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Problem 1

Let {Ui, i ⩾ 1} be i.i.d. uniform in [0, c] and define

Vn =
n

∑
k=1

k

∏
i=1

Ui, Wn =
n

∑
k=1

n

∏
i=k

Ui.

(1) Show that Vn,Wn have the same distribution for each n.

(2) Show that {Vn} has a limit; show that the limit is finite a.s. if c < e.

(3) Let Y be a random variable with a density. Show that for every ϵ > 0 there exists δ > 0 such that

P(∣X − Y ∣ < δ) < ϵ for all X independent of Y .

(4) Show that when c < 2, E(Wn) is bounded in n, but with probability 1, {Wn} does not have a limit.

Proof. (1) Vn = U1 +U1U2 + ...+U1...Un. Since the Ui’s are i.i.d., U1
d= Un, and similarly ∏k

i=1Ui
d=∏n

i=n−k Ui.

The claim then follows as Vn,Wn are finite sums of these forms.

(2) Note that Vn+1 − Vn =∏n+1
i=1 Ui ⩾ 0, so {Vn} is monotone. Thus it has a limit, possibly infinite.

If c < e, k = E logUi = ∫
c

0
log t/c dt = c(log c − 1) < 0, and so given ϵ > 0, for sufficiently large n, using log

transform in conjunction with SLLN yields (as in HW4)

n

∏
i=1

Ui ⩽ e(k+ϵ)n ⩽ e(k/2)n.

Since ∑n⩾1 e
(k/2)n converges for k < 0, the tail of {Vn} converges, and we are done.

(3) Let f be the density of Y . Let ϵ > 0 be given. By the hint there exists δ > 0 such that m(A) < δ (Lebesgue

measure on any Borel A) implies ∫
A
f dm < ϵ. But then

P(∣X − Y ∣ < δ/2) = ∫
ΩY
∫
ΩX

1∣X−Y ∣<δ/2f dν dµ

= ∫
ΩY
∫
(ω−δ/2,ω+δ/2)

f dν dµ < ∫
ΩY

ϵ dµ = ϵ.

(4) If c < 2 then EU1 = c/2 < 1. then

E(Wn) =
n

∑
k=1

E
n

∏
i=k

Ui =
n

∑
k=1
(c/2)n−k =

n

∑
k=1
(c/2)k.
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As n→∞ we obtain ∑∞k=1(c/2)k = (c/2)/(1 − c/2), so indeed EWn is bounded in n.

By definition Wn+1 = Un+1(Wn + 1) so Wn+1 −Wn =Wn(Un+1 − 1) +Un+1.

[Given the hint I suspect the proof has something to do with applying (c) to Wn+1 −Wn, but in doing that I

need to show that this difference is independent in n, which I have been unable to. I really don’t think this is

true, but I’ll assume it anyways.] Let Xn =Wn+1 −Wn. Clearly it has a density, so by the previous part, for

all ϵ > 0 and all n there exists δ = δ(n, ϵ) with

P(∣Wn −Wm∣ < δ) < ϵ for all m.

Since

{ω ∶ {Wn} is Cauchy} ⊂ {ω ∶ for all δ, ∣Wn(ω) −Wm(ω)∣ < δ for all n,m > some N(δ)}

and later events are contained in the earlier event {∣WN(δ) −WN(δ)+1∣ < δ}, we therefore have

P({Wn} is Cauchy) ⩽ P(∣WN(δ) −WN(δ)+1∣ < δ) < ϵ.

Problem 2

Let X1,X2, ... be i.i.d. symmetric random varaibles with

P(X1 > x) = P(X1 < x) =
1

2x2
for x ⩾ 1 and P(X1 ∈ (−1,1)) = 0.

We want to show that X1 has infinite variance but still satisfies a CLT in the form

Sn −ESn√
n logn

Ô⇒ N (0,1). (*)

(1) Show that for a general random variable Y and c > 0

E(Y 21{∣Y ∣⩽c}) = ∫
c

0
2x[P(∣Y ∣ ⩾ x) − P(∣Y ∣ > c) dx.

In particular, for X1,

E(X2
11{∣X1∣⩽c}) = 2 log c for c ⩾ 1.

(2) Let {cn} satisfy cn →∞, cn/
√
n logn→ 0, and define Yn,i =Xi1{∣Xi∣⩽cn} for i ⩽ n, and let Tn = ∑n

i=1 Yn,i.

