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Chapter 1

Measure Theory

1.1 Sigma Algebras

The scope of Measure Theory is to develop a consistent theory of measurement, that generalizes length, area and

volume. We thus want to measure subset. The naive way of defining such a theory would be to find a function

w:P(X) — [0, c0] that satisfies:
1) (Additivity) w/(EU F) = u(F) + u(F) with En F = &;
2) (Countably Additivity) (U2, E;) = Yooy u(E;) with Vi, j : E; 0 E; = &;
3) wI™) =1
4) p(E) = p(F) whenever F is a rotation or translation of E.
Unfortunately the following result:

Theorem 1.1.1: Vitali
There is no such function.

obliges us to weaken our axioms. The only reasonable and natural thing to do is to restrict ourselves to a smaller

family of subsets of P(X). These sets will be the measurable sets.

[ Definition 1.1.2 |

A collection of subsets @ # A c P(X) is an algebra if A is closed under unions and complement. This

collection is a o-algebra if it is closed under countably union and complement.

Example. The following are trivially -algebras: A := P(X) and A := {@, X }. Also for X a uncountable set
the following family: A := {E c X|E or E€are countable} is a o-algebra.

Observe that if {A;};cs is a family of o-algebras over the same space X, then A := n;.; A; is also a o-algebra.

If B c P(X) we define M(B) to be the intersections of all o-algebras containing B, i.e. B c A" =— M(B) c A/,
otherwise we have a contradiction.

We thus say that M(B) is the o-algebra generated by B. Note that if B c € then M(B) c M(G)E]

1Since any o-algebra containing @ will contain all the countable unions and intersection of elements of B.
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[ Definition 1.1.3 |

Let X be a metric space, let D c P(X) the space of open sets, then B x := M(D) is the family of Borel sets.

Obviously we have that M(Cx) = Bx for Cx the set of closed sets. So Bx contains open, closed, countable union

of closed sets, countable intersection of open sets ...

[ Proposition 1.1.4

Br is generated by any of the following:
&= {(avb)}>82 = {[a7b]}783 = {(a7b]}’84 = {[a>b)}

&5 1= {((l, Oo)}’86 = {(_ooab)}787 = {[_Oovb)}a g 1= {[CL, Oo)}

Proof. We want to prove M(&;) = Br. We have that £; c By since they are all the open sets or complement of open
sets or sets of the type: N2, (a —1/n,b) = [a,b).
Thus M(€&;) c Br. Note that if O € 7z open then:

O =u2,I;, I;aninterval

since the open interval form a basis for 7g. Thus O e M(€1) = Ox c M(&;) and hence Bg c M(&1).
Observe that if I = (a,b) then:

VZIEM(Sl) —— VJM(El) CM(gj) - 'B]R CM(gj)
then M(E;) = Br. O

Now if {X, }aca is a collection of sets X = [],4 X4 is the product space. We have coordinate maps 7, : X - X,,

m3((Za)aeca) = 5. Let M, be a o-algebra on X,, then the product o-algebra is generated by:
& = {7, (Ba)|Ea € Mo, € A}

and we denote it by ® yeq Mo = M(E).

[ Proposition 1.1.5

If A is a countable indexing family then @ M,, is generated by the sets: F := {[Ipes FalEa € Ma}-

Proof. We have: 7' (E,) = [1gea Es with Eg = {Em a=p . In particular 7' (E,) € F. Then, £ ¢ § =
Xg, Bra

M(E) € M(F).

Take now [J,ca Eo € F, clearly this is not in €. Then [Joes Eo = Naeam, (E,) € M(E) since it is countable.

Therefore F' ¢ M(&) and thus M(F) c M(E). O

[ Proposition 1.1.6

If M,, is generated by &, then ® M, is generated by:

Fr = {15 (Ba)|Ea € €a,a € A}
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Furthermore, if A is countable it is generated by:

Fi={]] €alBa € €a,ac A}
acA

Proof. First observe that
Flicé — M(grl) Caea My

For the other direction let F,, = {E € X, |7} € M(F})}, we claim it is a o-algebra.

Then we have that &, c F, by definition of F; we have that M, = M(&,) c F, since it is a o¢.algebra, then

VE e M, : 7} e M(F) and thus & c M(F;) which means that M(€) ¢ M(F;). The countable argument is as before.
O

Example. On R? we have By ® By has sets generated by open boxes.
Note that if X,..., X,, are metric spaces so is the product with the product metric:
d((z1,- -, 2n), (Y15, Yn)) = {Qg}z{di(xiayi)}
Theorem 1.1.7
Let { X, }i., be a family of metric spaces and consider X := [];_; X; with the product metric, then ®7_; Bx, c

Bx.
Furthermore, if the X, are separableﬂ then ®?:1 Bx, =Bx.

9Being separable means there is a dense countable subset.

Proof. The set ®}_; Bx, is generated by the sets 7; L(U;) for u; € 7x,, let:
Fy = {w;l(Ui)|Ui €Tx,} cOx

then ®)1Bx, = M(F1) cM(Ox) =Bx.

Now suppose that each X; is separable. Then we have C; c 7; the set of open balls with rational radii centred in
the dense countable subset, note that this is still a countable family of open sets and thus any subset is going to be
a countable union of elements in C;. Thus M(Ox;) = M(C}) and hence E = {[]}_; E;|E; € C;} generates ®}_; B;.
Also X = [T}.; X; and every open set in X is a countable union of [T}_; E; for E; € C;. Then Bx is generated by I
and thus Bx = M(Ox) = ®’7q Bz, O

[ Corollary 1.1.8

We have that Bgr = @, Bg.
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1.2 Measures

[ Definition 1.2.1 |

A measure space is a triple (X, M, 1) where M is a o-algebra and . : M — [0, oo] satisfies:

* w(@) =0;
* (U2 E;) = X2 w(E;) if the E; are mutually disjoint;

if 11, only satisfies the second property for finite sums we say it is finitely additive.

Elements of M are called measurable sets. If A ¢ M and u(A) = 0 we say that A is a null-set. If ;u(X) < o
then p is a finite measure.

If X = U2, E; for E; € M and u(Ej) < oo p is o-finite. If for all £ such that u(E) = oo there is F' c E
measurable such that y(F) < oo then y is semi-finite.

Finally p is said complete if VE null and F c F then F € M.

Example. Consider R™ with measure ; on Br~ then  is not finite but it is o-finite and semi-finite.

[ Proposition 1.2.2

Let (X, M, 1) be a measure space. Then:
1) if E,F e M and E c F then u(E) c u(F); (monotonicity)
2) if {F;}32, c M then p(U$2, E;) < ¥52, u(E;); (subadditivity)
3) if B;e M and E; c E;,; then:
(Ui E) = 711_{210 w(E;) (continuity from below)
4) if E; e M and E;, c F; with u(F1) < oo then:

p(n32, E;) = lim p(E;)  (continuity from above)

Proof. 1) EcF = F=Eu(E®nF) thus u(E) < u(F).
2) Let Fj == E; ~ U/_| E; then: v, Ej = U3, F; but now they are disjoint: (52, Fy) = X572, u(Fy) < X520 p(Ej).
3) With the same family as 2):

(U5 E)) = p(U52, Fy) = - u(Fy) = lim > u(Fy)
j=1 i=1

now Fj = E; \ E;_; then:
> u(Fy) = lim 3 pu(Ej) = p(Eja) = lim p(Ey)
j=1 j=1

thus:

(Ui Ej) = lim pu(Ey)
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4) Let G; = E1 \ Ej, then G; c G, ad:

p(Ui21Gy) = lim p(Ex N Ej) == p(Er~ni2i Ej) = lim u(Eq s Ej)
by additivity and u(FE;) < oo we have:

p(E) = (52 Ey) = lim p(En) = p(En) == p(niZ,E;) = lim p(E;)

note that u(FE;) < oo is a necessary condition.

