ∈ {a, b}. WLOG let p = a. Notice that

∫
∞

1
∣x−1/(a−1/n)∣p dx = ∫

∞

1
x−a/(a−1/n) dx = (1 − an)x1/(1−an)]

∞

x=1
= an − 1.

Splitting ∫
∞

0
into ∫

1

0
+∫

∞

1
, we obtain

∞
∑
n=1

2−n∥fn∥pp ⩽
∞
∑
n=1

2−n∥fn∣(0,1)∥
p
p +

∞
∑
n=1

2−n∥fn∣[1,∞)∥
p
p. (i)

The first term is finite, as shown in (a) as p/b = a/b < 1, and the second is
∞
∑
n=1

an − 1
2n

= 2a − 1, also

finite. Finally, to prove the claim, it remains to notice that

∥f∥pp = ∥
∞
∑
n=1

2−nfn∥
p

p
⩽
∞
∑
n=‘

2−n∥fn∥pp. (ii)

If we define the partial sums Sk ∶= ∣
k

∑
n=1

gn∣
p

where gn ∶= 2−nfn, then Fatou’s lemma gives

∥
∞
∑
n=1

gn∥
p

p
= ∫

∞

0
lim
n→∞

Sn dx ⩽ lim inf
n→∞ ∫

∞

0
Sn dx = lim inf

n→∞
∥

n

∑
k=1

gk∥
p

p
,

so ∥
∞
∑
n=1

gn∥
p
⩽ lim inf

n→∞
∥

n

∑
k=1

gk∥
p
. Since the RHS consists of finite sums, Minkowski’s inequality gives

∥f∥p = ∥
∞
∑
n=1

gn∥
p
⩽ lim inf

n→∞

n

∑
k=1
∥gk∥p =

∞
∑
n=1
∥gn∥p.

This proofs (ii). Combining (i) and (ii), we see that ∥f∥p is finite, and this completes the proof.

(4) An example where E is a singleton: the example comes from Oźański’s HW: in Rn,

f(x) ∶= ∣x∣−n/p(1 + log2∣x∣)−1/p

corresponds to E = {p}.

(5) E can also be empty: ∫
R
∣f ∣p dx where f ≡ 1 is never finite.
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(6) Finally, E can be any connected subset of (0,∞), since any such set must be of form

[a, b], (a, b),{p}, [a, b), or (a, b]. We’ve shown the first three, and the last two can be obtained by

[a, b) = [a, c] ∩ (d, b) and (a, b] = (a, c) ∩ [d, b]

where d < a < b < c. Let f1 be the function corresponding to [a, c] (resp. (a, c)) and let f2 correspond

to (d, b) (resp. [d, b]). Then f1 + f2 is Lp if and only if p is in both sets, namely p ∈ [a, b) (resp. (a, b]).

(d) Defining λ as in (a), we have

∥f∥pp ⩽ ∥f∥(1−λ)rr ∥f∥λss ⩽

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∥f∥(1−λ)r+λsr = ∥f∥pr if ∥f∥rr ⩾ ∥f∥ss

∥f∥(1−λ)r+λss = ∥f∥ps if ∥f∥rr < ∥f∥ss.

If f ∈ Lr(µ) ∩Ls(µ) then both ∥f∥r and ∥f∥s are finite and thus so is ∥f∥p.

(e) It suffices to show that (i) lim inf
p→∞

∥f∥p ⩽ ∥f∥∞ and (ii) lim sup
p→∞

∥f∥p ⩾ ∥f∥∞. Of course, the claim is trivial if

∥f∥∞ =∞, since then ∥f∥p =∞ for all p. Now let us assume ∥f∥∞ <∞.

To show (i), we pick an arbitrary k ∈ (0, ∥f∥∞) and consider the set

S ∶= {x ∈X ∶ ∣f(x)∣ ⩾ k}.

This set must have finite measure (or else ∥f∥r ⩾ µ(S)kr, contradicting the assumption that ∥f∥r <∞), so

∥f∥pp = ∫
X
∣f ∣p dµ ⩾ ∫

S
kp dµ = µ(S)kp,

so ∥f∥p ⩾ kµ(S)1/p. Letting p→∞ we obtain lim inf
p→∞

∥f∥p ⩾ k. Since k is arbitrary, we recover (i).

For (ii), if p > r, define E ∶= {x ∈X ∶ ∣f(x)∣ > ∥f∥∞}, a null set. Then we have

∥f∥pp = ∫
X
∣f ∣p dµ = ∫

X−E
∣f ∣p−r ∣f ∣r dµ

⩽ ∫
X−E
∥f∥p−r∞ ∣f ∣r dµ = ∥f∥p−r∞ ∫

X−E
∣f ∣r dµ = ∥f∥p−r∞ ∥f∥rr,

so

∥f∥p ⩽ ∥f∥(p−r)/p∞ ∥f∥r/pr .

Taking lim sup
p→∞

, we obtain lim sup
p→∞

∥f∥p ⩽ ∥f∥∞ ⋅ 1, as claimed.

Problem 5

Assume, in addition to the hypotheses of Problem 4, that µ(X) = 1.

(a) Prove that ∥f∥r ⩽ ∥f∥s if 0 < r < s ⩽∞.

(b) Under what conditions does it happen that 0 < r < s ⩽∞ and ∥f∥r = ∥f∥s <∞?

(c) Prove that Lr(µ) ⊃ Ls(µ) if 0 < r < s. Under what conditions do these two spaces contain the same

functions?

6



525a Su2021 Prep Rudin RCA Ch3 YQL

(d) Assume that ∥f∥r <∞ for some r > 0. Prove that

lim
p→0
∥f∥p = exp{∫

X
log∣f ∣ dµ}

if exp(−∞) ∶= 0.

Proof. (a) If s =∞ then the set S ∶= {x ∈X ∶ ∣f(x)∣ > ∥f∥∞} is of measure 0, so

∥f∥rr = ∫
X
∣f ∣r dµ = ∫

X−S
∣f ∣r dµ ⩽ ∫

X−S
∥f∥r∞ dµ = ∥f∥r∞.

Otherwise, this is also a one-liner with Hölder’s inequality:

∥f∥rr = ∫
X
∣f ∣r ⋅ 1 dµ ⩽ {∫

X
(∣f ∣r)s/r dµ}

r/s
{∫

X
1s/(s−r) dµ}

1−r/s

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=1

= ∥f∥rs.

(b) To attain equality in Hölder’s inequality in the previous part, equation (5) in Rudin’s Theorem 3.5 must

hold almost everywhere (since exp is strictly convex). Since one of the functions here is merely 1, the other

(namely f) must be constant almost everywhere.

(c) The first inclusion follows directly from (a).

For the second claim, we need the opposite inclusion Lr(µ) ⊂ Ls(µ). Borrowing a hint from Folland’s

Problem 6.5, we claim that

For r < s, Lr(µ) ⊂ Ls(µ) if and only if X does not contain sets with arbi-

trarily small measure (i.e., either a null set or a set with measure ⩾ ϵ).

Proof of claim. For the forward direction, let us assume the contrapositive that X does contain sets with

arbitrarily small positive measure. Let En be a set with µ(En) < 2−n and WLOG assume {En} is pairwise

disjoint (this can be done by letting F1 ∶= E1 and Fn ∶= En − (E1 ∪ ...∪En−1) if needed). If s <∞, we define

f ∶=
∞
∑
n=1

µ(En)−1/sχEn ,

we obtain

∥f∥rr = ∫
X
∣f ∣r dµ = ∫

E
∣f ∣r dµ

=
∞
∑
n=1
∫
En

µ(En)−r/s dµ =
∞
∑
n=1

µ(En)1−r/s <
21−r/s

1 − 21−r/s
<∞

(since 1 − r/s < 1). Therefore f ∈ Lr(µ).

