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Chapter 1

Measure Theory

1.1 Sigma Algebras

The scope of Measure Theory is to develop a consistent theory of measurement, that generalizes length, area and

volume. We thus want to measure subset. The naive way of defining such a theory would be to find a function

µ ∶ P(X) → [0,∞] that satisfies:

1) (Additivity) µ(E ∪ F ) = µ(E) + µ(F ) with E ∩ F = ∅;

2) (Countably Additivity) µ(∪∞i=1Ei) = ∑∞
i=1 µ(Ei) with ∀i, j ∶ Ei ∩Ej = ∅;

3) µ(In) = 1;

4) µ(E) = µ(F ) whenever F is a rotation or translation of E.

Unfortunately the following result:

Theorem 1.1.1: Vitali

There is no such function.

obliges us to weaken our axioms. The only reasonable and natural thing to do is to restrict ourselves to a smaller

family of subsets of P(X). These sets will be the measurable sets.

Definition 1.1.2

A collection of subsets ∅ ≠ A ⊂ P(X) is an algebra if A is closed under unions and complement. This

collection is a σ-algebra if it is closed under countably union and complement.

Example. The following are trivially σ-algebras: A ∶= P(X) and A ∶= {∅,X}. Also for X a uncountable set

the following family: A ∶= {E ⊂X ∣E or ECare countable} is a σ-algebra.

Observe that if {Ai}i∈I is a family of σ-algebras over the same space X, then A ∶= ∩i∈IAi is also a σ-algebra.

If B ⊂ P(X) we define M(B) to be the intersections of all σ-algebras containing B, i.e. B ⊂ A′ Ô⇒ M(B) ⊂ A′,

otherwise we have a contradiction.

We thus say that M(B) is the σ-algebra generated by B. Note that if B ⊂ C then M(B) ⊂M(C).1
1Since any σ-algebra containing C will contain all the countable unions and intersection of elements of B.
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Definition 1.1.3

Let X be a metric space, let D ⊂ P(X) the space of open sets, then BX ∶=M(D) is the family of Borel sets.

Obviously we have that M(CX) = BX for CX the set of closed sets. So BX contains open, closed, countable union

of closed sets, countable intersection of open sets . . .

Proposition 1.1.4

BR is generated by any of the following:

E1 ∶= {(a, b)},E2 ∶= {[a, b]},E3 ∶= {(a, b]},E4 ∶= {[a, b)}

E5 ∶= {(a,∞)},E6 ∶= {(−∞, b)},E7 ∶= {[−∞, b)},E8 ∶= {[a,∞)}

Proof. We want to prove M(Ei) = BR. We have that Ei ⊂ BR since they are all the open sets or complement of open

sets or sets of the type: ∩∞i=1(a − 1/n, b) = [a, b).
Thus M(Ei) ⊂ BR. Note that if O ∈ τR open then:

O = ∪∞i=1Ij , Ij an interval

since the open interval form a basis for τR. Thus O ∈M(E1) Ô⇒ OX ⊂M(E1) and hence BR ⊂M(E1).
Observe that if I = (a, b) then:

∀i ∶ I ∈M(Ei) Ô⇒ ∀j ∶M(E1) ⊂M(Ej) Ô⇒ BR ⊂M(Ej)

then M(Ej) = BR.

Now if {Xα}α∈A is a collection of sets X = ∏α∈AXα is the product space. We have coordinate maps πα ∶ X → Xα,

πβ((xα)α∈A) = xβ . Let Mα be a σ-algebra on Xα, then the product σ-algebra is generated by:

E ∶= {π−1
α (Eα)∣Eα ∈Mα, α ∈ A}

and we denote it by ⊗α∈AMα =M(E).
Proposition 1.1.5

If A is a countable indexing family then ⊗Mα is generated by the sets: F ∶= {∏α∈AEα∣Eα ∈Mα}.

Proof. We have: π−1
α (Eα) = ∏β∈AEβ with Eβ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Eα, α = β

Xβ , β ≠ α
. In particular π−1

α (Eα) ∈ F . Then, E ⊂ F Ô⇒

M(E) ⊂M(F).
Take now ∏α∈AEα ∈ F , clearly this is not in E. Then ∏α∈AEα = ∩α∈Aπ−1

α (Eα) ∈ M(E) since it is countable.

Therefore F ⊂M(E) and thus M(F) ⊂M(E).

Proposition 1.1.6

If Mα is generated by Eα then ⊗Mα is generated by:

F1 ∶= {π−1
α (Eα)∣Eα ∈ Eα, α ∈ A}

3
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Furthermore, if A is countable it is generated by:

F ∶= {∏
α∈A

Eα∣Eα ∈ Eα, α ∈ A}

Proof. First observe that

F1 ⊂ E Ô⇒ M(F1) ⊂α∈A Mα

For the other direction let Fα ∶= {E ∈Xα∣π−1
α ∈M(F1)}, we claim it is a σ-algebra.

Then we have that Eα ⊂ Fα by definition of F1 we have that Mα = M(Eα) ⊂ Fα since it is a σ.algebra, then

∀E ∈Mα ∶ π−1
α ∈M(F) and thus E ⊂M(F1) which means that M(E) ⊂M(F1). The countable argument is as before.

Example. On R2 we have BR⊗BR has sets generated by open boxes.

Note that if X1, . . . ,Xn are metric spaces so is the product with the product metric:

d((x1, . . . , xn), (y1, . . . , yn)) = max
1≤i≤n

{di(xi, yi)}

Theorem 1.1.7

Let {Xi}ni=1 be a family of metric spaces and consider X ∶= ∏n
i=1Xi with the product metric, then⊗n

j=1 BXj ⊂
BX .

Furthermore, if the Xi are separablea then ⊗n
j=1 BXj = BX .

aBeing separable means there is a dense countable subset.

Proof. The set ⊗n
j=1 BXj is generated by the sets π−1

i (Ui) for ui ∈ τXi , let:

F1 ∶= {π−1
i (Ui)∣Ui ∈ τXi} ⊂ OX

then ⊗n
j=1 BXj =M(F1) ⊂M(OX) = BX .

Now suppose that each Xi is separable. Then we have Cj ⊂ τj the set of open balls with rational radii centred in

the dense countable subset, note that this is still a countable family of open sets and thus any subset is going to be

a countable union of elements in Cj . Thus M(OXj) = M(Cj) and hence E = {∏n
j=1Ej ∣Ej ∈ Cj} generates ⊗n

j=1 Bj .

Also X = ∏n
j=1Xj and every open set in X is a countable union of ∏n

j=1Ej for Ej ∈ Cj . Then BX is generated by E

and thus BX =M(OX) = ⊗n
j=1 Bxj .

Corollary 1.1.8

We have that BRn = ⊗n
i=1 BR.
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1.2 Measures

Definition 1.2.1

A measure space is a triple (X,M, µ) where M is a σ-algebra and µ ∶M→ [0,∞] satisfies:

• µ(∅) = 0;

• µ(∪∞i=1Ei) = ∑∞
i=1 µ(Ei) if the Ei are mutually disjoint;

if µ only satisfies the second property for finite sums we say it is finitely additive.

Elements of M are called measurable sets. If A ∈ M and µ(A) = 0 we say that A is a null-set. If µ(X) < ∞
then µ is a finite measure.

If X = ∪∞j=1Ej for Ej ∈ M and µ(Ej) < ∞ µ is σ-finite. If for all E such that µ(E) = ∞ there is F ⊂ E
measurable such that µ(F ) < ∞ then µ is semi-finite.

Finally µ is said complete if ∀E null and F ⊂ E then F ∈M.

Example. Consider Rn with measure µ on BRn then µ is not finite but it is σ-finite and semi-finite.

Proposition 1.2.2

Let (X,M, µ) be a measure space. Then:

1) if E,F ∈M and E ⊂ F then µ(E) ⊂ µ(F ); (monotonicity)

2) if {Fj}∞j=1 ⊂M then µ(∪∞j=1Ej) ≤ ∑∞
j=1 µ(Ej); (subadditivity)

3) if Ei ∈M and Ei ⊂ Ei+1 then:

µ(∪∞j=1Ei) = lim
n→∞

µ(Ei) (continuity from below)

4) if Ei ∈M and Ei+1 ⊂ Ei with µ(E1) < ∞ then:

µ(∩∞j=1Ei) = lim
n→∞

µ(Ei) (continuity from above)

Proof. 1) E ⊂ F Ô⇒ F = E ∪ (EC ∩ F ) thus µ(E) ≤ µ(F ).
2) Let Fj ∶= Ej ∖ ∪j−1

i=1Ei then: ∪∞j=1Ej = ∪∞j=1Fj but now they are disjoint: µ(∪∞j=1Fj) = ∑∞
j=1 µ(Fj) ≤ ∑∞

j=1 µ(Ej).
3) With the same family as 2):

µ(∪∞j=1Ej) = µ(∪∞j=1Fj) =
∞
∑
j=1

µ(Fj) = lim
n→∞

n

∑
j=1

µ(Fj)

now Fj = Ej ∖Ej−1 then:
∞
∑
j=1

µ(Fj) = lim
n→∞

n

∑
j=1

µ(Ej) − µ(Ej−1) = lim
n→∞

µ(En)

thus:

µ(∪∞j=1Ej) = lim
n→∞

µ(En)
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4) Let Gj ∶= E1 ∖Ej , then Gj ⊂ Gj+1 ad:

µ(∪∞j=1Gj) = lim
n→∞

µ(E1 ∖Ej) Ô⇒ µ(E1 ∖ ∩∞j=1Ej) = lim
n→∞

µ(E1 ∖Ej)

by additivity and µ(E1) < ∞ we have:

µ(E1) − µ(∩∞j=1Ej) = lim
n→∞

µ(E1) − µ(En) Ô⇒ µ(∩∞j=1Ej) = lim
n→∞

µ(Ei)

note that µ(E1) < ∞ is a necessary condition.

1.2.1 Complete Measures

If (X,M, µ) is a measure space let N :={A ∈M∣µ(A) = 0} the set of null sets. We know that N is closed under count-

able unions and intersections. We complete our measure space by defining (X,M, µ) as: M :={E ∪ F ∣E ∈M, F ⊂ N ∈N}
and µ(E ∪ F ) :=µ(E).

Theorem 1.2.3

Let (X,M, µ) be a measure space with nulls sets N ⊂ M, then add all the null sets to define

M :={E ∪ F ∣E ∈M, F ⊂ N,N ∈N} then this is a σ-algebra and there is a unique extension of µ to M such

that (X,M, µ) is complete.

Proof. We have that M is obviously closed under countable unions as M and N are. Let E ∪F ∈M for E ⊂ N ∈N so

that E ∪ F = E ∪ (F ∖E) so we can always assume that E ∩ F = ∅.

We can write (E ∪ F ) = (E ∪N) ∩ (NC ∪ F ), then we have that:

(E ∪ F )C = (E ∪N)C
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

∪ (N ∪ FC)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
⊂N Ô⇒ ∈N

so M is a σ-algebra.

Define µ(E ∪ F ) :=µ(E) then this is well defined since if we have E1 ∪ N1 = E2 ∪ N2 then: E1 ⊂ E2 ∪ N2 Ô⇒
µ(E1) ≤ µ(E2) and similarly µ(E2) ≤ µ(E1).
Now for completeness: if µ(E ∪ F ) = 0 Ô⇒ µ(E) = 0 so E ⊂ N now if G ⊂ E ∪ F then G = ∅∪G for G ⊂ E ∪ F ⊂
E ∪N ⊂ N then G ∈M.

Now if Ai :=Ei ∪ Fi with Ei ∈M and Fi ∈ Ni and ∀i, j ∶ Ai ∩Aj = ∅ then ∪∞j=1Ai = ∪∞i=1Ei ∪ ∪∞i=1Fi. Thus:

∪∞i=1Fi ⊂ ∪∞i=1Ni ∈N Ô⇒ µ(∪∞i=1Ai) = µ(∪∞i=1Ai) =
∞
∑
i=1

µ(Ai)

then (X,M, µ) is a complete measure extending (X,M, µ).
Uniqueness: let ν another complete measure extending µ then:

ν(E ∪ F ) = ν(E) + ν(F ) = ν(E) = µ(E)

thus ν∣
M

≡ µ∣
M
Ô⇒ ν ≡ µ.

1.2.2 Outer Measure

We cannot find a measure defined on any subset but we can find an outer measure by approximating with covers.

6
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Definition 1.2.4

An outer measure is a function µ∗ ∶ P(X) → [0,∞] satisfying:

1) µ∗(∅) = 0;

2) µ∗(A) ≤ µ∗(B) whenever A ⊂ B; (monotonic)

3) µ∗(∪∞i=1Ai) ≤ ∑∞
i=1 µ

∗(Ai); (countable sub-additivity)

A way to obtain an outer measure is the following: given E ⊂ P(X) and ρ ∶ E→ [0,∞] such that:

• ∅,X ⊂ E;

• ρ(∅) = 0;

define µ∗(A) := inf{∑∞
i=1 ρ(Ei)∣A ⊂ ∪∞i=1Ei,Ei ∈ E}.

Proposition 1.2.5

This µ∗ is an outer measure.

Proof. Note that for any A ∈ P(X) we have a cover of A by sets in E since any A ⊂ X ∈ E thus µ∗ ∶ P(X) → [0,∞].
As ∅ ∈ E ∶ µ∗(∅) ≤ ρ(∅) = 0 Ô⇒ µ∗(∅) = 0.

Now let A ⊂ B then any cover of B is a cover of A thus B ⊂ ∪∞i=1Ej Ô⇒ A ⊂ ∪∞j=1Ej , thus:

µ∗(A) ≤ µ∗(B)

by definition µ∗(∪∞j=1Aj) has a cover Aj ⊂ ∪∞k=1E
k
j such that µ∗(Aj) ≥ ∑k ρ(Ekj ) − ε

2j
moreover, ∪∞j=1Aj ⊂ ∪j,kEkj is

countable.

Then for all ε > 0 we have:

µ∗(∪∞j=1Aj) ≤ µ∗(∪∞j,kEkj ) ≤
∞
∑
j=1

µ∗(Aj) +
ε

2j
≤

∞
∑
j=1

µ∗(Aj) + ε

thus for ε→ 0 we have that:

µ∗(∪∞j=1Aj) ≤
∞
∑
j=1

µ∗(Aj)

thus µ∗ is an outer measure.

Definition 1.2.6

If µ∗ is an outer measure we say that A ∈ P(X) is µ∗-measurable if:

∀E ⊂X ∶ µ∗(E) = µ∗(E ∩A) + µ∗(E ∩AC)

Note that by sub-additivity:

∀E,X ∈ P(X) ∶ µ∗(E) ≤ µ∗(E ∩A) + µ∗(E ∩AC)

alternatively A is µ∗-measurable if:

∀E ∈ P(X) ∶ µ∗(E) ≥ µ∗(E ∩A) + µ∗(E ∩AC)

7
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Theorem 1.2.7: Carathéadory

If µ∗ is an outer measure and M is the set of µ∗-measurable sets, then M is a σ-algebra and (X,M, µ∗) is a

complete measure.

Proof. We first prove that M is a σ-algebra. By symmetry of M: E ∩ A ∪ EC ∩ A we have that M is closed under

complement. Let A, B ∈M then:

µ∗(E) ≥ µ∗(E ∩A) + µ∗(E ∩AC) ≥

≥ µ∗(E ∩A ∩B) + µ∗(E ∩A ∩BC) + µ∗(E ∩AC ∩B)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

µ∗(E∩(A∪B))

+µ∗(E ∩AC ∩BC) ≥

≥ µ∗(E ∩ (A ∪B)) + µ∗(E ∩ (A ∪B)C)

since µ∗(E ∩ (A∪B)C) = µ∗(E ∩AC ∩BC) and E ∩ (A∪B) = (E ∩A) ∪ (E ∩B) and by sub-additivity we have the

last inequality.

Thus M is closed under finite unions. Now pick {Ej} ⊂ M and consider ∪∞j=1Ej , make the family disjoint by

Fj :=Ej ∖ ∪j−1
k=1Ek ∈M. Let Bn :=∪nj=1Fj , B :=∪∞j=1Fj , for all n ∈ N ∶ Bn ∈M. Then:

µ∗(E ∩Bn) = µ∗(E ∩Bn ∩ Fn) + µ∗(E ∩Bn ∩ FCn ) =

= µ∗(E ∩ Fn) + µ∗(E ∩Bn−1)

By induction we have that µ∗(E ∩Bn) = ∑nk=1 µ
∗(E ∩ Fk), thus:

∀n ∶ µ∗(E) = µ∗(E ∩Bn) + µ∗(E ∩BCn )

=
n

∑
k=1

µ∗(E ∩ Fk) + µ∗(E ∩BCn ) Bn ⊂ B Ô⇒ BC ⊂ BCn

≥
n

∑
k=1

µ∗(E ∩ Fk) + µ∗(E ∩BC) n→∞ÐÐ→
∞
∑
k=1

µ∗(E ∩ Fk) + µ∗(E ∩BC)

≥ µ∗(E ∩B) + µ∗(E ∩BC) by sub-addivity

then B ∈M.

Also for B = ∪∞k=1Fk disjoint and for E = B we have that µ∗(B) = ∑∞
k=1 µ

∗(Fk). Now completeness for (X,M, µ∗),
let F ⊂ A ∈M, µ∗(A) = 0. Then for E ∈ P(X) we have:

µ∗(F ) = µ∗(E ∩ F ) + µ∗(E ∩ FC)

but E ∩ F ⊂ A then: µ∗(E ∩ F ) ≤ µ∗(A) = 0, thus:

µ∗(F ) = µ∗(E ∩ FC) ≤ µ∗(E)

and thus F ⊂M.

Definition 1.2.8

An elementary family is a set E ⊂ P(X):

1) ∅ ∈ E;

2) A, B ∈ E Ô⇒ A ∩B ∈ E;

8
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3) E ∈ E then EC is a finite disjoint union of elements in E.

Example. The families {[a, b]} and {(a,∞)} are elementary.

Proposition 1.2.9

If E elementary, then: A = {∪ni=1Ei∣Ei disjoint, Ei ∈ E} is an algebra.

Proof. If A, B ∈ E and BC = ∪Nj=1Cj with Cj ∈ E disjoint then A ∖B = ∪Nj=1(A ∩Cj) and A ∪B = (A ∖B) ∪B where

these unions are disjoint so A ∖B ∈ A and A ∪B ∈ A.

It now follows by induction that if A1, . . . ,An ∈ E then ∪ni=1Aj ∈ A by looking at ∪ni=1Ai = An ∪ ∪n−1
i=1 (Aj ∖An) which

is a disjoint union. To see that A is closed under complements suppose that A1, . . . ,An ∈ E and ACm = ∪`mj=1B
j
m with

Bjm disjoint members of E, then:

(∪nm=1Am)C = ∩nm=1(∪`mj=1B
j
m) = ∪{Bj11 ∩ . . . ∩Bjnn ∶ 1 ≤ jm ≤ `m,1 ≤m ≤ n}

1.2.3 Premeasures

Definition 1.2.10

Let A be an algebra. A function µ0 ∶ A→ [0,∞] is a premeasure if:

1) µ0(∅) = 0;

2) if {Ai}∞i=1 ⊂ A disjoint such that ∪∞i=1Ai ∈ A, then: µ0(∪∞i=1Ai) = ∑∞
i=1 µ0(Ai).

Proposition 1.2.11

If µ0 is a premeasure, let µ∗ be the associated outer measure, then:

1) µ∗∣
A
≡ µ0,A ∈ A;

2) A ⊂M are the µ∗-measurable sets;

it then follows it can be extended to a complete measure, thus µ∗ gives a measure on M(A).

Proof. 1) Let A ∈ A then µ∗(A) ≤ µ0(A). Now to prove the other direction if A ⊂ ∪∞i=1Ai then let Bi :=A ∩ (Ai ∖
∪i−1
j=1Aj), this makes the family disjoint and Bi ∈ A, moreover A = ∪∞i=1Bi, then µ0(A) = ∑∞

i=1 µ0(Bi) ≤ ∑∞
j=1 µ0(Aj)

taking the inf we have:

µ0(A) ≤ µ∗(A) Ô⇒ µ0(A) = µ∗(A)

ii) We have A ⊂ M the µ∗-measurable sets. Let A ∈ A and E ⊂ X. We want µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩ AC).
Approximate E by a cover: E ⊂ ∪∞i=1Ai and we can find one such cover such that µ∗(E) + ε ≥ ∑∞

i=1 µ0(Ai). So we

9



MATH 425a Notes ∼ YQL 1.2 - Measures Current file: 525b_Notes.tex

get:

µ∗(E) + ε ≥
∞
∑
i=1

µ0(Ai) ≥
∞
∑
i=1

µ0(Ai ∩A) + µ0(Ai ∩AC) ≥ (µ0-additivity)

≥ µ∗(∪∞i=1Ai ∩A) + µ∗(∪∞i=1Ai ∩AC) ≥

≥ µ∗(A ∩E) + µ∗(AC ∩E) (monotonicity)

by letting ε↦ 0 we get:

µ∗(A ∩E) + µ∗(AC ∩E) ≤ µ∗(E)

which yields the result by our previous argument.