1.2.1 Complete Measures

If (X, M, i) is a measure space let 01: ={A € M|u(A) = 0} the set of null sets. We know that 91 is closed under count-
able unions and intersections. We complete our measure space by defining (X, M, %) as: M:={EUF|E e M, F c N e 0t}
and p(E U F):=u(FE).

Theorem 1.2.3

Let (X,M,u) be a measure space with nulls sets 91 ¢ M, then add all the null sets to define
M:={EUuF|EeM,FcN,N eN} then this is a o-algebra and there is a unique extension of x to M such
that (X, M, z) is complete.

Proof. We have that M is obviously closed under countable unions as M and 9t are. Let EUF ¢ M for E c N € 0N so
that Eu F = Eu (F \ E) so we can always assume that En F = &.
We can write (Eu F) = (Fu N)n (N®u F), then we have that:

(EuF)° =(EuN)“Uu(NUF%)

—_— — ——
cN = e

so M is a o-algebra.

Define (E u F'): = u(FE) then this is well defined since if we have F; u Ny = E; U Ny then: Ey ¢ B U Ny —
w(Fy) < u(Fs>) and similarly u(E2) < u(Eq).

Now for completeness: if G(EUF)=0 = u(E)=0so Ec Nnowif Gc FuF then G=guGfor Gc EUF c
EUN c N then G e M.

Now if A;:=FE; U F; with E; e M and F; ¢ N; and Vi,j: A; n Aj = @ then u;?‘;lAi =u2, E;uu, F;. Thus:

U Fy c U2 Ny € T = T(Ui2) Ay) = p(Ui2 Ag) = D Aq)

=1

then (X, M, ) is a complete measure extending (X, M, ).

Uniqueness: let v another complete measure extending u then:
V(EUF)=v(E)+v(F)=v(E)=u(E)

thUSV‘MEﬁ‘M = V= O

1.2.2 Outer Measure

We cannot find a measure defined on any subset but we can find an outer measure by approximating with covers.
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[ Definition 1.2.4 |

An outer measure is a function p* : P(X) — [0, oo] satisfying:
D p*(2) =0;
2) p*(A) < p*(B) whenever A ¢ B; (monotonic)

3) (U Ay) < X2y p*(As); (countable sub-additivity)

A way to obtain an outer measure is the following: given & c P(X) and p: € — [0, oo] such that:
* 7, X cé;
* p(2)=0;

define p*(A) :=inf{>72, p(E;)|Ac Ui B E; € E).

[ Proposition 1.2.5

This 1* is an outer measure.

Proof. Note that for any A € P(X) we have a cover of A by sets in € since any A ¢ X € € thus p* : P(X) — [0, c0].
Asgel:p*(2)<p(@)=0 = pu*(@)=0.

Now let A c B then any cover of B is a cover of A thus B c U2, E; = Acu3,Ej, thus:

1 (A) < i (B)

by definition p*(U32, A;) has a cover A; c U2, EF such that p*(A4;) > ¥, p(EF) - & moreover, U5, A; c u; ,EF is
countable.

Then for all € > 0 we have:
* [ee] * (o] s * 6 s *
HO(URAG) < (U EY) < 30w (Ay) + o5 < P T (Ay) +e
Jj=1 j=1

thus for e — 0 we have that:
P Ay) < Yt (4)
=1

thus p* is an outer measure. O

[ Definition 1.2.6

If * is an outer measure we say that A € P(X) is p*-measurable if:
VEcX :p*(E)=p" (EnA)+p (EnA°)

Note that by sub-additivity:
VE,X e P(X):p*(E) < p*(EnA)+p*(En A°)

alternatively A is p*-measurable if:

VEeP(X):pu*(E) 2 p* (EnA) +p*(En A9)
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Theorem 1.2.7: Carathéadory

If 4* is an outer measure and M is the set of p*-measurable sets, then M is a o-algebra and (X, M, n*) is a

complete measure.

Proof. We first prove that M is a o-algebra. By symmetry of M: En Au E° n A we have that M is closed under
complement. Let A, B € M then:

pHE) 2 p" (EnA) +p* (EnA9) 2
> (EnAnB)+p (EnAn B+ (En A n B) +p* (En A° n BY) >

w*(En(AUB))

> (En (AU B))+p*(En(AuB)9)

since y*(En(AuB)?) = p*(EnA° nB%) and En(AuB) = (EnA)u(En B) and by sub-additivity we have the
last inequality.
Thus M is closed under finite unions. Now pick {£;} ¢ M and consider Uj2, E;, make the family disjoint by
Fj:=E;j\Uj_ By e M. Let B, :=U"_, Fj, B:=U%, Fj, for all n e N: B, € M. Then:
p(EnBy)=p (EnB,nF,)+u (EnB,nFEY) =
=p " (EnF,)+u (EnB,_1)
By induction we have that p*(En B,,) = >_; p*(E n Fy), thus:

Vn:p*(E)=p* (EnBy,) +p* (EnBY)

=S (EnFy)+p* (EnBY) B,cB = B“cBf

k=1

> S U (EnFy) + p*(EnBY) == Sy (En Fy) + p* (En BY)
k=1 k=1

> (EnB)+up*(EnBY) by sub-addivity

then B e M.
Also for B = u;?, F}, disjoint and for E = B we have that p*(B) = Y72, u*(F%). Now completeness for (X, M, p*),
let Fc AeM, u*(A) =0. Then for E ¢ P(X) we have:

W (F)=p (EnF)+u*(EnFY)
but EnF c Athen: p*(EnF) < p*(A) =0, thus:
p(F) = (BEnFY) <y (E)

and thus F c M. O

[ Definition 1.2.8

An elementary family is a set € c P(X):

1) @eé;

2) A, Beé =— AnBe¢;
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3) E e & then EC is a finite disjoint union of elements in €.

Example. The families {[a,b]} and {(a, o)} are elementary.

[ Proposition 1.2.9

If € elementary, then: A = {U}", F;|E; disjoint, F; € £} is an algebra.

Proof. If A, B ¢ & and B® = UlY,C; with C; € & disjoint then A~ B = UL, (AnC;) and Au B = (AN B) U B where
these unions are disjoint so AN Be Aand AuBeA.

It now follows by induction that if 4;,..., A, € € then U}, A; € A by looking at U}, A4; = A, U u;‘:‘ll(Aj \ A,) which
is a disjoint union. To see that A is closed under complements suppose that A;,..., A, € & and AS = ug*:l B, with

B}, disjoint members of &, then:

(U1 Am)C =00 (U Bl ) = W{B]* n...n BJr i 1< S b, 1 <m <}

1.2.3 Premeasures

[ Definition 1.2.10 |

Let A be an algebra. A function pg : A — [0, co] is a premeasure if:
1) po(2) =05

2) if {A;}2, c A disjoint such that U2, A; € A, then: 119(U52; A;) = Yoy po(As).

[ Proposition 1.2.11

If pg is a premeasure, let p* be the associated outer measure, then:

1) p*

A = Mo, Ae *A:
2) A c M are the p*-measurable sets;

it then follows it can be extended to a complete measure, thus p* gives a measure on M(A).

Proof. 1) Let A € A then p*(A) < up(A). Now to prove the other direction if A c U2, A; then let B;:=An (A4; \
UiZ14;), this makes the family disjoint and B; € A, moreover A = U2, B;, then yo(A) = £72; po(B;) < £32; po(A4;)

taking the inf we have:

po(A) < p*(A) = po(A) = p*(A)

ii) We have A c M the y*-measurable sets. Let A € A and F c X. We want u*(E) = p*(En A) + p*(E n A9).