However, this implies f ∉ Ls(µ), as

∥f∥ss = ∫
X
∣f ∣s dµ = ∫

E
∣f ∣s dµ

=
∞
∑
n=1
∫
En

µ(En)−1 dµ =
∞
∑
n=1

1 =∞.

7
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This proves ⇒. (If s =∞, a similar argument holds if we define f ∶=
∞
∑
n=1

µ(En)−1/(r+1)χEn . Then ∥f∥rr is still

finite and ∥f∥ss is still unbounded.)

For ⇐, let f ∈ Lr(µ) and consider the sets En ∶= {x ∈ X ∶ ∣f(x)∣ ⩾ n}. Clearly they form a decreasing

sequence, and by assumption, either µ(En) ⩾ ϵ for all n or the tail of this sequence is all 0, i.e., µ(En) = 0
for all large n’s. If the former is true, then

E ∶=
∞
⋂
n=1

En satisfies µ(E) = lim
n→∞

µ(En) ⩾ ϵ

(since µ(E1) is finite and µ is continuous from above). But then ∥f∥rr ⩾ ∫
E
∣f ∣r dµ = ∞, contradiction.

Hence µ(Ek) = 0 for some k (and all later terms too). Therefore ∥f∥∞ ⩽ k, and by (a) this implies ∥f∥s ⩽ k,

so f ∈ Ls(µ).

(If s = ∞, suppose some f ∈ Lp(µ) but not L∞(µ). Then the corresponding En’s form a decreasing sequence,

but none of them is empty. However,

∥f∥rr = ∫
X
∣f ∣r dµ ⩾ ∫

En

∣f ∣r dµ ⩾ nrµ(En)

so µ(En)→ 0 as n→∞. Contrapositive is proven.) END OF PROOF OF CLAIM

Problem 7

For some measures, the relation r < s implies Lr(µ) ⊂ Ls(µ); for others, the inclusion is reversed; and

there are some for which Lr(µ) does not contain Ls(µ) if r ≠ s. Give example of these situations, and find

conditions on µ under which these situations will occur.

Solution. Let 0 < r < s.

(1) An example where Lr(µ) ⊂ Ls(µ): let X be N (starting from 1) and let µ be the counting measure. We

end up having ℓr and ℓs, spaces of rth- and sth-power summable sequences. We claim ℓr ⊂ ℓs.

Let x ∶= {xn}n⩾1 be a ℓr sequence, i.e., ∥x∥r ∶= (
∞
∑
n=1
∣xn∣r)

1/r
<∞.

(i) If ∥x∥r = 1, it follows that ∥x∥rr =
∞
∑
n=1
∣xn∣r = 1, so ∣xn∣r ⩽ 1 — and thus ∣xn∣ ⩽ 1 — for all n. Since r < s

we have ∣xn∣r ⩾ ∣xn∣s, so ∥x∥r ⩾ ∥x∥s, which implies x ∈ ℓs.

(ii) If ∥x∥r ≠ 1, we can normalize it by setting x′ ∶= x/∥x∥r. Then ∥x′∥r = 1 and x′ ∈ ℓs by (i). Since ∥x∥r is

just a scalar, ∥x∥r ⋅ x′, namely x, is also in ℓs.

Therefore ℓr ⊂ ℓs.

(2) An example where Lr(µ) ⊃ Ls(µ): see Problem 5(a)/(c).

(3) An example where Lr(µ) does not contain Ls(µ) if r ≠ s: consider Problem 4(c). For any r ≠ s
(assuming WLOG r < s), we can construct a function whose corresponding E is [r − 1, r] (so r ∉ E), and

such function is Lr but not Ls.

8
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(4) We have characterized measures on which r < s implies Lr(µ) ⊂ Ls(µ) in Problem 5(c); we said it holds

if and only if X does not contain sets with arbitrarily small but positive measure. Similarly:

For r < s < ∞, Lr(µ) ⊃ Ls(µ) if and only if X does not contain sets with

arbitrarily large (but finite) measure. If s =∞ the “only if” fails.

Proof of claim with s <∞. For⇒, let us consider the contrapositive and suppose that X contains sets with

arbitrarily large measure. We define a sequence of sets {En}n⩾1 inductively by

E1 ⊂X µ(En+1) >
n

∑
k=1

µ(Ek) + 1. (∆)

Then we define {Fn}n⩾1 by

F1 ∶= E1 Fn+1 ∶= En+1 −
n

⋃
k=1

Ek.

Because of (∆), the Fn’s are nonempty and disjoint, and [most importantly] µ(Fn) > 1. We define

f ∶=
∞
∑
n=1

n−1/rµ(Fn)−1/rχFn .

Since

∥f∥rr = ∫
X
∣f ∣r dµ =

∞
∑
n=1
∫
Fn

n−r/rµ(Fn)−r/r dµ =
∞
∑
n=1

1

n
=∞

but

∥f∥ss = ∫
X
∣f ∣s dµ =

∞
∑
n=1
∫
Fn

n−s/rµ(Fn)−s/r dµ =
∞
∑
n=1

µ(Fn)1−s/r

ns/r
<
∞
∑
n=1

1

ns/r
<∞

(where the last < is because s/r > 1, and the second last because µ(Fn) > 1), we see Lr(µ) ⊅ Ls(µ).

For⇐, let g ∈ Ls(µ) and Gn ∶= {x ∈X ∶ 1/(n+ 1) ⩽ ∣g(x) < 1/n∣}. First observe that they are disjoint and for

each n

∥g∥ss = ∫
X
∣g∣s dµ ⩾ ∫

Gn

∣g∣s dµ ⩾ ∫
Gn

1

(n + 1)s
dµ = µ(Gn)

(n + 1)s

so

µ(Gn) ⩽ ∥g∥ss(n + 1)s <∞.

Now we define Hn ∶=
n

⋃
k=1

Gn. A finite union of sets of finite measure, clearly µ(Hn) < ∞ for all n. Also

notice that {Hn} forms a nested increasing sequence. If we define G ∶=
∞
⋃
n=1

Gn, then

∞
∑
n=1

µ(Gn) = µ(G) = lim
n→∞

µ(Hn) ⩽ sup
n⩾1

µ(Hn) <∞.

(The first = is because µ is countably additive (and Gn’s are disjoint), the second because of Rudin’s

Theorem 1.19(d), and the < because of our original assumption.) Also, on X − G, ∣f ∣ ⩾ 1, so ∣g∣s ⩾ ∣g∣r.

Then,

∥g∥rr = ∫
X
∣g∣r dµ = ∫

G
∣g∣r dµ + ∫

X−G
∣g∣r dµ

⩽
∞
∑
n=1

µ(Gn)
nr

+ ∫
X−G
∣g∣s dµ <

∞
∑
n=1

µ(Gn) + ∥f∥ss <∞,

so f ∈ Lr(µ), and we are done. END OF PROOF FOR CASE s <∞

9
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Claim with s =∞. The⇒ direction is still valid. Take the contrapositive. If X contains sets with arbitrarily

large measure, we can pick a sequence {En} with µ(En) →∞. The function f ∶=
∞
∑
n=1

χEn is obviously L∞

but not Lr for any finite r. The ⇐ fails: let X ∶= {x}, M ∶= {∅,X}, µ(∅) = 0, and µ(X) = ∞. Then any

constant function on X is L∞ but not Lp, so L∞(µ) ⊅ Lr(µ) can happen even if X does not contain sets

with arbitrarily large (finite) measure. END OF PROOF FOR CASE s =∞

For the last question, we simply need to combine our previous characterizations — if Lr(µ) ⊄ Ls(µ) then

there are arbitrarily small subsets; similarly, there are also arbitrarily large subsets, assuming s <∞.

Problem 8

If g is a positive function on (0,1) such that g(x) → ∞ as x → 0, then there is a convex function h on (0,1)
such that h ⩽ g and h(x) →∞ as x → 0. True or false? Is the problem changed if (0,1) is replaced by (0,∞)
and x→ 0 by x→∞?