Remark. Note that for µ0 a premeasure and µ∗ its associated outer measure then for (X,M, µ∗) the

Carathéodory Complete Measure we have that M satisfies M(A) ⊂ M by ii) and by i) µ∗ extends µ0 on

A.

Theorem 1.2.12

Let µ0 ∶ A → [0,∞] be a premeasure on X and M :=M(A). Then µ∗ is a measure on M extending µ0 on A.

If ν is any other outer measure that extends to M then: ∀E ∈M ∶ ν(E) ≤ µ∗(E) with equality for all E with

µ∗(E) < ∞. If µ0 is σ-finite the extension is unique.

Proof. It follows from the previous proposition that µ∗ is a measure on M = M(A). Let E ∈ M and E ⊂ ∪∞j=1Aj for

Aj ∈ A then we have that ν(E) ≤ ∑∞
j=1 ν(Aj) = ∑∞

j=1 µ0(Aj) and also ν(E) ≤ inf∑∞
i=1 µ0(Ai) = µ∗(E).

If A = ∪∞j=1Aj then ν(A) = limn→∞ ν(∪nk=1Ak) = limn→∞ µ0(∪ni=1Ai) = µ∗(A). If E is such that µ∗(E) is finite pick an

approximation: E ⊂ ∪∞i=1Ai :=A, then we have:

µ∗(A) ≤ µ∗(E) + ε Ô⇒ µ∗(A ∖E) ≤ ε

then:

µ∗(E) ≤ µ∗(A) = ν(A) ≤ ν(E) + ν(A ∖E) ≤ ν(E) + ε

by sending ε→ 0 we get µ∗(E) ≤ ν(E) and so equality holds.

Now suppose σ-finite, then X = ∪∞i=1Ai and µ0(Ai) < ∞ and we can also assume that they are disjoint by our usual

trick. Then ∀E ∈M ∶ ν(E) = µ∗(E) since:

ν(E) =
∞
∑
i=1

ν(E ∩Ai) =
∞
∑
i=1

µ∗(E ∩Ai) = µ∗(E)

1.2.4 Borel Measure on Euclidean Space

A Borel measure on R is a measure on R with σ-algebra BR. If µ is Borel and finite we define: F (X) :=µ((−∞, x])
(this is sometimes called the distribution function of µ), then F ∶ R → R is increasing (by monotonicity of µ) and

right continuous since for xn → x we have that (−∞, x] = ∩∞1 (−∞, xn] then by continuity from above we have right

continuity. Similarly we can consider such functions and define µ.

Terminology: The h-interval (half open) are of the form (a, b] and (a,∞) or ∅ for −∞ ≤ a < b < ∞. Let A be the

collection of disjoint unions of h-interval, we have that A is an algebra and the sigma algebra generated by A is BR.

10
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Proposition 1.2.13

Let F ∶ R → R be increasing and right continuous. If (aj , bj] for j ≤ n are disjoint h-intervals, let

µ0(∪nj=1(aj , bj]) = ∑nj=1[F (bj) − F (aj)] with µ0(∅) = 0, then µ0 is a premeasure on the algebra A.

Proof. If A ∈ A then it is either (a, b] or A = ∪nj=1(aj , bj] disjoint, then we can reorder it such that: a = a1 < b1 = a2 <
b2 = . . . < bn = b. Then:

n

∑
j=1

F (bj) − F (aj) = F (b) − F (a)

so it is well defined on h-intervals. If A = ∪nj=1Ij = ∪mk=1Jk both disjoint unions then:

n

∑
j=1

µ0(Ij) =
n

∑
j=1

m

∑
k=1

µ0(Ij ∩ Jk) =

=
m

∑
k=1

n

∑
j=1

µ0(Ij ∩ Jk) =
n

∑
k=1

µ0(Jk)

We need to show that if:

∪∞j=1A ∈ A Ô⇒ µ0(A) =
∞
∑
j=1

µ0(Ij)

If A = ∪nk=1Jk then each Jk is a countable union of disjoint h-intervals: Jk = ∪∞j=1Ij ∩ Jk so we only need to show it

for this case.

Assume A = I a h-interval, ∪∞j=1Ij := I, we have:

∀n ∶ µ0(I) = µ=(∪nj=1Ij) + µ0(I ∖ ∪nj=1Ij) ≥ µ0(∪nj=1Ij) ≥
n

∑
j=1

µ0(Ij)

so we get that µ0(I) ≥ ∑∞
j=1 µ0(Ij). For the upper bound: assume A = (a, b] with a < b < ∞, F is right continuous so

there is δ > 0 such that:

F (a + δ) − F (a) < ε

and there is δj > 0 such that: F (bj + δj) − F (bj) < ε2−j for Ij = (aj , bj]. Consider [a + δ, b] and cover it by intervals

of the type: {(ai, bi + δi)}, then we have a finite subcover by compactness, moreover we can assume that the cover

{(ai, bi + δi)}ni=1 respects bi + δi ∈ (ai+1, bi+1 + δi+1), so each interval intersects at most 2 other intervals.

As F is increasing:

F (bn + δn) − F (an) ≤
n

∑
j=1

F (bj + δj) − F (aj) ≤
n

∑
j=1

F (bj) + ε2−j − F (aj)

≤
n

∑
j=1

(F (bj) − F (aj)) + ε ≤
n

∑
j=1

µ0(Ij) + ε

but µ0(I) = F (b) − F (a) ≤ F (bn + δn) − F (a1) + ε, hence:

µ0(I) = F (b) − F (a) ≤ F (bn + δn) − F (a1) + ε

≤
n

∑
j=1

µ0(Ij) + 2ε

≤
∞
∑
j=1

µ0(Ij) + 2ε

by sending ε → 0 we have the equality. Then if F is increasing and right continuous we have that µ0 is a pre-

measure on A which yields µ∗ an outer measure and hence a measure µ on BR extending µ0 so such that µ((a, b]) =

11
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F (b)−F (a). For I = (−∞, b] and b < ∞ (or (a,+∞] with −∞ < a) we have that for anyM < ∞ the intervals (aj , bj+δj)
cover [−M,B] (or [a,M]) hence we have: F (b) − F (M) ≤ ∑∞

i=1 µ0(Ij) + 2ε (F (M) − F (a) ≤ ∑∞
i=1 µ0(Ij) + 2ε) then

by letting ε→ 0 and M →∞ we get the result.

Theorem 1.2.14

If F is increasing and right continuous, there exists a unique Borel measure µF on R such that µF ((a, b]) =
F (b) − F (a). If F is another such function µF = µG if and only if F − G is a constant. Conversely if µ is

a Borel measure, finite on bounded intervals and F (x) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

µ((0, x]), x > 0

0, x = 0

−µ((x,0]), x < 0

then F is increasing right

continuous and µF = µ.

Proof. The function F gives a pre-measure on A which is σ-finite. Which then extends to a unique measure on BR.

If F −G ≡ c then pre-measures on A are equal which then implies that µF = µG. We have:

µF0 ((a, b]) = F (b) − F (a) = G(b) −G(a) = µG0 ((a, b])

if F −G /≡ c then µF0 ≠ µG0 and so µF ≠ µG.

If µ is a Borel measure, the monotonicity of µ implies the monotonicity of F and continuity of µ from above implies

right continuity of F x ≥ 0 and x < 0. It is then clear that µ = µF on A and hence µ = µF on BR by the uniqueness of

1.2.15.

Given F increasing and right continuous, then there is a unique Borel measure µF . By Carathéadory we have some

complete measure which restricts to µF on the Borel sets, then BR: (R, µF ,MµF ) is a complete measure and is the

Lebesgue-Stieltjes measure of F .

Lebesgue-Stieltjes Measure

Let F be an increasing right continuous function for (R, µ,Mµ) its Lebesgue-Stieltjes integral. If E ∈Mµ we have:

µ(E) := inf{
∞
∑
j=1

F (bj) − F (aj)∣E ⊂ ∪∞j=1(aj , bj]}

Proposition 1.2.15

If µ is Lebesgue-Stieltjes for F , with Mµ the σ-algebra, then:

µ(E) = inf{
∞
∑
i=1

µ((ai, bi))∣E ⊂ ∪∞i=1(ai, bi)}

Proof. Let ν(E) := inf{∑∞
i=1 F (bi) − F (ai)∣E ⊂ ∪∞i=1(ai, bi)} for (aj , bj) = ∪∞k=1(ckk, c

j
k+1] with aj = c1j and cjk → bj from

below. Then:

E ⊂ ∪∞j=1(aj , bj) ⊂ ∪∞j=1 ∪∞k=1 (ckk, cjk+1]

12
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so:

µ(E) ≤ ∑
j,k

µ((ckk, cjk+1]) ≤ ∑
j

∑
k

µ((ckk, cjk+1])

= ∑
j

µ((aj , bj)) ≤ ∑
j

µ((aj , bj])

= ∑
j

F (bj) − F (aj) ≤ ν(E)

by definition of µ there are (aj , bj] such that E ⊂ ∪j(aj , bj] with:

∑
j

µ((aj , bj]) ≤ µ(E) + ε

by continuity there is a δj such that:

F (bj + δj) − F (aj) ≤ ε2−j Ô⇒ E ⊂ ∪∞j=1(aj , bj + δj)

so:

ν(E) ≤
∞
∑
j=1

F (bj + δj) − F (bj) ≤
∞
∑
j=1

F (bj) − F (aj) + ε2−j

≤
∞
∑
j=1

F (bj) − F (aj) + ε

= µ(E) + ε

by letting ε→ 0 we get ν(E) ≤ µ(E) and thus the equality.

Theorem 1.2.16

If E ∈Mµ:

µ(E) = inf{µ(U)∣E ⊂ U,U open} = sup{µ(K)∣K ⊂ E,K compact}

Proof. Let E ⊂ U then µ(E) ≤ µ(U) which implies that µ(E) ≤ inf µ(U) by the prior proposition there exists

U = ∪∞j=1(aj , bj] with E ⊂ U and µ(U) ≤ µ(E) + ε so infE⊂U µ(U) ≤ µ(E) + ε then by letting ε → 0 we get that

infE⊂U µ(U) ≤ µ(E), which yields the result.

Now for the compact sets. Assume E is bounded then E is compact2. Consider E ∖E by the previous point there is

U open such that E ∖E ⊂ U : µ(U) ≤ µ(E ∖E) + ε. Then K :=E ∖U compact and K ⊂ E so:

µ(K) = µ(E) − µ(E ∩U) = µ(E) − (µ(U) − µ(U ∖E) =

= µ(E) − µ(U) + µ(U ∖E)

≥ µ(E) − µ(U) + µ(E ∖E)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≤ε

≥ µ(E) − ε

so by taking the sup and letting ε→ 0 we get: supK⊂E,cpt µ(K) = µ(E), since the other inequality is trivial.

If E is unbounded let Ej :=E ∩ (j, j + 1) then by the above for all J there is Kj ⊂ Ej with:

∀j ∈ Z ∶ µ(Kj) ≥ µ(Ej) − ε2∣j∣

2We are considering Rstd so Heine-Borel holds.

13
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let Hn :=∪n−nKj , this is a compact set and Hn ⊂ E, by construction we have:

µ(Hn) ≥ µ(E) − 2ε

so µ(E) = supK⊂E,cpt µ(K).

Theorem 1.2.17

We have that the following are equivalent:

1. E ∈Mµ;

2. E = V ∖N for V ∈ Gδ-set and N a null set;

3. E =H ∪N for H ∈ Fσ-set and N a null set.

Proof. Obviously (2) and (3) imply (1) since µ is complete on Mµ. Suppose E ∈Mµ and µ(E) < ∞. By the previous

Theorem 1.2.19 for j ∈ N we can choose an open set Uj and a compact set Kj ⊂ E such that:

µ(Uj) − 2−j ≤ µ(E) ≤ µ(Kj) + 2−j

let B :=∩∞j=1Uj and H :=∪∞j=1Kj . Then H ⊂ E ⊂ V and µ(V ) = µ(H) = µ(E) < ∞, so µ(V ∖H) = µ(E ∖H) = 0. We

thus have the result for µ(E) < ∞.

For µ(E) = ∞ let Ej :=E ∩ [j, j + 1], in particular there exists Hj , Nj with Ej =Hj ∪Nj Hj ∈ Fσ and Nj a null set.

Then let H :=∪∞j=1Hj ∈ Fσ and N :=∪∞j=1Nj which is still a null set, then E = H ∪N . So we have (1) Ô⇒ (3) and

then we are done since by taking complements we have (2) ⇐⇒ (3).

The significance of this Theorem is that all Borel sets (or more generally all sets of Mµ) are of reasonably simple

form modulo set of measure zero.

Corollary 1.2.18

We have that (Mµ, µ) is the completion of µ on BR.

Proof. If E ∈Mµ then E = B1 ∪N1 for B1 ∈ BR and N1 a null set.

Another version of the same idea is that general measurable sets can be approximated by simple sets:

Proposition 1.2.19

If E ∈Mµ and µ(E) < ∞ then there is a finite collection of intervals A such that µ(E △A) < ε.

Proof. Choose U , K such that K ⊂ E ⊂ U open and compact respectively such that: µ(U ∖E) < ε and µ(E ∖K) < ε.
Take a cover of K by open intervals contained in U and ick a finite subcover: K ⊂ A :=∪nj=1Ij . So: µ(K) ≤ µ(A) ≤
µ(U) implies that:

µ(E) − ε ≤ µ(A) ≤ µ(E) + ε

So we get that µ(E △A) = µ(E ∖A) + µ(A ∖E) ≤ 2ε and we are done.

14
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Definition 1.2.20

We define the Lebesgue Measure (R,L,m) as the measure induced by the identity function: F (x) = x so

µF =m and MµF = L.

For E ⊂ R and r, s ∈ R we define E + s :={x + s∣x ∈ E} and rE :={rx∣x ∈ E}. We then have:

Theorem 1.2.21

If E ∈ L then E + s, rE ∈ L for all r, s ∈ R. Moreover m(E + s) =m(E) and m(rE) = ∣r∣m(E).

Proof. We have BR = ∩Ai over all σ-algebra containing the intervals. If Ai is a σ-algebra then Ai + s is a σ-algebra

and also rAi for r ≠ 0 is a σ-algebra containing open intervals. Then BR = ∩Ai + s = (∩Ai) + s = BR + s and similarly

we get that BR = rBR. Now for E ∈ BR define ms(E) :=m(E +s) and mr(E) :=m(rE), ms and mr agree on unions

of disjoint intervals so ms agrees on BR with m(E) and similarly mr = ∣r∣m.

Then for Borel null sets m(E) = 0 we have that ms(E) = mr(E) = 0. So if N is Lebesgue null N ⊂ E for E Borel

null implies that (N + s) ⊂ (E + s) and by completion we have N + s is null. Now f E ∈ L we have that E = B ∪N
for B ∈ BR and N a null set, then we have that m(E) =m(B) =m(B + s) =m(E + s).

Now we have that countable sets have null Lebesgue measure since points have null measure.

The Cantor set: C :=x ∈ [0,1]∣x = ∑∞
j=1 aj3

−j ; aj = 0,2. We can cover C with 2j intervals of length 3−j so µ(C) ≤
( 2

3
)j → 0.

The set C is uncountable since f ∶ C → [0,1] defined as f(∑aj3−j) :=∑(aj
2
)2−j yields all binary expressions.

We can extend f to a continuous map: F ∶ I → I such that it is increasing and surjective by adding constant function

of C. This function is called the Cantor Function.

To recap we have that C has measure zero, is uncountable, compact, nowhere dense and a perfect set3.

1.3 Integration

Definition 1.3.1

Given f ∶X → Y from (X,M), (Y,N) is measurable if ∀E ∈N ∶ f−1(E) ∈M.

We clearly have that measurable functions are closed under composition. If Y = Rn, Cn we assume that N is the

Borel σ-algebra unless stated otherwise.

We say that f ∶ R → C is Lebesgue (Borel) measurable if it is (L,BC) measurable ((BR,BC) measurable). For

f, g ∶ R → R Lebesgue the composition f ○ g does not have to be Lebesgue measurable even if g is C0(R). However

if f is Borel measurable then f ○ g is Lebesgue measurable or Borel measurable whenever g is.

Proposition 1.3.2

If E generated N then f ∶X → Y is measurable if and only if f−1(E) ∈M∀E ∈ E.

3It does not have isolated points.
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Corollary 1.3.3

if F ∶X → Y is continuous between X, Y metric space then F is (BX ,BY )-measurable.

Corollary 1.3.4

Let f ∶X → R and (X,M) a measure space. Then the following are equivalent:

1. f is M-measurable;

2. ∀a ∈ R ∶ f−1((a,∞)) ∈M;

3. ∀a ∈ R ∶ f−1((−∞, a)) ∈M;

4. ∀a ∈ R ∶ f−1([a,∞)) ∈M;

5. ∀a ∈ R ∶ f−1((−∞, a]) ∈M;

For E ∈M define ME :=E ∩M a new σ-algebra and F ∣
E

is ME-measurable if F ∣
E
∶ E → Y is (ME ,N)-measurable.

Given fα ∶ X → Yα measurable (Yα,Nα) then there is a unique σ-algebra M on X such that M is the minimal σ-

algebra such that fα is in (M,Nα)-measurable for all α. The σ-algebra M is generated by {f−1
α (Eα)∣Eα ∈ gα, α ∈ A}.

Example. The maps πβ ∶ ∏α∈AXα →Xα for (Xα,Mα) gives ⊗α∈AMα.

Proposition 1.3.5

Let (X,M), (Yα,Nα) and f ∶X →∏α∈A Yα. Then f is (M,⊗Nα)-measurable if and only if πα ○f is (M,Nα)-
measurable for all α ∈ A.

Proof. (⇒) Composition of measurable function is measurable implies that πα ○ f is measurable.

(⇐) Let E :={π−1
α (Eα)∣Eα ∈Nα, α ∈ A}, generates f−1(π−1

α (Eα)) = (πα ○ f)−1(Eα) as π ○ f measurable implies

(πα ○ f)−1(Eα) ∈M is measurable.

Corollary 1.3.6

Given f ∶X → Rn or (Cn) is M-measurable if and only if fi ∶X → R or (C) is M-measurable.

Also f ∶X → C is M-measurable if and only if Im(f), Re(f) are M-measurable.

Proposition 1.3.7

If f, g ∶X → C are M-measurable then f + g, fg are M-measurable.

Proof. Just consider composition with continuous functions which we know to be measurable: let F (x) = (f(x), g(x)) ∈
C2, then consider φ1(z,w) = z +w and φ2(z,w) = zw these are continuous functions hence (BC2 ,BC)-measurable,

so φi ○ F is (M,BC)-measurable and so f + g, fg are.
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1.3.1 Limits

Consider the extended real line R :=R∪{∞} = [−∞,∞]. We can put a metric by considering p(x, y) := ∣tan−1(x) − tan−1(y)∣.
With Borel sets (BR :={E ⊂ R∣E ∩R ∈ BR}) generated by the intervals {(a,∞]} or {[−∞, a)}. Let f ∶ X → R be M-

measurable if it is (M,BR)-measurable.

Proposition 1.3.8

Let fn ∶ X → R be M-measurable. Then supn fn(x), infn fn(x) and lim supn→∞ fn, lim infn→∞ fn(x) are

M-measurable function. Also if fn → f point wise then f is M-measurable.

Proof. Let g(x) := supn fn(x) then g−1((a,∞]) = ∪∞n=1f
−1
n ((a,∞]) ∈M. Similarly: h(x) := infn fn(x) then h−1([−∞, a)) =

∪∞n=1f
−1
n ([−∞, a)). So sup fn, inf fn are measurable.

So gk(x) := supn≥k fn is a measurable function, then we have that

lim sup
n→∞

fn(x) = lim
k→∞

gk(x) = inf
k
gk(x)

is a measurable function. Similarly we can do lim inf fn(x).
If fn → f point wise then f(x) = lim infn→∞ fn(x) = lim supn→∞ fn(x) so f is measurable.

Corollary 1.3.9

If f, g ∶X → R are measurable so are max(f, g) and min(f, g).

For complex valued functions we have:

Corollary 1.3.10

If fn ∶X → C are measurable and fn → f point wise then f is measurable.

Given f ∶ X → R, let f+ :=max(f,0) and f− :=max(−f,0), then f = f+ − f− and moreover we have the following

result:

Lemma 1.3.11

The function f is measurable if and only if f+, f− are.

Similarly we can do the polar decomposition, so given f ∶X → C then f(x) = sgn(f(x)) ∣f(x)∣, where

sgn(z) :=
⎧⎪⎪⎪⎨⎪⎪⎪⎩

z/ ∣z∣ , z ≠ 0

0, otherwise
.

Note that ∣f ∣ is measurable whenever f is, since it is the composition of a continuous and measurable function.

1.3.2 Step Functions

If E ⊂X, let χE ∶X → R be the function defined as:

χE(x) :=
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1, x ∈ E

0, o/w
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note that χE is measurable if and only if E is measurable. A function is said to be simple if it can be written as

f = ∑ni=1 ciχEi for ci ∈ C and Ei ∈M. Note that simple functions are measurable.