Approximate E by a cover: E c u; A; and we can find one such cover such that p*(E) +€ > Y2, po(4;). So we
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get:
p(E)+e> > po(A) 2 Y puo(Ain A) + po(Ain A9) > (po-additivity)
i=1 i=1
> (U AN A) + (U2 A0 A9) >
> (AnE)+p* (A nE) (monotonicity)

by letting € — 0 we get:

1w (AnE)+p* (A n E) < ju* (B)

which yields the result by our previous argument. O

Remark. Note that for pg a premeasure and p* its associated outer measure then for (X, M, u*) the
Carathéodory Complete Measure we have that M satisfies M(A) ¢ M by ii) and by i) u* extends p on
A.

Theorem 1.2.12

Let pg : A — [0, 00] be a premeasure on X and M:=M(A). Then p* is a measure on M extending o on A.
If v is any other outer measure that extends to M then: VE e M : v(E) < p*(E) with equality for all E with

w*(E) < oo. If ug is o-finite the extension is unique.

Proof. It follows from the previous proposition that ;* is a measure on M = M(A). Let E e M and F c ui2; A; for
Aj € A then we have that v(E) < Y72, v(4;) = X721 po(A;) and also v(E) <inf 172, puo(A;) = p*(E).
If A=us2 A;j then v(A) = limy, oo v(Up_ Ak) = limy o0 1o (UfL Ai) = " (A). If E is such that p*(E) is finite pick an

approximation: E c U2, A;:= A, then we have:
p(A) <p’(BE)+e = p'(ANE)<e

then:
i (E) < 1 (A) = v(A) < v(E) + (AN B) < w(E) + ¢

by sending € — 0 we get *(F) < v(F) and so equality holds.
Now suppose o-finite, then X = u$?; A; and po(A4;) < co and we can also assume that they are disjoint by our usual
trick. Then VE e M : v(F) = pu*(E) since:

v(E) - iu(EnAn - iu*(EmAn _ 1 (B)

1.2.4 Borel Measure on Euclidean Space

A Borel measure on R is a measure on R with o-algebra Bg. If i is Borel and finite we define: F(X):=pu((—o0,2])

(this is sometimes called the distribution function of 1), then F': R — R is increasing (by monotonicity of 1) and

right continuous since for z,, — x we have that (oo, 2] = N{°(—00, ;,,] then by continuity from above we have right
continuity. Similarly we can consider such functions and define .
Terminology: The h-interval (half open) are of the form (a,b] and (a, o) or @ for —oo < a < b < co. Let A be the

collection of disjoint unions of h-interval, we have that A is an algebra and the sigma algebra generated by A is Bg.

10
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[ Proposition 1.2.13

Let FF : R - R be increasing and right continuous. If (a;,b;] for j < n are disjoint h-intervals, let

oy (aj,b5]) = X5 [F(by) - F(a;)] with po(2) = 0, then po is a premeasure on the algebra A.

Proof. If A € A then it is either (a,b] or A = U}, (a;,b;] disjoint, then we can reorder it such that: a = a; <b; = ay <
by =...<b, =0b. Then:

n

Z (bj) = F(a;) = F(b) - F(a)

so it is well defined on h-intervals. If A =U"_, I; = U;, Ji both disjoint unions then:

i po(1;) = iiuou nJy) =
= i i po(L; N Jy) = ZMO(Jk)
k=1j=1

We need to show that if:

U;ZIA eA — ,uo(A) = Z ﬂo(I])
j=1

If A =uj_,Ji then each J; is a countable union of disjoint h-intervals: Ji, = u32,I; n Ji so we only need to show it
for this case.

Assume A = [ a h-interval, vy lj=1, we have:

Vs o (1) = p= (Ui 1) + po (I N UG 15) > po(Ui115) > ) po(1;)
j=1

so we get that yuo(I) > X372, p10(1;). For the upper bound: assume A = (a,b] with a <b < oo, F is right continuous so

there is ¢ > 0 such that:
F(a+0)-F(a)<e

and there is 6; > 0 such that: F(b; + ;) — F(b;) < €27 for I; = (a;,b;]. Consider [a + d,b] and cover it by intervals
of the type: {(a;,b; + d;)}, then we have a finite subcover by compactness, moreover we can assume that the cover
{(a;,b; +0;)}1~, respects b; + J; € (ai+1,bi11 + di41), SO each interval intersects at most 2 other intervals.

As Fis increasing:

3

F(bn +6,) - F(an)£ZF(b +6;) - F(ay) giF(b )+ €27 - F(a;)
j=1 j=1

3

< P~ Fla) ves il

j=1

but po(I) = F(b) - F(a) < F(b, +6,) — F(a1) +¢, hence:
wo(I)=F()-F(a)<F(b,+0,)—F(a1)+e

ZM0(1)+2€

j=1

ZMO(I ) +2€

g=1

S

8

by sending ¢ -~ 0 we have the equality. Then if F is increasing and right continuous we have that pg is a pre-

measure on A which yields p* an outer measure and hence a measure i on Bg extending 1o so such that p((a,b]) =

11
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F(b)-F(a). For I = (—o0,b] and b < oo (or (a, +o0] with —co < a) we have that for any M < oo the intervals (a;, b;+d;)
cover [-M, B] (or [a, M]) hence we have: F'(b) - F(M) < X2, po(I;) +2¢ (F(M) - F(a) < X2 to(I;) + 2¢) then
by letting ¢ - 0 and M — oo we get the result. O

Theorem 1.2.14

If F is increasing and right continuous, there exists a unique Borel measure pr on R such that ug((a,b]) =

F(b) - F(a). If F is another such function pur = u¢ if and only if F - G is a constant. Conversely if y is
u((0,2]), x>0

a Borel measure, finite on bounded intervals and F(z):=10, z=0 then F is increasing right

—u((2,0]), <0
continuous and pg = p.

Proof. The function F gives a pre-measure on A which is o-finite. Which then extends to a unique measure on By.

If F - G = c then pre-measures on A are equal which then implies that pr = ug. We have:
1y ((a,0]) = F(b) = F(a) = G(b) - G(a) = u§ ((a,b])

if F—G #cthen ul # u§ and so ur # pg.
If 11 is a Borel measure, the monotonicity of i implies the monotonicity of F' and continuity of x from above implies
right continuity of 7' = > 0 and z < 0. It is then clear that u = ur on A and hence i = ur on Bg by the uniqueness of

1.2.15
O

Given F' increasing and right continuous, then there is a unique Borel measure u . By Carathéadory we have some
complete measure which restricts to ;1 on the Borel sets, then Bg: (R, i, My,.) is a complete measure and is the

Lebesgue-Stieltjes measure of F.

Lebesgue-Stieltjes Measure

Let F' be an increasing right continuous function for (R, ;1, M,,) its Lebesgue-Stieltjes integral. If £ ¢ M,, we have:

u(E)zzinf{iij) — F(ay)|E € U, (aj,b;])

[ Proposition 1.2.15

If 1t is Lebesgue-Stieltjes for F', with M,, the o-algebra, then:

H(E) = inf{imai,bmw c U (aibi)}

Proof. Let v(E):=inf{}2, F'(b;) — F(a;)|E c U2 (a;,b;)} for (a;,b;) = u;‘;l(cﬁ,ciH] with a; = c} and c—,7c — b; from
below. Then:

E U2y (aj.b) € UfZy Uity (k. el

12
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SO:

WE) <Y u((ck el 1) <SS ul(ck 1)

ik 7k

= 2 1((aj,b;)) < 37 n((ay,b;])

J

= ;F(bj) - F(a;) <v(E)
by definition of x there are (a;,b;] such that E c u;(a;,b;] with:
%:/«L((aj’ b;1) < u(E) +e
by continuity there is a J; such that:

F(bj+0;) - F(aj) < €27 = Ecuy (a;,b;+5;)

oK
V(E) < Y F(bj+3;) = F(b;) < ) F(b;) = F(ay) +e27
j=1 j=1
< F(bj)—F(aj)+€
j=1
=u(E)+e¢
by letting ¢ — 0 we get v(E) < u(E) and thus the equality. O

Theorem 1.2.16

IfEeM,:
w(E) =inf{w(U)|E c U,U open} = sup{u(K)|K c E, K compact}

Proof. Let E c U then u(E) < p(U) which implies that u(E) < inf u(U) by the prior proposition there exists
U = ui2y(aj,b;] with £ ¢ U and u(U) < p(E) + € so infpey p(U) < p(E) + € then by letting € — 0 we get that
inf gy u(U) < u(E), which yields the result.