Solution. (1) The first claim is true. Since g(x)→∞ as x→ 0, we are able to construct a sequence {xn}n⩾1
such that xn → 0 and g ⩾ n on (0, xn). For each n, we define hn to be the function on (0,1) whose

graph consists of line segments connecting (0, n), (xn,0), and (1,0). It is clear that each hn is convex and

bounded above by g. Finally, we define h ∶= suphn (pointwise supremum). Since hn ⩾ n/2 on (0, xn/2), it

is clear that h(x)→∞ as x→∞, as required by our problem.

(2) The second claim is false. If h(x) → ∞ as x → ∞ and h is convex, then h needs to have at least linear

growth rate. To see this, pick any a < b with h(a) < h(b). By convexity, we have

h(b + x) − h(b)
x

⩾ h(b) − h(a)
b − a

for all x > 0, so the slope of h after b is always at least the quotient of the RHS. Therefore any function

with sublinear growth rate fails to meet this criterion. For example, no convex function bounds g(x) ∶=
√
x

from below.

Problem 9

Suppose f is Lebesgue measurable on (0,1) and not essentially bounded. By 4(e), ∥f∥p →∞ as p →∞. Can

∥f∥p tend to ∞ arbitrarily slowly? More precisely, is it true that to every positive function Φ on (0,∞) such

that Φ(p)→∞, one can find an f such that ∥f∥p →∞ as p→∞, but ∥f∥p ⩽ Φ(p) for sufficiently large p’s?

Solution. Yes. Since we are only interested in the tail of Φ and Φ(p)→∞, WLOG we may assume that Φ ⩾ 1. Let

10
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{an}n⩾1 be a sequence with an ∶= Φ(n) and define correspondingly (left-closed, right-open) intervals {En} by

E1 ∶= [0, (2Φ(1))−1) En+1 ∶= [
n

∑
k=1
(2Φ(k))−k,

n+1
∑
k=1
(2Φ(k))−k).

(Basically the En’s are disjoint, and En has length (2Φ(n))−n.) It follows immediately that

[ an
Φ(p)

]
p

m(En) = 2−n (
Φ(n)p−n

Φ(p)p
) ⩽

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

2−n ⋅ 1

Φ(p)n
⩽ 2−n if p < n

2−n ⋅ Φ(n)
p

Φ(p)p
⩽ 2−n if p ⩾ n.

Therefore, if we define f ∶=
∞
∑
n=1

anχEn , then

∥f∥pp/Φ(p)p =
1

Φ(p)p ∫
1

0

∞
∑
n=1

apnχEn dx =
∞
∑
n=1

apn
Φ(p)p

m(En) ⩽
∞
∑
n=1

2−n = 1,

so ∥f∥p ⩽ Φ(p) (for all p, assuming that Φ ⩾ 1; alternatively, for large p’s where Φ(p) ⩾ 1).

Problem 10

Suppose fn ∈ Lp(µ) for n = 1,2,3, ..., and ∥fn − f∥p → 0 and fn → g a.e., as n → ∞. What relation exists

between f and g?

Proof. It is clear that {fn} is Cauchy. By Theorem 3.12 there exists a subsequence {fnk
} that converges pointwise

almost everywhere; since the mother sequence converges to f , we have {fnk
} → f a.e. as well. On the other

hand ({fn} ⊃ {fnk
})→ g a.e., so f = g a.e.

Problem 11

Suppose µ(Ω) = 1 and suppose f, g are positive mesurable functions on Ω such that fg ⩾ 1. Prove that

∫
Ω
f dµ ⋅ ∫

Ω
g dµ ⩾ 1.

Proof. fg ⩾ 1 implies
√
fg ⩾ 1. Applying Hölder’s inequality to

√
f and

√
g and conjugate pair (1/2,1/2) gives

1 = ∫
Ω

dµ ⩽ ∫
Ω

√
fg dµ ⩽ {∫

Ω
(
√
f)2 dµ}

1/2
{∫

Ω
(√g)2 dµ}

1/2

which, after taking square of both sides, completes the proof.

Problem 12

Suppose µ(Ω) = 1 and h ∶ Ω→ [0,∞] is measurable. If A ∶= ∫
Ω
h dµ, prove that

√
1 +A2 ⩽ ∫

Ω

√
1 + h2 dµ ⩽ 1 +A.

If µ is Lebesgue measure on [0,1] and if h is continuous, h = f ′, the above inequalities have a simple

geometric interpretation. From this, conjecture (for general Ω) under what conditions on h can equality

11
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hold in either of the above inequalities. Prove them.

Proof. (1) If A =∞ then the claim is trivial, as h <
√
1 + h2.

If A ≠ ∞, the first ⩽ is given by Jensen’s inequality applied to the convex function Φ(x) ∶=
√
1 + x2. The

second follows from noticing
√
1 + h2 ⩽

√
1 + 2h + h2 = 1 + h and integrating w.r.t. µ over Ω.

(2) Now let Ω be [0,1] and µ be the Lebesgue measure m. Note that

A = ∫
1

0
f ′(x) dx = f(1) − f(0),

and since h = f ′, we can write

∫
[0,1]

√
1 + h2 dm = ∫

1

0

√
1 + f ′(x) dx,

namely the arc length of the graph of f on [0,1]. See figure below.

0 1

f(0)

f(1)

f(1) − f(0) = A

1

√
1 +A2

Look at the purple right triangle. That h ⩾ 0 implies f is monotone increasing, and the inequalities state that

the length of the blue curve (or the graph of any increasing function satisfying the boundary conditions)

is bounded below by the length of the hypotenuse and above by the sum of the other two sides.

(3) For the ⩽ to become =, we need Jensen’s inequality to become equality, which is equivalent to requiring

φ(A) = φ(h(x)) a.e., so h ≡ A a.e. because φ is injective.

For the second ⩽ to become =, we need
√
1 + h2 = 1 + h a.e. so h ≡ 0 a.e.

12
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Problem 13

Under what conditions on f and g does equality hold in the conclusions of Theorem 3.8 and 3.9? You may

have to treat the cases p = 1 and p =∞ separately.

Solution. (1) Hölder’s, 1 < p < ∞: re-examining Rudin’s Theorem 3.5 equations (3) and (5), we see that

the convexity of exp forces equality to take place if and only if F = G almost everywhere. That is, if and

only if one between f and g is 0 a.e. or

∣f ∣
A
= ∣g∣
B

a.e. ⇔ ∣f ∣p

∥f∥pp
= ∣g∣

q

∥g∥qq
a.e.

(Note that the ratio ∥f∥pp/∥g∥qq is in fact arbitrary: if f and g give us equality, then so do λf and g.)

(2) Hölder’s, p = ∞ (or equivalently q = 1): re-examining Rudin’s Theorem 3.8 equation (2), we see that

the equality holds if and only if

∣f(x)g(x)∣ = ∥f∥∞∣g(x)∣ a.e.,

so if p =∞ then we need ∣f(x)∣ = ∥f∥∞ almost everywhere.

(3) Minkowski’s, 1 < p < ∞: re-examining Rudin’s Theorem 3.5 equation (9) and using part (1) [of this

solution], we see that equality holds if and only if there are constants C1,C2 such that

∣f ∣q = C1(∣f + g∣p−1)q = C1∣f + g∣p a.e. and ∣g∣p = C2(∣f + g∣p−1)q = C2∣f + g∣p a.e.

Combining these two, we see that Minkowski’s inequality attains equality if and only if

∣f ∣p = C ∣g∣p a.e. for some C Ô⇒ ∣f ∣ = C̃ ∣g∣ a.e.

(4) Minkowski’s, p = 1: in this case we require ∣f(x) + g(x)∣ = ∣f(x)∣ + ∣g(x)∣ almost everywhere, so it is

necessary and condition to require that ∣f(x)g(x) ⩾ 0∣ almost everywhere. (Both positive, both negative,

or at least one is 0.)