Lemma 1.3.12

A map f is simple if and only if f is measurable and the range is a finite set of C.

If the range of f is finite and f is measurable then f−1(im f) = ∪ni=1Ei, clearly if f is simple then its image is a finite

set of C.

Theorem 1.3.13

Let (X,M) be a measurable space:

a) if f ∶ X → [0,∞] is measurable the there exists φn simple non negative such that ∀n ∶ φn(x) ≤ f(x)
and φn

n→∞ÐÐ→ f uniformly on any set on which f is bounded on;

b) if f ∶X → C is measurable we have the same sequence except that it converges uniformly whenever ∣f ∣
is bounded.

Proof. (a) Consider for 0 ≤ n ≤ ∞ and 0 ≤ k ≤ 2n−1 the following sets: Ekn := f−1(k2−n, (k+1)2−n) and Fn := f−1((2n,∞]).
Then define:

φn :=
22n−1

∑
k=0

k2−nχEkn + 2nχFn

this function satisfies φn ≤ f and also φn ≤ φn+1, moreover on the set in which f ≤ 2n the difference 0 ≤ f −φn ≤ 2−n

so the result stated follows.

(b) Just apply part (a) to the positive and negative part of im(f) and re(f) and then let φn :=φ+n − φ−n.

Proposition 1.3.14

If µ is a complete measure, we have:

1. if f is measurable and g = f µ-a.e.a then f is measurable;

2. if fn are measurable and fn(x) → f(x) µ-a.e. then f is measurable.

aThis is point wise except on a set of measure zero.

Proof. (1) Let f = g except on E with µ(E) = 0, then for any set F ∈M we have g−1(F ) = g−1(F ) ∩E ∪ g−1(F ) ∩EC

and g−1(F ) ∩E ⊂ E so it is a null set since it is a complete measure and g−1(F ) ∩EC = f−1(F ) ∩EC is measurable.

(2) If fn → f µ-a.e. then fn(x) → f(x) except on a set E of measure zero. Let gn := fnχEC a measurable function,

then gn(x) → f(x)χEC (x) implies that fχEC is a measurable function and f = fχEC µ-a.e..

Proposition 1.3.15

Let (X,M, µ) be a measure space and (X,M, µ) its completion. If f is µ measurable then there is g M-

measurable such that f = g µ-a.e..

18
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Proof. If f = χE for E ∈ M then E = E1 ∪ F for E1 ∈ M and µ(F ) = 0. Then let g :=χE1 and we are done, so we

obtain the result for any simple f .

Let φn → f point wise with φn simple and M-measurable. Then our ψn = φn except on En ∈M with µ(En) = 0.

Note that µ(∪En) = 0 since there is N null such that ∪En ⊂ N . So let g = limn→∞ ψnχNC which is M-measurable

and g = f except on N .

Let (X,M, µ) and define L+ :={f ∶X → [0,∞],measurable}. If φ ∈ L+ is simple then φ = ∑∞
i=1 ciχEi and define:

∫ φdµ :=
∞
∑
i=1

ciµ(Ei)

with the convention that 0 ⋅ ∞ = 0. If A ∈M then ∫A φdµ = ∫ φχAdµ.

Proposition 1.3.16

Given φ, ψ ∈ L+ we have:

1. ∫ cφdµ = c ∫ φdµ for c ≥ 0;

2. ∫ φ + ψdµ = ∫ φdµ + ∫ ψdµ;

3. if φ ≤ ψ then ∫ φdµ ≤ ∫ ψdµ;

4. for A ∈M define µφ(A) :=∫A φdµ is a measure on M.

Definition 1.3.17

Given f ∈ L+ we define:

∫ fdµ := sup{∫ φdµ ∣ φ ≤ f}

Obviously if f ≤ g we have ∫ fdµ ≤ ∫ gdµ and also that ∫ cfdµ = c ∫ fdµ and ∫ f + gdµ = ∫ fdµ + ∫ gdµ.

Theorem 1.3.18: Monotone Convergence Theorem

f {fn} ⊂ L+ and fn → f monotony increasing then the integral ∫ fdµ = limn→∞ ∫ fn dµ ⇐⇒ ∫ lim fndµ =
lim ∫ fndµ.

Proof. Let cn :=∫ fndµ, then cn ≤ cn+1 so cn → c. As fn ≤ f and f is measurable then cn = ∫ fndµ ≤ ∫ fdµ so

c ≤ ∫ fdµ.

Now let 0 < α < 1 and let φ be simple with φ ≤ f . Define En :={x∣fn(x) ≥ αφ(x)}, then {En} ⊂X forms an expanding

family such that En →X.

Then we have that cn = ∫En fndµ ≥ ∫En αφdµ = αµφ(En). By the limit theorem and taking the limit we have that:

αµφ(∪∞n=1En) = lim
n→∞

αµφ(En) = α∫ φdµ ≤ c

by taking the sup over φ we get that c ≥ α ∫ fdµ and so by taking the sup over α we get the other inequality and

thus the required equality holds.

Corollary 1.3.19

If {fn} ⊂ L+ then ∑∞
n=1 fn ∈ L+ and ∫ ∑∞

n=1 fndµ = ∑∞
n=1 ∫ fndµ.

19
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Theorem 1.3.20

If f ∈ L+ then ∫ fdµ = 0 ⇐⇒ f = 0 µ-a.e..

Proof. (⇐) Assume f ≡ 0 µ-a.e. and let 0 ≤ φ ≤ f be simple, then φ ≡ 0 µ-a.e. but then ∀φ ∶ ∫ φdµ = 0 Ô⇒ ∫ fdµ = 0.

(⇒) Let En = {x∣f(x) > 1
n
} measurable, inverse of a measurable set. We then have that:

f ≥ 1

n
χEn Ô⇒ 0 = ∫ fdµ ≥ 1

n
µ(En) Ô⇒ µ(En) = 0

so E = ∪En = {x∣f(x) > 0} implies that µ(E) = 0 Ô⇒ f = 0 µ-a.e..

Lemma 1.3.21: Fatou

f fn ∈ L+ then: ∫ lim infn→∞ fn(x)dµ ≤ lim infn→∞ ∫ fndµ.

Proof. Let gn := infk≥n fk ≤ fj for j ≥ n, then:

lim
n→∞

gn = lim inf
n→∞

fn(x)

so we have ∀k ≥ n ∶ ∫ gndµ ≤ ∫ fkdµ which implies ∫ gndµ ≤ infk≥n ∫ fkdµ, by monotone convergence we have:

lim inf
n→∞ ∫ gndµ = ∫ lim

n→∞
gndµ ≤ lim

n→∞
inf
k≥n∫ fkdµ

which implies:

∫ lim inf
n→∞

fndµ ≤ lim inf
n→∞ ∫ fndµ

Corollary 1.3.22

If fn(x) → f(x) µ-a.e. then ∫ fdµ ≤ lim infn→∞ ∫ fndµ.

Proof. Let fn(x) → f(x) on E with µ(EC) = 0, then apply Fatou’s Lemma on fnχE .

Corollary 1.3.23

If f ∈ L+, ∫ fdµ < ∞ which implies µ(f−1(∞)) = 0 and {x∣f(x) > 0} is σ-finite.

Proof. Let En :={x∣f(x) ≥ n}, then f ≥ nχEn which implies ∫ fdµ ≥ n ∫ χEndµ = nµ(En). So we have: 0 =
limn→∞

1
n ∫ fdµ ≥ µ(En) so E = {x∣f(x) = ∞} = ∩En has µ(E) = 0. Then let Fn = {x∣x > 1

n
}, F = {x∣f(x) > 0} = ∪Fn,

then f(x) > 1
n
χFn which then ∞ > n ∫ fdµ > µ(Fn).

Hence we have that it is a countable union of finite measurable sets and hence σ-finite.
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1.3.3 Real and Complex Integration

Given f ∶X → [−∞,∞] if at least one of ∫ f+dµ, ∫ f+dµ is finite we define:

∫ fdµ :=∫ f+dµ − ∫ f−dµ

if both are finite we say that f is integrable. Note that ∣f ∣ = f+ + f−, then f is integrable if and only if: ∫ ∣f ∣dµ < ∞.

If f ∶ X → C, f is integrable if and only if ∫ ∣f ∣dµ < ∞. As ∣f ∣ ≤ ∣Ref ∣ + ∣Imf ∣ ≤ 2 ∣f ∣, so f is integrable if and only if

Ref,Imf integrable. We define:

∫ fdµ = ∫ Refdµ + i∫ Imfdµ

we then have the following space:

L1(X,µ) :={f ∶X → C ∣f measurable and ∫ ∣f ∣dµ < ∞}

the space L1(X,µ) is a complete vector space and ∫ is a linear function on L1(X,µ).

Proposition 1.3.24

For f ∈ L1 Ô⇒ ∣∫ fdµ∣ ≤ ∫ ∣f ∣dµ.

Proof. We have:

∣∫ fdµ∣ = ∣∫ f+dµ − ∫ f−dµ∣ ≤ ∣∫ f+dµ∣ + ∣∫ f−dµ∣

= ∫ f+dµ + ∫ f−dµ

= ∫ ∣f ∣dµ

Given a complex valued function on f ∶X → C we have for sgn(f) = α (sgn(f) ⋅ f = f2

∣f ∣ ∈ R):

∣∫ fdµ∣ = α∫ fdµ = ∫ αfdµ = ∫ Reαdµ ≤ ∫ ∣αf ∣dµ = ∫ ∣f ∣dµ

Proposition 1.3.25

If f ∈ L1 than {x∣f(x) ≠ 0} is σ-finite.

Proof. Decompose f = u + iv = (u+ − u−) + i(v+ − v−) then apply σ-finite for real function in L+ to u±, v± to get the

result.

Proposition 1.3.26

the following are equivalent for f, g ∈ L1:

1) ∀E ∈M ∶ ∫E fdµ = ∫E gdµ;

2) ∫ ∣f − g∣dµ = 0;

3) f(x) = g(x) µ-a.e..
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Proof. We have done (2) ⇐⇒ (3) already.

(2) Ô⇒ (1) Let ∫ ∣f − g∣dµ = 0, then:

∣∫
E
f − gdµ∣ = ∣∫ (f − g)χEdµ∣ ≤ ∫ ∣f − g∣χEdµ ≤ ∫ ∣f − g∣dµ = 0

(1) Ô⇒ (2) Let h := f − g = u + iv. Assume one of u±, v± has E = {x∣u+ > 0} positive measure. The real part of the

integral:

Re∫
E
fdµ − ∫

E
gdµ =Re∫

E
f − gdµ = ∫

E
u+dµ > 0

then we cannot have ∀E ∶ ∫E fdµ = ∫E gdµ.

So it does not make sense to alter functions on sets with measure zero. So we define the equivalence relations:

f ∼ g ⇐⇒ f(x) = g(x) µ-a.e..

Note that {f ∶X → R, integrable} are a subset of L1(X,µ) under ∼, moreover ∫ is a linear function the space of

equivalence classes.

Finally we have that L1(X,µ) is a metric space with metric given by:

d(f, g) :=∫
X

∣f − g∣dµ

under this equivalence relation we have that: L1(X,µ) = L1(X,µ), m completion. Since this is a metric space we

have L1 convergence fn → f in L1 if ∫ ∣fn − f ∣dµ→ 0.

Theorem 1.3.27: Lebesgue’s Dominated Convergence Theorem

Let {fn} ⊂ L1 and fn(x) → f(x) µ-a.e. and 0 ≤ f ∈ L1 such that ∀n ∶ ∣fn∣ ≤ g µ-a.e. then f ∈ L1 and

∫ fdµ = limn→∞ ∫ fndµ.

Proof. Take f = u + iv and fn = un + ivn, then un → u and vn → v also ∀n ∶ ∣u∣ , ∣v∣ ≤ g µ-a.e. so un − g and g + un are

greater or equal than zero µ-a.e., then by Fatou:

∫ lim inf(g − un)dµ ≤ lim inf ∫ g − µndµ

which implies that:

∫ lim inf(g − un)dµ ≤ ∫ g − lim sup∫ undµ

∫ gdµ − ∫ udµ ≤ ∫ gdµ − lim sup∫ undµ

Ô⇒ ∫ udµ ≥ lim sup∫ undµ

we also have that:

∫ lim inf(g + un) ≤ lim inf ∫ g + undµ = ∫ gdµ + lim inf ∫ µndµ

∫ gdµ + ∫ udµ ≤ ∫ gdµ + lim inf ∫ undµ

finally:

∫ µdµ ≤ lim inf ∫ undµ ≤ lim sup∫ undµ ≤ ∫ udµ

which yields:

lim
n→∞∫ undµ = ∫ lim

n→∞
undµ

and similarly for v.
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Corollary 1.3.28

If fn ∈ L1 and ∑∞
n=1 ∫ ∣fn∣dµ < ∞ then ∑∞

n=1 fn ∈ L1 and ∫ ∑∞
n=1 fndµ = ∑∞

n=1 ∫ fndµ.

Proof. By monotone convergence:
∞
∑
n=1
∫ ∣fn∣dµ = ∫

∞
∑
n=1

∣fn∣dµ < ∞

so by g :=∑∞
n=1 ∣fn∣ ∈ L1 Ô⇒ ∫ gdµ < ∞ so g < ∞ µ-a.e..

Then g(x) = ∑∞
n=1 ∣fn(x)∣ is finite µ-a.e. so we get that ∑∞

n=1 fn(x) is absolutely convergent µ-a.e..

Define Fn(x) = ∑nk=1 fk(x) ∈ L1, ∀n ∶ ∣Fn(x)∣ ≤ g(x), the by Lebesgue Dominated Convergence:

lim
n→∞

Fn = F ∈ L1

so that:

∫ Fdµ = lim
n→∞∫ Fndµ ⇐⇒ ∫

∞
∑
n=1

fndµ =
∞
∑
n=0
∫ fndµ

Corollary 1.3.29

We have that L1(µ) is a Banach space.

Proof. Let fn be a Cauchy sequence, so we have that:

∀ε > 0 ∶ ∃nε ∶ ∀n,m ≥ nε ∶ ∫ ∣fn − fm∣dµ < ε

Take a subsequence nk such that the distance ∥fnk+1 − fnk∥ < 1
2k

. Let gk := fnk+1 − fnk , we then have that:

∞
∑
i=1
∫ ∣gk ∣dµ ≤

∞
∑
k=1

1

2k
< ∞

so by the previous corollary Gn :=∑Nk=1 gk → G ∈ L1 then limn→∞ fN+1−f1 = G ∈ L1 and in particular: limN→∞ fnN =
f1 +G ∈ L1.

So the subsequence converges in L1 so the whole sequence converges in L1.

Theorem 1.3.30

The simple function are dense in L1.

Proof. Let f ∈ L1 then there is φn → f point wise and ∣φn(x)∣ ≤ ∣f ∣. Consider ∣f − φn∣ ≤ 2 ∣f ∣ ∈ L1 so by Dominated

Convergence limn→∞ ∫ ∣f − φn∣dµ = ∫ limn→∞ ∣fn − φ∣dµ = 0 so we have that φn and f are L1 close.

Now let µ be a Lebesgue-Stieltjes measure on R for some monotone right-cotinuous function: F .
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Corollary 1.3.31

For µ Lebesgue-Stieltjes the simple function over finite unions of open intervals are dense and also continuous

(or smooth) functions with compact support are dense.

Proof. Let f ∈ L1(µ) then there exists φn simple such that ∥f − φn∥ < ε by the prior result. Assume φn = ∑Mn

i=1 c
n
kχ

n
Ek

for disjoint Ek and cnk ≠ 0. It follows that µ(Ek) < ∞. By a previous result given E ∈ M, µ(E) < ∞ there exists F

finite union of open intervals such that µ(E △ F ) < ε for any ε.

Choose Fnk fo Enk such that µ(Enk △ Fnk ) < ε
∣cn
k
∣Mn

. Consider the functions ψn :=∑ cnkχEnk , then:

∫ ∣ψn − φn∣ ≤ ∑∫ ∣cnk ∣ ∣χEnk − χFnk ∣dµ ≤
Mn

∑
k=1
∫ ∣cnk ∣

ε

∣cnk ∣Mn

< ε

then by triangle inequality we get that:

∥f − ψn∥ ≤ 2ε

Given any χ(a,b) we can approximate it by either continuous or smooth function by using continuous or smooth

bump functions so that: ∫ χE − φndµ ≤ 2ε.

Theorem 1.3.32

Let f ∶X × [a, b] → C such that f(−, t) ∶X → C is integrable for all t. For F (t) :=∫ f(x, t)dµ then:

(a) if ∀x, t ∶ ∣f(x, t)∣ ≤ g(x) ∈ L1 and ∀x ∶ limt→∞ f(x, t) = f(x, t0) then: limt→t0 F (t) = F (t0) ⇐⇒
limt→t0 ∫ f(x, t0)dµ = ∫ limt→t0 f(x, t)dµ;

(b) if ∂f
∂t

exists and ∣∂f
∂t

∣ ≤ g(x) ∈ L1 then F ′(t) = ∫ ∂f(x,t)
∂t

dµ.

Proof. (a) For any tn → t0 we have that limn→∞ f(x, tn) = f(x, t0) let fn(x) := f(x, tn) ∈ L1 also ∣fn(x)∣ ≤ g ∈ L1 so

the limn→∞ ∫ fn(x)dµ = ∫ limn→∞ fn(x)dµ = ∫ f(x, t0)dµ.

So we have that limn→∞ F (tn) = F (t0) Ô⇒ limt→t0 F (t) = F (t0).
(b) Let hn(x) := f(x,tn)−f(x,t0)

tn−t0 ∈ L1, then ∣hn(x)∣ ≤ supt∈[a,b] ∣
∂f(x,t)
∂t

∣ ≤ g(x) is is finite µ-a.e. since g is.

We then apply the Dominated Convergence Theorem:

lim
n→∞∫ hn(x)dµ = ∫ lim

n→∞
hn(x) Ô⇒ lim

n→∞
F (tn) − F (t0)

tn − t0
= ∫

∂f(x, t0)
∂t

dµ

this is true for all sequence tn → t0 hence f differentiable at t0 and F ′(t0) = ∫ ∂f(x,t0)
∂t

dµ.

Consider f ∶ R → R measurable with respect to the Lebesgue measure on R. On R the Lebesgue measure is usually

denoted by (R,L,m) and is the unique Lebesgue measure with m((a, b]) = b − a. A function f ∈ L1(m) is said to be

Lebesgue Integrable.

Riemann Integration

Let f ∶ [a, b] → R be a bounded function and take a partition p ∶ a = t0 < t1 < . . . < tn = b, let Ik :=[tk−1, tk] and

Mk := supIk f , mk := infIk f . Let:

Sp(f) :=∑Mk∆tj , sp(f) :=∑mj∆tj , ∆tj := tj − tj−1
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then we define I
b

a(f) := infp∈¶ Sp(f) and Iba := supp∈¶ sp(f). Then we say that f is Riemann Integrable if:

I
b

a(f) = Iba

we then define ∫
b
a fdx := Iba(f) = Iba.

Theorem 1.3.33

Let f ∶ [a, b] → R be bounded, then:

(a) if f is Riemann Integrable then f is Lebesgue with: ∫[a,b] fdµ = ∫
b
a fdx;

(b) the function f is Riemann Integrable if and only if f is discontinuous in a set of measure zero.

Proof. (a) Choose partitions pk such that pk ⊂ pk+1 and Spk(f) → ∫
b
a f(x)dx and so does spk(f). LetGk :=∑kj=1Mjχ(tj−1,tj]

and gk :=∑kj=1mjχ(tj−1,tj] be simple functions and ∣Gk ∣ , ∣gk ∣ ≤ M the bound of f . Hence, G := limk→∞Gk and

g := limk→∞ gk are both measurable and in L1(m).
Then from ∀k ∶ gk ≤ f ≤ Gk we get that g ≤ f ≤ G. By Dominated Convergence: ∫ Fdm = limk→∞ ∫ Gkdm =
limk→∞ Spk(f) and also ∫ gdµ = limk→∞ ∫ gkdµ = limk→∞ spk(f) and they are both equal to ∫

b
a fdx. So we have:

∫ Gdµ = ∫ gdµ = ∫
b

a
fdx Ô⇒ ∫ G − gdµ = 0

but G − g ≥ 0 Ô⇒ G = g µ-a.e. so f = G = g µ-a.e. as m is a complete measure. Moreover, ∫ fdµ = ∫ fdx.

(b) (⇐) Assume f is discontinuous on a set E with µ(E) = 0. As before we have partitions {pk} increasing, so

§pk(f) → I
b

a(f) and spk(f) → Iba(f). LetF :=∪k∈Npk and N = E ∪ F with m(N) = 0. So if x /∈ N we have that

limk→∞Gk(x) = limk→∞ gk(x) as f is continuous at x, so in particular G = g µ-a.e.. Hence, ∫ Gfµ = Iba(f) = ∫ gdµ =
Iba(f) hence f is Riemann Integrable.