Now for the compact sets. Assume E is bounded then E is compac Consider E \ E by the previous point there is
U open such that Ex EcU: u(U) < u(E~ E) +e¢. Then K := E\ U compact and K c E so:

W(K) = w(E) -p(EnU) =p(E) - (wU) -p(UN E) =
=p(E) - p(U) + (U~ E)
> (E) = p(U) + u(E~ E)

——————
<e

>u(E)-e€

so by taking the sup and letting ¢ - 0 we get: supy.p ., #(K) = u(E), since the other inequality is trivial.
If E is unbounded let E; : = E n (j,j + 1) then by the above for all J there is K; c E; with:

VjeZ: p(K;) 2 p(Ey) - 2V

2We are considering R4 so Heine-Borel holds.

13
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let H,,:=u” Kj, this is a compact set and H,, c F, by construction we have:
n(Hy) 2 p(E) - 2¢
80 (i(E) =supgcp ept H(K). O
Theorem 1.2.17

We have that the following are equivalent:
1. EeMy;
2. E=V ~ N for V € Gs-set and N a null set;

3. E=HUN for H € F,-set and N a null set.

Proof. Obviously (2) and (3) imply (1) since y is complete on M,,. Suppose E € M,, and p(E) < co. By the previous
Theorem [1.2.19|for j € N we can choose an open set U; and a compact set K; c I such that:

w(U;) =27 < (B < p(K;) +27

let B:=n%2,U; and H:=U32, K;. Then H c EcV and u(V) = u(H) = p(E) < oo, s0 (VN H) = u(E~ H) =0. We
thus have the result for u(F) < oo.

For u(E) = oo let E;:=En[j,j+ 1], in particular there exists H;, N, with E; = H; U N; H; € ¥, and N, a null set.
Then let H:=U2, H; € I, and N :=U32; N; which is still a null set, then £ = H U N. So we have (1) = (3) and

then we are done since by taking complements we have (2) < (3). O

The significance of this Theorem is that all Borel sets (or more generally all sets of M,,) are of reasonably simple
form modulo set of measure zero.
[ Corollary 1.2.18

We have that (M, ;1) is the completion of ;. on Brg.

Proof. If E €M, then E = B; u N, for B; € Bg and N; a null set. O

Another version of the same idea is that general measurable sets can be approximated by simple sets:

[ Proposition 1.2.19

If EeM, and u(E) < oo then there is a finite collection of intervals A such that u(EF A A) <e.

Proof. Choose U, K such that K c E c U open and compact respectively such that: (U N E) <eand u(E~ K) <e.
Take a cover of K by open intervals contained in U and ick a finite subcover: K c A:=uUj_;I;. So: u(K) < u(A) <
p(U) implies that:

W(E) —e<pu(A) <p(E) +e

So we get that u(E A A) = u(E~ A) + u(A N E) < 2e and we are done. O

14
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[ Definition 1.2.20 |

We define the Lebesgue Measure (R, £,m) as the measure induced by the identity function: F'(z) = x so

prp=mand M, = £.

For EcR and r, s € R we define £+ s:={z + s|lz € £} and rF: ={rz|z € E'}. We then have:
Theorem 1.2.21

If EcLthen E+s,rFE € £forall r, se R. Moreover m(E + s) =m(FE) and m(rE) = [r|m(E).

Proof. We have Bgr = nA; over all o-algebra containing the intervals. If A; is a o-algebra then A; + s is a o-algebra
and also rA; for r # 0 is a o-algebra containing open intervals. Then B = nA; + s = (NA;) + s = Br + s and similarly
we get that By = rBg. Now for F € By define m;(E):=m(E+s) and m"(E):=m(rE), ms; and m” agree on unions
of disjoint intervals so m, agrees on Br with m(F) and similarly m" = |r| m.

Then for Borel null sets m(E) = 0 we have that m,(E) = m"(E) = 0. So if N is Lebesgue null N c E for E Borel
null implies that (N + s) c (E + s) and by completion we have N + s is null. Now f E ¢ £ we have that E = BuUN
for B € Bg and N a null set, then we have that m(E) = m(B) = m(B +s) =m(FE + s). O

Now we have that countable sets have null Lebesgue measure since points have null measure.

The Cantor set: C:=xz¢€[0,1]lz = X532, a;377; a; =0,2. We can cover C' with 2/ intervals of length 377 so u(C) <
(2)7 >0,

The set C' is uncountable since f : C' — [0,1] defined as f(¥ a;377):= ¥ ()27 yields all binary expressions.

We can extend f to a continuous map: F : I — [ such that it is increasing and surjective by adding constant function
of C. This function is called the Cantor Function.

To recap we have that C' has measure zero, is uncountable, compact, nowhere dense and a perfect seﬂ

1.3 Integration

[ Definition 1.3.1 |

Given f: X — Y from (X, M), (Y,N) is measurable if YE e N: f~(E) e M.

We clearly have that measurable functions are closed under composition. If Y = R", C" we assume that 9 is the
Borel o-algebra unless stated otherwise.

We say that f : R - C is Lebesgue (Borel) measurable if it is (£, B¢) measurable ((Bg,Bc) measurable). For
f,9: R - R Lebesgue the composition f o g does not have to be Lebesgue measurable even if g is C°(R). However

if f is Borel measurable then f o g is Lebesgue measurable or Borel measurable whenever g is.

[ Proposition 1.3.2

If & generated M then f: X — Y is measurable if and only if f~*(E) e MVE € €.

31t does not have isolated points.

15
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[ Corollary 1.3.3

if F: X - Y is continuous between X, Y metric space then F' is (B x, By )-measurable.

[ Corollary 1.3.4

Let f: X > R and (X,M) a measure space. Then the following are equivalent:
1. fis M-measurable;

2. VaeR: f1((a,00)) eM;

w

. VaeR: f1((~o00,a)) e M;

4. VaeR: fY([a,)) e M;

921

. VaeR: f1((~o00,a]) e M;

For F € M define Mg := EnM a new c-algebra and F|E is M g-measurable if F|E : E —>Y is (Mg, 91)-measurable.
Given f, : X — Y, measurable (Y,,M,) then there is a unique o-algebra M on X such that M is the minimal o-

algebra such that f,, is in (M, 91, )-measurable for all a. The o-algebra M is generated by { £ (E,)|Ex € 8o, € A}.

Example. The maps 75 : [Taeq Xo = Xo for (Xo,M,) gives @ qeaM.

[ Proposition 1.3.5

Let (X, M), (Y,,M,) and f: X — [T,ea Ya. Then fis (M, ®M0, )-measurable if and only if 7, o f is (M, N, )-

measurable for all a € A.

Proof. (=) Composition of measurable function is measurable implies that 7, o f is measurable.
(<) Let &:={mY(Ey)|Eq € My, a € A}, generates f~ (' (E,)) = (7o o f)*(E,) as 7 o f measurable implies
(7o 0 )71 (E,) € M is measurable. O

[ Corollary 1.3.6

Given f: X —» R" or (C") is M-measurable if and only if f; : X - R or (C) is M-measurable.

Also f: X — C is M-measurable if and only if Jm(f), Re(f) are M-measurable.

[ Proposition 1.3.7

If f,g: X — C are M-measurable then f + g, fg are M-measurable.

