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Problem 1

Prove that the supremum of any collection of convex functions on (a, b) is convex on (a, b) [if it is finite] and
that the pointwise limits of sequences of convex functions are convex. What can you say about upper and

lower limits of convex functions?

Proof. (1) For (pointwise) supremum: let { f,,} be a sequence of convex functions on (a, ) and let z < y be

any two points in (a,b). Also let A € [0,1]. Then, for any n, we have

(I=-Nf @)+ Af(y) 2 (1= A fu(@) + Afn(y) 2 fu((1 = A)z + Ay).

(The first < is because f is the pointwise supremum so f > f,, and the second by convexity of f,,.) Taking

the supremum of the RHS once again, we obtain

(=X f(@) + Af(y) 2 sup fu (1= Az + Ay) = f((1 - Az + Ay),
from which the convexity of f follows.

(2) For pointwise limit: let {f,}, «,y, and X be defined as above and let f be the pointwise limit of {f,,}.
By convexity of the f,,’s,

(1 - /\)fn(x) + )‘fn(y) 2 fn((l - )\)l‘ + Ay)

Since f,(z) — f(x), fu(y) = f(y), and f,,((1 =Nz + Ay) — f((1 = X))z + Ay) as n — co, we obtain
(L=Nf @)+ Af(y) > fF(L= M)z + Ay),
so f is convex.

(3) Upper and lower limits: for limsup, simply notice that

f(z) =limsup f, (z) = lim ( sup fn(w))

n—oo

and the convexity of limsup f,, follows from using (1) and then (2). However, liminf f,, need not to be
convex: if we let f,,(«) := (-1)"x on (-1,1) (or any interval containing the origin) then clearly liminf f,

is —|«| which is strictly concave. O
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Problem 2

If © is convex on (a,b) and if 4 is convex and nondecreasing on the range of ¢, prove that v o p is convex

on (a,b). For ¢ > 0, show that the convexity of log ¢ implies the convexity of ¢ but not vice versa.

Proof. (1) Leta <z <y<bfor some z,y and let A € [0, 1]. For simplicity denote 2 := (1 — A\)x + \y. Since ¢

is convex,
e(2) < (L=A)p(x) + Ap(y).
Therefore, by the monotonicity of v (first < below) and convexity of ) (second),

P(p(2)) <Y1 =N)p(x) + Ap(y)) < (1= MY (p(x)) + Mo (e(y))

which completes the proof.

(2) Notice that ¢ = exp(log ¢), and clearly exp is a convex function. The convexity of ¢ therefore follows

from (1). The converse is obviously false — id : 2z — x is convex but log(id(x)) = log(x) is not. O

Problem 3

Assume that ¢ is a continuous real function on (a, b) such that

(p(x;y) < <p(2w) . </>(2y)

for all 2,y in (a,b). Prove that ¢ is convex. (The claim does not follow if ¢ is not continuous.)

Proof. Notice that the inequality holds not only for (z+y)/2 but also (1-¢)z+qy for any dyadic number ¢ € [0, 1].

For example, we need to iterate the inequality twice to obtain the case for ¢ = 3/4:

2 4 4 2 4 4

(E+3ﬁ)<l.¢(“y)+¢(y) @) o) ely) o)  3e(y)
47 4) 2 2

In general, if ¢ is dyadic, then
(1 =gz +dy) < (1-q)p(x) +qp(y)- (A)

Lete >0 and X\ € [0,1] be given. Since the dyadic rationals are dense in R, there exists a dyadic sequence {q¢, }

that converges to \. Since ¢ is continuous, it preserves sequential limits. Thus,

((1=Nz+Ay) = o((1- lim g,)z+ lim g,y)
n—o00 n—oo

Tim o((1-gn) +gny)

(A)

IN

lim (1 - gn) (@) + anp(y)

(IT=Ne(x) + Ap(y)- O
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Problem 4

Suppose f is a complex measurable function on X, p a positive measure on X, and

o) = [ 17 du=11l5  (0<p<oo).

Let E:={p: p(p) < co}. Assume | f| o > 0.

@
(b)
(0

(d

(e)

Proof.

Ifr<p<s,reFE,and sc¢ F, prove that p € F.
Prove that log ¢ is convex in the interior of £ and that ¢ is continuous on E.

By (a), F is connected. Is F necessarily open? Closed? Can F consist of a single point? Can E be any

connected subset of (0, 00)?

If r < p < s, prove that | f|, < max(|f].,|f]s). Show that this implies the inclusion L"(p) n L*(u) c
LP(p).

Assume that || f | < oo for some < co. Prove that

Iflp = £l asp—oo.

(a) Since r < p < s, we can express p as a convex combination of r, s; namely, there exists A € (0,1)

satisfying p = (1 — \)r + As. Holder’s inequality on the conjugate exponent 1/(1 - \) and 1/ gives

o) = [ 11 dp= [ 171077 g
X X
= [AAOP

[Holder’s] < {fx (|f|(1—>\)r)1/(1—>\) du}l—)\ {fX (|f|>\s)1/)\ du}

(L) (L) an) = oo < o

A

(b) If FE has empty interior then the claim holds trivially. Otherwise, F is connected and its interior can only

be of form (a,b) for some a < b. Let z < y be two points in (a,b) and let A € [0,1]. Since | f||. > 0 by

assumption, we claim that ¢ > 0 as well. Indeed, if
= p d = 0’
¢(p) /X |17 dps
then |f|? = 0 = | f| almost everywhere, and its essential supremum = 0, contradicting || f |« > 0. From (a),
P((1=Nz +Ay) <) oy)™,
and since log is monotone we can take logarithm of both sides while preserving the <:

log o((1- Nz +Ay) <logp(z' ™) +logp(y™)
= (1-A)logp(z) + Alogp(y)

so log ¢ is convex.
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To show that ¢ is continuous on E, first notice that it is continuous on (a,b), the interior of E: the
convexity of logy on (a,b) implies that of ¢ by Problem 2, and this further implies continuity of ¢ on
(a,b). It remains to show that ¢ is continuous on the endpoints of F [if it has any]. WLOG let us assume
E is at least left-closed [i.e., it is of form [a,b] or [a,b)]. We pick € > 0 such that [a,a + €) c E. Then, if

p € [a,a+¢€), we have

f(x)]® if |f(z)| <1
fap < | TOET@ISE L cp rae s i@,
F@le i ]f(@)]> 1

soin L'(u), |f|P is bounded absolutely by | f|* +|f|**¢ [which is also L']. Clearly as p - a, |f(z)[P — |f(z)|%,
so by Lebesgue’s DCT, we have

lim ¢ (p) = lim f 1P dp = f 1 dp = ¢(a),

p—a p=aJX b's
and so ¢ is indeed continuous on the boundary of F, if it has any.