So proper Riemann Integrals are equal:

∫
b

a
f(x)dx = ∫[a,b]

fdm

but improper integration does not always hold. Improper absolutely convergent Riemann Integral are Lebesgue but

general ones are not. So if we have absolute convergence: ∫
∞

0 f(x)dx = ∫[0,∞] fdµ.

Example. Let f :=∑∞
n=1

(−1)n−1
n

χ(n−1,n], then: ∫
∞

0 fdx = limt→∞ ∫
t

0 fdx = ∑
∞
n=1

(−1)n−1
n

= γ < ∞.

But since we have not absolute convergence we can rearrange it to get any number which does not make

sense in the Lebesgue setting.

1.4 Product Measures

Given (X,M, µ) and(Y,N, ν) measure spaces we want to produce a measure on (X × Y,M⊗N), which we will call

µ × ν.

Define a premeasure for A ×B ⊂ X × Y with A ∈ M and B ∈ N define π(A ×B) :=µ(A)ν(B) with the convention

that 0 ⋅ ∞ = 0.

Let A be the algebra of finite disjoint unions of rectangles A ×B for A ∈ M and B ∈ N: M(A) = M⊗N and extend

π to A by π(∪nj=1Ai ×Bi) = ∑ni=1 µ(Ai)ν(Bi).
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We need to prove that this is indeed a premeasure. Let A ×B = ∪jAj ×Bj disjoint then χA×B(x⃗) = ∑j χAj×Bj(x⃗)
which we can decompose for x⃗ = (x, y) as:

χA(x)χB(y) = ∑
j

χAj×Bj(x, y) = ∑
j

χAj(x)χBj(y)

integrating with respect to x and by the MCT we get that:

µ(A)χB(y) = ∑
j

µ(Aj)χBj(y)

which implies that π(A × B) = ∑j π(Aj × Bj) and so π is a well defined premeasure. We then let µ × ν be the

extension of π to a measure on M⊗N.

Remark. If µ and ν are σ-finite then π is σ-finite since if X = ∪jEj monotonically with ∀j ∶ µ(Ej) < ∞ and

Y = ∪Fj monotonically with ∀j ∶ ν(Fj) < ∞ we get that:

π(Ej × Fj) = µ(Ej)ν(Fj) < ∞ Ô⇒ X × Y = ∪jEj × Fj

If µ and ν are σ-finite then µ × ν is the unique measure on M⊗N with µ × ν(A ×B) = µ(A)ν(B).
Given E ⊂X × Y we have cross sections at (x, y):

Ex :={y ∈ Y ∣(x, y) ∈ E} Ey :={x ∈X ∣(x, y) ∈ E}

for f a function on X × Y we have fx on Y and fy on X given by fx(y) := f(x, y) = fy(x).

Proposition 1.4.1

1. If E ∈M⊗N Ô⇒ Ex ∈N,Ey ∈M;

2. If f is M⊗N measurable then fx is N-measurable and fy is M-measurable.

Proof. 1. Let R :={E ⊂X × Y ∣Ex ∈N,Ey ∈M}, it is easy to show that this is a σ-algebra which implies that

M⊗N =M(A) ⊂ R which then implies (1).

2. Let f−1
x (E) = [f−1(E)]x hence f measurable implies f−1(E) measurable which implies f−1(E)x ∈ N by (1)

we get that fx is measurable and similarly for fy.

Definition 1.4.2

A monotone class of subsets C ⊂ P(X) in X is a collection of subsets closed under increasing countable

unions and decreasing countable intersections.

If E ⊂ P(X) we define: C(E) :={monotone class generated by E} an elementary set.

Lemma 1.4.3

If A is an algebra then M(A) = C(A).

Proof. HWK
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Theorem 1.4.4

[Fubini-Tonelli] Let (X,M, µ) and (Y,N, ν) be σ-finite we then have that:

(a) if f ∈ L+(X × Y ) then g(x) :=∫ fxdν, h(y) :=∫ fydµ are in L+(X), L+(Y ) respectively with:

∫ fd(µ × ν) = ∫ gdµ = ∫ hdν

(b) if f ∈ L1(µ × ν) then fx ∈ L1(ν) a.e. in x and fy ∈ L1(µ) a.e. in y, g ∈ L1(µ) and h ∈ L1(ν) with:

∫ fd(µ × ν) = ∫ gdµ = ∫ hdν

Proof. (a) At first suppose that µ, ν are finite. Let C :={E∣χE satisfies (a)}. Take En monotonally increasing in C

and let E :=∪∞i=0Ei by taking f :=χEn we get that hn(y) = µ(Eyn) is a measurable function as it is in C and satisfies

(a). We then have that hn ≤ hn+1 and hn → h with h(y) = µ(Ey), by Monotone Convergence we have:

∫ hdν
MC= lim

n→∞
(a)= lim

n→∞
(µ × ν)(E) = µ × ν(E)

by continuity from below of µ × ν. Similarly for gn.

We then have that χE satisfies (a) which implies that E ∈ C which means that C is closed under increasing unions.

Let En ∈ C with En+1 ⊂ En and let E :=∩nEn then hn(y) = µ(Eyn) so hn → h and h(y) = µ(Ey) by continuity from

above.

Note that hn(y) ≤ µ(X) < ∞ and ∫ µ(X)dν = µ(X)ν(Y ) < ∞ so µ(X) ∈ L1(ν) so by DC we get that:

∫ hdν = lim
n→∞∫ hndν = µ × ν(E)

which implies that E ∈ C and C is closed under intersection hence M ⊗N = M(A) = C(A) ⊂ C hence (a) is true for

all χE ∈M⊗N.

If X, Y are σ-finite then X ×Y = ∪∞i=1Xi ×Yi finite and increasing. Define Ei = E ∩(Xi ×Ei) apply to χEi on Xi ×Yi,
then:

χEi(x, y) = χXi(x)χYi(y)χE(x, y)

and:

µ × ν(Ei) = ∫ χXi(x)ν(Ex ∩ Yi)dµ

by Monotone Convergence of the RHS we get:

µ × ν(E) = ∫ ν(Ex)dµ = ∫ µ(Ey)dν

For f ∈ L+ note that (a) is true for f = χE which implies true for simple function. We then have φn ≤ φn+1 with

φn → f and by Monotone Convergence we get the result for f .

(b) For f ∈ L1(µ×ν) we prove it on f+, f− ∈ L+ and ∫ f+d(µ×ν) < ∞ and ∫ f+d(µ×ν) = ∫ h+(y)dν hence h+(y) < ∞
y-a.e. which means that ∫ fydµ < ∞ ν-a.e.. then combining the result for f+ and f− we get it for f = f+ − f−.

Remark. The measure µ×ν is almost never complete since even if (X,M, µ) and (Y,N, ν) are both complete

we could have that for A ⊂ Y not measurablea and for N ∈M such that µ(N) = 0 we have that E :=N ×A /∈
M ⊗N as Ex = N but then N ×A ⊂ N × Y and so 0 ≤ µ × ν(N ×A) ≤ µ × ν(N × Y ) = µ(N)ν(Y ) = 0 hence
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µ × ν is not complete.
aBy Vitali we have such a set.

Theorem 1.4.5

[Fubini-Tonelli Complete measures] Let (X,M, µ) and (Y,N, ν) be complete and σ-finite. Let (X × Y,L, λ)
be a completion of (X × Y,M⊗N, µ × ν) we have that:

(a) if f ∈ L+(λ) then g(x) :=∫ fxdν, h(y) :=∫ fydµ are in L+(X), L+(Y ) respectively with:

∫ fdλ = ∫ gdµ = ∫ hdν

(b) if f ∈ L1(λ) then fx ∈ L1(ν) a.e. in x and fy ∈ L1(µ) a.e. in y, g ∈ L1(µ) and h ∈ L1(ν) with:

∫ fdλ = ∫ gdµ = ∫ hdν

We define (Rn,Ln,mn) the Lebesgue Measure on Rn as the completion of (Rn,L⊗n,m⊗n) and is the same as the

completion of (Rn,BRn ,m
⊗n) by uniqueness of the completion.

Theorem 1.4.6

If E ∈ Ln then:

1. m(E) = inf{m(U)∣E ⊂ U,U ∈ τRn} = sup{m(K)∣K ⊂ E, compact};

2. E = B1 ∪N1 = B2 ∖N2 for Bi Borel sets and Ni Lebesgue null sets;

3. if m(E) < ∞ there is a finite collection of rectangles with integral size such that R = ∪ki=1Ri satisfying

m(E △R) < ε. Moreover, we can take rectangles with disjoint interior and non zero side.

Proof. 1. By definition of outer measure there exists Tj rectangles such that:

∞
∑
j=1

m(Tj) < m(E) + ε

Now approximate Tj by open rectangles Tj ⊂ Uj:

m(Uj) ≤ m(Tj) +
ε

2j

then:

E ⊂ ∪Uj = U ∈ τRn

such that:

m(U) ≤ ∑m(Uj) ≤ ∑m(Tj) +
ε

2j
≤ m(E) + 2ε

Hence, m(E) = inf{m(U)∣E ⊂ U,U ∈ τRn}. Then m(E) = sup{m(K)∣K ⊂ E,K compact} is as the 1-dimensional

case.

2. Similarly.
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3. We have K ⊂ ∪Nj=1Rj ⊂ U and if we let R :=∪nj=1Rj we have:

m(E △R) < 2ε

Now subdivide the rectangles in R such that they are all disjoint and such that they are all of the form

[a′i × b′i] × [ai × bi].

Theorem 1.4.7

If f ∶ Rn → R such that f ∈ L1(mn) then for ε > 0 there exists simple functions, φ = ∑ajχRj , with Rj product

of intervals such that:

∫ ∣f − φ∣dm < ε

Proof. Approximate f by simple functions: φ = ∑ ciχEi . Now approximate Ei with Ri = ∪nij=1R
i
j disjoint rectangles:

m(Ei△Ri) <
ε

N max ∣ci∣

then let ψ :=∑i,j ciχRij and we are done. If g is continuous just approximate χR by continuous bump functions or

also by smooth simple functions.

The Lebesgue measure is invariant under translations Ta ∶ Rn → Rn for a ∈ Rn and Ta(x) :=x + a.

Theorem 1.4.8

If E ⊂ Ln then Ta(E) ∈ Ln and if f ∶ Rn → C is Lebesgue measurable then f ○ Ta is Lebesgue measurable.

Moreover, if f ∈ L+ or L1then f ○ Ta is in L+ or L1 respectively.

Proof. Note that Ta is a continuous function hence T −1
a (B) is a Borel set for a Borel set. Then Ta(B) = B+a = T −1

−a (B)
is Borel, hence Ta preserves Borel sets.

For E a rectangle m(Ta(E)) = m(E) by the one dimensional case, then by uniqueness of extensions m(Ta(B)) =
m(B) for all Borel sets.

In particular if m(B) = 0 then m(Ta(B)) = 0 for all Borel sets. If E ∈ Ln then E = B ∪N for N ⊂ N1 a Borel null set,

hence:

m(Ta(E)) = m(Ta(B) ∪ Ta(N)) = m(Ta(B)) = m(B) = m(E)

since Ta(N) ⊂ Ta(N1) which is a Borel null set.

Given f ∶ Rn → C Lebesgue Measurable, then:

(f ○ Ta)−1(E) = T −1
a (f−1(E)) = T −1

a (E1 ∪N1) = T −1
a (E1)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Borel

∪T −1
a (N1)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
null set

hence is an element of L.

Note for f = χE:

∫ f ○ Ta = ∫ χT−1a (E) = m(T −1
a (E)) = m(E) = ∫ f

which implies true for simple functions by linearity. By monotonicity we obtain the result for L+ functions and then

for f ∈ L1 by just applying to the positive and negative parts.

29



MATH 425a Notes ∼ YQL 1.4 - Product Measures Current file: 525b_Notes.tex

1.4.1 Outer Inner Content

Consider the lattices 2−k Zn ⊂ Rn and let Qk be the collection of closed cubes with length 1
2k

and vertices 1
2k

Zn.

Given a set E then define:

A(E,k) :={Q ∈ Qk ∣Q ⊂ E} A :={Q ∈ Qk ∣Q ∩E ≠ ∅}

which yields:

A(E,k) ⊂ E ⊂ A(E,k)

we then have:

A(E) :=∪kA(E,k) A(E) :=∩kA(E,k) Ô⇒ A(E) ⊂ E ⊂ A(E)

are all Borel sets, then K(E) :=m(A(E)) and K(E) :=m(A(E)). If K(E) =K(E) then E is Lebesgue measurable.

Lemma 1.4.9

For U ⊂ Rn open then U = A(U) and U is a countable union of cubes with disjoint intersection.

Proof. Since A(U) ⊂ U it is sufficient to prove U ⊂ A(U). Let x ∈ U then there exists δ > 0 such that Bδ(x) ⊂ U , for

k >> 0 there is Q ∈ Qk with 2−k < δ such that x ∈ Q and Q ⊂ Bδ(x), then x ∈ A(U).
Now A(U,0) ∪⋃∞k=1(A(U,k) ∖A(U,k − 1)) = A(U) is a countable union of cubes all of which have disjoint interiors,

and U is a disjoint union of cubes so m(U) =K(U).

This immediately tells us that the Lebesgue measure of any open set is equal to tits inner contant.

Lemma 1.4.10

Let C be compact, then m(C) =K(C).

Proof. Compactness gives C ⊂ Q = [−2N ,2N ]n for some N >> 0. So we have that:

]∀k ∶ A(C,k) +A(Q ∖C,k) = Q Ô⇒ m(A(C,k)) +m(A(Q ∖C,k)) = m(Q)

so we have:

lim
k→∞

(m(A(C,k)) +m(A(Q ∖C,k))) = m(Q)

and so:

K(C) +m(Q ∖C) = m(Q) Ô⇒ K(C) = m(C)

Lemma 1.4.11

If T ∈ GLn(R) and f is Lebesgue measurable then f ○T is Lebesgue measurable and for f ∈ L+(m) or L1(m),
we have:

∫ fdm = ∣detT ∣ ∫ (f ○ T )dm
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Proof. Consider the elementary linear maps: T1(x⃗) = (x1, . . . , cx1, . . . , xn), T2(x⃗) = (x1, . . . , xi + cxj , . . . , xn) and

T3(x⃗) = (x1, . . . , xj , . . . , xi, . . . , xn).
Any T ∈ GLn(R) is a product of the above. Note that if S,T satisfy the Lemma then:

∫ fdm = ∣detS∣ ∫ f ○ Sdm = ∣detS∣ ∣detT ∣ ∫ (f ○ S) ○ Tdm = ∣det(S ○ T )∣ ∫ f(S ○ T )dm

So we only need to prove the Lemma for T1, T2 and T3. Assume f is Borel measurable then f ○T is Borel measurable

then by Fubini Theorem on f = χE Borel we get that the formula holds for T1, T2 and T3 by changing the order of

the integration. Moreover if E is Borel since T −1 is continuous we have that T (E) is a Borel set, then by considering

f :=χT (E) we get: m(T (E)) = ∣detT ∣m(E). In particular Borel null sets are invariant under T −1, T and so is Ln.

By linearity we then get the result for simple functions, then by monotone convergence theorem we get it for L+

function and then to L1 functions.

Theorem 1.4.12

Let Ω ⊂ Rn be an open domain, G ∶ Ω → Rn a C1 diffeomorphism. If f is Lebesgue on g(Ω) then f ○G is

Lebesgue on Ω and f ∈ L+, f ∈ L1 implies:

∫
G(Ω)

fdm = ∫
Ω
(f ○G) ∣det (DG)∣dm

Proof. In Rn define ∥x∥ :=max ∣xj ∣, for T ∈ GLn(R) define ∥T ∥ := supx≠0
∥T ∥(x)
∥x∥ we then have that: ∥T (x)∥ ≤

∥T ∥ ∥x∥. If F is a C1 diffeomorphism on a cube Q, then we have the following upper bound: m(F (Q)) ≤
supx∈Q ∥DxF ∥nm(Q).
As G is a C1 diffeomorphism on a cube Q then there is δ > 0 such that:

∀x, y ∶ ∥x − y∥ < δ ∶ ∥(DxG)−1DyG∥n ≤ 1 + ε

Decompose Q into cubes Qj about points xj of size less than δ:

m(GQ) ≤
∞
∑
1

m(GQj) ≤ ∑
j

∣det (DxjG)∣m(DG−1
j (GQj))

≤ (1 + ε)∑
j

∣det (DxjG)∣m(Qj)

≤ (1 + ε)j ∫ ∣det (DxjG)∣χQj by DCT

by ε→ 0 we have:

m(GQ) ≤ ∫
Q
∣det(DxG)∣dm

Now if U is open we have that U = ∪∞j=1Qj with disjoint interior. So:

m(G(U)) = m(G(∪Qj)) ≤ ∑m(G(Qj))

which gives:

m(G(U)) ≤ ∑∫
Qj

∣det(DxG)∣dm = ∫
U
∣det(DxG)∣dm

Now for E Borel and m(E) < ∞ we have E ⊂ Uj open with m(Uj) ≤ m(E) + 1
j
, then V :=∩∞j=1Uj and m(V ∖E) = 0.
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So:

m(G(E)) ≤ m(G(V )) = lim
n→∞

m(G(∩nj=1Uj
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

:=Un

)) =

≤ lim
n→∞∫Un

∣det(DxG)∣ by DCT

≤ ∫
V
∣det(DxG)∣ = ∫

E
∣det(DxG)∣

so m is σ-finite which implies that for a Borel set E we can decompose it E = ∪jEj , with Ej ⊂ Ej+1 ∶ m(Ej) < ∞,

then:

m(G(E)) = m(G(∪jEj)) = m(∪(G(Ej))) =

= lim
n→∞

m(G(Ej)) ≤ lim
j→∞∫Ej

∣det(DxF )∣

≤ ∫
E
∣det(DxG)∣

If E is Lebesgue then E = B ∪N with N null, N ⊂ N1 Borel null:

m(G(E)) ≤ m(G(B)) +m(G(N)) ≤ ∫
B
∣det(DxG)∣ + 0

So:

m(G(E)) ≤ ∫
B
∣det(DxG)∣ = ∫

E
∣det(DxG)∣

thus we proved inequality for E ∈ L:

m(G(E)) ≤ ∫
E
∣det(DxG)∣

so for φ = χG(E) we have:

∫
G(Ω)

φ ≤ ∫
Ω
φ ○G ∣det(DxG)∣

then by linearity is true for φ ∈ L+ simple and so for arbitrary measurable functions by monotonicity, so for f ∈ L+:

∫
G(Ω)

fdm ≤ ∫
Ω
f ○G ∣det(DxG)∣dm ≤ ∫

G(Ω)
f ○G ○G−1 ∣det(DG(x)G)∣ ∣det(DxG

−1)∣ = ∫
G(Ω)

fdm

So we have equality for f ∈ L+ and for f ∈ L1 by linearity on f+, f−.

Overview of Integration

We have the following:

• For f ∶X → Y and (X,M), (Y,N) is (M,N)-measurable if and only if f−1(E) ∈M∀e ∈M.

• So f ∶X → R or (R,C) is M-measurable if is (M,B)-measurable for B the Borel sets.

• For f ∶ X → R+ or (C) we can approximate by simple functions from below. For f ∈ L+(µ) we have:

∫ fdµ := sup0≤φ≤f ∫ φdµ.

Theorems: The following are some of the fundamental theorem for integration:

1. Monotone Convergence Theorem: If fn ∈ L+ and fn(x) → f(x) from below then f ∈ L+ and ∫ fndµ→ ∫ fdµ.

2. Fatou: if fn ∈ L+ ∶ ∫ lim inf fn ≤ lim inf ∫ fn.

3. Lebesgue Dominated Converge: for fn ∈ L1(µ) and fn(x) → f(x) with ∣fn∣ ≤ g ∈ L1 then f ∈ L1 and fn
L1Ð→ f

and also ∫ fn → ∫ f .
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4. Product Measure: for two measurable spaces (X,M, µ) and (Y,N, ν) we have π(A ×B) = µ(A)ν(B), π is a

pre-measure on the algebra A of disjoint unions of rectangles which extends to a measure by Carathéadory:

then (X × Y,M⊗N, µ × ν).

5. Fubini-Tonelli: If f ∈ L+(µ × ν), µ, ν are σ-finite then:

g(x) :=∫ fxdν h(y) :=∫ fydµ g, h ∈ L1

and:

∫ fd(µ × ν) = ∫ gdµ = ∫ hdν

if f ∈ L1(µ × ν) and σ-finite, then g, h ∈ L1 and:

∫ fd(µ × ν) = ∫ gdµ = ∫ hdν

6. Lebesgue measure on Rn: we have that (Rn,Ln,mn) completion if (Rn,BRn ,m × . . . ×m) also the completion

of: (Rn,L⊗ . . .⊗L,m × . . . ×m).