Proof. Just consider composition with continuous functions which we know to be measurable: let F'(z) = (f(z),g(z)) €
C?, then consider ¢ (z,w) = z +w and ¢o(z,w) = zw these are continuous functions hence (Be2, B¢ )-measurable,
so ¢; o F'is (M, B¢)-measurable and so f + g, fg are. O

16
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1.3.1 Limits

Consider the extended real line R: =R u{co} = [~00, 00]. We can put a metric by considering p(z,y): = ‘tan’1 (z) - tan™! (y)‘.
With Borel sets (Bz:={E c RIENR € Br}) generated by the intervals {(a, oo]} or {[-c0,a)}. Let f: X - R be M-

measurable if it is (M, By)-measurable.

[ Proposition 1.3.8

Let f, : X » R be M-measurable. Then sup,, f,(x), inf, f,(x) and limsup,,_, ., fn, liminf, .. f,(x) are

M-measurable function. Also if f,, — f point wise then f is M-measurable.

Proof. Let g(z):=sup,, fn(z) then g7'((a,o]) = U, £, ((a, ]) € M. Similarly: h(z):=inf,, f,(x) then h~*([-o0,a)) =
ue f1([~0,a)). So sup f,, inf f,, are measurable.
So gi(x) :=sup,,», f is @ measurable function, then we have that

limsup f,(z) = lim g;.(«) = inf g, (z)

n—o0

is a measurable function. Similarly we can do liminf f,, (z).

If f,, — f point wise then f(z) = liminf,,,« fn(2) = limsup,,_, ., f»(x) so f is measurable. O

[ Corollary 1.3.9

If f,g: X — R are measurable so are max( f,¢) and min(f,g).

For complex valued functions we have:

[ Corollary 1.3.10

If f,, : X - C are measurable and f,, - f point wise then f is measurable.

Given f: X — R, let f*:=max(f,0) and f~:=max(-f,0), then f = f* — f~ and moreover we have the following
result:
Lemma 1.3.11

The function f is measurable if and only if f*, f~ are.

Similarly we can do the polar decomposition, so given f : X — C then f(z) =sgn(f(z))|f(x)|, where

z[lz|, z#0
sgn(z)::{ /I :

0, otherwise

Note that | f| is measurable whenever f is, since it is the composition of a continuous and measurable function.

1.3.2 Step Functions

If £ c X, let g : X — R be the function defined as:

1, zekF
xE(7):=
0, o/w

17
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note that xgis measurable if and only if E is measurable. A function is said to be simple if it can be written as
f =3, cixg, for ¢; € C and F; € M. Note that simple functions are measurable.

Lemma 1.3.12

A map f is simple if and only if f is measurable and the range is a finite set of C.

If the range of f is finite and f is measurable then f~!(im f) = U, E;, clearly if f is simple then its image is a finite
set of C.
Theorem 1.3.13

Let (X, M) be a measurable space:

a) if f: X - [0, 00] is measurable the there exists ¢,, simple non negative such that Vn : ¢,,(z) < f(z)

and ¢, —— f uniformly on any set on which f is bounded on;

b) if f: X — C is measurable we have the same sequence except that it converges uniformly whenever | f|
is bounded.

Proof. (a) Consider for 0 <n < oo and 0 < k < 2"~1 the following sets: E¥:= f~1(k27", (k+1)2™") and F,, : = f1((2", ]).

Then define:
92n_q

¢n L= Z k2_nXEi”L + 2”XFn
k=0

this function satisfies ¢,, < f and also ¢,, < ¢,,+1, moreover on the set in which f < 2" the difference 0 < f — ¢,, <277
so the result stated follows.

(b) Just apply part (a) to the positive and negative part of im(f) and re(f) and then let ¢, : = ¢ — ¢, O

n*

[ Proposition 1.3.14

If 14 is a complete measure, we have:
1. if f is measurable and g = f p-a.ef]then f is measurable;

2. if f,, are measurable and f,,(xz) - f(z) p-a.e. then f is measurable.

%This is point wise except on a set of measure zero.

Proof. (1) Let f = g except on E with ;(F) = 0, then for any set F ¢ M we have g™'(F) =g ' (F)nEug ' (F)nE®¢
and ¢g"'(F) n E c E so it is a null set since it is a complete measure and g (F)n E€ = f~}(F) n E is measurable.
(2) If f,, —» f p-a.e. then f,(z) - f(z) except on a set F of measure zero. Let g,,: = f,,xgc a measurable function,

then g, (z) - f(x)xgec(x) implies that fxgc is a measurable function and f = fxgc u-a.e.. O

[ Proposition 1.3.15

Let (X,M, ) be a measure space and (X, M, i) its completion. If f is i measurable then there is g M-
measurable such that f = g 7i-a.e..

18
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Proof. If f = xp for E e M then E = E; u F for E; ¢ M and fi(F) = 0. Then let g:=yg, and we are done, so we
obtain the result for any simple f.

Let ¢,, — f point wise with ¢,, simple and M-measurable. Then our 1, = ¢, except on E,, € M with fi(E,,) = 0.
Note that n(UFE,,) = 0 since there is N null such that UE,, ¢ N. So let g = lim,,_, o %, x yc¢ Which is M-measurable
and g = f except on N. O

Let (X,M, 1) and define L*:={f : X — [0, oo], measurable}. If ¢ € L* is simple then ¢ = Y2, ¢;x g, and define:

f pdp:= 2 cin(E;)

with the convention that 0- co = 0. If A e M then [, ¢dp = [ dxadp.

[ Proposition 1.3.16

Given ¢, 1) € L* we have:
1. [ cddu =c [ ¢du for ¢ > 0
2. [o+dp= [ pdu+ [ pdu;
3. if g < then [ ¢pdp < [ du;

4. for A e M define p4(A): = [, ¢dp is a measure on M.

[ Definition 1.3.17 |

Given f € L* we define:

[ tdui=sup{ [ ¢ | 6 1)

Obviously if f < g we have [ fdu < [ gdp and also that [ c¢fdu=c [ fdpand [ f+gdp= [ fdu+ [ gdu.

Theorem 1.3.18: Monotone Convergence Theorem

f{fn} c L" and f, — f monotony increasing then the integral [ fdu = lim, o [ fn du < [lim f,du =
lim [ frdu.

Proof. Let ¢,,:= [ fndu, then ¢, < ¢p11 50 ¢, - ¢. As f, < f and f is measurable then ¢, = [ f,du < [ fdu so
c< [ fdp.

Now let 0 < a < 1 and let ¢ be simple with ¢ < f. Define E,, : ={z|f.(z) > a¢(x)}, then {E, } ¢ X forms an expanding
family such that E,, - X.

Then we have that ¢, = || g, fndp> /. £, ¢du = apy(Ey). By the limit theorem and taking the limit we have that:

apy(Up 1 Ey) = im apy(E,) = a/ odp<c

by taking the sup over ¢ we get that ¢ > « [ fdu and so by taking the sup over a we get the other inequality and
thus the required equality holds. O

[ Corollary 1.3.19

If{f,}cL then 77, foe L* and [ 2 fudu =0 1 [ fodp.

19
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Theorem 1.3.20

If feL" then [ fdu=0 < f=0pu-ae.

Proof. («=) Assume f =0 p-a.e. and let 0 < ¢ < f be simple, then ¢ = 0 y-a.e. butthen V¢ : [ ¢pdp=0 = [ fdu=0.

(=) Let E, = {z|f(2) > 1} measurable, inverse of a measurable set. We then have that:
F2oxm, = 0= [ fdpz - u(B) = u(E)=0
so E =UE, = {z|f(x) >0} implies that u(F) =0 = f =0 p-a.e.. O
Lemma 1.3.21: Fatou

f f, e L* then: [liminf, e fn(2)dp <liminf, o [ frdp.