(¢c) (1) An example where E = (a,b): define f: (0,00) - (0,00) by

% ze(0,1
f(x):= .0

e x>,

It follows that

f0°°|f(x)|P dx=f01|f(:c)|p da:+[1oo|f(x)|p d:(;=f011/mm dx+f1°°1/x" d

which converges if and only if m = p/b< 1 and n = p/a > 1, that is, p € (a,b).
(2) An example where E =[1,00): consider f(z) := 1/(zlog2(x)) on [3,00). If p < 1, then the series

ne logz”(n)
diverges by the Cauchy condensation test because ) 2"ao» diverges:
k=4

2"P (nlog 2)P
nooo  Magn  m—eo  200+Dp((n+1)log2)2p

~ lim 2-27P > 1.

n— oo

On the other hand, if p = 1, then

oo 1 1 oo 1
f 5 dx = ] = —— < oo,
3 zlog™(x) log(x)dz=3 log3

and if 1 < p < oo, then the integral is dominated by that of p = 1, so F =[1, o). (This is the only reason
why I chose the domain [3, 00): 1/(3log*(3)) < 1 and the function is strictly decreasing hereafter.)

(3) A tentative solution to E taking the form [a, b]: since [a,b] = () (a—1/n,b+ 1/n), we define

n=1

A OB (PP |

o) = and  f(z) - 22‘”]"“(:5).

pY@1m) g5
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(4)

&)

(We still let f be defined as in (a).) Since on (0,1), 2z~ Y* decreases as k increases, f | ©.1) is bounded
by

Z 2—nx—1/b - $_1/b,

n=1

and similarly f |[1 o) is bounded by 21/, Therefore f is well-defined and bounded by f. If p € (a,b),
then

7= [ F@rde< [T @y do=flp <o by @.

If p ¢ [a,b], WLOG we can assume p < a. Then there exists sufficiently large n such that p < a - 1/n,

and so

nfng:fowf(x)f? dx?folf(a;)” dx>2‘"f01fn(x) dx=2_”f011/xp/(a_1/") dz.

Since p > a — 1/n, the last integral diverges, and thus f ¢ L?.

Now we discuss the case where p € {a,b}. WLOG let p = a. Notice that

/ |z~ (@=1/m) P qp = / 2”@ qg = (1 - an)xl/(l’a")]  =an- L.
1 1 x=

=) 1 =)
Splitting / into / + f , we obtain
0 0 1

2l < X2 Ul 5+ 22"l o I 0
e . L -1
The first term is finite, as shown in (a) as p/b = a/b < 1, and the second is Z an = 2a -1, also
n=1
finite. Finally, to prove the claim, it remains to notice that
o0 n p o0 n .
Il =] X2 sl < 21 nly (ii)
n=1 n="*

k P
If we define the partial sums Sy := | > gn| where g, := 27" f,,, then Fatou’s lemma gives
n=1

p

9
p

HggnH::/Ow lim S,, dz < liminf OmSn dz = liminf

n—oo n—oo n—oo

n
Z 9k
k=1

n—oo

S0 H i gnH < liminf H i ng . Since the RHS consists of finite sums, Minkowski’s inequality gives
n=1 p k= p

(oo} n [eo)
1£lp = X2 gn| <timint 3 gllp = 3 lgalp-
n=1 P "7 g n=1

This proofs (ii). Combining (i) and (ii), we see that || f||,, is finite, and this completes the proof.

An example where E is a singleton: the example comes from Ozanski’s HW: in R",
(@) =[P (1 +log?|z]) /P

corresponds to E = {p}.

E can also be empty: fR |fIP dz where f =1 is never finite.
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(6) Finallyy, E can be any connected subset of (0,00), since any such set must be of form

[a,b],(a,b),{p}, [a,b), or (a,b]. We’ve shown the first three, and the last two can be obtained by
[a,b) = [a,¢] n (d,b) and (a,b] = (a,c) n[d,b]

where d < a < b < ¢. Let f; be the function corresponding to [a,c] (resp. (a,c)) and let f5 correspond

to (d,b) (resp. [d,b]). Then f; + f5 is L? if and only if p is in both sets, namely p € [a,b) (resp. (a,b]).

(d) Defining )\ as in (a), we have

1-M\)r+As . r s
LA = e S £ > 1

LS < LAIEDTIF1 <
LFIEDTA = 0 S 107 < -
If fe L™(u) n L®(p) then both | f|, and | f||s are finite and thus so is | f|,.

(e) It suffices to show that (i) liminf | f], < | flle and (ii) limsup || f|, = | f] . Of course, the claim is trivial if
p—>oo p—>o0

| flloo = o0, since then | f|,, = co for all p. Now let us assume | [« < .

To show (i), we pick an arbitrary & € (0, | f| ) and consider the set
§={zeX:|f(x)|> k).
This set must have finite measure (or else | f|, > u(S)k", contradicting the assumption that | f|, < o), so
1= [ > [k ap= p(s)er,

s0 | fl, > ku(S)P. Letting p — 0o we obtain lizrgi;lf | flp > k. Since k is arbitrary, we recover (i).

For (i), if p > r, define E:= {x € X : |f(2)| > | f| e}, @ null set. Then we have

715 = [P du= [ AU
< J o VTS = LI [ I du= LI

so
1 lp < NP1 £
Taking lim sup, we obtain limsup || f|, < | f] « - 1, as claimed. O
p—)o(} p—)oo
Problem 5

Assume, in addition to the hypotheses of Problem 4, that (X)) = 1.
(a) Prove that | f|, <|f]sif0<r<s<oo.
(b) Under what conditions does it happen that 0 <7 < s < o0 and | f||,» = || f]s < c0?

(c) Prove that L"(p) o L®(p) if 0 < 7 < s. Under what conditions do these two spaces contain the same

functions?
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(d) Assume that | f]|, < oo for some r > 0. Prove that

tig |1, = exp { [ toglf|dn}

if exp(—o0) := 0.

Proof. (@) If s=oo thentheset S:={xe X :|f(x)|>|f|]} is of measure 0, so

707 = f o= [ o an< [ 171 an= 1)

Otherwise, this is also a one-liner with Holder’s inequality:

r/s

itz farrvans{ famy an) Lo a2

(b) To attain equality in Holder’s inequality in the previous part, equation (5) in Rudin’s Theorem 3.5 must
hold almost everywhere (since exp is strictly convex). Since one of the functions here is merely 1, the other

(namely f) must be constant almost everywhere.

(c) The first inclusion follows directly from (a).

For the second claim, we need the opposite inclusion L" () ¢ L*(u). Borrowing a hint from Folland’s

Problem 6.5, we claim that

For r < s, L" () ¢ L*(w) if and only if X does not contain sets with arbi-

trarily small measure (i.e., either a null set or a set with measure > ¢).

Proof of claim. For the forward direction, let us assume the contrapositive that X does contain sets with
arbitrarily small positive measure. Let E,, be a set with u(E,) < 27" and WLOG assume {E,, } is pairwise
disjoint (this can be done by letting Fy := F; and F}, := E,, - (E1U...UE,_1) if needed). If s < oo, we define

[}

fi= ZM(EH) Yexe,,

we obtain
1717 = [ A1 dy = [ AT dn
-r/s 1—7"/3 217T/8

(since 1 - r/s < 1). Therefore f € L"(u).