(5) Minkowski’s, p =∞: by definition we need

ess sup
x∈X

∣f(x) + g(x)∣ = ess sup
x∈X

∣f(x)∣ + ess sup
x∈X

∣g(x)∣.

Problem 14

Suppose 1 < p <∞, f ∈ Lp = Lp((0,∞)) relative to the Lebesgue measure, and

F (x) ∶= 1

x
∫

x

0
f(t) dt (0 < x <∞).

(a) Prove Hardy’s inequality ∥F ∥p ⩽
p

p − 1
∥f∥p which shows that the mapping f ↦ F carries Lp into Lp.

(b) Prove that equality holds only if f = 0 a.e.

(c) Prove that the constant p/(p − 1) cannot be made smaller.

13
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(d) If f > 0 and f ∈ L1, prove that F ∉ L1.

Hint: for (a), assume first that f ⩾ 0 and f ∈ Cc((0,∞)). Integration by part gives

∫
∞

0
F p(x) dx = −p∫

∞

0
F (x)p−1xF ′(x) dx.

Note that xF ′ = f − F and apply Hölder’s inequality to ∫ F p−1f . Then derive the general case. For (c), take

f(x) ∶= x−1/p on [1,A] and 0 elsewhere for large A.

Proof. (a) Following the hint, first assume f ⩾ 0 and is compactly supported. Then,

∥F ∥pp = ∫
∞

0
F p(x) dx = −p∫

∞

0
F (x)p−1xF ′(x) dx

= −p∫
∞

0
F (x)p−1 ⋅ (f(x) − F (x)) dx

= −p∫
∞

0
F (x)p−1f(x) dx + p∥F ∥pp

[Hölder’s] ⩾ −p{∫
∞

0
(F (x)p−1)p/(p−1) dx}

(p−1)/p
{∫

∞

0
f(x)p dx}

1/p
+ p∥F ∥pp

= −p∥F ∥p−1p ∥f∥p + p∥F ∥pp. (∆)

Rearranging gives

(p − 1)∥F ∥pp ⩽ p∥F ∥p−1p ∥f∥p Ô⇒ ∥F ∥p ⩽
p

p − 1
∥f∥p.

For the more general case, since the sign of f has no impact on ∥ ⋅ ∥p, we may still assume that f ⩾ 0. By

Rudin’s Theorem 3.14, Cc((0,∞)) is dense in Lp((0,∞)), so for any f ∈ Lp there exists a sequence {fn}
of compactly supported functions such that ∥fn − f∥p → 0. If we define Fn’s and F accordingly using the

integral definition, then it follows that Fn → F pointwise:

∣Fn(x) − F (x)∣ =
1

x
∣∫

x

0
fn(t) − f(t) dt∣

⩽ 1

x
∫

x

0
∣fn(t) − f(t)∣ dt

⩽ {∫
x

0
∣fn(t) − f(t)∣p dt}

1/p
{∫

x

0
dt}

1−1/p

= ∥fn − f∥p ⋅ x1−1/p → 0

for any (fixed) x as n→∞. Therefore,

∥F ∥pp = ∫
∞

0
F (x)p dx = ∫

∞

0
lim inf
n→∞

Fn(x)p dx

⩽ lim inf
n→∞ ∫

∞

0
Fn(x)p dx [Fatou’s lemma]

⩽ lim inf
n→∞

( p

p − 1
)
p

∥fn∥pp [since fn ∈ Cc((0,∞))]

= ( p

p − 1
)
p

∥f∥pp.

Taking the pth root of both sides, we recover Hardy’s inequality.

14
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(b) For convenience, when context is clear, we denote 1 − 1/p by 1/q from now on.

Assume f is not 0 a.e. Since ∥f∥p = ∥∣f ∣∥p, we can WLOG assume that f is nonnegative. (It is impossible

that for f to change sign if equality is attained: if so, define

F̃ (x) ∶= 1

x
∫

x

0
∣f(t)∣ dt Ô⇒ ∥F̃ ∥p > ∥F ∥p =

p

p − 1
∥∣f ∣∥p,

contradiction. Hence our “WLOG” is well-defined.) Since the mapping f ↦ F is continuous (by (a)), (∆)

in fact holds for any f , not just the positive, compactly supported ones. (Recall we can approximate f in

∥ ⋅ ∥p by a sequence of compactly supported functions {fn}.)

In order to make Hardy’s inequality an equality, the Hölder step needs to attain =; since neither f nor F p−1

is 0 a.e., by the previous problem we must have

∣f ∣p

∣F p−1∣q
= ∣f ∣

p

∣F ∣p
= some constant a.e.

Thus f/F equals some constant C > 0 a.e. Since

F (x) = 1

x
∫

x

0
f(t) dt = 1

x
∫

x

0
CF (t) dt,

from the first = we see that F is continuous, and the second further implies that F is differentiable. This

in turn implies f is differentiable. Thus f ′/F ′ also equals C a.e. Recall (the hint says) xF ′ = f − F , so

xCf ′ = f −Cf Ô⇒ xf ′ = (1/C − 1)f.

This is a differential equation whose solution suggests

f(x) = kx(1/C−1)

for some constant k. However, 1/C − 1 > −1 so f cannot be in Lp. This shows that the only functions that

turn Hardy’s inequality into equality are those that are 0 almost everywhere.

(c) I don’t understand why we need to cook up an example involving x−1/p, given that part (b) already

established examples where p/(p − 1) is attained.

(d) If f > 0 and f ∈ L1, then there exists some interval [a, b] on which f ⩾ ϵ > 0. Then, for all x ⩾ b,

F (x) = 1

x
∫

x

0
f(t) dt ⩾ 1

x
∫

b

a
ϵ dt = ϵ(b − a)

x
.

Since ∫
∞

0

1

x
dx =∞, we conclude that F ∉ L1.

Problem 15

Suppose {an} is a sequence of positive numbers. Prove that

∞
∑
N=1
( 1

N

N

∑
n=1

an)
p

⩽ ( p

p − 1
)
p ∞
∑
n=1

apn

if 1 < p <∞. Hint: if an ⩾ an+1, the result can be made to follow from Problem 14. The general case follows.
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Proof. Notice that this is a “discrete” version of Problem 14. We define

f(x) ∶=
∞
∑
n=1

anχ(n−1,n] on (0,∞).

Immediately we see that f ∈ Lp if and only if
∞
∑
n=1

apn is finite. If f ∉ Lp then both sides are∞ and the claim holds

trivially. If f ∈ Lp, the corresponding F is defined by

F (x) = 1

x
∫

x

0
f(t) dt = 1

x

⎛
⎝

⌊x⌋

∑
n=1

an + (x − ⌊x⌋)a⌊x⌋+1
⎞
⎠
.

By the previous problem, ∥F ∥p ⩽ ∥f∥p ⋅ p/(p − 1). If we assume an ⩾ an+1, then

1

x

⎛
⎝

⌊x⌋

∑
n=1

an + (x − ⌊x⌋)a⌊x⌋+1
⎞
⎠
= 1

x

⎛
⎝

⌊x⌋

∑
n=1

an − ⌊x⌋a⌊x⌋+1
⎞
⎠
+ a⌊x⌋+1

⩾ 1

x

⌊x⌋

∑
n=1

an + a⌊x⌋+1 ⩾
1

⌊x⌋ + 1

⌈x⌉+1

∑
x=1

an

so F (⌈x⌉) ⩽ F (x). Therefore,

∞
∑
N=1
( 1

N

N

∑
n=1

an)
p

=
∞
∑
n=1
∫

n

n−1
F (⌊x⌋)p dx = ∫

∞

0
F (⌈x⌉)p dx

⩽ ∫
∞

0
F (x)p dx = ∥F ∥pp ⩽ (

p

p − 1
)
p

∥f∥pp = (
p

p − 1
)
p ∞
∑
n=1

apn.