Proposition 1.4.13

If E ∈ Ln then

1. mn(E) = inf{mn(U)∣E ⊂ U open} = sup{mn(K)∣K ⊂ E compact};

2. E = B1 ∪N1 = B2 ∖N2 for Bi-Borel and Ni a null set.

3. m(E) < ∞ there exists a rectangles with disjoint interior and interval sides such that: m(E△∪n1Ri) < ε.

Proof. Define Ta(x) :=x + a then m(Ta(E)) = m(E) and T ∈ GLn(R), then:

detT ∫
E
f ○ T = ∫

E
f

since G ∶ Ω→ Rn is a C1 diffeomorphism:

∫
G(Ω)

f = ∫
Ω
f ○G ∣det(DxG)∣

1.5 Signed Measure and Differentiation of Measures

The motivation is to compare two measures µ, ν on (X,M) does limE→{x}
µ(E)
ν(E) makes sense?

1.5.1 Signed Measure

Definition 1.5.1

A signed measure on (X,M) is a function ν ∶M→ [−∞,∞] such that it satisfies:

1. ν(∅) = 0;

2. ν only assumes at most one of +∞ or −∞;
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3. Ei ∈M are disjoint then ν(∪Ei) = ∑∞
i=1 ν(Ei) and is absolute convergent.

if ν ∶M→ [0,∞] is positive, if ν ∶M→ [−∞,0] we say is negative.

Example.

1. If m1, m2 are regular measures with one of them finite then: ν = m1 −m2 is a signed measure;

2. If f ∶X → R is measurable with one of ∫ f+, ∫ f− finite, then: ν(E) :=∫E fdµ is a signed measure.

Observations: If E ⊂ F ∈M and ν(E) = ±∞ Ô⇒ ν(F ) = ±∞ since:

ν(F ) = ν(E) + ν(F ∖E) = ∞+ ν(F ∖E) = ∞+ c

for c > −∞ since ν only attains one of the infinite.

Proposition 1.5.2

Let ν be a signed measure on (X,M), then if {Ej} is an expanding sequence in M: ν(∪Ej) = limj→∞ ν(Ej).
If {Ej} is a shrinking sequence in M and ν(E1) < ∞ then ν(∩Ej) = limj→∞ ν(Ej).

Proof. Let Fj = Ej ∖Ej−1 then ∪Ej = ∪Fj and they are disjoint, so we have:

ν(∪Ej) = ν(∪Fj) =
∞
∑
j=1

ν(Fj) =
∞
∑
j=1

(ν(Ej) − ν(Ej−1)) = lim
n→∞

n

∑
j=1

(ν(Ej) − ν(Ej−1)) lim
n→∞

ν(En)

the other one is similar.

Definition 1.5.3

A set E ∈M is positive if for all F ⊂ E, F ∈M and ν(F ) ≥ 0. Similarly we define negative and null sets.

Lemma 1.5.4

1. If E is positive and F ⊂ E then F is positive.

2. If Ei are positive then E = ∪∞i=1Ei is positive.

Proof. 1. Obvious.

2. Take F ⊂ E = ∪Ei = ∪Fi with Fi ⊂ Ei disjoint. Then F = ∪∞i=1F ∩ Fi each of them is positive so: ν(F ) =
∑∞
i=1 ν(F ∩ Fi) > 0.

Same holds for negative and null sets.
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Theorem 1.5.5: Hahn Decomposition

If ν is a signed measure on (X,M) there exists positive and negative sets P , N for ν with P ∪N = X and

P ∩N = ∅. Furthermore if P ′ and N ′ is another such pair satisfying this then: P △ P ′,N △N ′ are null.

Proof. Without loss of generality assume ν does not attain +∞, let m = sup{ν(E)∣E positive} < ∞, then there exists

Pi such that ν(Pi) → m, let P = ∪Pi which is positive and ν(P ) = m < ∞. Hence P has maximal measure over all

positive sets, look at N =X∖P if Null we are done. If E ⊂ N and E positive with ν(E) > 0 then m was not maximal:

ν(E ∪ P ) = ν(E) + ν(P ) > m and E ∪ P is positive hence a contradiction.

So N contains no positive sets of positive measure. So if B ⊂ N and ν(B) > 0 then there exists C ⊂ B with ν(C) < 0,

now let A :=B ∖C ⊂ B, then ν(A) = ν(B) − ν(C) > ν(B) > 0.

If N is non negative we can define a particular sequence of sets in N . Let n1 be the smallest integer such that there

is B ⊂ N with ν(B) > 1
n1

. Let A1 be such a set satisfying ν(A1) ≥ 1
n1

, assume A1, . . . ,Aj−1 are defined, then there

exists some B ⊂ Aj−1, ν(B) > ν(Aj−1) + 1
nj

, where nj is the smallest such integer.

Let Aj satisfy the above, then A :=∩∞j=1Aj and ∞ > ν(∩∞j=1Aj) = limn→∞ ν(Aj) > ∑∞
j=1

1
nj

then nj →∞ as j →∞.

But we can choose B ⊆ A with ν(B) > ν(A) + 1
n

for some smallest n. But B ⊂ Aj Ô⇒ ∀j ∶ nj ≤ n, then:

ν(A) + 1

n
< ν(B) ≤ ν(Aj)

which implies that ∑ 1
nj

diverges which is a contradiction.

Suppose we have another pair P ′, N ′ another decomposition, then:

P ∖ P ′ ⊂ P, P ∖ P ′ = N ′ ∖N ⊂ N ′

so the difference is both positive and negative which is equivalent to null and similar for P ′ ∖ P .

Definition 1.5.6

Given µ, ν signed measure, they are mutually singular if ∃E,F ∈ M with E ∪ F = X and E ∩ F = ∅ with E

null for µ, E null for ν and we write µ ⊥ ν.

Theorem 1.5.7

If ν is a signed measure then there exists a unique positive measure ν+, ν− such that ν = ν+ −ν− and ν+ ⊥ ν−.

Proof. Let P , N be an Hahn decomposition of ν. Then:

∀F ∈M ∶ ν+(E) :=ν(E ∩ P ) ν−(E) :=−ν(E ∩N)

ν = ν+ − ν− and ν+ ⊥ ν− with E = P,F = N uniqueness let:

ν = µ+ − µ− µ+ ⊥ µ−

then there exists: EmF ∶ E ∪F =X and E ∩F = ∅, µ+(F ) = 0 = µ−(E) which implies E,F are positive and negative

sets for ν. Then P △E, N △ F are null for ν, so:

A ∈M ∶ µ+(A) = µ+(A ∩E) = ν(A ∩E) = ν(A ∩ P ) = ν+(A)

Since ν = ν+ − ν− one of them has to be finite since signed measure attain either +∞ or −∞.
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Definition 1.5.8

We define for ν a signed measure the total variation ∣ν∣ = ν+ + ν−. Note that for E ∈M it is ν-null if and only

if ∣ν∣ (E) = 0. Moreover we have the following:

ν ⊥ µ ⇐⇒ ∣ν∣ ⊥ µ ⇐⇒ ν+ ⊥ µ, ν− ⊥ µ

For ν = ν+ − ν− we have that: µ = ∣ν∣ and f = χP − χN we get:

∫
E
fdµ = ν(E)

so for ν any signed measure then:

ν = ∫ fdµ

for f = χP − χN and µ = ∣ν∣.

Definition 1.5.9

Let L1(ν) = L1(ν+) ∩L1(ν−) then ∫ fdν = ∫ fdν+ − ∫ fdν− and f is integrable if one of them is finite.

Definition 1.5.10

Given µ, ν measures on (X,M) ν is absolutely continuous with respect to µ if ∀E such that µ(E) = 0 then

ν(E) = 0 and we write ν ≪ µ.

Similarly if ν is a signed measure and µ is a positive measure we have that: µ(E) = 0 Ô⇒ E ν-null and ∣ν∣ (E) = 0.

Note: ν ≪ µ if and only if ∣ν∣ ≪ µ if and only if ν+, ν− ≪ µ.

If ν ≪ µ and ν ⊥ µ then ν = 0. If ν ⊥ µ then there is E,F with E ∪F =X with E ∩F = ∅ such that µ(E) = ∣ν∣ (F ) = 0

since ν ≪ µ Ô⇒ ∣ν∣ (E) = 0 which implies ∣ν∣ (X) = 0.

Lemma 1.5.11

Let ν finite, µ positive, then ν ≪ µ ⇐⇒ given ε > 0 there exists δ > 0 such that ∣ν(E)∣ < ε for µ(E) < δ.

Proof. (⇐Ô ) Assume µ(E) = 0 and pick ε = 1
n

then ∀n ∶ ∣ν(E)∣ ≤ 1
n

which implies ∣ν(E)∣ = 0 and apply this to E ∩P
and E ∩N :ν+(E))ν(E ∩ P ) ≤ ∣ν∣ (E) = 0 and ν−(E) = ν(E ∩N) ≤ ∣ν∣ (E) = 0 hence we have that ν(E) = 0.

(Ô⇒ ) As ∣ν(E)∣ < ∣ν∣ (E) we only need to show it for ∣ν∣. Assume is not true, then there is ε > 0 such that for δ = 2−n

there exists En with:

∣ν(En)∣ > ε, ∣µ(En)∣ ≤ 2−n

Let Fk :=∪∞j=kEj and F = ∩∞k=1Fk, then:

∀k ∶ µ(F ) ≤ µ(Fk) ≤
∞
∑
j=k

2−j = 21−k Ô⇒ µ(F ) = 0

which is a contradiction since ∀k ∶ ν(Fk) ≥ ε and since ν is finite we have:ν(F ) = limn→∞ ν(Fk) ≥ ε so that is not

true that ν ≪ µ.

If µ has positive measure, then f ∈ L1(µ). For any ε > 0 there exists δ > 0 such that ∣∫E fdµ∣ ≤ ε for all µ(E) < δ.
For signed measure if f ∈ L1(µ) for µ a positive measure then ν(E) = ∫E fdµ defines a signed measure, write

dν = fdµ. Note fdµ≪ µ.
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Lemma 1.5.12

If ν,µ are finite measures on (X,M) then ν ⊥ µ or ∃ε > 0 and E ∈M with µ(E) > 0 nad ν ≥ εµ on E.

Proof. Consider the signed measure ν − 1
n
µ. We then have by the Hahn-Decomposition that X = Pn ∪Nn.

Let P = ∪Pn and N = ∩nNn = PC as ∀n ∶ N ⊂ Nn we have that N is negative for ν − 1
n
µ for all n.

For E ⊂ N we have ν(E) − 1
n
µ(E) ≤ 0 so ∀n ∶ 0 ≤ ν(E) ≤ 1

n
µ(E) so ∀E ⊂ N we have that ν(E) = 0 so in particular

ν(N) = 0. If µ(P ) = 0 then ν ⊥ µ.

Otherwise µ(P ) > 0 implies that µ(Pn) > 0 for some n and µ(P ) ≤ ∑n µ(Pn) and Pn is a positive set for ν − 1
n
µ, then

pick F ⊂ E with ν(F ) ≥ µ(F )
n

is the required positive set.

Theorem 1.5.13: Lebesgue-Radon-Nikodym

Let ν signed and σ-finite and µ σ-finite on (X,M). Then there exists unique σ-finite signed measures λ, ρ on

(X,M) such that:

ν = λ + ρ, λ ⊥ µ, ρ = fdµ, f extendeda µ-integrable µ-a.e.
aWe have that f ∶ X → R∪{∞}.
aWe have that f ∶ X → R∪{∞}.
aWe have that f ∶ X → R∪{∞}.
aWe have that f ∶ X → R∪{∞}.

Proof. First suppose that µ and ν are finite. Let:

F :={f ∶X → [0,∞] measurable∣∀E ∈M ∶ ∫
E
fdµ ≤ ν(E)}

since f ≡ 0 ∈ F so we have that F ≠ ∅. If f, g ∈ F then so is max(f, g) so let h :=max(f, g):

∫
E
hdµ = ∫{f≤g}∩E

hdµ + ∫{f>g}∩E
hdµ = ∫

E1

fdµ + ∫
E2

gdµ ≤ ν(E1) + ν(E2) = ν(E)

Let m := sup{∫X fdµ∣f ∈ F} with m < ν(X) < ∞. Let fn ∈ F such that ∫ fndµ→m and let gn :=max{f1, . . . , fn} then

gn ≤ gn+1 and they converge to g = sup fn. Thus:

∫ fndµ ≤ ∫ gndµ Ô⇒ m ≤ lim
n→∞∫ gndµ

Since {gn} ∈ F we have that limn→∞ ∫ gndµ =m, then by the MCT we get:

∫ gdµ = lim
n→∞∫ gndµ =m

and also:

∫
E
gdµ = lim

n→∞∫E gndµ < ν(E)

so g ∈ F.

Now let dλ :=dν − gdµ for g ∈ F, this is a positive measure. Now by the previous Lemma either λ ⊥ µ Ô⇒ dν =
dλ + gdµ and so ν = λ + ρ, λ ⊥ µ and ρ ≪ µ, or there is ε > 0 and E ∈ M with µ(E) > 0 and λ ≥ εµ on E. Now let

h := g + εχE , then:

(g + εχE)dµ = gdµ + εχEdµ ≤ gdµ + dλ ≤ dν Ô⇒ g + εχE ∈ F

But ∫ g + εdχEdµ = ∫ gdµ + εµ(E) =m + εµ(E) >m which is a contradiction, hence we are done.

For uniqueness if ν = λ′ + ρ′ then λ − λ′ ⊥ u and ρ′ − ρ≪ µ but λ − λ′ = ρ′ − ρ = 0 so they are the same.
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Now g is well defined µ-a.e. and ρ := fdµ = f ′dµ implies that:

∀E ∶ ∫
E
fdµ = ∫

E
f ′dµ Ô⇒ ∫

E
(f − f ′)dµ = 0

so f = f ′ µ-a.e..

For the σ-finite we have that X = ∪Ej = ∪Fj for Ej and Fj disjoint finite sets for µ and ν respectively, by taking

intersections we obtain a sequence Aj such that X = ∪Aj and Aj are finite for both µ and ν. We then define

µj(E) :=µ(E ∩Aj) and νj(E) :=ν(E ∩Aj). By the above we have that ∀j ∶ dνj = dλj + fjdµj with λj ⊥ µj . Since

µj(ACj ) = νj(ACj ) = 0 we have that ∀j ∶ λj(ACj ) = νj(ACj ) − ∫ACj fjdµj = 0 so we may assume that fj ∣ACj = 0. Then

let λ :=∑j λj and f :=∑j fj and we have that dν = dλ + fdµ with λ ⊥ µ by exercise 4.9 and dλ and fdµ are σ-finite

as desired. Uniqueness is the same.

If ν is a signed measure we apply all the above to ν+ and ν− respectively.

Remark. This theorem tells us that given a signed σ-finite measure we can compare it to any given µ

σ-finite and we get that:

ν = λ + fdµ λ ⊥ ν ρ := fdµ≪ µ

Corollary 1.5.14

If ν ≪ µ then dν = fdµ (ν(E) :=∫E fdµ) and f is well defined µ-a.e..

The map f is called the Radon-Nykodim derivative and we write dν
dµ

= f , so:

dν = (dν

dµ
)dµ Ô⇒ ν(E) = ∫

E
dν = ∫ g (dν

dµ
)dµ

Proposition 1.5.15: Chain Rule

If ν is a signed measure and σ-finite, µ, λ σ-finite positive measures, such that ν ≪ µ≪ λ then:

1. if g ∈ L1(ν) then g dν
dµ

∈ L1(µ) and ∫ gdν = ∫ g dν
dµ
dµ;

2. ν ≪ λ and dν
dλ

= dν
dµ

dµ
dλ

λ-a.e..

Proof. Consider ν+, ν− separately and add. Assume ν,µ, λ positive and σ-finite. Then:

1. For E ∈M we have: ν(E) = ∫E dν = ∫E
dν
dµ
dµ = ∫ dν

dµ
χEdµ, then is true for simple positive function so it is true

for L+(ν) by MCT and then to L1(ν) by linearity.

2. Transitivity is obvious since:

ν(E) = ∫
E

dν

dµ
dµ

(1)= ∫
E

dν

dµ

dµ

dλ
dλ

so we have:

ν(E) = ∫
E

dν

dλ
dλ = ∫

dν

dµ

dµ

dλ
dλ

hence we have that dν
dλ

= dν
dµ

dµ
dλ

λ-a.e..
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Corollary 1.5.16

If µ≪ λ and λ≪ µ then dµ
dλ

dλ
dµ

= 1 almost everywhere with respect to both µ and λ.

1.5.2 Complex Measures

A complex measure ν on (X,M) is a function ν ∶M→ C such that:

1. ν(∅) = 0;

2. {Ei} ⊂M disjoint then ν(∪Ei) = ∑ν(Ei) is absolutely convergent.

If ν is a finite signed measure then ν is complete. If f in L1(µ,C) then fdµ is complex.

If ν is complex then we can decompose it as ν = νr + iνi with νr and νi finite and signed. We then have that:

L1(ν) :=L1(νr) ∩L1(νi) and ∫ fdν :=∫ fνr + i ∫ fdνi.
Now for ν and µ complex we have that ν ⊥ µ if µr ⊥ νr, µr ⊥ νi, µi ⊥ νr and µi ⊥ νi. If µ complex and ν is positive

measure we have that: µ≪ ν if µr ≪ ν and µi ≪ ν.

Theorem 1.5.17: Lebesgue-Radon-Nykodim

Let ν signed and σ-finite and µ σ-finite on (X,M). Then there exists unique σ-finite signed measures λ, ρ on

(X,M) such that:

ν = λ + ρ, λ ⊥ µ, ρ = fdµ, f extended µ-integrable µ-a.e.

(Extended means that we have f ∶X → R∪{∞}.)

Proof. Apply to νi and νr separately.

Note that ν ≪ µ Ô⇒ dν = fdµ for f ∈ L1(µ) hence dν
dµ

= f ∈ L1(µ).

Total Variation

Let ν be a complex measure.

Definition 1.5.18

We define ∣ν∣ by d ∣ν∣ = ∣f ∣dµ where ν = fdµ

This is unique since, suppose that dν = f1dµ1 = f2dµ2, we can then compare the 2 measure by ρ = µ1+µ2 Ô⇒ µ1 ≪
ρ,µ2 ≪ ρ. We also have that dν = f1dµ1 = f1

dµ1

dρ
and dρ = f2

dµ2

dρ
dρ hence: f1

dµ1

dρ
= f2

dµ2

dρ
ρ-a.e..

Note that all µ1, µ2 are positive measures we have that dµ1

dρ
≥ 0. We have that:

∣f1∣
dµ1

dρ
= ∣f1

dµ2

dρ
∣ = ∣f2∣

dµ2

dρ
ρ-a.e.

hence:

∣f1∣dµ1 = ∣f1∣
dµ1

dρ
dρ

(∗)= ∣f2∣
dµ2

dρ
dρ = ∣f2∣dµ2

where the (*) equality comes from the fact that the two expressions are the same ρ-a.e..

For the existence part it suffices to take µ := ∣νr ∣ + ∣νi∣.
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Proposition 1.5.19

For ν complex on (X,M) we get:

1. ∣ν(E)∣ ≤ ∣ν∣ (E);

2. ν ≪ ∣ν∣ and ∣ dν
d∣ν∣ ∣ = 1 ∣ν∣-a.e.;

3. L1(ν) = L1(∣ν∣) and ∣∫ fdν∣ ≤ ∫ ∣f ∣d ∣ν∣.

Proof. 1. We have ν = fdµ and ∣ν∣ = ∣f ∣dµ, ν(E) = ∫E fdµ = ∣ν(E)∣ = ∣∫E fdµ∣ ≤ ∫E ∣d∣µ = ∣ν∣ (E).

2. From (1) we get that ∣ν∣ (E) = 0 Ô⇒ ν(E) = 0 hence dν = gd ∣ν∣ for g = dν
d∣ν∣ hence dν = fdµ RND= fgd ∣ν∣ =

g ∣f ∣dµ, which implies:

fdµ = g ∣f ∣dµ Ô⇒ f = g ∣f ∣ µ-a.e. Ô⇒ f = g ∣f ∣ ∣ν∣ -a.e.

the f > 0 ∣ν∣-a.e. ad d ∣ν∣ = ∣f ∣dµ, thus we ge that ∣g∣ = 1 ∣ν∣-a.e. and so dν
d∣ν∣ = 1 ∣ν∣-a.e..

3. We first prove that L1(ν) ⊂ L1(∣ν∣). If h ∈ L1(ν) then we have that h dν
d∣ν∣ ∈ L

1(∣ν∣) so we ge thtat its absolute

values in in L1(∣ν∣) hence ∣h∣ ∈ L1(∣ν∣) and so h ≤ ∣h∣ is in L1(∣ν∣).

We also have that:

∣∫ hdν∣ = ∣∫ h
dν

d ∣ν∣ ∣ ≤ ∫ ∣h∣ ∣ dν

d ∣ν∣ ∣d ∣ν∣ = ∫ ∣h∣d ∣ν∣

In order to prove L1(∣ν∣) ⊂ L1(ν) we have that h ∈ L1(∣ν∣) Ô⇒ ∣h∣ ∈ L1(∣ν∣) hence if ν = fdµ we have that

∣ν∣ = ∣f ∣dµ so we get that ∣h∣ ∣f ∣ ∈ L1(µ) and so ∣h∣ f ∈ L1(µ) which implies that:

∫ ∣h∣ f±r,idµ < ∞

and so ∣h∣ ∈ L1(ν±r,i) Ô⇒ ∣h∣ ∈ L1(ν).