However, this implies f ¢ L°(u), as

£ = [ 1ot = [ 11 an

DY ITEREET

||M8
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This proves =. (If s = oo, a similar argument holds if we define f := > u(E,) "Dy . Then | f|7 is still
n=1

finite and | f| % is still unbounded.)

For <=, let f € L"(u) and consider the sets F,, := {x € X : |f(z)| > n}. Clearly they form a decreasing
sequence, and by assumption, either u(F,) > € for all n or the tail of this sequence is all 0, i.e., u(E,) =0

for all large n’s. If the former is true, then

E:= ﬂlEn satisfies u(F) = 7%1_1){}0 n(En) > €

(since p(Fq) is finite and p is continuous from above). But then | f||” > f |fI" du = oo, contradiction.
E

Hence p(E)) = 0 for some & (and all later terms too). Therefore | f| - < k, and by (a) this implies | f|s < &,

so feL*(u).

(If s = oo, suppose some f € LP(u) but not L (u). Then the corresponding E,’s form a decreasing sequence,

but none of them is empty. However;

£z = [ dus [ U duz ()

so u(Ey,) = 0 as n - oo. Contrapositive is proven.) END OF PROOF OF CLAIM
O

Problem 7

For some measures, the relation r < s implies L"(u) ¢ L®(u); for others, the inclusion is reversed; and
there are some for which L" (1) does not contain L*(u) if r # s. Give example of these situations, and find

conditions on y under which these situations will occur.

Solution. Let 0 <r <s.
(1) An example where L" () ¢ L°(u): let X be N (starting from 1) and let i be the counting measure. We
end up having ¢" and ¢*, spaces of - and s™-power summable sequences. We claim ¢" c ¢°.
Let z := {x,, }.>1 be a £" sequence, i.e., |z|, := ( i|q;n|’")1/r < oo.
n=
(i) If x|, = 1, it follows that ||z||;. = i |zn|" =1, so |z,|" < 1 — and thus |z,| < 1 — for all n. Since r < s
we have |z,|" > |z,[°, so [z, > Han::, which implies z € £°.
(ii) If |=||, # 1, we can normalize it by setting «’ := «/|z|.. Then |z’|, = 1 and 2’ € £° by (i). Since |z|, is
just a scalar, |z|, - #’, namely z, is also in £°.
Therefore ¢" c ¢°.

(2) An example where L™ (1) > L®(u): see Problem 5(a)/(c).

(3) An example where L"(x) does not contain L°(u) if » # s: consider Problem 4(c). For any r # s
(assuming WLOG r < s), we can construct a function whose corresponding F is [r — 1,7] (so r ¢ E), and

such function is L" but not L?.
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(4) We have characterized measures on which r < s implies L" (i) ¢ L?(u) in Problem 5(c); we said it holds

5
if and only if X does not contain sets with arbitrarily small but positive measure. Similarly

For r < s < oo, L"(p) o L*(p) if and only if X does not contain sets with
arbitrarily large (but finite) measure. If s = oo the “only if” fails

Proof of claim with s < co. For =, let us consider the contrapositive and suppose that X contains sets with
arbitrarily large measure. We define a sequence of sets {E,, },>1 inductively by

EicX p(Epir) > Z w(FEy) + 1. A)
k=1
Then we define {F, },»1 by

Fy = Fy Fri1 = Eni1— U Ep.
k=1
Because of (A), the F},’s are nonempty and disjoint, and [most importantly] u(F,,) > 1. We define

fi= Z n_l/rﬂ(Fn)_l/TXF
n=1

Since

but

T T S -r/r —-r/r — 1
1= [ au= 3 [ a By aus 3 T
X n=1 Fr

S —=S8/r =Ss/r M F ! S/T - 1

1712 fmm¢2/‘ " () Z(gﬁ Dl
1

(where the last < is because s/r > 1, and the second last because pu(F),) > 1), we see L™ (u) » L*(u)

For <, let g € L°(u) and G

ni={xeX:1/(n+1)<|g(z) < 1/n|}. First observe that they are disjoint and for
eachn
, 1 1(Gn)
s = Sdp > f Sdp > / dp =
loli= [l de> [ 1ol an> [ oo an= LRES
sO

1(Gn) < g[3(n+1)° < oo.
Now we define H,, :=

|J G». A finite union of sets of finite measure, clearly ;(H,,) < oo for all n. Also
k=1

notice that {H,,} forms a nested increasing sequence. If we define G := | J G,,, then

i 1(Gr) = p(G) = lim p(Hy, )<supu(H ) < o0.

n>1

(The first = is because u is countably additive (and G, ’s are disjoint), the second because of Rudin’s
Theorem 1.19(d), and the < because of our original assumption.) Also, on X - G, |f]
Then,

> 1, s0 g > |g|".

p= foal du= gl due [ ol d
Il = [ JoF du= [ JoF du+ [ lg"an

‘. w
ZM( ) fX_GIgISdM;M(Gn)+||f|\§<°°

so f € L"(u), and we are done

END OF PROOF FOR CASE s < o0
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Claim with s = co. The = direction is still valid. Take the contrapositive. If X contains sets with arbitrarily

large measure, we can pick a sequence {E, } with ;(E, ) - co. The function f:= )" xp, is obviously L*
n=1

but not L” for any finite r. The <« fails: let X := {z}, M := {@, X}, u(2) = 0, and pu(X) = co. Then any
constant function on X is L* but not L?, so L>°(u) » L" (1) can happen even if X does not contain sets

with arbitrarily large (finite) measure. END OF PROOF FOR CASE s = o0

For the last question, we simply need to combine our previous characterizations — if L"(u) ¢ L*(u) then

there are arbitrarily small subsets; similarly, there are also arbitrarily large subsets, assuming s < oo. O

Problem 8

If ¢ is a positive function on (0, 1) such that g(z) — oo as z — 0, then there is a convex function A on (0,1)
such that i < g and h(z) — oo as x — 0. True or false? Is the problem changed if (0, 1) is replaced by (0, o)

and z - 0 by x > 00?

Solution. (1) The first claim is true. Since g(z) — oo as z — 0, we are able to construct a sequence {x,, }n>1
such that z,, > 0 and g > n on (0,z,). For each n, we define h, to be the function on (0,1) whose
graph consists of line segments connecting (0,n), («,,0), and (1,0). It is clear that each h,, is convex and
bounded above by g. Finally, we define h := sup h,, (pointwise supremum). Since h,, > n/2 on (0,2, /2), it

is clear that h(x) — oo as x — oo, as required by our problem.

(2) The second claim is false. If h(x) — oo as x - oo and h is convex, then h needs to have at least linear
growth rate. To see this, pick any a < b with h(a) < h(b). By convexity, we have

h(b+x) = h(b) _ h(b) - h(a)

z
T b-a

for all z > 0, so the slope of h after b is always at least the quotient of the RHS. Therefore any function
with sublinear growth rate fails to meet this criterion. For example, no convex function bounds g(z) := /z
from below.