For the general case, since f ∈ Lp,
∞
∑
n=1

apn converges (absolutely), so any rearrangement will converge to the

same sum, so the RHS remains the same. The LHS, however, is maximal if {an} is decreasing, for by doing so

we count the large elements more times, thereby giving them “more weight”.

Problem 16

Prove Egoroff’s theorem: if µ(X) < ∞, if {fn} is a sequence of complex measurable functions which

converges pointwise at every point of X, and if ϵ > 0, then there is a measurable set E ⊂X with µ(X−E) < ϵ,
on which {fn} converges uniformly. (The conclusion is that by redefining the fn on a set of arbitrarily small

measure, we can convert a pointwise convergent sequence to a uniformly convergent one.)

Hint: put

S(n, k) ∶= ⋂
i,j>n
{x ∶ ∣fi(x) − fj(x)∣ < 1/k}.

Show that µ(S(n, k))→ µ(X) as n→∞ for each k, and hence there is a suitably increasing sequence {nk} such

that E =⋂S(nk, k) has the desired property.

Show that the theorem does not extend to σ-finite spaces. Also show that the theorem does extend, with

essentially the same proof, to the situation in which the sequence {fn} is replaced by a family {ft}t∈R+; the

assumptions are now that for all x ∈X, (i) lim
t→∞

ft(x) = f(x) and (ii) t↦ ft(x) is continuous.
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Proof. (1) For a fixed k, S(1, k) ⊂ S(2, k) ⊂ ..., and
∞
⋃
n=1

S(n, k) = lim
j→∞

j

⋃
n=1

S(n, k) = lim
j→∞

S(j, k) = X, so by

Rudin’s Theorem 1.19(d), µ(S(n, k))→ µ(X) as n→∞.

For each k, we can pick a corresponding nk such that µ(S(nk, k)) > µ(X) − ϵ2−k, or equivalently

µ(S(nk, k)c) < ϵ2−k. In other words, for this k, the following set has measure < ϵ2−k:

⋃
i,j>nk

{x ∶ ∣fi(x) − fj(x)∣ ⩾ 1/k}.

Finally we define Ec ∶=
∞
⋃
k=1

S(nk, k)c so µ(Ec) < ϵ. We claim that E is the set we are looking for: for all

i, j > nk, ∣fi(x)−fj(x)∣ < 1/k on E for all x ∈X, so pointwise convergence upgrades to uniform convergence

on E, as claimed.

(2) (The main problem with a σ-finite space is that Rudin’s Theorem 1.19(e) requires a finite measure.) To

derive a contradiction, for a fixed k, we can let S(n, k)c be [n,∞) so that 1.19(e) fails:

lim
n→∞

µ(S(n, k)c) =∞ ≠ 0 = µ(
∞
⋂
n=1

S(n, k)c).

If so, there is no guarantee that we can find sufficiently large nk satisfying µ(S(nk, k)) > µ(X) − ϵ2−k.

One such example is if we let fn ∶= χ[n−1,n) on [0,∞). Obviously [0,∞) is σ-finite; it is also clear that

{fn} → the zero function pointwise everywhere. Meanwhile, S(n,1) = [0, n) so S(n,1)c = [n,∞), and so

Rudin’s 1,19(e) does not apply. We see that fn → f uniformly on no subset of [0,∞)!

(3) Since the set of positive rationals is dense in (0,∞), (1) gives the claim for {fn}n∈Q+, and the continuity

assumptions allows us to extend this to {fn}n∈R+.

Problem 17

(a) If 0 < p <∞, put γp ∶=max(1,2p−1). Prove that

∣α − β∣p ⩽ γp(∣α∣p + ∣β∣p)

for arbitrary complex numbers α and β.

(b) Suppose µ is a positive measure on X, 0 < p < ∞, f ∈ Lp(µ), fn ∈ Lp(µ), fn(x) → f(x) a.e., and

∥fn∥p → ∥f∥p as n→∞. Show that lim ∥f − fn∥p = 0 by completing the two proofs sketched below:

(i) By Egoroff’s theorem, X = A ∪B in such a way that ∫
A
∣f ∣p < ϵ, µ(B) <∞, and fn → f uniformly

on B. Fatou’s lemma, applied to ∫
B
∣fn∣p, leads to lim sup∫

A
∣fn∣p dµ ⩽ ϵ.

(ii) Put hn = γp(∣f ∣p + ∣fn∣p) − ∣f − fn∣p and use Fatou’s lemma as in the proof of Lebesgue’s DCT.

(c) Show that the conclusion of (b) is false if the hypothesis ∥fn∥p → ∥f∥p is omitted, even if µ(X) <∞.
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Proof. (a) If p > 1 then

∣α − β∣p ⩽ (∣α∣ + ∣β∣)p = 2p ( ∣α∣ + ∣β∣
2
)
p

⩽ 2p−1(∣α∣p + ∣β∣p) (1)

since xp is convex on [0,∞).

If p ⩽ 1, put r = 1 − p. Then

(∣α∣ + ∣β∣)p = (∣α∣ + ∣β∣)1−r = ∣α∣(∣α∣ + ∣β∣)−r + ∣β∣(∣α∣ + ∣β∣)−r ⩽ ∣α∣1−r + ∣β∣1−r = ∣α∣p + ∣β∣p. (2)

Finally, combining (1) and (2) and using the fact that ∣α − β∣ ⩽ ∣α∣ + ∣β∣, we complete the proof.

(b) (i) We first prove two claims, after which (b).(i) is almost an immediate consequence.

Claim 1. If g ∈ L1 and ϵ > 0, then there exists a set E of finite measure

such that ∫
X−E
∣g∣ dµ < ϵ.

Proof of Claim 1. We can WLOG assume g ⩾ 0. Since g is measurable, by Rudin’s Theorem 1.17, there

exists a sequence {sn} of increasing simple functions converging pointwise to g. By Lebesgue’s DCT,

the integrals converge too, so there exists a sufficiently large k such that

∫
X
∣g − sk ∣ dµ < ϵ.

Clearly, as sk ⩽ g, it is in L1; since it takes the form
nk

∑
i=1
αiχEi , it follows from the L1-integrability that

each µ(Ei) is finite. If we let E ∶=
nk

⋃
i∈=1

Ei, then µ(E) <∞. Also, sk vanishes on X −E. We claim that

E is our desired set:

∫
X−E
∣g∣ dµ = ∫

X−E
∣g − sk ∣ dµ + ∫

X−E
sk dµ ⩽ ∫

X
∣g − sk ∣ dµ + ∫

X−E
0 dµ < ϵ.

END OF PROOF OF CLAIM 1.

Claim 2. If f ∈ Lp, then given ϵ > 0 there exists δ > 0 such that if E is

measurable and µ(E) < δ then ∫
E
∣f ∣p dµ < ϵ.

Proof of Claim 2. It is clear that ∣f ∣ must be essentially bounded (otherwise f ∉ Lp) by, say M . Then if

we set δ ∶= ϵ/Mp and if µ(E) < δ,

∫
E
∣f ∣p dµ < ∫

E
Mp dµ = M

pϵ

Mp
= ϵ.