Proof. Let g, :=infys, fi < f; for j > n, then:
lim g, = liminf f, (z)
so we have Yk >n: [ g,du < [ frdp which implies [ g,du < infys, [ frdu, by monotone convergence we have:

liminf [ g,dup= f lim g,dp < lim infffkdu

n—oo n—o0 k>n
which implies:
liminf f,dyp < lim inf/ frndu

O
[ Corollary 1.3.22
If f,(z) > f(x) p-a.e. then [ fdu <liminf, e [ fndu.
Proof. Let f,(z) - f(x) on E with u(EY) = 0, then apply Fatou’s Lemma on f, xz. O

[ Corollary 1.3.23

If feL*, [ fdu < oo which implies y(f~*(c0)) = 0 and {z|f(x) > 0} is o-finite.

Proof. Let E, :={z|f(x) >n}, then f > nyp, which implies [ fdu > n [ xg,dp = nu(E,). So we have: 0 =
limpeo = [ fdu> p(E,) so E = {z|f(x) = 0o} =nE, has u(E) = 0. Thenlet F,, = {z|z > 1}, F = {z|f(z) > 0} = UF,,
then f(z) > %XF" which then co > n [ fdu > u(Fy,).

Hence we have that it is a countable union of finite measurable sets and hence o-finite. O
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1.3.3 Real and Complex Integration

Given f: X — [-oo,00] if at least one of [ f*du, [ f*du is finite we define:

[ tdwi= [ fran- [ 1

if both are finite we say that f is integrable. Note that |f| = f* + f~, then f is integrable if and only if: [ |f|du < co.
If f: X - C, f is integrable if and only if [ |f|du < oo. As |f| < [Ref| + |[IJmf| < 2|f], so f is integrable if and only if

Ref,Jmf integrable. We define:
/fdu: fﬁ%efdﬂ+i[3mfdﬂ

we then have the following space:
LY(X,p):={f: X - C|f measurable and f [fldu < oo}

the space L' (X, ) is a complete vector space and [ is a linear function on L*(X, 11).

[ Proposition 1.3.24

For fe L' = |[ fdu|< [ |f|du.

Proof. We have:

[ sol-Af o

[ Frauf+

o

Given a complex valued function on f: X — C we have for sgn(f) = a (sgn(f) - f = &5 € R):

’ffdu’:affdu:fafdu:fﬁf{eadugf|af|du:f|f|du

[ Proposition 1.3.25

If f e L' than {z|f(z) # 0} is o-finite.

Proof. Decompose f =u+iv = (u" —u") +i(v" —v7) then apply o-finite for real function in L* to u*, v* to get the

result. O

[ Proposition 1.3.26

the following are equivalent for f,g e L':
1) VEeM: [, fdu= [, gd;
2) [If -gldu=0;

3) f(z)=g(x) p-ae..

21



MATH 425a Notes ~ YQL 1.3 - Integration Current file: 525b_Notes.tex

Proof. We have done (2) < (3) already.
(2) = (1) Let [ |f - g|du =0, then:

‘fEf—gdu‘=U(f—g)xEdu

(1) = (2) Let h:=f - g = u +iv. Assume one of u*, v* has F = {z|u* > 0} positive measure. The real part of the

‘ﬂe[fd,u—fgduzfﬁeff—gdu:fu+du>0
E E E E
then we cannot have VE : [, fdu = [, gdp. O

Sflf—gledusflf—gldu=0

integral:

So it does not make sense to alter functions on sets with measure zero. So we define the equivalence relations:
frg e f(2)=g(x) pace.

Note that {f : X - R, integrable} are a subset of L' (X, u) under ~, moreover [ is a linear function the space of
equivalence classes.

Finally we have that L' (X, ;1) is a metric space with metric given by:

d(f,g):=fX|f—g|du

under this equivalence relation we have that: L'(X,u) = L*(X, %), m completion. Since this is a metric space we
have L' convergence f,, - f in L' if [ |f,, - f|dp — 0.

Theorem 1.3.27: Lebesgue’s Dominated Convergence Theorem

Let {f,} c L' and f,(z) - f(z) p-a.e. and 0 < f € L' such that Vn : |f,| < g p-a.e. then f ¢ L' and
[ fdp=lim, e [ fndu.

Proof. Take f =wu+iv and f,, = u, + iv,, then u,, > v and v,, - v also Vn : |u|,|v]| < g p-a.e. so u, — g and g + u,, are

greater or equal than zero pu-a.e., then by Fatou:

fliminf(g—un)d,uSliminf/g—,undu

which implies that:
[liminf(g—un)dus /g—limsup/undu

fgdu—fudus/gdu—limsup[undu

— fuduzlimsupfu”d,u

we also have that:
f liminf(g + u,) < liminffg + Unpdp = fgdu-rliminf[ Hndit

fgd;u—/udusfgdu+liminf/undu

finally:
/ pdp < liminf / Updp < limsup f Updp < f udp
which yields:
lim Unpdp = lim w,dp
and similarly for v. O
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[ Corollary 1.3.28

If foe L' and Y00, [ |fnldu< oo then 00, fr e LY and [ Y07, fadu =Y, [ fadp.

Proof. By monotone convergence:
> [ aldn= [ ¥ faldpi< oo
n=1 n=1

soby g:=Yr2  |fnl € L' = [ gdu< 0050 g< oo p-a.e..

Then g(z) = X1 | fn(2)| is finite py-a.e. so we get that Y., f,, () is absolutely convergent u-a.e..

Define F,,(z) = 3. fe(z) € LY, ¥n :|F,(x)| < g(), the by Lebesgue Dominated Convergence:
lim F,=FelL'

n—> 00

so that:

de“:Jii&fF"d” — fond/F fondu
n=1 n=0

[ Corollary 1.3.29

We have that L'(y) is a Banach space.

Proof. Let f, be a Cauchy sequence, so we have that:
Ve>0:ElnE:Vn,mznG:f|fn—fm|du<e

Take a subsequence ny, such that the distance | f,,,., — fn, | < 2% Let gi : = fn,., — fn., we then have that:

1

Z/|gk|dﬂ§ 2216 <00
=1 k=1

so by the previous corollary G,, : = Y5, g — G € L' then lim,, o, fx41 - f1 = G € L' and in particular: limy _e0 fry =
fi+GelLl.

So the subsequence converges in L' so the whole sequence converges in L'. O

Theorem 1.3.30

The simple function are dense in L*.

Proof. Let f € L' then there is ¢,, - f point wise and |¢,,(z)| < |f|. Consider |f — ¢,| < 2|f| € L' so by Dominated
Convergence lim, oo [ |f = ¢p|dp = [ lim,—o0 | fr — | die = 0 so we have that ¢,, and f are L' close.
O

Now let i be a Lebesgue-Stieltjes measure on R for some monotone right-cotinuous function: F.
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[ Corollary 1.3.31

For i Lebesgue-Stieltjes the simple function over finite unions of open intervals are dense and also continuous

(or smooth) functions with compact support are dense.

Proof. Let f e L' (1) then there exists ¢,, simple such that | f — ¢,,| < € by the prior result. Assume ¢,, = ZMf CEXE,

for disjoint Ej, and ¢} # 0. It follows that ;(E}) < co. By a previous result given E € M, u(F) < oo there exists F
finite union of open intervals such that u(E & F) < ¢ for any e.