O

Problem 9

Suppose f is Lebesgue measurable on (0,1) and not essentially bounded. By 4(e), | f|, - o0 as p - 0. Can
| |, tend to oo arbitrarily slowly? More precisely, is it true that to every positive function ® on (0, o) such

that ®(p) — oo, one can find an f such that || f|, > oo as p - oo, but | f|, < ®(p) for sufficiently large p’s?

Solution. Yes. Since we are only interested in the tail of ® and ®(p) - oo, WLOG we may assume that ¢ > 1. Let

10
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{an}n>1 be a sequence with a,, := ®(n) and define correspondingly (left-closed, right-open) intervals {E,,} by
n n+l
By =[0,20(1)7")  Eaa= [ (20(k) 7, X (20(k) ™).
k=1 k=1
(Basically the E,’s are disjoint, and E,, has length (2®(n))™".) It follows immediately that

1

27" <27 ifp<n
[ Ap, ]pm(E )_Q—n(q)(n)p_n) < (I)(p)n
(p) " e ) | @),
27" < ifp>n.
®(p)»
Therefore, if we define f:= )" a,xg,, then
n=1
12 = g [ 5 s, de= 3 S m(B) < S o<1
p = / anx n €T = - m n < = 9
b (I)(p)p 0 n=1 g n=1 CI)(p)p n=1
so | fl, € ®(p) (for all p, assuming that ® > 1; alternatively, for large p’s where ®(p) > 1). O

Problem 10

Suppose f,, € LP(p) for n = 1,2,3,..., and | f, - f|, — 0 and f,, - g a.e., as n - co. What relation exists

between f and ¢?

Proof. Itis clear that { f,,} is Cauchy. By Theorem 3.12 there exists a subsequence { f,,, } that converges pointwise

almost everywhere; since the mother sequence converges to f, we have {f,, } - f a.e. as well. On the other

hand ({fn} 2 {fn.}) ~ g a.e,so f=gae. O
Problem 11

Suppose 1(€2) = 1 and suppose f, g are positive mesurable functions on (2 such that fg > 1. Prove that
ffdu-fgd,u?l.
Q Q

Proof. fg>1 implies \/fg > 1. Applying Holder’s inequality to \/f and /g and conjugate pair (1/2,1/2) gives

t= [ans [Vran<| [/Pran) | [@ )

which, after taking square of both sides, completes the proof. O

1/2

Problem 12

Suppose p(Q) =1 and h:Q - [0, 0] is measurable. If A := [Q h dpu, prove that

\/1+A2<f\/1+h2du<1+A.
Q

If u is Lebesgue measure on [0,1] and if h is continuous, h = f’, the above inequalities have a simple

geometric interpretation. From this, conjecture (for general 2) under what conditions on h can equality

11
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hold in either of the above inequalities. Prove them.

Proof. (1) If A = oo then the claim is trivial, as h < V1 + h2.

If A # oo, the first < is given by Jensen’s inequality applied to the convex function ®(x) := V1 + x2. The

second follows from noticing /1 + h2 < /1 +2h + h2 = 1 + h and integrating w.r.t. ; over .

(2) Now let 2 be [0,1] and y be the Lebesgue measure m. Note that
1
A= [ 1@ de=£(1)- (0,

and since h = f', we can write

1
'/[0?1]\/1+h2 dm:f0 V1+ f(x) de,

namely the arc length of the graph of f on [0, 1]. See figure below.

F ¢

f)-f0)=A

f(0) |

Look at the purple right triangle. That i > 0 implies f is monotone increasing, and the inequalities state that
the length of the blue curve (or the graph of any increasing function satisfying the boundary conditions)

is bounded below by the length of the hypotenuse and above by the sum of the other two sides.

(3) For the < to become =, we need Jensen’s inequality to become equality, which is equivalent to requiring

©(A) = p(h(x)) a.e., so h = A a.e. because ¢ is injective.

For the second < to become =, we need V1 +h2=1+h a.e. so h =0 a.e. O

12
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Problem 13

Under what conditions on f and g does equality hold in the conclusions of Theorem 3.8 and 3.9? You may

have to treat the cases p = 1 and p = oo separately.

Solution. (1) Holder’s, 1 < p < oo: re-examining Rudin’s Theorem 3.5 equations (3) and (5), we see that
the convexity of exp forces equality to take place if and only if F' = G almost everywhere. That is, if and

only if one between f and g is 0 a.e. or

p q
I o, 1P _ g

A BT T fle el

(Note that the ratio || f|}/[g||¢ is in fact arbitrary: if f and g give us equality, then so do \f and g.)

(2) Holder’s, p = oo (or equivalently ¢ = 1): re-examining Rudin’s Theorem 3.8 equation (2), we see that
the equality holds if and only if
|f(x)g(2)| = | fllelg(x)| ae.,

so if p = oo then we need |f(z)| = | f| almost everywhere.

(3) Minkowski’s, 1 < p < co: re-examining Rudin’s Theorem 3.5 equation (9) and using part (1) [of this

solution], we see that equality holds if and only if there are constants C, Cs such that
17 =Ci(lf+glP™) = Cilf +gl" ae.  and gl = Co(|f +gI"™")7 = Colf + g|” ace.
Combining these two, we see that Minkowski’s inequality attains equality if and only if

|fIP = C|g|” a.e. for some C = |f| = C|g| a.e.

(4) Minkowski’s, p = 1: in this case we require |f(z) + g(z)| = |f(«)| + |g(«)| almost everywhere, so it is
necessary and condition to require that |f(x)g(z) > 0| almost everywhere. (Both positive, both negative,

or at least one is 0.)

(5) Minkowski’s, p = co: by definition we need
esssup|f(z) + g(x)| = esssup|f(x)| + esssup|g(x)|- O
zeX zeX zeX
Problem 14
Suppose 1 < p < oo, f e LP = LP((0, 00)) relative to the Lebesgue measure, and
Fo) = é[ozf(t) At (0<x<oo).
(a) Prove Hardy’s inequality || F'||, < 1%1 | f|l, which shows that the mapping f — F carries L? into L”.

(b) Prove that equality holds only if f =0 a.e.

(c) Prove that the constant p/(p — 1) cannot be made smaller.

13
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(d)

If f>0and f e L', prove that F ¢ L'.

Hint: for (a), assume first that f > 0 and f € C.((0, o0)). Integration by part gives

fow FP(x)dz=-p fom F(z)P'2F'(z) da.

Note that xF' = f — F and apply Holder’s inequality to / FP~Lf. Then derive the general case. For (c), take
f(x):=2"'? on [1, A] and 0 elsewhere for large A.

Proof.