END OF PROOF OF CLAIM 2.
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Back to the main proof: Since f ∈ Lp, ∣f ∣p ∈ L1. Using Claim 1, we can find a set B̃ of finite measure

such that

∫
X−B̃
∣f ∣p dµ < ϵ

2
. (3)

Next, Claim 2 gives a δ such that if µ(E) < δ then

∫
E
∣f ∣p dµ < ϵ

2
. (4)

Finally, we construct A and B. Using Egoroff’s theorem, corresponding to this δ, there exists B ⊂ B̃
such that µ(B̃ −B) < δ and {fn} converges uniformly on B. We define A ∶= (B̃ −B) ∪E; combining

(3) and (4), we have

∫
A
∣f ∣p dµ = ∫

X−B̃
∣f ∣p dµ + ∫

E
∣f ∣p dµ < ϵ. (5)

Now, applying Fatou’s lemma to ∣fn∣p gives

∫
B
∣f ∣p dµ = ∫

B
lim inf
n→∞

∣fn∣p dµ ⩽ lim inf
n→∞ ∫B

∣fn∣p dµ,

so

lim sup
n→∞

∫
A
∣fn∣p dµ = lim sup

n→∞
{∫

X
∣fn∣p dµ − ∫

B
∣fn∣p dµ}

⩽ lim sup
n→∞

∫
X
∣fn∣p dµ + lim sup

n→∞
{−∫

B
∣fn∣p dµ}

= ∫
X
∣f ∣p dµ − lim inf

n→∞ ∫B
∣fn∣p dµ [∥fn∥p → ∥f∥p]

⩾ ∫
X
∣f ∣p dµ − ∫

B
lim inf
n→∞

∣fn∣p dµ

= ∫
X
∣f ∣p dµ − ∫

B
∣f ∣p dµ = ∫

A
∣f ∣p dµ < ϵ. [by (5)] (6)

Finally, since µ(B) <∞ and fn → f uniformly on B, ∫
B
∣fn − f ∣p dµ can be made arbitrarily small, say

< ϵ for example; using part (a) on ∣fn − f ∣p, we see

lim sup
n→∞

∫
X
∣fn − f ∣p dµ ⩽ lim sup

n→∞
∫
A
∣fn − f ∣p dµ + lim sup

n→∞
∫
B
∣fn − f ∣p dµ

< lim sup
n→∞

∫
A
γp(∣fn∣p + ∣f ∣p) dµ + ϵ [(a) and above]

⩽ γp {lim sup
n→∞

∫
A
∣fn∣p dµ + lim sup

n→∞
∫
A
∣f ∣p dµ} + ϵ [splitting limsup]

< γp(ϵ + ϵ) + ϵ = Cϵ,

so indeed ∥fn − f∥p → 0 as n→∞, and we are done.

(ii) Second proof: following the hint, define

hn ∶= γp(∣f ∣p + ∣fn∣p) − ∣f − fn∣p.

By (a), each hn ⩾ 0. Since fn → f a.e., hn → 2γp∣f ∣p a.e., so

∫
X
2γp∣f ∣p dµ = ∫

X
lim
n→∞

hn dµ = ∫
X
lim inf
n→∞

hn dµ ⩽ lim inf
n→∞ ∫X

hn dµ

= lim inf
n→∞

{∫
X
γp(∣f ∣p + ∣fn∣p) dµ − ∫

X
∣f − fn∣p dµ}

= ∫
X
2γp∣f ∣p dµ − lim sup

n→∞
∫
X
∣f − fn∣p dµ. (7)
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(The last step, (7), follows from the fact that lim inf(an + bn) = lim inf an + lim inf bn if {an} converges

and {bn} is bounded. The proof of this can be easily derived by constructing a convergent subsequence

{bnk
} using Bolzano-Weierstraß. In this case the first integral converges and the second is bounded,

as f, fn ∈ Lp.)

Since ∫
X
2γp∣f ∣p dµ is finite, we may subtract it from both sides and obtain

0 ⩽ − lim sup
n→∞

∫
X
∣f − fn∣p dµ.

Of course, the RHS is nonpositive, so ⩽ becomes =, and indeed

lim
n→∞

∥fn − f∥p = lim sup
n→∞

∥fn − f∥p = 0.

(iii) Consider p = 1, X = [0,1], µ = m, f ≡ 0, and fn = nχ[0,1/n]. Then fn → f a.e. (for all points but 0),

µ(X) = 1, but the Lebesgue integral of fn is always 1, whereas that of f is 0.

Problem 18

let µ be a positive measure onX. A sequence {fn} of complex measurable functions onX is said to converge

in measure to the measurable function f if for every ϵ > 0, there corresponds an N such that

µ({x ∶ ∣fn(x) − f(x)∣ > ϵ}) < ϵ for all n ⩾ N.

Assume µ(X) <∞ and prove the following statements.

(a) If fn(x)→ f(x) a.e., then fn → f in measure.

(b) If fn ∈ Lp(µ) and ∥fn − f∥p → 0, then fn → f in measure; here 1 ⩽ p ⩽∞.

(c) If fn → f in measure, then {fn} has a subsequence which converges to f a.e.

Investigate the converses of (a) and (b). What happens to (a), (b), and (c) if µ(X) =∞, for instance, if µ is

the Lebesgue measure on R?

Proof. (a) Fix ϵ and define EN ∶= {x ∈X ∶ ∣fn(x)−f(x)∣ > ϵ for some n ⩾ N}. It is clear that E1 ⊃ E2 ⊃ ... and

µ(E1) ⩽ µ(X) <∞. Therefore, by Rudin’s Theorem 1.19(e), µ(En) → µ(
∞
⋂
n=1

En). The infinite intersection

is a null set because fn → f almost everywhere, so µ(En)→ 0. In particular, there exists a sufficiently large

N such that µ(EN) < ϵ. This implies that, for all n ⩾ N ,

{x ∶ ∣fn(x) − f(x)∣ > ϵ} ⊂ En,

so taking the union of all such n’s, the inclusion still holds. Finally, taking the measure of both sides gives

us the claim.

(b) Let ϵ > 0 be given.

If p = ∞, then ∥fn − f∥∞ → 0 means that there exists a sufficiently large N ∈ N such that ∥fn − f∥∞ < ϵ
whenever n ⩾ N , so in these cases µ({x ∶ ∣fn(x) − f(x)∣ > ϵ}) = 0, completing the proof.
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If p <∞, we define En ∶= {x ∶ ∣fn(x) − f(x)∣ > ϵ}. Then,

∥fn − f∥pp = ∫
X
∣fn(x) − f(x)∣p dµ ⩾ ∫

En

∣fn(x) − f(x)∣p d > ϵpµ(En).

Since ∥fn − f∥p → 0, we have µ(En) = 0, so µ(En) < ϵ for all n ⩾ some sufficiently large N .

(c) By assumption, there exists a sequence of numbers {nk} such that

µ({x ∶ ∣fn(x) − f(x)∣ > 2−k}) < 2−k for all n ⩾ nk.

We claim that {fnk
} is the subsequence we are looking for. To this end, define

Ek ∶= {x ∶ ∣fnk
(x) − f(x)∣ > 2−k}.

Finally, define E ∶=
∞
⋂
m=1

∞
⋃
k⩾m

Ek. It follows that if x ∉ E, then x ∉
∞
⋃
k⩾m

Ek, for some m, and in particular

x ∉ Ek for all k ⩾m. This means that

∣fnk
(x) − f(x)∣ ⩽ 2−k

for all k ⩾ m, so fnk
(x) converges to f(x). It remains to show that E is a set of measure zero. It is clear

that µ(Ek) < 2−k = µ({x ∶ ∣fnk
(x) − f(x)∣ > 2−k}) ⩽ µ({x ∶ ∣fn(x) − f(x)∣ > 2−k for all n ⩾ nk}) < 2−k, so

∞
⋃
k⩾1

Ek has finite measure, and Rudin’s Theorem 1.19(e) gives

µ(E) = lim
m→∞

µ(
∞
⋃
k⩾m

Ek) = lim
m→∞

1

2m−1
= 0.

This completes the proof.

(d) The converse of (a) does not hold: for example consider

f1 = χ[0,1]

f2 = χ[0,1/2] f3 = χ[1/2,1]

f4 = χ[0,1/3] f5 = χ[1/3,2/3] f6 = χ[2/3,1]

in L1([0,1]) and so on. They converge to the zero function in measure, as

µ({x ∶ ∣fn(x) − f(x)∣ > ϵ}) < ϵ

if n is so large that the length of the interval on which fn ≡ 1 is less than ϵ. However, it is clear that {fn}
does not converge pointwise to the zero function at all — for each x, fn(x) = 1 for infinitely many n’s.