Choose F}! fo E}} such that u(E} A F}') <[l . Consider the functions v, : = ¥ ¢ x gy, then:

[WM ¢n|<2/|ck||XE" XF ‘dﬂ<2[|%|’ ‘M
Cr

then by triangle inequality we get that:
|f=tnl] <2

Given any x(,,;) We can approximate it by either continuous or smooth function by using continuous or smooth

bump functions so that: [ xg — ¢ndu < 2e. O

Theorem 1.3.32

Let f: X x [a,b] - C such that f(-,t) : X - C is integrable for all ¢. For F(t):= [ f(x,t)du then:

(@) if Ya,t : |f(z,t)] < g(z) € L' and Yz : limy.o f(z,t) = f(z,t0) then: lims;, F(t) = F(ty) <=
lime g, [ f(z, to)dp = [ timey, f(z,t)du;

(b) 1f L exists and | L| < g(z) e L' then F'(t) = [ af("” o) g,

Proof. (a) For any t,, — t, we have that lim,, .. f(2,t,) = f(x,t0) let f,(2):=f(z,t,) € L' also |f,(z)| < g € L* so
the limy, o0 [ fr(@)dp = [ limy oo fr(z)dp = [ f(z,t0)dp.

So we have that lim,,,o, F'(t,) = F(tg) = lim, F(t) = F(to).

(b) Let h,(z):= %ﬁfj“") e L', then |hy, ()] < supyefq.] “”“ D < g(x) is is finite p-a.e. since g is.

We then apply the Dominated Convergence Theorem:

li_{gofhn(x)du:/ lim h,(z) = lim Ftn) = F(to) :/ of(@.to)

n-roo t, —to ot

this is true for all sequence ¢,, — ¢, hence f differentiable at ¢y and F"(to) = [ Wdu. O

Consider f : R — R measurable with respect to the Lebesgue measure on R. On R the Lebesgue measure is usually
denoted by (R, £,m) and is the unique Lebesgue measure with m((a,b]) = b—a. A function f € L'(m) is said to be
Lebesgue Integrable.

Riemann Integration

Let f : [a,b] — R be a bounded function and take a partition p : a = tp < 1 < ... < t, = b, let I :=[tx_1,1x] and
My, :=supy, f, my:=infy, f. Let:

Sp(f)::ZMkAtj’ Sp(f)::zmjAtﬂ Aty i=tj—tja
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then we define TZ(f) :=infpeq Sp(f) and b= sup,eq 5p(f). Then we say that f is Riemann Integrable if:
—b
I(H=1,

we then define [ fda: :TZ(f) =1
Theorem 1.3.33

Let f : [a,b] - R be bounded, then:
(a) if f is Riemann Integrable then f is Lebesgue with: j[a’b] fdu= [ab fdx;

(b) the function f is Riemann Integrable if and only if f is discontinuous in a set of measure zero.

Proof. (a) Choose partitions p;, such that p;, c pi,; and S,, (f) = fab f(x)dz and so does s, (f). Let Gy : = Z§=1 Mjix(t;1 850
and gk5:2§=1ij(tH7t,-] be simple functions and |Gy, |gx| < M the bound of f. Hence, G:=limy_., G and
g:=lim_, . gi, are both measurable and in L'(m).

Then from Vk : g; < f < Gy we get that g < f < G. By Dominated Convergence: [ Fdm = limy_ e [ Grpdm =
limy— o0 Sp,, (f) and also [ gdu = limy oo [ grdp = limys sp, (f) and they are both equal to jab fdxz. So we have:

b
de,u:fgdp,:f fdw —> fG—gdu=0

butG-¢g>0 = G =g p-ae.so f=G =g p-ae. asmis a complete measure. Moreovet, [ fdu= [ fdz.
(b) (<) Assume f is discontinuous on a set E with p(E) = 0. As before we have partitions {p;} increasing, so
8y, (f) = TZ(f) and s,, (f) - I°(f). LetF:=Ugenpy and N = E U F with m(N) = 0. So if 2 ¢ N we have that
limy—oo Gi () = limgeo g5 (2) as f is continuous at z, so in particular G = g p-a.e.. Hence, [ Gfu = TZ(f) = [ gdp =
I’ (f) hence f is Riemann Integrable.

O

So proper Riemann Integrals are equal:

/abf(ac)dx = -[[a,b] fdm

but improper integration does not always hold. Improper absolutely convergent Riemann Integral are Lebesgue but

general ones are not. So if we have absolute convergence: [O°° f(x)dx = f[o’m] fdu.

Example. Let f:=55, (0 y (1, then: [5° fdo = limyoo [y fdo = £52, CV7 = 5 < oo,

n

But since we have not absolute convergence we can rearrange it to get any number which does not make

sense in the Lebesgue setting.

1.4 Product Measures

Given (X, M, ) and(Y, 91, ) measure spaces we want to produce a measure on (X x Y, M ® 91), which we will call

WX .
Define a premeasure for A x B ¢ X xY with A € M and B € 91 define 7(A x B) : = u(A)v(B) with the convention

that 0- oo = 0.
Let A be the algebra of finite disjoint unions of rectangles A x B for A € M and B € 9t: M(A) = M ® N and extend
mto A by ’/T(U?=1Ai X Bl) = Z?:l [L(AZ)V(Bl)
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We need to prove that this is indeed a premeasure. Let A x B = u;A; x B; disjoint then xaxp(%) = ¥, x4,xB,(Z)

which we can decompose for z = (z,y) as:
Xa(@)xsY) =2 xa,x5,(2,9) = 3 x4, (2)x85, ()
J J
integrating with respect to x and by the MCT we get that:

p(A)xs(y) = 3 n(A;)xs, (v)

which implies that 7(A x B) = ¥; 7(A; x B;) and so 7 is a well defined premeasure. We then let u x v be the
extension of 7 to a measure on M ® M.
Remark. If 4 and v are o-finite then 7 is o-finite since if X = u; E; monotonically with Vj : u(E;) < co and

Y = uF; monotonically with Vj : v(F}) < co we get that:

F(EjXFj):/,L(Ej)Z/(Fj)<OO = XXY:UjEjXFj

If 1 and v are o-finite then u x v is the unique measure on M ® M with u x v(A x B) = u(A)v(B).

Given F c X x Y we have cross sections at (z,y):

E,:={yeY|(z,y) €E} E,:={x¢X|(z,y) € E}

for f a function on X xY we have f, on Y and fY on X given by f.(y):=f(z,y) = f¥(z).

[ Proposition 1.4.1

IL.IEeM®N = E,eN, EYeM;

2. If f is M ® 91 measurable then f, is Di-measurable and fY is M-measurable.

Proof. 1. Let R:={Ec X xY|E, ¢ N, EY e M}, it is easy to show that this is a o-algebra which implies that
M® N =M(A) c R which then implies (1).

2. Let f;'(E) = [f"'(E)]. hence f measurable implies f~'(E) measurable which implies f~'(E), € 9 by (1)

we get that f, is measurable and similarly for fv.

O

[ Definition 1.4.2 |

A monotone class of subsets € c P(X) in X is a collection of subsets closed under increasing countable

unions and decreasing countable intersections.

If € c P(X) we define: C(€):={monotone class generated by £} an elementary set.

Lemma 1.4.3

If A is an algebra then M(A) = C(A).

