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Theorem 0.0.1

Let X be a topological space. Then TFAE:
(1) X is compact;
(2) All nets have cluster points; and

(3) Every net has a convergent subnet.

Proof. We’ve shown (2) < (3).

If X is compact and (z),., is a net, consider the nets E, := {3 : § > a} and note that for all «, 5 € A, there
exists v € A with o < v and 3 < 7. Therefore E, c X has the finite intersection property, and so do E,. By
compactness, N4 Fo # @. If we take an element z in this intersection and U is a neighborhood of x, then U
intersects each E,, which must contain some z,. Therefore the net (Za)qeq is frequent in U. This implies X is a
cluster point of (z,).

Conversely, suppose X is not compact. Let {Ug}gep be an open cover with no finite subcover and let A be the
collection of all finite subsets of B ordered by c. For A € A,

.’L‘AE(U Ub)c

BeA

forms a net (x4) 4. . We want to show that (x4) has no cluster point. If there exists one, let 3 € B with = € Ug.

If A> $ (any subset of B containing ), then = 4 ¢ Ug by definition. This proves the claim. O

Locally Compact Hausdorff Spaces (LCH)

| Definition 0.0.2: LCH |

A space is locally compact if every point has a compact neighborhood. A locally compact Hausdorff space

is what it sounds.

[ Proposition 0.0.3

Let X be LCH and let U c X be open. Then given x € U there exists N compact with x ¢ N c U.

Proof. WLOG assume U is compact. (If not, let U, be the compact set around z and we replace U with U n U,).
Since X is Hausdorff, we have open set V, W separating = with OU. Then since z ¢ V c U\W and V c U\W, we

see V is compact and also contained in U. O

[ Proposition 0.0.4

If X is LCH and K ¢ U c X with K compact and U open, then there exists a precompact V' open with
KcVcVel.
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Proof. By the previous proposition, for each ¢ K we have a compact neighborhood N, c U. Therefore the
collection {N, }cx forms an open cover of K. By compactness there exist a finite subcover N, U...U N, . Let

V =N, uU...uN,, and we are done. O
Theorem 0.0.5: Urysohn’s Lemma

For a LCH X and K c U c X with K compact and U open, there exists a function f ¢ C(X,[0,1]) with

f ] =1 and f =0 outside a compact subset of U.

Proof. Let V be as in the previous proposition () c V c V c U). Then V is normal. Then we can apply Folland’s

4.15 to get
feC(V,[0,1]) with f=1onKand =0 on dV.

We can easily extend it to X by setting f = 0 on V°. It remains to check continuity.

Let E c [0,1] be a closed set. If 0 ¢ E then f~'(E) = (f|;,)"'(E); if 0 ¢ E then f™'(E) = (f|_71)(E) vV’ =

(f|v)‘1(E) u V¢ since 9V c (f|7)‘1(E). Since f|V is continuous, (f|V)‘1(E) is closed. Also, V¢ is closed.

Therefore the union must be closed. Therefore f satisfies the closed set condition and is therefore continuous.
O

[ Corollary 0.0.6

Every LCH is completely regular (closed sets / points can be separated by continuous functions).

Theorem 0.0.7: Tietze Extension Theorem

For a LCH X and K c X compact, if f € C(K) then there exists ' ¢ C'(X) such that F] x = [- Moreover, we

can make F' vanish outside a compact set.