Lemma 1.5.20

If ν1 and ν2 are complex measures we have that ∣ν1 + ν2∣ ≤ ∣ν1∣ + ∣ν2∣ by relating them to some absolutely

continuous measure.

Proof. Let νi := fgidµi and ρ = µ1 + µ2, then νi = gidρ with ν1 + ν2 ≪ ρ and d ∣ν1 + ν2∣ = ∣g1 + g2∣dρ ≤ (∣g1∣ + ∣g2∣)dρ =
d ∣ν1∣ + d ∣ν2∣ since ν1 + ν2 = (g1 + g2)dρ.

We then have that:

∣∫ dfν∣ ≤ ∫ ∣f ∣dν

1.5.3 Lebesgue Differentiation Theorem

For f ∈ L1 on Rn if f is Lebesgue measurable and ∫K fdm < ∞ for K bounded and measurable we say that f is

locally integrable and we write f ∈ L1
loc. We then introduce the following:
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Definition 1.5.21

For r > 0 we define:

Arf(x) =
1

m(B(x, r)) ∫B(x,r)
f(y)dy

Lemma 1.5.22

If f ∈ L1
loc then Arf(x) is continuous in (x, r) ∈ Rn ×R.

Proof. Note that m(B(x, r)) = rnm(B(0,1)) = crn is a continuous function. Let S(x, r) = {y∣ ∣y − x∣ = r} be the

sphere about x, then m(S(x, r)) = 0 by taking an ε neighbourhood, if (r, x) ↦ (r0, x0) then xB(x,r) → xB(x0,r0)-a.e..

By dominated convergence we have that:

lim
(x,r)→(x0,r0)

∫
B(r,x)

f(y)dy = lim
(x,r)→(x0,r0)

∫ f(y)χB(r,x)dy

then for (r, x) near (r0, x0) we get:

χB(r,x) ≤ χB(r0+1,x0)

so g(y) = f(y)χB(r0+1,x0) ∈ L1, so by DCT we get that:

lim
(r,x)→(r0,x0)

∫ f(y)χB(r,x)dy = ∫ f(y)χB(r0,x0)dy

Hence:

lim
(r,x)→(r0,x0)

Arf(x) = lim
(r,x)→(r0,x0)

1

m(B(r, x)) ∫B(r,x)
f(y)dy =

1

m(B(r0, x0))
∫
B(r0,x0)

f(y)dy = Ar0f(x0)

thus we have continuity.

Definition 1.5.23

We define the Hardy-Littlewood maximal function Hf(x) := supr>0Ar ∣f ∣ (x) for f ∈ L1.

Lemma 1.5.24

We have that H ∣f ∣ is measurable.

Proof. We have that H ∣f ∣−1 (a,∞) = ∪r>0(Ar ∣f ∣)−1(a,∞) which is a union of countable open intervals and Ar ∣f ∣ is

continuous which implies Borel.

Lemma 1.5.25

Let U ∈ Rn open and U = ∪i∈IBi, for Bi balls. If c < m(U) there exists B1, . . . ,Bk disjoint such that:

k

∑
1

m(Bi) > 3−nc
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Proof. Let K ⊂ U compact with m(K) > c then there exists a finite cover A1, . . . ,An of Bi. Choose Bi to be the

largest such ball and keep going by induction to construct {Bj} is the largest disjoint from B1, . . . ,Bj−1.

If Ai is not in the list, then it intersects one of them. Let Ai intersect Bj be the smallest such j, then Ai does not

intersect B1, . . . ,Bj−1.

So the radius Ai is less or equal than the radius of Bj and Ai ⊂ B(xj ,3rj) for rj the radius of Bj , then K ⊂
∪B(xj ,3rj), so we have:

c ≤ m(K) ≤ ∑m(B(xj ,3rj)) ≤ 3n∑m(Bj)

Theorem 1.5.26: The Maximal Theorem

There is a constant c > 0 such that for all f ∈ L1 and all α > 0:

m({x∣Hf(x) > α}) ≤ c

α
∫ ∣f ∣dm

Proof. Let Eα = {x∣Hf(x) > α}, if x ∈ Eα Ô⇒ ∃rx such that Arx ∣f ∣ (x) > α, so:

1

m(B(r, x)) ∫B(r,x)
∣f ∣dx > α

by the prior lemma there exists finite disjoint balls in Eα such that.

k

∑
i=1

m(B(x, rx)) ≥ 3−nc

so we have:

c < 3n
k

∑
i=1

m(B(x, rx)) ≤
3n

α

k

∑
i=1
∫
B(xi,ri)

∣f ∣dm ≤ 3n

α
∫
Rn

∣f ∣dm

So we have that c ≤ 3n

α ∫ ∣f ∣dm, let c→ m(Eα) then:

m(Eα) ≤
3n

α
∫ ∣f ∣dm

and so the result.

Theorem 1.5.27

For f ∈ L1
loc then limn→∞Arf(x) = f(x) a.e..

Proof. We only need to prove it for f ∈ L1 with f(x) and ∣x∣ > N for x ∈ R with ∣x∣ ≤ N replace f by fχ[−].

Approximate f by g continuous with compact support, then ∫ ∣f − g∣dx < ε.
As g has compact support we have that g is uniformly continuous and there exists r > 0 such that ∣g(x) − g(y)∣ < δ
for ∣x − y∣ < r. If we look at ∣Arg(x) − g(x)∣ we get:

∣Arg(x) − g(x)∣ =
1

m(Br)
∣∫
Br

(g(y) − g(x))dy∣ ≤ δm(Br)
m(Br)

= δ

So Arg(x) → g(x) as r → 0. Now consider:

lim sup ∣Arf(x) − f(x)∣ = lim sup
r→0

∣(Arf(x) −Arg(x)) + (Arg(x) − g(x)) + (g(x) − f(x))∣

≤ lim sup
r→0

∣Ar(f − g)(x)∣ + ∣Arg(x) − g(x)∣ + ∣g(x) − f(x)∣

≤H(f − g)(x) + ∣f − g∣ (x)
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Let Eα = {x∣ lim sup ∣Arf(x) − f(x)∣ > α}, Fα = {x∣ ∣f − g∣ (x) > α}. Now we get Eα ⊂ Fα
2
∪ {x∣H(f − g)(x) > α

2
},

then:

ε ≥ ∫
Fα

∣f(x) − g(x)∣x ≥ α
2
m(Fα

2
)

So m(Fα
2
) ≤ 2ε

α
, we then have by the 1.5.26:

m(Eα) ≤
2ε

α
+ 2C

α
∫ ∣f − g∣dx ≤ 2ε

α
+ 2Cε

α

so by letting ε→ 0 we get m(Eα) = 0.

Now we have that: m({x∣ lim sup ∣Arf(x) − f(x)∣ > α}) = 0. Since we have that: ∀x /∈ E = ∪n∈ZE 1
n

the statement

holds since we have m(E) = m({x∣ limx→0Arf(x) ≠ f(x)}) = 0 we have the statement m-a.e. as requested.

Applications

For E a Lebesgue set, let f = χE then we have that:

lim
r→0

Arf(x) = f(x) m-a.e.

Pick x ∈ E where limit exists, then:

lim
r→0

m(E ∩B(x, r))
m(B(x, r)) = 1

Definition 1.5.28

We define the Lebesgue set for f as the following:

Lf :={x∣ lim
r→0

1

m(B(x, r)) ∫B(x,r)
∣f(y) − f(x)∣dy = 0}

Theorem 1.5.29

For f ∈ L1
loc then m(Lf) = 0.

Proof. Let c ∈ C and g(x) := ∣f(x) − c∣, so by 1.5.27 there exists Ec ∈M with m(Ec) = 0 such that:

∀x /∈ Ec ∶ lim
r→0

1

m(B(x, r)) ∫B(x,r)
∣f(y) − c∣dy = ∣f(x) − c∣

Take D a countable dense subset of C and take E :=∪c∈DEc, then m(E) = 0, if x /∈ E there exists some c ∈ D with
∣f(x) − c∣ ≤ ε so that ∀y ∶ ∣f(y) − f(x)∣ ≤ ∣f(y) − c∣ + ε, then:

lim sup
r→0

1

m(B(x, r)) ∫B(x,r)
∣f(y) − f(x)∣dy ≤ lim sup

r→0

1

m(B(x, r)) ∫B(x,r)
∣f(y) − c∣dy + ε ≤ ∣f(x) − c∣ + ε ≤ 2ε

which implies the result.

Note that:

∣ 1

m(B(x, r)) ∫B(x,r)
(f(y) − f(x))dy∣ ≤ 1

m(B(x, r)) ∫B(x,r)
∣f(y) − f(x)∣

so this is a stronger result than the one we had before.

Now let {Er} be Borel sets in Rn such thatEr ⊂ B(x, r) and m(Er) ≤ αm(B(x, r)) (note that: Er does not have to contain x),

such a family is said to shrink nicely at x.
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Theorem 1.5.30

[Lebesgue Differentiation Theorem] Let f ∈ L1
loc then ∀x ∈ Lf and every Er shrinking nicely at x:

lim
r→0

1

m(Er) ∫Er
∣f(x) − f(y)∣dy = 0

Proof. We have that:
1

m(Er) ∫Er
∣f(y) − f(x)∣dy ≤ 1

αm(B(x, r)) ∫B(x,r)
∣f(y) − f(x)∣dy

Corollary 1.5.31

We have that: limr→0
1

m(Er)) ∫Er f(y)dy = f(x) m-a.e..

Regular Borel Measure

Definition 1.5.32

A measure ν on Rn is regular if:

1. ∀K compact: ν(K) < ∞;

2. ∀E ∈M ∶ ν(E) = inf{ν(U)∣U ⊂ U open}.

a signed or complex regular measure is regular if ∣ν∣ is.

A regular measure is automatically σ-finite.

Theorem 1.5.33

Let ν be a regular signed or complex Borel measure. Then considering m we have that for almost all x ∈ Rn:

lim
r→0

ν(Er)
m(Er)

= f(x)

where Er shrinks nicely at x and dν = dλ + fdm is a L-R-N decomposition.

Proof. (Folland) We have ν,m σ-finite so dν = dλ + fdm with λ ⊥ m and fdm≪ m. Note that ∣ν∣ = ∣λ∣ + ∣f ∣dm and ∣ν∣
regular implies that λ and fdm are regular, so f ∈ L1

loc.

As λ ⊥ m we have A a Borel set such that:

λ(A) = m(Ac) = 0

Let Fk :={x ∈ A∣ lim supr→0
λ(B(x,r))
m(B(x,r)) >

1
k
}, we want to show that for all k m(Fk) = 0. By regularity of λ we have ∀ε:

A ⊂ Uε with λ(Uε) < ε. Since Uε is open for each x ∈ Fk we have a ball Bx ⊂ Uε such that λ(Bx) > 1
k
m(Bx), then by

Lemma 1.5.25 if we define V kε :=∪x∈FkBx and c < m(V kε ) we have x1, . . . , xN with Bx1 , . . . ,BxN disjoint and:

c < 3n
N

∑
1=1

m(Bxi) ≤ 3nk
N

∑
i=1

λ(Bxi) ≤ 3nkλ(V kε ) ≤ 3nkλ(Uε) ≤ 3nkε

we then have that ∀k ∶ m(Fk) ≤ m(V kε ) → 0 hence the result follows.
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Chapter 2

Functional Analysis

2.1 Normed Spaces

Definition 2.1.1

Let V be a vector space on R or C, a semi-norm: ∥−∥ ∶ V → R is a function such that:

• ∀λ ∈ R(C),∀v ∈ V ∶ ∥λv∥ = ∣λ∣ ∥v∥;

• ∥v +w∥ ≤ ∥v∥ + ∥w∥;

• ∥0∥ = 0.

We say that a semi-norm is a norm if ∥v∥ = 0 ⇐⇒ v = 0. If ∥−∥ is a norm then (V, ∥−∥) is a

normed vector space with induced metric: d(x, y) :=∥x − y∥. If (V, ∥−∥) is complete we call it a Banach Space.

Example. The following are all normed spaces:

• C0(X,R) continuous functions on X a compact metric space with ∥f∥ := supx∈X ∣f(x)∣.

• L1(µ) Lebesgue integrable functions with norm ∥f∥ = ∫X ∣f ∣dµ.

Theorem 2.1.2

The normed vector space (V, ∥−∥) is complete if and only if absolutely convergent series in V are convergent.

Proof. (Ô⇒) Let sn :=∑ni=1 vi be absolutely convergent, then:

∀m > n ∶ ∥sn − sm∥ = ∥
m

∑
i=n+1

vi∥ ≤
m

∑
i=n+1

∥vi∥ → 0

hence there is Nε such that for all m,n > Nε we have that: ∑mi=n+1 ∥vi∥ < ε so it is a Cauchy sequence so sn → s ∈ V
by completeness.

(⇐Ô) Let vi be a Cauchy sequence, then: ∥vn − vm∥ ≤ 1
2i

for n,m > Ni. Choose a sub-sequence vni with:

∥vni+1 − vni∥ ≤
1

2i
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then let wi := vni+1 − vni ∈ V , then we have that sn :=∑ni=1wi is absolutely convergent since ∥∑∞
i=1wi∥ ≤ ∑∞

i=1 ∥wi∥ ≤
∑∞
i=1

1
2i
= 1. So sk → s ∈ V but:

lim
k→∞

sk = s Ô⇒ lim
k→∞

vnk+1 − vn1 = s Ô⇒ lim
k→∞

vnk = s + vn1

so vi has a converging sub-sequence and so it converges.

2.2 Bounded Linear Operators

Definition 2.2.1

A linear map: L ∶X → Y between normed vector space is bounded if ∃C ≥ 0 ∶ ∀x ∶ ∥L(x)∥ ≤ C ∥x∥.

Definition 2.2.2

The space L(X,Y ) of linear operators from X to Y is a normed vector space with norm:

∥T ∥ := sup0≠x∈X
∥T (x)∥
∥x∥ .

This is indeed a norm since ∥λT ∥ = ∣λ∣ ∥T ∥ and for all x ∈X we have that for operators S and T :

∥(S + T )(x)∥ ≤ ∥S(x)∥ + ∥T (x)∥ ≤ ∥S∥ ∥x∥ + ∥T ∥ ∥x∥ = (∥S∥ + ∥T ∥) ∥X∥

so ∥S + T ∥ ≤ ∥S∥ + ∥T ∥. If ∥T ∥ = 0 then ∀x ∈X ∶ ∥T (x)∥ = 0 ⇐⇒ T (x) = 0 ⇐⇒ T ≡ 0.

Theorem 2.2.3

We have that L(X,Y ) is a Banach space whenever Y is.

Proof. Let Tn be a Cauchy sequence, then for all x:

∥Tn(x) − Tm(x)∥ ≤ ∥Tn − Tm∥ ∥x∥

so {Tn(x)} is Cauchy in Y , then the following is well defined:

T (x) := lim
n→∞

Tn(x)

and T is linear since taking limit and Tn are.

Moreover we have that since ∣∥Tn∥ − ∥Tm∥∣ ≤ ∥Tm − Tn∥ the sequence: {∥Tn∥} is Cauchy in R hence for all x:

∥T (x)∥ ≤ ∥Tn(x)∥ + ∥Tn(x) − T (x)∥ ≤ ∥Tn∥ ∥x∥ + ∥Tn(x) − T (x)∥

as n→∞ we get that: ∥Tn(x)∥ ≤ limn→∞ ∥Tn(x)∥ ∥x∥ < ∞ so T ∈ L(X,Y ). Moreover:

∥Tn(x) − T (x)∥ ≤ ∥Tn(x) − Tm(x)∥ + ∥Tm(x) − T (x)∥ ≤ ∥Tn − Tm∥ ∥x∥ + ∥Tm(x) − T (x)∥

so by sending m→∞ we can write:

∥Tn(x) − T (x)∥ ≤ ε ∥x∥

hence: ∥Tn(x)−T (x)∥
∥x∥ ≤ ε so Tn → T in L(X,y).
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Theorem 2.2.4

Let T ∶ V →W linear, T bounded ⇐⇒ T continuous at zero ⇐⇒ T continuous.

Proof. 1) Ô⇒ 3) → 2) If T is bounded then: ∥T (x)∥ ≤ ∥T ∥ ∥x∥ hence: ∥T (x) − T (y)∥ ≤ ∥T ∥ ∥x − y∥ so it is continu-

ous.

3) Ô⇒ 2) If T is continuous at 0, then T is bounded: ∃δ > 0 ∶ ∥T (x)∥ ≤ 1 for all x ≤ δ, so: ∥T (y)∥ = ∥ 1
δ
T (δy)∥ ≤ 1

δ
.

Definition 2.2.5

A map f ∶ X → Y between metric spaces is Lipschitz if there is C > 0 such that: ∀x, y ∶ d(f(x), f(y)) ≤
Cd(x, y), Lipschitz maps are always continuous.

Definition 2.2.6

Let L ∶ V → R (or C) be a linear functional if L ∈ L(V,R) (L(V,C)). Denote by V ∗ :=L(V,K) for K = R or C.

We have that V ∗ is a Borel Space.

Example. If f ∈ L1(µ) bounded, we define: Lf ∶ L1(µ) → R by: Lf(g) :=∫ fgdµ, and ∣Lf(g)∣ ≤ ∫ ∣f ∣ ∣g∣dµ ≤
M ∫ ∣g∣dµ ≤M ∥g∥.

Definition 2.2.7

A sub-linear functional is a map: p ∶ V → R such that:

∀λ ≥ 0 ∶ p(λx) = λp(x) p(x + y) ≤ p(x) + p(y)

Example. Any semi-norm.

The following is a Theorem about extending linear functional with control over the norm.

Theorem 2.2.8: Hahn-Banach

Given X a real vector space, p ∶ X → R a sub-linear functional, Y ⊂ X a sub-space such that f ∶ Y → R
is a linear functional with ∀y ∈ Y ∶ f(y) ≤ p(y). Then there is F ∶ X → R linear such that: F ∣

Y
≡ f and

∀x ∈X ∶ F (x) ≤ p(x).

Proof. Suppose we are given some extension g ∶ Y1 → R with Y ⊆ Y1 and g∣
Y
= f and ∀y ∈ Y ∶ g(y) ≤ p(y) (note

g = f is a perfectly good extension). If Y1 ≠ X we extend by taking x ∈ X ∖ Y1. Build an extension h ∶ Y1 ⊕Rx → R
in the following way: for y1, y2 ∈ Y we have: g(y1 + y2) ≤ p(y1 + y2) then:

g(y1) + g(y2) ≤ p(y1 − x) + p(y2 + x) Ô⇒ g(y1) − p(y1 − x) ≤ p(y2 + x) − g(y2)

hence:

sup
y∈Y1

{g(y) − p(y − x)} ≤ inf
y∈Y1

{p(y + x) − g(y)}

47



MATH 425a Notes ∼ YQL 2.2 - Bounded Linear Operators Current file: 525b_Notes.tex

then let α be between these two values, then:

g(y) − p(y − x) ≤ α ≤ p(y + x) − g(y)

which yields:

g(y) ≤ α + p(y − x) g(y) ≤ p(y + x) − α

we then define h(λx + y) := g(y) + λα, h is linear by definition and h∣
Y
= g. For λ ≠ 0 we have:

h(y + λx) = λh( y
λ
+ x) = λ(h( y

λ
) + α)

for λ > 0 we also have:

λ(h( y
λ
) + α) ≤ λp( y

λ
+ x) = p(y + λx)

for λ < 0 we have:

−λ(h( y

−λ) + α) ≤ −λp( y

−λ − x) + λα − λα = p(y + λx)

Then define a partial ordering on the set of extensions:

S :={g ∶ Yg → R ∣Y ⊂ Yg, g∣Y ≡ f,∀y ∈ Yg ∶ g(y) ≤ p(y)}

with g1 ≤ g2 if Yg1 ⊂ Yg2 and g2∣Yg1 ≡ g1. The set S ≠ ∅ since f ∈ S.

Any chain has a maximum hence by Zorn we have a maximal element: g ∶ Y → R with nothing bigger hence

Y =X.

Theorem 2.2.9: Complex Hahn-Banach

Let X be a complex vector space and p ∶ X → R a semi-norm. For Y ⊂ X a subspace with f ∶ Y → C a

complex C-linear functional satisfying ∀y ∈ Y ∶ ∣f(y)∣ ≤ p(y), then there exists F ∶ X → C complex linear

such that ∀x ∈X ∶ ∣F (x)∣ ≤ p(x).