(a) Following the hint, first assume f > 0 and is compactly supported. Then,
p_ [ pp - _ = p=1,. o/
IE(3 = /0 FP(z)dx = p[o F(x)P" 2F'(x) da
—p [ F@YT (@) - F()) do
=-p [ Py f(@) do+pl FI

[Holder's] > —p{ A S (P )yl dx}(p_l)/p{ A " fa)? dx}

= | FIZ 1], + pIFIE. (&)

1/

p
+pFl3

Rearranging gives
- p
(- DIFIL <pIFI 1 fl, = 1Flp < FI\f\Ip-

For the more general case, since the sign of f has no impact on | - |,, we may still assume that f > 0. By
Rudin’s Theorem 3.14, C.((0,0)) is dense in LP((0,c0)), so for any f € LP there exists a sequence {f,}
of compactly supported functions such that | f,, — f||, = 0. If we define F},’s and F' accordingly using the

integral definition, then it follows that F,, — F' pointwise:
1 T
F, -F =— n(t) = f(t) dt
R F@I= ][R0 0
1 x
< - n(t) = f(t)|dt
S AIORNIO]

< {foz|fn(t) —-fP dt}l/p{fox dt}ll/p

== flp-a'™ 0
for any (fixed) x as n — oo. Therefore,

IF|5 = f F(z)? dx = f liminf F,, (2)? dz
0 0 n—oo

< liminf F,(z)? dx [Fatou’s lemmal]
n—o0 0
P
ghminf(il) £l [since f, € Co((0, 00))]
n—oo -
(PN e
-(25) 17

Taking the p™ root of both sides, we recover Hardy’s inequality.

14
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(b) For convenience, when context is clear, we denote 1 - 1/p by 1/q from now on.

Assume f is not 0 a.e. Since | f||, = ||f||,, we can WLOG assume that f is nonnegative. (It is impossible

that for f to change sign if equality is attained: if so, define

N 1 r=z -
Fay=2 [ 15O1dt = 17l > 171, = -2y,

contradiction. Hence our “WLOG” is well-defined.) Since the mapping f ~ F is continuous (by (a)), (A)
in fact holds for any f, not just the positive, compactly supported ones. (Recall we can approximate f in

| - |» by a sequence of compactly supported functions {f,,}.)

In order to make Hardy’s inequality an equality, the Holder step needs to attain =; since neither f nor FP~!
is 0 a.e., by the previous problem we must have

\fP_ 1P

= = some constant a.e.
|FP=te |FP

Thus f/F equals some constant C' > 0 a.e. Since

Fo) = éfomf(t) dtzifomCF(t) dt,

from the first = we see that F' is continuous, and the second further implies that F is differentiable. This

in turn implies f is differentiable. Thus f’/F’ also equals C a.e. Recall (the hint says) «F' = f - F, so
2Cf'=f-Cf = zf' =(1/C-1)f.
This is a differential equation whose solution suggests
f(@) = ke MO

for some constant k. However, 1/C' -1 > -1 so f cannot be in LP. This shows that the only functions that

turn Hardy’s inequality into equality are those that are 0 almost everywhere.

(c) I don’t understand why we need to cook up an example involving x~'/?, given that part (b) already

established examples where p/(p — 1) is attained.

(d) If f>0and f € L', then there exists some interval [a,b] on which f > ¢ > 0. Then, for all z > b,
T b _
F(g;):lf f(t)dwl[ edr= =)
T JOo T Ja X

]
Since / = dz = oo, we conclude that F ¢ L'. O
0 x

Problem 15

Suppose {a, } is a sequence of positive numbers. Prove that
oo 1 N P p oo
> (v 2w) <(2) Za
M\ N 3 p-1/ ;2

if 1 < p < oo. Hint: if a,, > an41, the result can be made to follow from Problem 14. The general case follows.

15
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Proof. Notice that this is a “discrete” version of Problem 14. We define

f(x) = Z AnX(n-1,n] on (O? Oo)
n=1

Immediately we see that f ¢ L? if and only if ) aP, is finite. If f ¢ L” then both sides are oo and the claim holds

n=1
trivially. If f € LP, the corresponding F is defined by

F(x):;fomf(t)dt—(z:an+(x z])apa) )

By the previous problem, |F||, < | f|l, - p/(p—1). If we assume a,, > ay+1, then

]
(Z an + (o - )a ) = i (Z_: an — |z] a[mJ+1) ta|z)+1

1l
;Z::an-!—a L

so F'([z]) € F(z). Therefore,

i( % )p nifn:F(li)pdz:fomF(m)de

N=1

< [T Py ar-1pg< (L) 1= (X)) St
0 P p—1 P p_]- n=1 "

=

o)

For the general case, since f ¢ LP, )" a’ converges (absolutely), so any rearrangement will converge to the
n=1

same sum, so the RHS remains the same. The LHS, however, is maximal if {a, } is decreasing, for by doing so

we count the large elements more times, thereby giving them “more weight”. O

Problem 16

Prove Egoroff’s theorem: if u(X) < oo, if {f,} is a sequence of complex measurable functions which
converges pointwise at every point of X, and if € > 0, then there is a measurable set E ¢ X with u(X-F) <,
on which {f,,} converges uniformly. (The conclusion is that by redefining the f,, on a set of arbitrarily small
measure, we can convert a pointwise convergent sequence to a uniformly convergent one.)

Hint: put

S(n,k) = () {z:1fi(z) - f3 (@) < 1/k}.

ij>n
Show that p(S(n,k)) —» u(X) as n — oo for each k, and hence there is a suitably increasing sequence {ny } such
that E = () S(ng, k) has the desired property.

Show that the theorem does not extend to o-finite spaces. Also show that the theorem does extend, with
essentially the same proof, to the situation in which the sequence {f,} is replaced by a family { f; }:cr+; the

assumptions are now that for all x € X, (i) tlim fe(z) = f(z) and (i) t » f:(x) is continuous.

16
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oo J
Proof. (1) For a fixed k, S(1,k) c S(2,k) c ..., and |J S(n,k) = lim |J S(n,k) = lim S(j,k) = X, so by
21 jeo

n=1 I n=

Rudin’s Theorem 1.19(d), u(S(n,k)) - pu(X) as n — oo.

For each k, we can pick a corresponding n; such that u(S(ni,k)) > u(X) - €27%, or equivalently

w(S(ng, k)°) < €27, In other words, for this k, the following set has measure < e27":

U fo i) - fi(0)] > 17k},
1,7>Ng
Finally we define E€ := ] S(nk, k)¢ so u(E€) < e. We claim that E is the set we are looking for: for all

k=1
i,J >, |fi(z)-f;(z)| < 1/k on E for all € X, so pointwise convergence upgrades to uniform convergence

on FE, as claimed.

(2) (The main problem with a o-finite space is that Rudin’s Theorem 1.19(e) requires a finite measure.) To
derive a contradiction, for a fixed k, we can let S(n, k)° be [n, c0) so that 1.19(e) fails:

lim (S(n, k)°) = 00 £ 0 = pu( fle(n,k)C).

n—oo

If so, there is no guarantee that we can find sufficiently large n;, satisfying ;(S(ng, k)) > u(X) - €27%,

One such example is if we let f,, = x[,-1,,) On [0,00). Obviously [0, o) is o-finite; it is also clear that
{fn} — the zero function pointwise everywhere. Meanwhile, S(n,1) = [0,n) so S(n,1)¢ = [n, o), and so
Rudin’s 1,19(e) does not apply. We see that f,, — f uniformly on no subset of [0, c0)!