Show that {cn} can be chosen so that

Tn −ETn√
n logn

Ô⇒ N (0,1).

(3) Prove (*) above.
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Proof. (1) It is well-known that EY 2 = ∫
∞

0
2tP(Y ⩾ t) dt. Therefore,

E(Y 21{∣Y ∣⩽c}) = ∫
∞

0
2xP(∣Y ∣1{∣Y ∣⩽c} ⩾ x) dx

= ∫
c

0
2xP(∣Y ∣ ∈ [x, c]) dx

= ∫
c

0
2x[P(∣Y ∣ ⩾ x) − P(∣Y ∣ > c)] dx.

In particular, for X1 and c ⩾ 1,

E(X2
11{∣X1∣⩽c}) = ∫

1

0
2x[P(∣X ∣ ⩾ x) − P(∣X ∣ > c)] dx + ∫

c

1
2x[P(∣X ∣ ⩾ x) − P(∣X ∣ > c)] dx

= ∫
1

0
2x(1 − 1/c2) dx + ∫

c

1
2x(1/x2 − 1/c2) dx

= 1 − 1

c2
− 1 + 1

c2
+ 2 log c.

(2) We first note that Yn,i is symmetric, so Tn also is and ETn = 0. Since

n

∑
i=1

E(Yn,i/
√
n logn)2 = 1

logn
E(X2

11{∣X1∣⩽cn}) =
2 log cn
logn

,

to satisfy the requirements of Lindeberg-Feller, we require log(c2n)/ log(n) → 1. One example is by setting

cn =
√
n.

Before invoking Lindeberg-Feller we need to check the second condition; for all ϵ > 0 we want to show

n

∑
i=1

E((Yn,i/
√
n logn)2 ∶ ∣Yn,i/

√
n logn∣ > ϵ)→ 0.

But this is obvious, once we plug in the definition of Yn,i:

n

∑
i=1

E((Yn,i/
√
n logn)2 ∶ ∣Yn,i/

√
n logn∣ > ϵ) = 1

logn
E(Y 2

n,1 ∶ ∣Yn,1∣ > ϵ
√
n logn)

= 1

logn
E(X2

1 ∶ ∣X1∣ ⩽ cn and ∣X1∣ > ϵ
√
n logn).

By assumption cn/
√
n logn → 0, so for sufficiently large n, the expression above vanishes. Therefore

Lindeberg-Feller gives the desired limiting distribution.

(3) Since ESn = 0 as well it suffices to ensure P(Sn ≠ Tn) → 0, so that the limits of Sn/
√
n logn and

Tn/
√
n logn agree. That is, we want

P(Sn ≠ Tn) ⩽
n

∑
i=1

P(Xi ≠ Yn,i) = nP(X1 ⩾ cn) =
n

2c2n
→ 0.

One such example is cn = n1/2 log logn: clearly cn → ∞, cn/
√
n logn = log logn/(logn)1/2 → 0, n/(2c2n) =

1/(log logn)2 → 0, and all claims in (2) still hold.
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Problem 3

(1) Suppose (Ω,F0,P) is a probability space, F ⊂ F0, and X1,X2, Y1, Y2 are positive r.v.’s satisfying

E(logX2 ∣ F) ⩾ logX1 and E(logY2 ∣ F) ⩾ logY1.

Show that

E(X2Y2 ∣ F) ⩾X1Y1.

(2) Let (Ω,F0,P) be a probability space and let F ,G be independent sub-σ-fields. Let X be a r.v. with

E∣X ∣ <∞. What is

E (E(X ∣ F) ∣ G)?

Proof. (1) By linearity

E(logX2Y2 ∣ F) = E(logX1 + logX2 ∣ F) = E(logX2 ∣ F) +E(logY2 ∣ F) ⩾ logX1 + logY1 = log(X1Y1).

Then Jensen’s inequality implies

E(X2Y2 ∣ F) = exp(E logX2Y2 ∣ F) =X1Y1.

(2) For G ∈ G,

∫
G
E(E(X ∣ F) ∣ G) dP = ∫

G
E(X ∣ F) dP = ∫

Ω
E(X ∣ F)1G dP

[by independence] = P(G)∫
Ω
E(X ∣ F) dP = P(G)EX,

so E(E(X ∣ F) ∣ G) = EX.
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