Proof. We have that f(x) = u(x) + iv(x) linear f(ix) = if(x) = −v(x) + iu(x), so we get that f(x) = u(x) − iu(ix)
and ∣f(x)∣ ≤ p(x), so: ∣u(x)∣ ≤ p(x). So we can extend u ∶ Y → R to U ∶ X → R with ∣U(x) − iU(ix)∣ ≤ p(x), then

define F (x) = U(x) − iU(ix) is ∣F (x)∣ = αF (x) for α a unit complex number so F (αx) = U(αx) ≤ p(αx) = p(x).

Theorem 2.2.10

Let X be a normed vector space:

1. if Y ⊂X closed subspace and x ∈X ∖ Y then ∃f ∈X∗ with f ∣
Y
= 0, f(x) ≠ 0 and ∥f∥ = 1;

2. if x ≠ 0 then there is f ∈X∗ such that ∥f∥ = 1 and f(x) = ∥x∥;

3. given x1 ≠ x2 then there is f ∈X∗ such that f(x1) ≠ f(x2), so X∗ separate points of X;

4. a map X →X∗ with x↦ x(f) := f(x) is an isometry onto its image.

Proof. 1. Since Y is closed let: δ := infy∈Y ∥x − y∥ ≥ 0, let Y ′ :=Y ⊕Cx for x /∈ Y . Then f(y + λx) = λδ, so:

∣f(y + λx)∣ = ∣λ∣ δ ≤ ∣λ∣ ∥x − (− y
λ
)∥ ≤ ∥y + λx∥

so there is an extension F by Hahn-Banach. Moreover: ∀y ∈ Y ∶ F (y) = 0 and F (x) = δ and ∣F (x)∣ ≤ ∥x∥.
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2. Let Y = {0} and apply (a), then ∣F (x)∣ = δ = ∥x∥ Ô⇒ ∥F ∥ ≤ 1.

3. Apply to (x − y) ≠ 0 Ô⇒ F (x − y) ≠ 0 Ô⇒ F (x) ≠ F (y).

4. Suppose that x̂(f) to the norm of: ∣x̂(f)∣ = ∣f(x)∣ ≤ ∥f∥ ∥x∥ which implies ∣x̂(f)∣ = x̂(−).

Let f∗ ∈X∗ defined by f(x)(x), then:

∣x̂(f)∣ = ∣f(x)∣ = ∥x∥ Ô⇒ ∥x̂∥ ≥ ∣x̂f∗∣ Ô⇒ ∥x̂∥ = ∥x∥

so we have x→ x̂ is an isometry.

Definition 2.2.11

A space X is called reflective if X → X∗∗ is bijective. If X is not Banach this cannot happen, its completion

is a Banach subspace.

Definition 2.2.12

A sub set U ⊂ (X,d) is nowhere dense if U does not contain an open ball.

Definition 2.2.13

A metric space (X,d) is meager if it is a countable union of nowhere dense sets.

Theorem 2.2.14: Baire Category Theorem

Let X be a complete metric space, then:

1. if {Ui}i∈N are open, dense then ∩∞i=1Ui is dense;

2. the space X is not meager.

Proof. 1. Let V be open in X, we want to show: V ∩ ∩∞i=1Ui ≠ ∅. For all i we have Ui ∩ V is open and non

empty as Ui is dense, then there is B(x0, r0) ⊂ U1 ∩ V and r0 ≤ 1. By induction define (xi, ri) such that

B(xn−1, rn−1) ⊂ Un−1 and with rn < 1
2n

. We then have for {xn} that: ∀n,m ≥ N ∶ ∥xn − xm∥ ≤ 2rn ≤ 2
2n
Ô⇒

Cauchy so we have xn ↦ x ∈ X. Also xn ∈ B(xN , rN) for n ≥ N Ô⇒ xn ∈ B(xN , rN), hence: xn ∈
Un ∩B(x0, r0) Ô⇒ ∀n ∶ x ∈ Un ∩B(x0, r0) so ∀n ∶ x ∈ Un ∩ V Ô⇒ x ∈ ∩∞n=1Un ∩ V .

2. Assume X meager then X = ∪∞i=1Ei nowhere dense so ∀n ∶ ECn are open and dense. Then: ∩∞i=1E
C

i is dense,

so not empty, hence:

X = ∪∞n=1En ⊂ ∪∞n=1En Ô⇒ ∅ = (∪∞n=1En)C = ∩∞n=1E
C

n

Definition 2.2.15

A map f ∶X → Y is an open mapping if U ∈ τX Ô⇒ f(U) ∈ τY .
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Theorem 2.2.16: Open Mapping Theorem

If T ∈ L(X,Y ) for X, Y Banach, T surjective then T is open.

Proof. We only need to show that ∃r > 0 such that B(0, r) ⊂ T (B(0,1)) since then by translation we ge the general

result. We have that X = ∪∞n=1Bn and Bn = B(0, n).
Since T is surjective then Y = ∪∞n=1T (Bn) Ô⇒ ∃n ∶ T (Bn) is not nowhere dense, moreover: y ↦ ny is a homeo-

morphism from T (B1) to T (Bn) so T (B1) is not nowhere dense.

1. Show r > 0 ∶ Br = B(0, r) ⊂ T (B1), T (B1) is not nowhere dense so y1 ∈ B(y0,
r0
2
) such that y1 ∈ T (B1)

hence y1 = T (x1) so B(y1,
r0
2
) ⊂ T (B1). Then: B(T (x1), r02 ) ⊂ T (B1) ⊂ T (B(x1,2)) = T (x1) + T (B(0,2)) by

translating by x1 we get:

B(0, r0

2
) ⊂ T (B(0,2)) Ô⇒ B(0, r0

2
) ⊂ T (B(0,1))

we know Br :=B(0, r) ⊂ T (B1), similarly B r
2n

⊂ T (B 1
2n

) (by linearity of T ).

2. Choose y ∈ B r
2
, then y ∈ T (B r

2
) so there is y1 = T (x1) ∈ T (B r

2
) such that: ∥y − y1∥ ≤ r

4
, then by induction we

have xn ∈ B 1
2n

such that: ∥y −∑ni=1 T (xi)∥ ≤ r
2n+1

.

Let y2 := y − y1, then y2 ∈ B r
4
Ô⇒ x2 ∈ B 1

4
so ∥y2 − T (x2)∥ ≤ r

8
.

If xn ∈ B 1
2n

then: ∥y −∑ni=1 T (xi)∥ ≤ r
2n+1

so for x :=∑∞
n=1 xn ∈X with ∥x∥ ≤ 1 which implies that x ∈ B1. Then:

y = ∑∞
n=1 T (xn) Ô⇒ y ∈ T (B1) and then B r

2
(0) ⊂ T (B1).

Corollary 2.2.17

If T ∈ L(X,Y ) is bijective for X and Y Banach spaces then T is an homeomorphism.

Proof. If T is bijective we can define T −1 a linear function, then (T −1)−1(U) = T (U) is open by the open mapping

theorem.

Consider the graph of a function f ∶X → Y such that Γ(f) ⊂X×Y , with the graph defined as Γ(f) :={x, y ∈X × Y ∣y = f(x)}.

If f is continuous we have that Γ(f) is closed, since (xn, yn) → (x, y) for xn → x and yn → y and (xn, yn) ∈ Γ(f)
implies that yn = f(xn) so continuity implies that y = f(x) and so (x, y) ∈ Γ(f).

Corollary 2.2.18

Let T ∶X → Y be a linear map with Γ(f) closed and X,Y Banach Spaces. Then T ∈ L(X,Y ).

Proof. If Γ(f) is closed in X × Y then Γ(f) is a Banach space with norm: ∥(x, y)∥ :=max(∥x∥ , ∥y∥). Consider

π1 ∶X × Y →X and π2 ∶X × Y → Y and restrict them to Γ(f). We then have:

∥π1(x, y)∥ = ∥x∥ ≤ ∥(x, y)∥ Ô⇒ ∥π1∥ ≤ 1

similarly for π2. So they are both bounded linear operators, We also have that π1 is bijective when restricted to Γ(f)
hence is an homeomorphism, so ∥π−1

1 ∥ ≤M by the above corollary, so π2 ○π1 ∶X → Y is bounded, but this is exactly

T , hence T is bounded.
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Theorem 2.2.19: Uniform Boundedness Theorem

Let X,Y be normed vector spaces and A ⊂ L(X,Y ) a collection of linear maps from X → Y . This:

1. If supT ∈A ∥T (x)∥ < ∞ on a non meager-set then supT ∈A ∥T ∥ < ∞;

2. If X is Banach, then supT ∈A ∥Tx∥ < ∞ for all x ∈X then: supT ∈A ∥T ∥ < ∞.

Proof. 1. Let En :={x∣ supT ∈A ∥Tx∥ ≤ n} = ∩T ∈A{x∣ ∥Tx∥ ≤ n}, En is an intersection of closed sets hence is closed.

Let F be the non-meager subsets of X, i.e. F is not the countable union of nowhere dense for some n. then

∃x0, r0 ∶ B(x0, r0) ⊂ En Ô⇒ B(x0, r0) ⊂ En. Let x ∈ B(0, r0) then x = (x − x0) + x0 so:

∥Tx∥ ≤ ∥T (x − x0)∥ + ∥T (x0)∥ ≤ n + n = 2n

since they are both in En, hence:

∀T ∈ A ∶ ∥x∥ ≤ r0, ∥Tx∥ ≤ 2n Ô⇒ ∀T ∈ A ∶ ∥T ∥ ≤ 2n

r0
= sup
T ∈A

∥T ∥ < ∞

2. If X is Banach then X is not meager by the Baire Category Theorem gives the result.

We can restate the theorem by: if {Ti}i∈I ⊂ L(X,Y ) with X Banach, then point-wise bounded implies that the

operator is bounded, so: supi∈I ∥Tix∥ < ∞ Ô⇒ supi∈I ∥Ti∥ < ∞.

2.3 Hilbert Spaces

Definition 2.3.1

Let V be a vector space: ⟨− ∣ −⟩ ∶ V × V → C a complex inner product, then (V, ⟨− ∣ −⟩) is a pre-Hilbert space.

We have a norm by ∥x∥ =
√

⟨x ∣x⟩.

Proposition 2.3.2: Cauchy-Schwarz

e have that ∣⟨v ∣w⟩∣ ≤ ∥v∥ ∥w∥.

Proof. If ⟨v ∣w⟩ = 0 we are done. Suppose ∣⟨v ∣w⟩∣ ≠ 0. Then let α ∈ C, ∣α∣ = 1 such that x :=αw, then ⟨v ∣w⟩ ∈ R+ so:

⟨v ∣αw⟩ = α ⟨v ∣w⟩ = ∣⟨v ∣w⟩∣ Ô⇒ α = ⟨v ∣w⟩
∣⟨v ∣w⟩∣ =

∣⟨v ∣w⟩∣
⟨v ∣w⟩

then: ⟨v ∣w⟩ = ∣⟨v ∣w⟩∣. Now let:

0 ≤ ∥v − tx∥2 = ⟨v − tx ∣ v − tx⟩ =

= ∥v∥2 − 2t ⟨v ∣x⟩ + t2 ∥x∥2 =

= ∥v∥2 − 2t ∣⟨v ∣w⟩∣ + t2 ∥w∥2
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then:

(b2 − 4ac) ≤ 0 Ô⇒ 4 ∣⟨v ∣w⟩∣ ≤ 4 ∥v∥2 ∥w∥2

Ô⇒ ∣⟨v ∣w⟩∣ ≤ ∥v∥ ∥w∥

equality holds if v = tx for some t i.e. so v = cw for some c ∈ C and so v and w are linearly dependant.

Proposition 2.3.3

Hence: ∥x∥ =
√

⟨x ∣x⟩ is a norm.

Proof. We have that: ∥x + y∥2 = ⟨x ∣x⟩ + 2Re ⟨x ∣ y⟩ + ⟨y ∣ y⟩ which yields:

∥x + y∥2 = ∥x∥2 + 2 ∥x∥ ∥y∥ + ∥y∥2 = (∥x∥ + ∥y∥)2

What is a difference between norms and inner products? Inner products gives a notion of smoothness. Any sym-

metric convex domain defines a norm by declaring that radius to be a vector of unit length. For inner product the

unit ball is smooth since we have a notion of angles, through the C-S inequality.

Definition 2.3.4

A Hilbert space is a complete pre-Hilbert space.

Example. The following are all Hilbert spaces:

• Cn with ⟨(z1, . . . , zn) ∣ (w1, . . . ,wn)⟩ = ∑ni=1 viwi;

• L2(µ) = {A∣ ∫ f2dµ < ∞} and ⟨f ∣ g⟩ = ∫ fgdµ, since ∫ fgdµ ≤ 1
2
(∫ f2dµ + ∫ g2dµ).

• `2(N) = {{an}∞1 ∣∑(an)2 < ∞} with ⟨{an} ∣ {bn}⟩ = ∑∞
n=1 anbn.

Similarly for a set A let `2(A) :=L2(A,P(A), µA) the counting measure.

Proposition 2.3.5

[Parallelogram Law] We have for a Hilbert Space (X, ⟨− ∣ −⟩):

∀x, y ∈X ∶ ∥x + y∥2 + ∥x − y∥2 = 2(∥x∥2 + ∥y∥2)

Definition 2.3.6

We say that v ⊥ w if ⟨v ∣w⟩ = 0. If {vi}n1 such that vi ⊥ vj for i ≠ j and ∥∑n1 vi∥
2 = ∑n1 ∥vj∥2, since: ⟨∑ vi ∣∑ vj⟩ =

∑i,j δij ⟨vi ∣ vj⟩ = ∑i ⟨vi ∣ vi⟩.
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Theorem 2.3.7

If V is Hilbert and W is a closed subspace then V =W ⊕⊥W ⊥ so for all x ∈ V : x = y + z with y closest point

of W to x and z closest point of W ⊥ to x.

Proof. Let δ := infy∈W ∥x − y∥, let {yn} ∈W with ∥x − yn∥ → δ. We want to show that {yn} is Cauchy. We have:

2 (∥yn − x∥2 + ∥yn − x∥2) = ∥yn − ym∥2 + ∥yn + ym − 2x∥2

so:

∥yn − ym∥2 = 2 (∥yn − x∥2 + ∥yn − x∥2)) − 4∥yn + ym
2

− x∥
2

=

≤ 2 ((δ2 + ε) + (δ2 + ε)) − 4δ2 ≤ 2ε

So is Cauchy hence it converges yn ↦ y ∈W since W is closed.

Let z :=x − y then x = y + z. We want to show that z ∈W ⊥. Let u ∈W and assume ⟨z ∣u⟩ ∈ R (in case multiply u by a

norm 1 element so that this hold). Define f(t) :=∥z + tu∥2 ≥ δ2 but:

f(t) = ∥z∥2 + +2t ⟨z ∣u⟩ + t2 ∥u∥2 ≥ δ2

hence f(t) has a minimum in t = 0 Ô⇒ f ′(t) = 0 which yields that ⟨z ∣u⟩ = 0 and thus z ∈W ⊥.

Uniqueness: if we have x = y + z = y′ + z′ then: y − y′ = z′ − z ∈W ∩W ⊥ = 0 so z = z′ and y = y′.
If z′ ∈W ⊥ we have that: ∥x − z′∥2 = ∥x − z∥2 + ∥z − z′∥2 ≥ ∥x − z∥2 so z is the nearest point of W ⊥.

Theorem 2.3.8

Let V be Hilbert and f ∶ V → V ∗ defined by f(v) = ⟨v ∣ −⟩ i.e. f(v)(w) = ⟨v ∣w⟩ then f is injective and an

isometry.

Proof. If f(v) ≡ 0 ⇐⇒ ∀w ∈ V ∶ ⟨v ∣w⟩ = 0 Ô⇒ f(v)(v) = ⟨v ∣ v⟩ = 0 Ô⇒ v = 0. As far as the isometry goes we have

that: ∥f(y)∥ = sup∥x∥=1 ∥⟨y ∣x⟩∥ ≤ ∥y∥ by Scwartz but since the sup is attained by x = y we have that ∥f(y)∥ = ∥y∥
and is thus an isometry.

Theorem 2.3.9

The above map is an isomorphism.

Proof. We only need to prove surjectivity. Assume 0 ≠ f ∈ V ∗ and let W :=ker f , then W is closed and W ≠ V hence:

V ≅W ⊕⊥W ⊥ by the previous theorem. Let 0 ≠ z ∈W ⊥ and suppose that ∥z∥ = 1 we then define for all x ∈ V :

u := f(z)x − f(x)z

so f(u) = 0 Ô⇒ u ∈W and so ⟨u ∣ z⟩ = 0 then:

0 = ⟨f(z)x − f(x)z ∣ z⟩ = f(z) ⟨x ∣ z⟩ − f(x) ⟨z ∣ z⟩ Ô⇒ f(x) = f(z) ⟨x ∣ z⟩

hence: f(x) = ⟨z ∣x⟩ for z = f(z)z so it is surjective.
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We have just proved that f ∶ V → V ∗ is a linear isometry (conjugate linear on C). Hence Hilbert spaces are reflexives

V ≅ V ∗ ≅ V ∗∗.

We say that {xα}α∈A is convergent if ∑α∈A xα := supF⊂A∑α∈F xα < ∞ for F all finite subsets of A. Fact: If ∑α∈A xα <
∞ then xα ≠ 0 only in a countable subset of A.

Proposition 2.3.10: Bessel’s Inequality

If {xα} ⊂ V a pre-Hilbert space we have for {uα} orthonormal that:

∀x ∈ V ∶ ∑
α∈A

∣⟨x ∣uα⟩∣2 ≤ ∥x∥2

Proof. Let F ⊂ A finite then:

0 ≤ ∥x − ∑
α∈F

⟨x ∣uα⟩uα∥
2

= ∥x∥2 − ∑
α∈F

∣⟨x ∣uα⟩∣2

hence:

∀F ∶ ∑
α∈F

∣⟨x ∣uα⟩uα∣2 ≤ ∥x∥2 Ô⇒ ∑
α∈A

∣⟨x ∣uα⟩∣2 ≤ ∥x∥2

In particular we have that ⟨x ∣uα⟩ ≠ 0 for only a countable subset.

Theorem 2.3.11

Let V be pre-Hilbert and {uα}α∈A be a orthonormal set, then the following are equivalent:

1. ∀α ∶ ⟨x ∣uα⟩ = 0 Ô⇒ x = 0;

2. ∥x∥2 = ∑α∈A ∣⟨x ∣uα⟩∣2;

3. x = ∑α∈A ⟨x ∣uα⟩uα with convergence independent of the order.

Proof. 3)Ô⇒ 2) As ⟨x ∣uα⟩ ≠ 0 for a countable subset we have: {uαi}i∈I , then:

0 ≤ ∥x∥2 −
n

∑
i=1

⟨x ∣uα⟩ = ∥x −
n

∑
i=1

⟨x ∣uα⟩uαi∥
2

and by (3) the RHS goes to zero. Hence:

∥x∥2 = ∑
α∈A

∣⟨x ∣uα⟩∣2

2)Ô⇒ 1) Let ⟨x ∣uα⟩ = 0 then ∀α
2)
Ô⇒ ∥x∥2 = 0 Ô⇒ x = 0.

1)Ô⇒ 3) We have: ∑∞
i=1 ∣⟨x ∣uαi⟩∣

2 ≤ ∥x∥2 Ô⇒ absolute convergent.

Let xn :=∑ni=1 ⟨x ∣uαi⟩uαi , then ∥xn − xm∥2 = ∑mi=n+1 ∣⟨x ∣uαi⟩∣
2 = 0 hence {xn} is Cauchy so xn ↦ x. Note: ∀α ∶

⟨x − x̂ ∣uα⟩ = ⟨x ∣uα⟩ − limn→∞ ⟨xn ∣uα⟩ = 0. Then by 1) x − x̂ = 0 Ô⇒ x = x̂ and so: x = ∑α∈A ⟨x ∣uα⟩uα.

If {uα} is orthonormal and satisfies any of the previous is called an orthonormal basis.

Proposition 2.3.12

Every Hilbert space has an orthonormal basis.
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Proof. Use inclusion to partially order orthonormal sets and apply Zorn.

Note: If {uα} is a basis: x = ∑α∈A ⟨x ∣uα⟩uα so we have:

F ∶ V → `2(A)

x↦ {⟨x ∣uα⟩}α∈A

Theorem 2.3.13

Let V be Hilbert, then: V is second countable ⇐⇒ V has a countable orthonormal basis. Furthermore all

orthonormal basis are countable if one is.

Proof. Ô⇒ ) If V is second countable ∃{vn}∞1 countable dense. Discard vn if vn ∈ span{v1, . . . , vn−1}. Obtain {wn}∞1
countable. Make it orthonormal using Gram-Schmidt, so that {wn} is an orthonormal set.

Suppose v /∈ spanwn then we have that ∀n ∶ ⟨v ∣wn⟩ = 0, then since ⟨v⟩ is a closed subspace of V and V decomposes

as V ≅ ⟨v⟩ ⊕ ⟨v⟩⊥ now since ⟨v⟩⊥ is closed we get that span{wn} ⊂ ⟨v⟩⊥ which is a contradiction.