The converse of (b) does not hold, either. Consider fn ∶ nχ(0,1/n) and let f ≡ 0, all of which are in L1((0,1)).
Then fn → f in measure because they disagree only on an interval of length 1/n. However, ∥fn − f∥1 is

always 1.

Finally, if we let X = R and µ =m, then (a) and (b) still hold, as their proof impose no restriction on µ(X).
(3), however, would fail: consider a modified example on L1((0,∞)):

f1 = χ[0,1]

f2 = χ[1,1+1/2] f3 = χ[1+1/2,2]

f3 = χ[2+1/3] f5 = χ[2+1/3,2+2/3] f6 = χ[[2+2/3,3]
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and so on. fn → f ≡ 0 in measure, since each fn differ from f on an interval with length 1/k for some k.

However, {fn} clearly cannot admit any subsequence that converges to f a.e.

Problem 19

Define the essential range of a function f ∈ L∞(µ) to be the set Rf consisting of all complex numbers w such

that

µ({x ∶ ∣f(x) −w∣ < ϵ}) > 0

for every ϵ > 0. Prove that Rf is compact. What relation exists between the set Rf and the number ∥f∥∞?

Let Af be the set of all averages
1

µ(E) ∫E
f dµ

where E ∈ M and µ(E) > 0. What relations exist between Af and Rf? Is Af always closed? Are there

measures µ such that Af is convex for every f ∈ L∞(µ)? Are there measures µ such that Af fails to be

convex for some f ∈ L∞(µ)?
How are these results affected if L∞(µ) is replaced by L1(µ), for instance?

Proof. (1) To show compactness of Rf , it suffices to show that it’s closed and bounded (since Heine-Borel

applies to C). Since ∣f ∣ ⩽ ∥f∥∞ almost everywhere, Rf is bounded by the closed disk of radius ∥f∥∞.

It remains to show that Rf is closed. Let {zn} ⊂ Rf be a sequence of complex numbers converging to z ∈ C.

Let ϵ > 0 be given; there corresponds an N such that ∣zn − z∣ < ϵ/2 whenever n ⩾ N . Note that

∣f(x) − z∣ ⩽ ∣f(x) − zn∣ + ∣zn − z∣ < ∣f(x) − zn∣ +
ϵ

2
.

Since zn ∈ Rf , the set {x ∶ ∣f(x) − zn∣ < ϵ/2} has positive measure. Note that if x is in this set then

∣f(x) − z∣ < ϵ/2 + ϵ/2 = ϵ, so

{x ∶ ∣f(x) − zn∣ < ϵ/2} ⊂ {x ∶ ∣f(x) − z∣ < ϵ} Ô⇒ µ({x ∶ ∣f(x) − z∣ < ϵ}) > 0.

Since ϵ is arbitrary, we conclude z ∈ Rf , so Rf is closed and bounded; Heine-Borel implies it is compact.

Intuitively, ∥f∥∞ = max{∣w∣ ∶ w ∈ Rf}. (The max is attained int his situation. Or maybe I should have

chosen sup instead for clarify?)

(2) We claim that Rf ⊂ Af . Suppose w ∈ Rf . Let ϵ = 1/n (where n ∈ N increases). By definition of Rf ,

µ(En) ∶= µ({x ∈ X ∶ ∣f(x) −w∣ < 1/n}) > 0. If each En has infinite measure, then f ≡ w almost everywhere

so
1

µ(En) ∫En

f dµ = w ∈ Af

for all n, and thus w ∈ Af . Therefore, late enough En’s must satisfy µ(En) <∞ (notice that E1 ⊃ E2 ⊃ ...).

Therefore,

∣ 1

µ(En) ∫En

f dµ −w∣ ⩽ 1

µ(En) ∫En

∣f −w∣ dµ < 1

n
,

so again we see that there exists a sequence of form ∫
En

f dµ/µ(En) that converges to w. Thus w ∈ Af .
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(3) Consider f(x) ∶= 1/n on (1,∞). It is clear that by considering intervals of form (0, n),

1

n
∫

n

1

1

x
dx = logn

n
→ 0 as n→∞,

but Af does not contain 0, as the integral of 1/x on any interval is positive.

(4) A trivial example where Af is convex is by letting X be a singleton, resulting in Af and Rf both being

singletons (and of course singletons are convex).

(5) An example that makes Af not convex: let X = {0,1}, µ be the counting measure, and f(x) = x. Then

Af = {0,1/2,1}, which is not convex.

(6) If we replace L∞(µ) by L1(µ), we can change everything. For example, the function

f(x) ∶=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1√
x

0 < x < 1

0 x ⩾ 1

is not essentially bounded but indeed L1, with ∥f∥1 = 2. It follows that Rf and Af are both unbounded,

and so is Af .

Problem 20

Suppose φ is a real function on R such that

φ(∫
1

0
f(x) dx) ⩽ ∫

1

0
φ(f(x)) dx

for all real bounded measurable f . Prove that φ is then convex.

Proof. Let a < b be two real numbers and λ ∈ [0,1]. We want to show that φ((1−λ)a+λb) ⩽ (1−λ)φ(a)+λφ(b).
Consider the function

f(x) ∶= aχ[λ,1](x) + bχ[0,λ](x).

We claim that this f shows the convexity of φ:

φ(∫
1

0
f(x) dx) = φ(∫

1

0
aχ[λ,1](x) dx + ∫

1

0
bχ[0,λ](x) dx)

= φ((1 − λ)a + λb)

⩽ ∫
1

0
φ(aχ[λ,1](x) + bχ[0,λ](x)) dx

= ∫
λ

0
φ(bχ[0,λ](x)) dx + ∫

1

λ
φ(aχ[λ,1](x)) dx

= λφ(b) + (1 − λ)φ(a).

Problem 23

Suppose µ is a positive measure on X, µ(X) <∞,f ∈ L∞(µ), ∥f∥∞ > 0, and

αn = ∫
X
∣f ∣n dµ (n = 1,2,3, ...).
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Prove that lim
n→∞

an+1
an
= ∥f∥∞.

Proof. WLOG assume f ⩾ 0. (That ∥f∥∞ > 0 already implies that each an ≠ 0 so division is well-defined.)

Immediately from the fact that ∣f(x)∣ ⩽ ∥f∥∞ a.e., we see

an+1 = ∫
X
∣f ∣n+1 dµ ⩽ ∫

X
∣f ∣n∥f∥∞ dµ = an∥f∥∞,

so
an+1
an
⩽ ∥f∥∞ Ô⇒ lim sup

n→∞

an+1
an
⩽ ∥f∥∞. (1)

On the other hand, using Hölder’s inequality on the conjugate pair ((n + 1)/n,n + 1) gives

an = ∫
X
∣f ∣n dµ ⩽ {∫

X
(∣f ∣n)(n+1)/n dµ}

n/(n+1)
{∫

X
dµ}

1/(n+1)

= ∥f∥nn+1µ(X)1/(n+1) = a
n/(n+1)
n+1 µ(X)1/(n+1).

Hence
an+1
an
⩾ ∥f∥n+1n+1
∥f∥nn+1µ(X)1/(n+1)

= ∥f∥n+1/µ(X)1/(n+1).

Using Problem 4(e) and letting n→∞, we see that the RHS tends to ∥f∥∞/1 = ∥f∥∞, so

lim inf
n→∞

an+1
an
⩾ ∥f∥∞. (2)

Combining (1) and (2), we recover the desired equality.

Problem 24

Suppose µ is a positive measure and f, g ∈ Lp(µ).

(a) If 0 < p < 1, prove that

∫ ∣∣f ∣p − ∣g∣p∣ dµ ⩽ ∫ ∣f − g∣p dµ.

that ∆(f, g) ∶= ∫ ∣f −g∣p dµ defines a metric on Lp(µ), and that the resulting metric space is complete.

