MATH 507a Homework 1

Qilin Ye

September 1, 2022

Problem 1: Durrett 1.2.5

Suppose X has continuous density f, P(a < X < 8) = 1 and g is a function that is strictly increasing and
differentiable on (a, 3). Then g(X) has density f(g7'(y))/g' (g7 (y)) for y € (g(a),g(B)) and 0 otherwise.
When g(z) = ax + bwith a >0, g7'(y) = (y — b)/a so the answer is (1/a) f((y - b)/a).

Proof. Inverse function theorem states that (g7')'(x) = 1/¢’(¢7*(x)). Let X has density f and distribution F,
and let g(X) has density h and distribution H. By assumption, H and h are differentiable. It follows that

h(y) = diymy) - d%F(g‘l(y)) = Fa )e (0 W),
for y defined, namely y € (g(a), g9(8)).

Problem 2: Durrett 1.2.6

Suppose X has a normal distribution. Use the previous exercise to compute the density of exp(X) the

lognormal distribution.

Solution. Let f be the distribution function of X. Then

F(z) = /(207
2o

Using the previous question, let g(X) := exp(X), and we obtain

9() = flg7 W' (g7 () = f(logy)/g'(logy)

1 2 2
= f(lo exp(lo v 1 f(lo =~ o (logy—p)°/(207)
f(logy)/lexp(logy)] =y~ f(logy) vo/on

Problem 3

Suppose &, F are subsets of the power set P(X) with £ c F c ¢(€). Show that o(F) = o (£).

Proof. Since £ c F it it trivial that 0(£) c o(F). Conversely, since o(€) is the smallest o-field containing £ and

o(F) is a field containing ¢(€) and thus &, it must be contained in ¢ (). This completes the proof. O
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Problem 4

Suppose Aq, ..., A, are subsets of ) and there are no relations among these sets. Show that o({A1, ..., A, })

. n
consists of 22" sets.

Proof. We partition € into 2" sets Sy, ..., San_1, each set consisting of points belonging to precisely a certain
n

subcollection of A;’s. For 0 < k < 2" - 1, we write k as ) ¢;2’ where ¢; € where ¢; € {0,1} and define
§=0

Ski={.’£€QZCI)‘€AiiffCZ‘=1}= m Aiﬂ m A;

iic;=1 jicj=0

Since by assumption there are no relations among these sets, we indeed obtain a partition. It is clear that each S;
is a finite intersection of A,’s and their complements, so they appear in ({41, ..., A, }), and so do the union of
any of the S,’s, which provides 22" elements. On the other hand, since each A; can be represented as a disjoint
union of the S;’s, the result of any set operations on A;’s can still be represented by set operations on the S;’s.

That is, |0({A4;})| < 2?". Combining the result we obtain |o({4;})| = 22". O
Problem 5

Suppose {A,} are almost disjoint: P(A, N A,,) = 0 for n > m. Show that P(|J 4,) = Y P(4,).
nz1 n=1
n—1
Proof. Define Cj := @ and C,, := A,, n () 4; for n > 2. For n > 1, also define B,, := A,,\C,,. By doing so, the B,’s
i=1

are pairwise disjoint with (_J B; = _J A; for all n. Then,
=1 i=1

Problem 6

(1) Let X have density f. Find the density of X*.

(2) in particular, if X is standard normal, what is the density of X*?

Solution. Using definition,
P(X*<z) =P(X?<x) =P(-z* < X <a'/?)
— F($1/4) _ F(—x1/4)
where F is the distribution function of X. Differentiating gives the density
d 1/4 1/4
fxa(@) = (F (@) - F(-27))

1 1
= mf(xwl) + mf(‘xwl)

2
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In particular if X is the standard normal then f(z'/*) = f (—:1:1/ 1) so

Fra(e) = g f@) = S (- 2),

Problem 7

Let w1 # w9 in  and let G be a collection of subsets of € such that each G € G contains either both w1, ws or

neither. Let F = o(G). Show that for every random variable X defined on (92, F) we have X (w;) = X (w2).

Proof. By the "general principle," since G generates o(G) and every set in G either contains both w; and ws or
neither, any set in (G) shares the same property. If ar.v. X on (9, F) has X (w;) # X(wy) then X }(X (w;))
contains w; but not wy, so X '(X(w;)) ¢ F, contradiction. Hence all rv. X on (2, F) must satisfy X (w;) =

X ((.UQ ) . O
Problem 8

Let {y,} be measures on (€2, F) and ¢, > 0 with » ¢,p,(Q) = 1. Show that ) c,u, is a probability
measure. e e

Proof. For convenience denote the summed to-be measure v. It is clear that v : F — [0,1] with (@) = 0 and
v(2) = 1. It remains to show countable additivity of disjoint sets. Let { E;} be pairwise disjoint. On one hand we

have

WO E) = ¥ ol E) = & 3 camn(E = 3 3 eaenl E) = S v(E.

i=1n=1

The double sum is interchangeable because each ¢, i, (F;) is nonnegative and we can therefore apply (Fubini-

)Tonelli w.r.t. the counting measure. O

Problem 9

We say a set A c {1,2,...} has asymptotic density p(A) if

o MO}

n—>o0 n
For every A c {1,2,...} we define the block densities

An (281 2k
pr(A) = |(—2k1]" k> 0.
(1) Show that A has density p(A) = A if and only if pi(A) - X as k — oo.

(2) LetF={Ac{l1,2,..}: Ahas an asymptotic density}. Show that p is finitely additive on F.

(3) Prove or disprove F is a field.
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Proof. (1) Note that for any number of form 2" -1,

1An{1,2,..,2" - 1}|
n

st Y AN (277127 = 3 2R (A).
k=1

j=1
(Not = because the LHS’s denominator contains 1 but the RHS does not, but 1/n — 0 as n - oo and so this

extra term is negligible.) If p;(A) — A, then given € > 0, |px(A) — A| < € for sufficiently large &, say for
k> N. Thenforn> N,

A= 325 p(A)
k=1

<IN (A + Y 20A
k=1

j=k-n-2

e+ 2PN et 2k L

Letting n — co we see

p Z 2k—7L—1pk(A) _ O,
k=1

lim

n—oo

namely p(A) = A.
(2) This is immediate from (a). Suppose Ay, ..., A, have densities Ay, ..., \,,. By (a), we must have

n

For each k, however, An (251,28 = | J A; n (2"7!,2"] because the A;’s are disjoint. Therefore
i=1

lim pp. (L A45) = lim D pr(A:) = Y- lim pp(4i) = ) p(Ay),
koo 500 koo iy i=1 koo i=1
assuming the finite union is still in F.

(3) No. Consider A:= [ J(2"",2"] = (1,2] u (4,8] u (16,32] U .... Note that if k is even then p;(A) = 1, and
nz1

if k is odd then p;(A) = 0. Now consider " ok=n=1, (A). It is clear that

k=1
. N k-n-1 1 : . N k-n-1 2
lim 2 pr(A) = = while h_poloZQ pr(4) = =.
7 even k=1 3 7 0dd k=1 3
1,... 1 1,...
That is, liminf M < 3 < 2 < limsupr so A ¢ F, although all intervals of for
n—oo n n—oo n
(2k-1,2k] are (and have asymptotic density 0 for being finite sets). O



