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For a degenerate mnultivariate normal, consider µ = 0 and r < d (rank). We take X1, ...,Xr ∼ N (0, S̃) where S̃ is

invertible. we put X = (X1, ...,Xr,0, ...,0) corresponding to block diagonal S̃,0. Then TX has covariance matrix

TSTT . Given Σ, we want to choose S̃, T so that TSTT = Σ.

We know there exists a unitary matrix T with TΣT = diagonal (λ2
1, ..., λ

2
r,0, ...). Let D̃ = diagonal (λ2

1, ..., λ
2
r) and let

X̃ ∼ N (0, D̃), X = (X̂,0, ...,0). Then TX has covariance matrix TDTT since TT = T −1.

Proposition

If X ∼ N (µ,Σ) with Σ nonsingular, then the marginals Xi are normal.

Proof. WLOG µ = 0 and we are looking at the first coordinate, X1.

The claim is easy if Σ has first row (σ2
1 ,0, ...,0)T and column (σ2

1 ,0, ...,0). In this case,

fX(x) = C exp(−xTΣ−1x/2) = C exp(− x2
1

2σ2
1

− g(x2, ..., xd)).

Therefore

fX1(x) = ∫
x2,...,xd

fX(x1, ..., xd) dx2...xd

= Const exp(− x2
1

2σ2
1

).

Since fX1 integrates to 1 the constant must match up, so X1N (0, σ2
1).

For the general case, we need to find T so that TX ’s covariance has the special form with (TX)1 =X1.

We take unitary U such that the 1st row of U is perpendicular to the jth column of Σ−1/2 j ⩾ 2. Take T = UΣ−1/2.

Then TX has covariance matrix

TΣTT = UΣ−1/2ΣΣ−1/2UT = UUT = I.

[To be fixed]

Example. Multivariate normal implies normal marginals, but not the converse. For example let X =
N (0,1) and ξ = ±1 with probably 0.5 each, independent of X.

Let Y = (X, ξX), so it’s on either diagonal with probability 0.5. Clearly Y is not a bivariate normal, even if

its covariance matrix is I.

If X,X2, ...,Xd are independent N (µi, σ
2
i ), then X = (X1, ...,Xd) ∼ N (µ,Σ) with Σ = diagonal (σ2

1 , ..., σ
2
d). Since

fX(x) =
d

∏
i=1

fXi(xi) =
d

∏
i=1

1√
2πσi

exp(−xi/(2σ2
i )) =

1

(2π)d/2∣Σ∣1/2
exp(−xTΣ−1x/2),

we obtain the following result:

Proposition

While not necessarily true for other distributions, for (X1, ...,Xn)multivariate normal, Xi’s are uncorrelated

iff Xi’s are independent.
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(The previous example we have shows that if (X1,X2) is not multivariate normal, even if it has normal

marginals, then (uncorrelated but dependent) can happen.)

If X ∼ N (0,Σ), and T is invertible, then TX has density

fTX(x) =
1

∣T ∣
fX(T −1x) =

1

(2π)d/2∣T ∣∣Σ∣1/2
exp(xTT −TΣ−1T −1x/2)

= 1

(2π)d/2∣TΣTT ∣1/2
exp(−xT (TΣTT )−1x/2) ∼ N (0, TΣTT ).

Therefore the marginals are normal, in particular (TX)1. Since T is arbitrary, θ ⋅X is normal for all θ ∈ Rd, with

var(θ ⋅X) = θTΣθ.

More generally, if X ∼ N (µ,Σ) and T is invertible then TX ∼ N (Tµ,TΣTT ).

Characteristic functions of N (µ,Σ)

φX(θ) = Eeiθ⋅X = φθ⋅X(1) = exp(−var(θ ⋅X)/2) = exp(−θTΣθ/2).
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