⇐Ô ) Let {vn} be an orthonormal basis and let S = {∑qi∈Qfinite qivi∣qi ∈ Q[i]}. Then S is dense and countable.

Now let x = ∑∞
i aivi for ai ∈ C, then: ∥x∥2 = ∑∞

1 ∣ai∣2 < ∞ choose natural finite approximation: xi = ∑ni qivi with

∣ai − qi∣2 < 1
i2

with qi ∈ Q[i] (xn → x).

Say {uα}α∈A is another orthonormal basis and let An = {α ∈ A∣ ⟨vn ∣wα⟩ ≠ 0} non coefficients of vn with respect to

{uα}α∈A Ô⇒ An countable hence ∪∞1 An is countable.

So A :=∪∞1 An as if vα /∈ ∪∞1 An Ô⇒ ∀n ∶ ⟨uα ∣ vn⟩ = 0 Ô⇒ uα = 0.

Definition 2.3.14

If V1, V2 are Hilbert a unitary map is a map: U ∶ V1 → V2 invertible linear such that ⟨Ux ∣Uy⟩ = ⟨x ∣ y⟩.

Theorem 2.3.15

If V is Hilbert and {uα}α∈A orthonormal basis, then: V ≅ `2(A) i.e. under a map: x→ x̂ = {⟨x ∣uα⟩}α∈A.

Proof. Let f ∶ V → `2(A) given by f(x) = {⟨x ∣uα⟩}α∈A and (f(x))α = ⟨x ∣uα⟩. Then ∥x∥2 = ∑α∈A ∣⟨x ∣uα⟩∣2 =
∥f(x)∥2 Ô⇒ ∥x∥ = ∥f(x)∥ so f is an isometry. If a = {aα}α∈A ∈ `2(A), let x = ∑α∈A aαuα Ô⇒ f(x) = a so f is

surjective.

Moreover we have that ⟨f(x) ∣ f(y)⟩ = ∑α∈A ⟨x ∣uα⟩ ⋅ ⟨y ∣uα⟩ ???= ⟨x ∣ y⟩ . . .

Note classification of Hilbert Spaces is equivalent to the classification of sets in terms of cardinality and so they are

all `2(A).

2.4 Lp spaces

Definition 2.4.1

Given (X,M, µ) and Lp :={f measurable∣ ∫X ∣f ∣p dµ < ∞}.

55



MATH 425a Notes ∼ YQL 2.4 - Lp spaces Current file: 525b_Notes.tex

Definition 2.4.2

For A a set `p(A) = Lp(A,P(A), µA) the counting measure. The elements are sequences such that

{∑α∈A ∣xα∣p < ∞} = `p(A).

Definition 2.4.3

Define: ∥f∥p :=(∫ ∣f ∣p dµ)
1
p , so ∥−∥p ∶ Lp → [0,∞) is well defined and ∥kf∥p = ∣k∣ ∥f∥p.

Now for A a set `p(A) = Lp(A,P(A), µA) so that ∥(xi)i∈A∥p = (∑i∈A xpi )
1
p . We have that Lp is a vector space, since:

∣f + g∣p ≤ (2 max(∣f ∣ , ∣g∣))p ≤ 2p(∣f ∣p + ∣g∣p)

implies that:

∫ ∣f + g∣p dµ ≤ 2p ∫ ∣f ∣p dµ + ∫ ∣g∣p dµ < ∞

Definition 2.4.4

We say that p, q ≥ 1 are conjugate if 1
p
+ 1
q
= 1 ⇐⇒ 1

q
= 1 − 1

p
= p−1

p
⇐⇒ q = p

p−1
⇐⇒ (p − 1)q = p.

Proposition 2.4.5: Hölder Inequality

If 1
p
+ 1
q
= 1 and f, g are measurable then: ∥fg∥1 ≤ ∥f∥p ∥g∥q. In particular for f ∈ Lp and g ∈ Lq then fg ∈ L1

and equality holds if and only if fp = kgq almost everywhere for some k.

Proof. If ∥f∥pp = 0 Ô⇒ f = 0 a.e., hence ∥f∥pp or ∥g∥pp = 0 Ô⇒ fg = 0 a.e. and inequality holds. Similarly if ∥f∥p
or ∥g∥q is ∞ inequality also holds. We ca now assume that 0 < ∥f∥p , ∥g∥q∞. We have a standard inequality a, b ≥ 0,

0 < λ < 1: aλb1−λ ≤ λa + (1 − λ)b with equality only if a = b. Let a := ∣f(x)∣p
∥f∥pp

and b := ∣g(x)∣q
∥g∥qq

then for λ = 1
p

we have:

a
1
p b

1
q = ∣f(x)∣

∥f∥p
∣g(x)∣
∥g∥q

≤ 1

p

∣f(x)∣p

∥f∥pp
+ 1

q

∣f(x)∣q

∥f∥qp

then:
1

∥f∥pp ∥g∥
q
q
∫ ∣fg∣dµ ≤ 1

p ∥f∥pp
∫ ∣f ∣p dµ + 1

q ∥g∥qq
∫ ∣g∣q dµ = 1

p
+ 1

q
= 1

hence:

∥fg∥1 ≤ ∥f∥p ∥g∥q

This is only equal if ∣f ∣p
∥f∥pp

= ∣g∣q
∥g∥qq

⇐⇒ ∣f ∣p = ∣g∣q a.e..

Corollary 2.4.6: Minkowski Inequality

For p ≥ 1 then ∥−∥p is a norm.

Proof. Note that for p = 1 we have nothing to prove, so suppose p > 1. Then we have (p − 1)q = p and f, g ∈ Lp Ô⇒
f + g ∈ Lp Ô⇒ ∣f + g∣p−1 ∈ Lq and so (∫ ∣f + g∣p−1)

q
= ∫ ∣f + g∣p < ∞. Then:

∣f + g∣p ≤ (∣f ∣ + ∣g∣) ∣f + g∣p−1 ∣f + g∣p−1 ∈ Lq
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so:

∫ ∣f + g∣p dµ ≤ ∫ (∣f ∣ + ∣g∣) ∣f + g∣p−1
dµ

≤ ∥f∥p ∥(f + g)
p−1∥

q
+ ∥g∥p ∥(f + g)

p−1∥
q

By Hölder

≤ (∥f∥p + ∥g∥q) ∥(f + q)
p−1∥

q

≤ (∥f∥q + ∥g∥p)(∥f + g∥
p
p)

1
q

= (∥f∥p + ∥g∥p) ∥f + g∥
p−1
p

so:

∥f + g∥p ≤ . . .

Also ∥f∥p = 0 Ô⇒ ∫ ∣f ∣p dµ = 0 Ô⇒ f = 0 a.e. so ∥−∥p is a norm on Lp.

Theorem 2.4.7

For p ≥ 1 we have Lp Banach.

Proof. We will prove that all absolute convergent series are convergent series. Let Σ ∥fn∥ < ∞. Define FN = ∑N1 ∣fn∣,
then ∀N ∶ ∥FN∥p = ∑

N
1 ∥fn∥p ≤ ∑

∞
1 ∥fn∥P =K < ∞.

So we have: ∀N ∶ ∫ fpNdµ ≤ kp, then by Monotone convergence of ∣FN ∣p we have that F :=∑∞
1 ∣fn∣, FN ↟ F so:

∫ F pn → ∫ F p Ô⇒ ∫ F p ≤Kp

hence F ∈ Lp and F < ∞ a.e. so we have the G(x) = ∑∞
1 fn(x) is absolutely convergent a.e. and since ∣G∣ ≤ Fn Ô⇒

G ∈ Lp. We now want to show ∑N1 fn → G in Lp:

∣G −
n

∑
1

fn∣ ≤ 2pF p

then by LCT we have that:

lim
N→∞∫ ∣G −

N

∑
1

fn∣
p

dµ→ ∫ 0 = 0 Ô⇒ lim
N→∞

∥G −
N

∑
1

fn∥
p

p

→ 0 Ô⇒
N

∑
1

fn
LpÐ→ G

Proposition 2.4.8

For p ≥ 1, simple functions: {∑ajχEj ∣µ(Ej) < ∞} are dense.

Proof. Given f ∈ Lp. Let {fn} simple ∣fn∣ ≤ ∣f ∣ fn → f , then fn ∈ L+ and ∣fn − f ∣p ‘2 ∣f ∣p is integrable, then by LDC:

lim
n→∞∫ ∣fn − f ∣p dµ→ ∫ 0 = 0

So ∥fn − f∥p → 0 i.e. fn
fpÐ→ f . Note we can assume: fn = ∑ajχEj with µ(Ej) > 0, disjoint:

∥fn∥ −
n

∑
j=1

∣aj ∣n µ(Ej)∞ Ô⇒ µ(Ej) < ∞
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2.4.1 L∞

We have a norm ∥f∥∞ :={inf k ≥ 0∣µ{x∣ ∣f(x)∣ > k} = 0} which is called the essential supremum. If ∥f∥∞ < ∞∃M
such that ∣f ∣ ≤M a.e.. Note that the inf is attained since:

{x∣f(x) > a} = ∪∞1 {x∣f(x) > + 1

n
}

Definition 2.4.9

We define the space L∞ :={f ∶X → C ∣measurable, ∥f∥∞ < ∞}.

Theorem 2.4.10

• If f, g measurable then: ∥fg∥1 ≤ ∥f∥1 ∥g∥∞ and if f ∈ L1, g ∈ L∞ equality holds if and only if g = ∥g∥∞
a.e. on {x∣f(x) ≠ 0}.

• ∥−∥∞ is a norm.

• ∥fn − f∥∞ → 0 ⇐⇒ ∃E ∈M ∶ µ(Ec) = 0 and fn → f uniformly on E.

• L∞ is a Banach space.

• simple functions are dense.

2.4.2 Duals of Lp

We have that L2 is an Hilbert space hence (L2)∗ ≅ L2 via g ↦ φg where φg(f) = ∫ fg. In general we have (Lp)∗ = Lq

for p ≠ 1. We have that for g ∈ Lq: φg ∈ Lq, φg(f) :=∫ fg which is in (Lp)∗ since:

∣φg(f)∣ = ∣∫ fg∣ ≤ ∫ ∣fg∣ ≤ ∥f∥p ∥g∥q Hölder

We then have that ∥φg∥ ≤ ∥g∥q, then:

Theorem 2.4.11

If 1 ≤ q < ∞ then φg ∈ (Lp)∗ and ∣φg ∣ = ∥g∥q( if µ is semi-finite is true for q = ∞).

Proof. We need to find f ∈ Ln ∥f∥p = 1 and ∣φg(f)∣ = ∥g∥q take f := gq−1sgn(g)
∥g∥q−1q

∈ Lp and also:

∥f∥pp =
1

∥g∥p(q−1)
q

(∫ ∣g∣p(q−1)) = ∥g∥
q
p
q

∥g∥p(q−1)
q

= 1

since p(q − 1) = q
p
. Then φg(f) = ∫ ∣g∣q

∥g∥q−1q

= ∥g∥q, hence g ↦ φg is an isometry to its image.

We have Lq → (Lp)∗ and g → φg is an isometry for 1 ≤ q ≤ ∞ (for µ semi-finite).

Define Σ = {f ∶X → C ∣meas. simple that vanish outside some E,µ(E) < ∞}, then we have that ∀p ∶ Σ ⊆ Lp.
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Theorem 2.4.12

Let g measurable and fg ∈ L1∀f ∈ Σ and φ̂g ∶ Σ → C, f ↦ ∫ fg is bounded with respect to Lp norm, i.e.

∣φ̂g(f)∣ ≤ ∥φ̂g∥ ∥f∥p. Then for Sg = {x∣g(x) ≠ 0} and σ-finite or µ-semi-finite, then g ∈ Lq and ∥φ̂g∥ = ∥g∥q.

Proof. For f bounded measurable and vanishing outside E,µ(E) < ∞, ∣f(x)∣ < M . We then have fn ↟ ∣f ∣. By as-

sumption χE ∈ Σ then χEg ∈ L1. Also: ∣fn∣ ≤M ∣χEg∣ ∈ L1, then by LDC: ∫ fng → ∫ fg and ∣∫ fg∣ = limn→∞ ∣∫ fng∣ ≤
∣φ̂g ∣ ∥fn∥p . . . .
Let Sg :=∪∞1 En, µ(En) < ∞ and σ-finite, φn simple and ∣φn∣ ↟ ∣g∣ and g = limn→∞ φnχEn and gn :=φnχEn , for

fn = ∣gn∣q−1sgn(g)
∥gn∥q−1q

simple, vanishes outside finite area. Then:

∥g∥q = (∫ ∣g∣q)
1
q

= (∫ lim
n→∞

∣gn∣q)
1
q

=

≤ lim inf (∫ ∣gn∣q)
1
q

= lim inf (∫ ∣fngn∣q)
1
q

=

≤ ∥φ̂g∥

hence: ∥g∥q < ∞ Ô⇒ g ∈ Lq and ∥g∥ = ∥φ̂g∥ (by Hölder).

Theorem 2.4.13

The map φ ∶ Lq → (Lp)∗ is a linear isometry for 1 < p < ∞ ( and p = 1 for µ σ-finite).

Proof. If µ is finite Ô⇒ Lp contains all simple φ ∈ (Lp)∗, define: ν(E) = φ(χE), this gives a complex measure and

µ(E) = 0 Ô⇒ χE = 0 a.e., hence ν(E) = φ(χE) = 0 Ô⇒ ν ≪ µ. So ∃g ∈ L1 such that ∀E ∶ ν(E) = φ(χE) =
fgχEdµ Ô⇒ φ = φg on simple functions Ô⇒ φ = φ̂g for g ∈ Lq.

2.5 Dynamics

Say there exists a map T such that ∀E ∈M ∶ µ(T −1E) = µ(E).

Example. Consider f(z) = z2, then f ∶ S1 → S1 with the Lebesgue measure. For E ∈ S1: µ(f−1(E)) = µ(E)
since it will just be 2 copies with half the measure of E. Alternatively f ∶ [0,1] → [0,1] given by x↦ [2x]1.

Definition 2.5.1

A dynamical system is (X,M, µ, T ) with T ∶ X → X measurable and µ(T −1E) = µ(E), i.e. it preserves µ.

Note it is a bijection.

Theorem 2.5.2: Poincaré Recurrence

Let (X,M, µ, T ) be a finite dynamical system (µ(X) < ∞). Then for any E ∈ M the orbit of a point x return

to E infinitely many times for almost every x ∈ E.
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Proof. Let An :=∪∞k=nT −k(E), for T −k(E) = {x ∈X ∣T k(x) = E}, so An is the set of points mapping to E after at least

n iterations. Now note that E ⊂ A0 and then Ai+1 ⊂ Ai, moreover T −1(Ai) = Ai+1 and since T is µ invariant we get

that ∀i, j ∶ µ(Ai) = µ(Aj). Now we have that:

∀n ∶ 0 ≤ µ(E ∖An) ≤ µ(A0) − µ(An) = 0

So the set of points in E returning after n or more iterations is full measure.

Then by looking at: ∩∞i=1An which is the set of infinite returns we get that:

µ(E ∖ ∩∞n=1An) = µ(∪∞i=1E ∖An) ≤
∞
∑
n=1

µ(E ∖An) = 0

and we are done.

Theorem 2.5.3: Birkoff’s Ergodic Theorem

Let f ∈ L1(X,R) and (X,M, µ, T ) be a finite dynamical system. then there exists some f ∈ L1(X,R) such

that:

lim
n→∞

1

n

n−1

∑
k=0

f(T k(x)) = f(x) µ − a.e.

so the limit of the average of the orbit of iteration is in L1.

Proof. LetAn(f)(x) := 1
n ∑

n−1
k=0 f(T k(x)). Consider f = χE forE ∈M, then we have that: An(f)(x) =

∣{k∶0≤k≤n−1∣T−k(x)∈E}∣
n

.

Clearly An(f) ∈ L+ since is a sum of L+ functions, moreover by µ-invariance of T we have: ∀n ∶ ∫ Anf(x)dµ =

∫ fdµ.

Let A and A be the lim sup and lim inf respectively of Anf . We will show that ∫ Adµ ≤ µ(E) ≤ ∫ Adµ, since then:

0 ≤ ∫ A −Adµ ≤ 0

and so A = A µ-a.e..

Fix ε > 0 and define τ(x) = min{n∣Anf(x) ≤ A − ε}. We have two cases:

1. there is Mε > 0 such that ∀x ∶ τ(x) ≤M , then Anf(x) ≥ n−m
n

(A(x) − ε) by partitioning the orbit in sets of size

m and the using the upper bound. Then ∀n ∶

µ(E) = ∫ Anf(x)dµ ≥ n −m
n

∫ A − εdµ

so by letting got to infinity we get:

µ(E) ≥ ∫ Adµ − εµ(x)

which then by letting ε go to zero we are done.

2. If τ(x) is not bounded, let Bk :={x ∈ E∣τ(x) ≤ k} so X = ∪kBk and Bk ⊂ Bk+1. Hence, there is N such that

µ(BcN ∩E) ≤ ε.

Now letE′ :=E∪BCN and define S′n := ∣{k∈{0,...,n−1}∣Tk(x)∈E}∣
n

, as before S′n(x) ≥ (n−N)(A(x)−ε), by considering

the partition, so µ(E′) ≥ ∫ (A(x) − ε)dmu = ∫ A(x)dµ − εµ(X) which implies that:

∫ A(x)dµ − εµ(X) ≤ µ(E) + ε

then by letting ε→ 0 we get:

∫ Adµ ≤ µ(E) = ∫ fdµ

then by doing everything for A we get the other inequality, and so our claim holds.
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We just proved the result for f = χE , then it holds by linearity for simple function and so by Monotone Convergence

we can extend it to L+ and so to L1 by linearity.

Remark. We also have that ∫ f = ∫ f .

Definition 2.5.4

A function T ∶X →X µ-invariant is said ergodic if for all E ∈M such that T −1E = E then either µ(E) = 0 or

µ(EC) = 0.

Example. Rotations by an irrational angle on S1 are ergodic while ration rotations are not since ε-

neighbourhoods of orbits are fixed as well.

Alternatively T ∶X →X is ergodic if ∀f ∈ L1(X) such that f ○ T = f a.e. implies that f = c a.e. for some constant.

Corollary 2.5.5

If T is ergodic then: limn→∞ f1n∑n−1
k=0 f(T k(x)) = ∫

fdµ

∫ dµ .

Proof. We have that: f(x) = limn→∞
1
n ∑

n−1
k=0 f(T k(x)) a.e. then f ○ T = f Ô⇒ f = c a.e. so:

∫ fdµ = ∫ fdµ Ô⇒ cµ(X) = ∫ fdµ

So T ergodic implies that the Time average is a Space average.

Definition 2.5.6

We say (X,M, µ) is a probability measure space if µ(X) = 1a.

aNote that if (X,M, µ) is finite measure then we can put a new measure µ̃(E) := µ(E)
µ(X)

which then makes (X,M, µ̃) a probability

space.

Definition 2.5.7

For x ∈ R we say it is base 2 normal if for all x = x1x2x3⋯ in binary then:

lim
n→∞

♯{xi = 1∣i ≤ n}
n

= 1

2

Theorem 2.5.8

Let E ⊂ R be the set of base 2 normal point, then: m(EC) = 0; i.e. almost every point is normal.

Proof. Consider T ∶ [0,1) → [0,1) given by T (x) = 2x mod 1, then T (.x1x2 . . . ) = .x2x3 . . . , then f is m-invariant

and ergodic (it pulls-back interval to 2 intervals with half size).

Let E = T −1(E) and assume m(E) > 0„ let x be a Lebesgue density point, limr→0
m(B(x,r)∩E)
m(B(x,r)) = 1. For Br ⊂ B(x, r)

shrinking nicely, we have the same: limr→0
m(Br∩E)
m(Br) .
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Since: nk
2k

≤ x ≤ nk+1
2k+1

, let Ik = [nk
2k
, nk+1

2k+1
], then for each k:

lim
k→∞

m(Ik ∩E)
m(Ik)

= 1

but: T −1(Ik ∩E) = T −1(Ik) ∩E which implies T −k(Ik ∩E) = T −k(Ik) ∩E and ∀k ∶ T −k(Ik) = [0,1), thus:

∀k ∶ m(T −k(Ik ∩E)) = m(T −k(Ik) ∩E) = m([0,1) ∩E) = m(E) > 0

but then we have a contradiction since the limit: limk→∞
m(E)
m(Ik) = 1 ♯.

Now to prove that normal points are full measure, let: T (x) = 2x mod 1 on [0,1) and let f(x) = χ[0, 12 ), then:

1

n

n−1

∑
0

f(T k(x)) = ∣{i ≤m∣xi = 0}∣
n

the relative frequency of 0’s in the n-th binary expansion. By the Ergodic theorem we have:

lim
n→∞

n−1

∑
k=0

f(T k(x)) = ∫ f(x)dm = 1

2
m-a.e.

If we look at continuous fractions expressions: x = [a0a1 . . . an . . . ] and consider T ∶ [0,1) → [0,1) given by T (x) =
⌈ 1
x
⌉ and T k(x) = ak.
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