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Theorem

Let {X;; : i < n,j < m(i)} be independent. Then f(Xj1,...,X;m()), @ < n, are independent random

variables.
Proof. Let F; j = 0(X; ;) and B; := 0(Fi 1, ..., Fi m(:))- By the previous theorem each B;’s are independent. Each
fi is B;-measurable so the random variables f; are independent. O

Fubini theorem says for f(z,y) on Q x 2,

ffd(mxuz):fﬂlﬂzfdﬂzdm

provided f > 0 or f is integrable (i.e., f |f] d(p1 x pe) < o0). (Here since u;’s are probability measures they are

assumed to be o-finite.) For random variables:

Theorem: D2.1.12

Let X,Y be independent with distributions px and gy on R. Let h : R? — R satisfy either h > 0 or
E|h(X,Y)| < oo. Then
Eh(X,Y) = [fR W(X,Y) dpix (dz)py (dy) *)

and the other of integration does not matter.
In particulag, for h(z,y) = f(x)g(y) with either f,g > 0 or E|f(X)|,E|g(Y)] < oo, we have

E[f(X)g(Y)] = Ef (X)Eg(Y), %)

i.e., independence = (product of E = E of product).

Proof. (*) follows from Fubini since the distribution of (X,Y") is ux x uy by independence.
For (%),
E[/(X)9()] = [[, ()9 nx (dx)ny (dy)
= [L9) [ 7@)x(da)py (dy)
~( [ 1@uxt@) [ g (ay) =EfOEg(Y), =

By induction, we may generalize the above result into any finite number of random variables. That is, for indepen-

dent X1, ..., X,, with E|[T X;| < oo, we have E[[] X;] = [IEX;.

Sums of Independent Random Variables

Let X,Y be independent with distribution functions F' and G. The d.f. of X +Y is the convolution

oo

H(:) =P(X+Y <2) = [ F(z-y)d(G(y)) = (F*G)(2).
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To see this, we apply Fubini to 1, ,<.:

H(z) =Elxives = [[Lpey) dF@)AG() = [F(z-y) dG().

Note by doing {y < x — z} first we obtain see that F + G =G * F.

Example. Let X be uniform on [0,2] and Y is exponential with parameter A. That is, X has 1/2 on [0, 2]
and Y has A\e™ on [0, c). The distribution function of Y is 1 — ™Y for y > 0. Then

[e2e) _ — 1
H(z) = /_oo (1-e )1 s 3102 dy-

———
F(z-y) dG(y)
That is,
z<0 0 z2<0
z 1= -z
f(l—e_AZeAy)/Qdy 0<2<2 = %— ;A 0<2<2
X _
/(1 A2 dy 2> 2 1_642% 2> 9.

—_—>0 D 0<
Let ., be a probability measure on (R™,R™). We can make a random vector with distribution y,,:we take (2, F,P) =
(R™,R", ) and (X3, ..., X,,) to be identity.

Infinite Sequence of Random Variables

We say finite-dimensional distributions of {X,,,n > 1} are all distributions of form {X,,i < I} for I ¢ N finite. By
using marginals is sufficient to consider I = {1,...,n}. Suppose we are given pu,, on (R, R"™) for every n.

Question: is there a P on (RN, RY) with distribution s, for the first n coordinates? That is,
P(A; x ... x Ay x Rx..) = pp(Ag x ..o x Ay)?

(Well of course no, since if n > m, u,, determines what u.,, would be.) What if this consistency is satisfied?
Theorem: Kolmogorov Extension Theorem
Let p,, be a p.m. on (R", R"™) for all n. Suppose consistency holds among the s, i.e.,
tn+1(AxR) = p, (A) forall A = H(al, ]Jand n > 1.

i=1

(In reality the above choice of A can be anything in R™; we just picked the most canonical one.) Then there
exists a unique P on (RY, RY) with

]P)(li(ai7bi] xRxRx..)= Mn(ﬁ(ai»bi])

(Sets of form A x R xR x ... with A € R" is a cylinder set in RY. They form a o-field.)
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0.1 Weak Laws of Large Numbers

Some recaps:
* We say X,, > X in probability (i.e. in measure) if P(|X,, - X|>¢) > 0asn — oo.
* Wesay X,, > X in L? (where p > 0) if E(|X,, - X|’) > 0 as n > oo.

- For p > 1, this is equivalent to | X,, - X |, — 0.
- For p < 1 this does not hold as such | - ||, does not define a norm.

— In principle the X,, can have infinite p moment but the definition still makes sense.



	Weak Laws of Large Numbers