(3) Since the set of positive rationals is dense in (0, o), (1) gives the claim for { f,, },eg+, and the continuity
assumptions allows us to extend this to { f,, }ner+-
O

Problem 17

@

(b)

(©

If 0 < p < oo, put 7, := max(1,2P"!). Prove that
o= BI” < p(laf” +[B8]7)
for arbitrary complex numbers « and S.

Suppose 1 is a positive measure on X, 0 < p < oo, f € LP(p), fn € LP(n), fu(z) - f(x) a.e., and
| fnlp = [ f]p @as n = co. Show that lim | f — f,, |, = 0 by completing the two proofs sketched below:

(i) By Egoroff’s theorem, X = Au B in such a way that /A |fIP < e pu(B) < o0, and f,, - f uniformly
on B. Fatou’s lemma, applied to fB |fn]?, leads to lim sup [A |fnlP dp <e.

(i) Put hy, =Y (|f|P +|fnlP?) = |f — fu|? and use Fatou’s lemma as in the proof of Lebesgue’s DCT.

Show that the conclusion of (b) is false if the hypothesis | f,, |, = || f||, is omitted, even if (X)) < co.

17
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Proof. (a) If p>1 then
a3 < a3 =2 (2] <ot ap ) W
since zP is convex on [0, o).
If p<1, putr=1-p. Then
(laf +18))7 = (| + 18D~ = lal(lal + [B) " + BI(lad + 18) ™" < o™ + 8" = |af +|5]". @

Finally, combining (1) and (2) and using the fact that |« - 3] < |o| + | 3|, we complete the proof.

(b) (i) We first prove two claims, after which (b).(i) is almost an immediate consequence.

- T e B o

Claim 1. If g € L! and ¢ > 0, then there exists a set E of finite measure
such that f lg| dp < e.
X-E

Proof of Claim 1. We can WLOG assume g > 0. Since g is measurable, by Rudin’s Theorem 1.17, there
exists a sequence {s, } of increasing simple functions converging pointwise to g. By Lebesgue’s DCT,

the integrals converge too, so there exists a sufficiently large k& such that

/ lg — sk| du < e.
X
ng
Clearly, as s < g, it is in L'; since it takes the form )" a;xg,, it follows from the L'-integrability that
iz
N
each p(E;) is finite. If we let E := | J E;, then u(E) < oo. Also, s;, vanishes on X — E. We claim that

1e=1
FE is our desired set:

[ Jddn= [ lg-siddps [ sedps [Jg-sldus [ odu<e
X-F X-F X-F X X-FE

END OF PROOF OF CLAIM 1.

Claim 2. If f € LP, then given ¢ > 0 there exists § > 0 such that if E is
measurable and p(E) < § then [ IfIP dp < e.
E

Proof of Claim 2. 1t is clear that | f| must be essentially bounded (otherwise f ¢ LP) by, say M. Then if
we set ¢ := ¢/MP and if u(E) < 4,

MPe
p P qy = -
fE|f| du<fEM dp = =€

END OF PROOF OF CLAIM 2.

18
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Back to the main proof: Since f € L?, |f|’ € L'. Using Claim 1, we can find a set B of finite measure

such that
[ an<s. 3)
Next, Claim 2 gives a § such that if u(F) < J then
JALRES @

Finally, we construct A and B. Using Egoroff’s theorem, corresponding to this §, there exists B c B
such that (B - B) < d and {f,,} converges uniformly on B. We define A := (B - B) u E; combining
(3) and (4), we have

S du= [N ans [ 157 du<e )

Now, applying Fatou’s lemma to |f,|P gives
f fIP dpu = f lim inf]f, | dp < liminff 1fl? dps,
B B n—oo n—»o0 B
o)
limsupf|fn|p du :limsup{f | fnl? dp - f | fnl? d,u}
glimsupf [fulP d,u+limsup{—f [fnl? du}
X B

= [ Af1 dp=timint [ |f,]" du (£l ~ 1£15]
> [ dp= [ mintlfl” dp
= [ au= [P ap= [ 157 du<e. by ®)]  ©

Finally, since p(B) < o0 and f,, - f uniformly on B, f | fn. — fIP du can be made arbitrarily small, say
B

< e for example; using part (a) on |f,, - f|P, we see

timsup [ 1fo = /P du<timsup [ 1, = /1 dptimsup [ |5, 117 dp
X B

< limsup /Avp(|fn|p +|fP)dp+e [(a) and above]

<Yp {lim sup /A|fn|” dp + lim sup fA\f\p du} +e [splitting limsup]

<Yp(e+e€)+e=Ce,

so indeed | f,, - f|, - 0 as n — o0, and we are done.
(ii) Second proof: following the hint, define
b = Y (LFF + [fal?) = |f = ful”
By (a), each h,, > 0. Since f,, - f a.e., h, = 27,|f|" a.e., so
2y |fIP d :/1’ hy, d :fl' inf h,, dpe < liminf [ Ay, d
/X WP du= | lim by dp= | limin p<liminf | A, dp

~timint { [ (57 15l du= [ 1F - 5l dp)
=/X2vp|f|” du—liinjot_}pfxlf—fn\p dp. )
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(The last step, (7), follows from the fact that liminf(a,, + b, ) = liminf a,, +liminf b, if {a, } converges
and {b,,} is bounded. The proof of this can be easily derived by constructing a convergent subsequence
{bn, } using Bolzano-Weierstral3. In this case the first integral converges and the second is bounded,
as f, fn e LP.)
Since [X 27p|fP dp is finite, we may subtract it from both sides and obtain

0< —liglqs;}p L|f = ful? dp.

Of course, the RHS is nonpositive, so < becomes =, and indeed
Tim | fn = flp = Timsup | £ = f, = 0.
mn—o0

(iii) Consider p =1, X =[0,1], p=m, f =0, and f,, = nx[o,1/n]- Then f, - f a.e. (for all points but 0),
w(X) =1, but the Lebesgue integral of f,, is always 1, whereas that of f is 0.

O
Problem 18
let 11 be a positive measure on X. A sequence { f,,} of complex measurable functions on X is said to converge
in measure to the measurable function f if for every € > 0, there corresponds an N such that
pl{z:|fa(x) - f(z)>€}) <€ foralln > N.
Assume ;(X) < co and prove the following statements.
(@ If f.(x) - f(z) a.e., then f,, - f in measure.
(b) If f, e LP(p) and | f,, - f|p = 0, then f,, — f in measure; here 1 < p < oo.
(¢c) If f, - f in measure, then {f,} has a subsequence which converges to f a.e.
Investigate the converses of (a) and (b). What happens to (a), (b), and (c) if u(X) = oo, for instance, if yu is
the Lebesgue measure on R?
Proof. (a) Fix e and define Ey := {x € X : |f,(x) - f(x)| > € for some n > N};olt is clear that £y > F5 > ... and

w(E1) € p(X) < oo. Therefore, by Rudin’s Theorem 1.19(e), u(E,,) - p(() E»). The infinite intersection
n=1
is a null set because f,, - f almost everywhere, so u(E,, ) — 0. In particular, there exists a sufficiently large

N such that 4(Ep) < e. This implies that, for alln > N,

{:E : |fn(x) - f($)| > 6} c Ena

so taking the union of all such n’s, the inclusion still holds. Finally, taking the measure of both sides gives

us the claim.