(b) If 1 ⩽ p <∞ and ∥f∥p ⩽ R, ∥g∥p ⩽ R, prove that

∫ ∣∣f ∣p − ∣g∣p∣ dµ ⩽ 2pRp1∥f − g∥p.

(a) and (b) establish the continuity of the mapping f ↦ ∣f ∣p that carries Lp(µ) into L1(µ).
Hint: first prove that for x, y ⩾ 0

∣xp − yp∣ ⩽

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∣x − y∣p 0 < p < 1

p∣x − y∣(xp−1 + yp−1) 1 ⩽ p <∞.
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Proof. We first prove the hint; WLOG assume x > y, so we can drop the cumbersome ∣ ⋅ ∣. If p ∈ (0,1), then

Problem 17(a) suggests that for a, b > 0 we have (a + b)p ⩽ ap + bp. Setting a = x − y and b = y, we obtain

xp ⩽ (x − y)p + yp Ô⇒ xp − yp ⩽ (x − y)p.

If p ⩾ 1, the MVT on the function f(x) = xp implies

xp − yp = (x − y)f ′(ξ) = p(x − y)(ξp−1) for some ξ ∈ [x, y].

It is clear that xp−1 ⩽ xp−1 + yp−1, so we are done proving the hint. END OF PROOF OF HINT.

(a) The inequality ∫ ∣∣f ∣p − ∣g∣p∣ dµ ⩽ ∫ ∣f − g∣p dµ directly follows from the hint. It is also clear that ∆

is non-degenerate and symmetric, and if f, g ∈ Lp(µ) then δ(f, g) is finite. Finally, ∆ satisfies the triangle

inequality, as (for f, g, h ∈ Lp(µ))

∆(f, h) −∆(f, g) = ∫ ∣f − h∣p − ∣f − g∣p dµ ⩽ ∫ ∣g − h∣p dµ =∆(g, h),

so ∆(f, h) ⩽∆(f, g) +∆(g, h).

The proof showing that Lp defined as such is complete is similar to that of Problem 18(c). Let {fn}n⩾1
be a Cauchy sequence (w.r.t.∆). In particular, we can extract a Cauchy subsequence {fnk

} such that

∆(fnk+1 , fnk
) < 2−k. Let Ek ∶= {x ∈X ∶ ∣fnk+1(x) − fnk

(x)∣ ⩾ 2−k}. Then we can estimate µ(Ek) using

2−kpµ(Ek) ⩽ ∫
Ek

∣fnk+1(x) − fnk
(x)∣p dµ ⩽ ∫ ∣fnk+1(x) − fnk

(x)∣p dµ < 2−k

which gives

µ(Ek) ⩽ 1/2k(1−p). (1)

From this, we see that
∞
⋃
k=1

Ek also has a finite measure, so (similar to what we have done before),

µ(E) ∶= µ(
∞
⋂
m=1

∞
⋃
k=m

Ek) = lim
m→∞

µ(
∞
⋃
k=m

Ek) = 0.

For any x ∉ E, we can find a sufficiently large nK , after which ∣fnk+1(x) − fnk
(x)∣ < 2−k is always satisfied.

That is, outside the null set E, {fnk
} converges. Define f whose restriction to Ec is that limit (and 0 in E,

for instance). We claim that {fn}→ f w.r.t. ∆. By Fatou’s lemma,

∫ ∣f ∣p dµ = ∫
Ec
∣f ∣p dµ = ∫

Ec
lim inf
k→∞

∣fnk
∣p dµ ⩽ lim inf

k→∞ ∫ ∣fnk
∣p dµ,

so f ∈ Lp, and most importantly, ∆(fnk
, f) → 0: given ϵ > 0, there exists a sufficiently large nK such that

∆(fnk
, fnj) < ϵ whenever nk, nj > nK . Fix any such nk, and we have (by Fatou’s lemma, again)

∫ ∣f − fnk
∣p dµ = ∫ lim

nj→∞
∣fnj − fnk

∣p dµ = ∫ lim inf
ni→∞

∣fni − fnk
∣p dµ

⩽ lim inf
ni→∞

∫ ∣fni − fnk
∣p dµ = lim inf

ni→∞
∆(fni , fnk

) < ϵ.

Therefore the Cauchy sequence {fn} admits a convergent subsequence and it itself must be convergent

too. Hence Lp(µ) is complete w.r.t. the metric ∆.
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(b) Notice that ∣∣f ∣ − ∣g∣∣ ⩽ ∣f − g∣, so

∫ ∣∣f ∣p − ∣g∣p∣ dµ ⩽ p∫ ∣∣f ∣ − ∣g∣∣(∣f ∣p−1 + ∣g∣p−) dµ (Hint)

⩽ p∫ ∣f − g∣(∣f ∣p−1 + ∣g∣p−1) dµ

= p∫ ∣f − g∣ ⋅ ∣f ∣p−1 dµ + p∫ ∣f − g∣ ⋅ ∣g∣p−1 dµ

⩽ p{∫ ∣f − g∣p dµ}
1/p
{∫ (∣f ∣p−1)p/(p−1) dµ}

(p−1)/p

+ p{∫ ∣f − g∣p dµ}
1/p
{∫ (∣g∣p−1)p/(p−1) dµ}

(p−1)/p
(Hölder’s)

= p∥f − g∥p(∥f∥p−1p + ∥g∥p−1p ) ⩽ ∥f − g∥p ⋅ 2pRp−1.

Problem 25

Suppose µ is a positive measure on X and f ∶ X → (0,∞) satisfies ∫
X
f dµ = 1. Prove that for every E ⊂ X

with 0 < µ(E) <∞,

∫
E
(log f) dµ ⩽ µ(E) log 1

µ(E)
and that, when 0 < p < 1,

∫
E
fp dµ ⩽ µ(E)1−p.

Proof. (1) We scale µ by defining a new measure µ′ ∶= µ/µ(E). Then µ′(E) = 1 and we can apply Jensen’s

inequality to log, a concave function. Note that the negative of a concave function is convex, so Jensen’s

inequality is simply reversed for concave functions:

φ concave Ô⇒ φ(∫
Ω
f dµ) ⩾ ∫

Ω
φ ○ f dµ.

Then,

1

µ(E) ∫E
log f dµ = ∫

E
log f dµ′ ⩽ log (∫

E
f dµ′) = log( 1

µ(E) ∫E
f dµ) ⩽ log(1/µ(E)).

(2) Consider the convex function φ(x) ∶= −xp on (0,∞). Jensen’s inequality gives

−{∫
E
f dµ′}

p

⩽ ∫
E
fp dµ′ = −∫

E
fp dµ′.

Since ∫
E
f dµ′ = ∫

E
f dµ/µ(E), we can rewrite the above inequality:

1

µ(E) ∫E
fp dµ = ∫

E
fp dµ′ ⩽ {∫

E
f dµ′}

p

= { 1

µ(E) ∫E
f dµ}

p

= µ(E)−p {∫
E
f dµ}

p

⩽ µ(E)−p.

Rearranging gives ∫
E
fp dµ ⩽ µ(E)1−p, and we are done.
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Problem 26

If f is a positive measurable function on [0,1], then which is larger,

∫
1

0
f(x) log f(x) dx or ∫

1

0
f(s) ds∫

1

0
log f(t) dt?

Solution. The first one is larger. Notice that the function φ(x) ∶= x log(x) is convex on (0,∞) and that log is

concave. Having these facts, we now begin the estimate:

∫
1

0
f(x) log f(x) dx = ∫

1

0
φ ○ f dx ⩾ φ(∫

1

0
f dx) (φ is convex)

= ∫
1

0
f(s) ds ⋅ log (∫

1

0
f(t) dt)

⩾ ∫
1

0
f(s) ds ⋅ ∫

1

0
log f(t) dt. (log is concave)
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