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Let X = (X1, ...,Xℓ) be a random vector with var(Xi) <∞ and covariance matrix Σi,j = cov(Xi,Xj). Then for any

vector θ,

var(θ ⋅X) = var(
ℓ

∑
i=1

θiXi) =∑
i,j

θiθj cov(Xi,Xj) = θTΣθ ∈ R.

This shows Σ is PSD and symmetric. If T is a linear transformation of X, then

cov((TX)i, (TX)j) = cov(∑
k

Ti,kXk +∑
ℓ

Tj,ℓXℓ) = (TΣTT )i,j .

From linear algebra, since Σ is PSD, there exists an unitary U (U−1 = U∗ and orthonormal) such that UTΣU is

diagonal. From our remark above, viewing UT as a linear transformation, the resulting random vector UTX has

uncorrelated components.

If X has density fX and T a multivaraible linear transformation, then TX has density

fTX(x) =
1

∣detT ∣
fX(T −1x).

Finally, we are ready to talk about multivariate normal distribution.

Of course, the standard multivariate normal has each coordinate as an independent N (0,1). The density

f(X) = (2π)−d/2 exp(−
d

∑
i=1

x2
i /2) = (2π)−1/2 exp(−xT Ix/2) =∶ N (0, I).

If T is invertible then

fTX(x) = (2π)−d/2∣detT ∣−1 exp(−xTT −TT −1x/2) = (2π)−d/2∣detT ∣−1 exp(−x(TT ∗)−1x/2).

This gives rise to a more general multivariable normal N (µ,Σ), whose density is

f(x) = (2π)−d/2∣∣Σ∣−1/2 exp(−(x − µ)TΣ−1(x − µ)/2)

where µ ∈ Rk and Σ PSD.
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