(b) Let e > 0 be given.

If p = oo, then | f, - f|e — 0 means that there exists a sufficiently large N ¢ N such that | f,, — f]e < €

whenever n > N, so in these cases p({z : |fn(z) - f(z)| > €}) = 0, completing the proof.
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If p < 0o, we define E,, := {z :|fn(z) - f(z)| > €}. Then,
1= £ = [ Ma@) = F@P iz [ 1) - F@)F d> (B,
Since | f,, - f|p, = 0, we have p(E,) =0, so u(E,) < ¢ for all n > some sufficiently large N.
(c) By assumption, there exists a sequence of numbers {n;} such that
p{z: fu(z) - f(x)]>27%}) <27F for all n > ny.
We claim that {f,, } is the subsequence we are looking for. To this end, define
By = {2+ |f, (2) - f(2)] > 27F).

Finally, define £ := (] |J Ek. It follows that if = ¢ F, then = ¢ | J Ej, for some m, and in particular

m=1k>m k>m

x ¢ E), for all k > m. This means that
| f () = f (@) < 27
for all £ > m, so f,, (z) converges to f(z). It remains to show that E is a set of measure zero. It is clear

that u(By) < 27 = p({ |f (&) = F@)] > 27) < ({5 ) = F)] > 27 forall n > mi}) < 275, s0

| Ej has finite measure, and Rudin’s Theorem 1.19(e) gives
k>1

w(E) = hm u( U Ei) = lim =0.
k>m m—oo 2m—1
This completes the proof.
(d) The converse of (a) does not hold: for example consider
f1=X[01
fa= X[0,1/2] f3= X[1/2,1]
fa=X[0,1/3] f5 = X[1/3,2/3] f6 = X[2/3,1]

in L'([0,1]) and so on. They converge to the zero function in measure, as

p({z = |fn(x) - f(2)] > €}) <€

if n is so large that the length of the interval on which f,, = 1 is less than e. However, it is clear that {f,}

does not converge pointwise to the zero function at all — for each z, f,,(z) =1 for infinitely many n’s.

The converse of (b) does not hold, either. Consider f,, : nx(o,1/,) and let f = 0, all of which are in L' ((0,1)).
Then f,, — f in measure because they disagree only on an interval of length 1/n. However, | f,, — f|1 is

always 1.

Finally, if we let X =R and ¢ = m, then (a) and (b) still hold, as their proof impose no restriction on u(X).

(3), however, would fail: consider a modified example on L'((0,00)):

fi= X[0,1]
fa= X[1,1+1/2] f3= X[1+1/2,2]
f3= X[2+1/3] f5= X[2+1/3,2+2/3] fe = X[[2+2/3,3]
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and so on. f, — f =0 in measure, since each f, differ from f on an interval with length 1/k for some k.

However, { f,,} clearly cannot admit any subsequence that converges to f a.e. O

Problem 19

Define the essential range of a function f € L*(u) to be the set R consisting of all complex numbers w such
that

n({e: 1f(2) -l <)) >0

for every € > 0. Prove that R is compact. What relation exists between the set Ry and the number || f||oc?

Let A be the set of all averages

1
m_/EfdM

where E € 9t and p(E) > 0. What relations exist between Ay and R,? Is A, always closed? Are there
measures p such that Ay is convex for every f e L*=(u)? Are there measures p such that A fails to be
convex for some f e L*°(u)?

How are these results affected if L°°(;) is replaced by L' (1), for instance?

Proof. (1) To show compactness of Ry, it suffices to show that it’s closed and bounded (since Heine-Borel

applies to C). Since |f| < || f||. almost everywhere, Ry is bounded by the closed disk of radius | f| .

It remains to show that R is closed. Let {z,,} c Ry be a sequence of complex numbers converging to z € C.

Let € > 0 be given; there corresponds an N such that |z, — z| < ¢/2 whenever n > N. Note that
€
(@) =2l < |f (@) = 2al + |20 = 2 <[ f(2) = zal + 5.

Since z, € Ry, the set {z : |f(z) — z,| < €/2} has positive measure. Note that if x is in this set then
If(x) -2 <€e/2+€/2=¢, s0

{z:|f (@) = zal <€f2} c{x:[f(2) - 2| <} = p({z:|f(z) - 2| <€}) > 0.

Since e is arbitrary, we conclude z € Ry, so Ry is closed and bounded; Heine-Borel implies it is compact.

Intuitively, ||| = max{|w|: w € R¢}. (The max is attained int his situation. Or maybe I should have

chosen sup instead for clarify?)

(2) We claim that Ry c Ay. Suppose w € Ry. Let € = 1/n (where n € N increases). By definition of Ry,
w(Ey) =p({xeX :|f(x) —w| < 1/n}) > 0. If each E, has infinite measure, then f = w almost everywhere

SO
1

(D) /Enfd,u:weAf

for all n, and thus w € A;. Therefore, late enough E,’s must satisfy ;(E,,) < co (notice that Ey > E5 5 ...).

Therefore,
1

1 1
- f —w|du< =,
B fEnf now S Enlf w| peo

so again we see that there exists a sequence of form f f du/u(E,) that converges to w. Thus w € A;.
En

<
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(3) Consider f(z):=1/n on (1,00). It is clear that by considering intervals of form (0,n),

1 1 1
*f fd:cz—ogn—>0 asn — oo,
nJi x n

but A; does not contain 0, as the integral of 1/ on any interval is positive.

(4) A trivial example where Ay is convex is by letting X be a singleton, resulting in A; and R; both being

singletons (and of course singletons are convex).

(5) An example that makes A; not convex: let X = {0,1}, p be the counting measure, and f(z) = 2. Then

Ay ={0,1/2,1}, which is not convex.

(6) If we replace L*°(;) by L'(u), we can change everything. For example, the function

fla) = V7

is not essentially bounded but indeed L', with | f[; = 2. It follows that Ry and A; are both unbounded,
and sois Ay. O

Problem 20

Suppose ¢ is a real function on R such that

o[ 1@ a) < [T et ar

for all real bounded measurable f. Prove that ¢ is then convex.

Proof. Let a < b be two real numbers and A € [0, 1]. We want to show that ¢((1-X)a+Ab) < (1-A)p(a) + Ap(b).
Consider the function

f(x) =axpa1)(x) +bxpor (2)-

We claim that this f shows the convexity of ¢:

@(/Olf(ﬂf) dx) :@(/01<IX[A,1](96) dx+f01bX[07A](x) dx)

= o((1-A)a+ \b)

< [ plaxpn(e) + by (@) d

- fo g o(bxpoa (z)) da + fA 1 p(axpa(z)) dz

= Ap(b) + (1 - Np(a). 0
Problem 23

Suppose p is a positive measure on X, u(X) < oo,f € L*(u), | f| >0, and

an=f|f|" dp (n=1,2,3,..).
X
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Prove that lim 2% = | f]...
n—oo @,

Proof. WLOG assume f > 0. (That |f|. > 0 already implies that each a, # 0 so division is well-defined.)

Immediately from the fact that | f(z)| < || f] - a.e., we see
aner = [ 11" A< [ 1771 oo dp = anl o,
X X

SO
an+1

Sl == Timsup === DL < f e €y

On the other hand, using Holder’s inequality on the conjugate pair ((n +1)/n,n+1) gives

furane fomseal o)

= |y (2O = @Dy (x ) M D),

1/(n+1)

Hence

An+1 > Hf| Z:% ”f” 1/‘u()()l/(nJrl)
1157 (X)) " '

Using Problem 4(e) and letting n — oo, we see that the RHS tends to || f]co/1 = || /] o> SO

hmlnf fn+ 2|1 foo- (2)
an

Combining (1) and (2), we recover the desired equality. O

Problem 24

Suppose u is a positive measure and f,g € LP(u).

(a) If0<p<1,prove that

[ =lgPian< [1r-gp du.
that A(f,g) = / |f = g|” du defines a metric on LP(u), and that the resulting metric space is complete.

(b) Ifl<p<ooand]|f|,<R,|g|p <R, prove that
[ 1417 = lgl”| dpa < 2R £ - g1

(a) and (b) establish the continuity of the mapping f ~ |f|P that carries L”(u) into L ().
Hint: first prove that for x,y > 0
|z —y|P 0<p<1

|2 - y¥| <

plz —yl(zPt +yP) 1< p<oo.
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Proof. We first prove the hint; WLOG assume z > y, so we can drop the cumbersome | - |. If p € (0,1), then

Problem 17(a) suggests that for a,b > 0 we have (a + b)P < aP + bP. Setting a = 2 — y and b = y, we obtain
' <(z-y)P+y’ = 2P -y’ <(z-y)".
If p > 1, the MVT on the function f(z) = =P implies
af —yP = (z-y) (&) =p(x-y)(&"")  for some £ € [z,y].
It is clear that 2P~! < 2P~! + y»~!, so we are done proving the hint. END OF PROOF OF HINT.

(a) The inequality f 1£1P = 1glP| dpe < / |f - g|" du directly follows from the hint. It is also clear that A
is non-degenerate and symmetric, and if f,g € LP(u) then 6(f, g) is finite. Finally, A satisfies the triangle
inequality, as (for f,g,h € LP(u))

AU =ALg) = [1f=hP =1 =g du< [lg=hl” di= g, h),

so A(f,h) <A(f,g) + A(g, h).

The proof showing that LP defined as such is complete is similar to that of Problem 18(c). Let {f,}n>1
be a Cauchy sequence (w.r.t.A). In particular, we can extract a Cauchy subsequence {f,,} such that

A(frpsrs frp) <27F. Let By i={x € X :|fn,., () = fn, (x)] > 27%}. Then we can estimate ;(F}) using

20(B) < [ Vfunn (@) = @)F A< [ [faps (@) = @) dp <27

which gives
w(Ey) < 1/280-P) 1)

From this, we see that |_J Ej also has a finite measure, so (similar to what we have done before),
k=1

p(E)=p() U B0 = im u(U Eo)=0.

m=1 k=m

For any z ¢ F, we can find a sufficiently large n, after which |f,,., (z) - fn, (z)| < 27% is always satisfied.
That is, outside the null set E, {f,, } converges. Define f whose restriction to E¢ is that limit (and 0 in E,

for instance). We claim that {f,,} — f w.rt. A. By Fatou’s lemma,

f|f|” dﬂzf 7P du:f lim inf| f,, dugliminff|fnk|p d,
Ec Ec¢ k—oo k—oo

so f € LP, and most importantly, A(f,,, f) — 0: given e > 0, there exists a sufficiently large ny such that

A(fny,» fn;) < € whenever ng,n; > nk. Fix any such n;,, and we have (by Fatou’s lemma, again)
J17 =t du= [ N |, = fn? A= [ limintlf, - fo ] dp
<liminf f|fni — Fupl? dpp = Himint A(fu,, fu,) < €.

Therefore the Cauchy sequence {f,,} admits a convergent subsequence and it itself must be convergent

too. Hence LP (1) is complete w.r.t. the metric A.

25



525a Su2021 Prep Rudin RCA Ch3 YQL

(b) Notice that||f| - gl| <| - g} s0
S =1alan<p [1A1-1g( +lgP) dp (Hino)
<p [1f =gl +1gP™) dn
= [1f =gl 1 durp 17 =gl g™ dn
<o [1r-aran}” [ fasrrpren al "
o [1r-aran " Loy )™ @eiders

=plf =gl (A1 +1alp™) < 1 = gllp - 2pR7 O

Problem 25

Suppose p is a positive measure on X and f : X — (0, o) satisfies [X f dp = 1. Prove that for every £ ¢ X

with 0 < u(FE) < oo,
1

[ (og 1) dji < u(E) log .

and that, when 0 < p < 1,

[ du<pu(ey .

Proof. (1) We scale p by defining a new measure p’ := u/u(E). Then p/(E) = 1 and we can apply Jensen’s

inequality to log, a concave function. Note that the negative of a concave function is convex, so Jensen’s

inequality is simply reversed for concave functions:
(p concave —> cp(fgfdu)zjﬂcpofdu.
Then,
Lflo fd —flo Fdu' <lo (ffd ’)—10 Lffd <log(1/u(E))
(2) Consider the convex function ¢(x) := —zP on (0, o). Jensen’s inequality gives
p
—{ffdu'} é/fpdu'=—/fpdu’~
E E E
Since f fdu' = f f du/u(E), we can rewrite the above inequality:
E E
S Pd P du’ du ’
= <
M(E)[Ef I [Ef 7 {[Efu}

= {u(lE) fEf du}p =u(E)™ {fEf du}p <Sp(E)™.

Rearranging gives fE fP dp < u(E)'P, and we are done.
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Problem 26

If f is a positive measurable function on [0, 1], then which is larger,

[Olf(x)logf(a:) de  or folf(s) ds/ollogf(t) dt?

Solution. The first one is larger. Notice that the function ¢(z) := zlog(z) is convex on (0, c0) and that log is

concave. Having these facts, we now begin the estimate:

folf(x)logf(x)dxzfolsoofdx%o(folfdx) (¢ is convex)
_ folf(s) ds.log(/olf(t) dt)
2 [Olf(s) ds.follogf(t) dt. (log is concave) O
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