Proof. HWK O
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Theorem 1.4.4

[Fubini-Tonelli] Let (X, M, i) and (Y,, v) be o-finite we then have that:

(@ if fe LY (X xY) then g(z):= [ fodv, h(y):=[ fYdp are in L*(X), L*(Y) respectively with:

ffd(uxy):/gdu:fhdu

(b) if fe L'(uxv) then f, e L'(v) a.e. inx and fY € L'(u) a.e. iny, ge L' () and h € L' (v) with:

ffd(uxy):fgdu:fhdy

Proof. (a) At first suppose that u, v are finite. Let C:={FE|xg satisfies (a)}. Take E, monotonally increasing in C
and let E: =u2 E; by taking f:=xpg, we get that h,,(y) = u(EY) is a measurable function as it is in € and satisfies
(a). We then have that h,, < h,41 and h,, > h with h(y) = p(EY), by Monotone Convergence we have:

f hdy ™ tim @ 1im (pxv)(E)=pxv(E)

n—> 00 n—oo

by continuity from below of x x v. Similarly for g,,.
We then have that y g satisfies (a) which implies that £ € € which means that € is closed under increasing unions.
Let E, € C with F,,,; c F,, and let E:=n, F,, then h,(y) = u(EY) so h,, » h and h(y) = u(EY) by continuity from
above.
Note that h,, (y) < u(X) < o0 and [ pu(X)dv = u(X)v(Y) < 00 so u(X) € L*(v) so by DC we get that:

[ hdv = lim | hy,dv=puxv(E)

n—00

which implies that E € € and € is closed under intersection hence M ® 91 = M(A) = €(A) c € hence (a) is true for
all yg e M® M.
If X,Y are o-finite then X xY = u2, X; xY; finite and increasing. Define F; = En (X; x E;) apply to xg, on X; xY;,
then:

xe; (2, y) = xx, ()xy; (¥)xe(z,y)

and:
pxv(E) = [ xx, (@B 0 i)

by Monotone Convergence of the RHS we get:

pxv(E) = [ w(E)du= [ w(E)dv

For f € L* note that (a) is true for f = xg which implies true for simple function. We then have ¢,, < ¢,1 with
¢, — [ and by Monotone Convergence we get the result for f.
(b) For f e L'(uxv) we proveiton f*, f~ e L* and [ f*d(uxv)<ooand [ f*d(uxv) = [ h*(y)dv hence h*(y) < oo
y-a.e. which means that [ fYdu < oo v-a.e.. then combining the result for f* and f~ we getit for f = f* - f~.

O

Remark. The measure pxv is almost never complete since even if (X, M, 1) and (Y, 0, v) are both complete
we could have that for A c Y not measurable|and for N € M such that u(N) = 0 we have that E:=N x A ¢
MeoMNas E,=Nbutthen NxAcNxYandso 0 < uxv(NxA)<puxv(NxY)=pu(N)v(Y) =0 hence
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1 % v is not complete.

4By Vitali we have such a set.

Theorem 1.4.5

[Fubini-Tonelli Complete measures] Let (X, M, 1) and (Y,9,v) be complete and o-finite. Let (X xY, £, )
be a completion of (X xY,M ® 91, u x v) we have that:

(@ if fe L*(\) then g(z):= [ fudv, h(y):=[ fYdu are in L* (X)), L*(Y") respectively with:

ffd)\:fgdu:fhdu

(b) if f € L*()\) then f, € L'(v) a.e. inz and f¥ € L'(u) a.e. iny, g € L' () and h € L'(v) with:

ffd)\:[gdu:[hdy

We define (R", £",m") the Lebesgue Measure on R" as the completion of (R", £®" m®") and is the same as the

completion of (R", Bg~, m®™) by uniqueness of the completion.
Theorem 1.4.6
If E e £" then:
1. m(E) =inf{m(U)|E cU,U € 7g» } =sup{m(K)|K c E, compact};
2. E=BjUN; = Bo \ Ny for B; Borel sets and N; Lebesgue null sets;

3. if m(E) < oo there is a finite collection of rectangles with integral size such that R = u¥ | R; satisfying

m(E A R) < e. Moreover, we can take rectangles with disjoint interior and non zero side.

Proof. 1. By definition of outer measure there exists 7 rectangles such that:

i m(7;) <m(E) +e€

J=1

Now approximate T; by open rectangles T; c U;:
€
m(U;) <m(Tj) + >

then:
Ec U[ZjZ:IIE TR™

such that:
m(U) <> m(U;) <Y m(Ty) + 2% <m(E) +2¢

Hence, m(FE) = inf{m(U)|E c U,U € g~ }. Thenm(E) = sup{m(K)|K c E, K compact} is as the 1-dimensional

case.

2. Similarly.
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3. We have K c U, R; c U and if we let R:=u’"_, R; we have:
m(E A R) < 2¢

Now subdivide the rectangles in R such that they are all disjoint and such that they are all of the form
[ai x bi] x [a; x b;].
O

Theorem 1.4.7

If f:R" - R such that f ¢ L' (m™) then for ¢ > 0 there exists simple functions, ¢ = ¥ a;xr,, with R; product

of intervals such that:

[ 17 -éldm<e

ng

Proof. Approximate f by simple functions: ¢ = ¥ ¢;xg,. Now approximate F; with R; = u j=1R§ disjoint rectangles:

€

‘II’L(E‘z A Rz) <

N max|c

then let ¢: =%, ; cixr: and we are done. If g is continuous just approximate y g by continuous bump functions or
. J

also by smooth simple functions. O

The Lebesgue measure is invariant under translations T}, : R"” - R" for a ¢ R" and T, (z):=x + a.

Theorem 1.4.8

If £ c £"then T,(F) € £” and if f : R"” — C is Lebesgue measurable then f o T, is Lebesgue measurable.

Moreover, if f € L* or L'then f o T, isin L* or L' respectively.

Proof. Note that T, is a continuous function hence 7', ! (B) is a Borel set for a Borel set. Then 7,,(B) = B+a = T-}(B)
is Borel, hence T, preserves Borel sets.
For F a rectangle m(7,(FE)) = m(E) by the one dimensional case, then by uniqueness of extensions m(7,(B)) =
m(B) for all Borel sets.
In particular if m(B) = 0 then m(7,(B)) = 0 for all Borel sets. If E'¢ £" then E = Bu N for N ¢ N; a Borel null set,
hence:

w(T,(E)) = m(T,(B) UT,(N)) = m(T,(B)) = m(B) = m(E)

since T, (N) c T, (Ny) which is a Borel null set.
Given f : R™ — C Lebesgue Measurable, then:

(foTu) ™ (B) =T, (f(E)) =T, (ExuN) =T, (E1) u T, (N1)
Borel null set

hence is an element of £.
Note for f = xg:
[ fomu= [ aisim =m@ () = m(E) = [ f
which implies true for simple functions by linearity. By monotonicity we obtain the result for L* functions and then

for f € L' by just applying to the positive and negative parts. O
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1.4.1 Outer Inner Content

Consider the lattices 27* Z" ¢ R" and let @}, be the collection of closed cubes with length 2% and vertices 2% z7".

Given a set F then define:
A(Ek):={QeQrlQc E} A:={QeQiQnE * o}

which yields:
A(E,k) c E c A(E, k)

we then have:
A(E):=urA(E, k) A(E):=n,A(E,k) = A(E)c Ec A(E)

are all Borel sets, then K(E):=m(A(F)) and K(E):=m(A(FE)). If K(F) = K(FE) then E is Lebesgue measurable.

Lemma 1.4.9

For U ¢ R™ open then U = A(U) and U is a countable union of cubes with disjoint intersection.

Proof. Since A(U) c U it is sufficient to prove U c A(U). Let x € U then there exists § > 0 such that Bs(z) c U, for
k >> 0 there is Q € Q, with 27% < § such that z € Q and Q c Bs(x), then z ¢ A(U).

Now A(U,0) uUz2, (A(U, k)N A(U,k—-1)) = A(U) is a countable union of cubes all of which have disjoint interiors,
and U is a disjoint union of cubes so m(U) = K(U). O

This immediately tells us that the Lebesgue measure of any open set is equal to tits inner contant.
Lemma 1.4.10

Let C be compact, then m(C) = K(C).

Proof. Compactness gives C c Q = [-2",2V]" for some N >> 0. So we have that:

IVE: A(C, k) + A(Q~C,k) = Q = m(A(C,k)) +m(A(Q~C,k)) =m(Q)

so we have:
Jlim (m(A(C, k) + m(A(Q C,k))) = m(Q)
and so:
K(C)+m(Q\C) =m(Q) = K(C)=m(C)
O
Lemma 1.4.11

If T e GL,(R) and f is Lebesgue measurable then f o T is Lebesgue measurable and for f ¢ L*(m) or L!(m),

we have:

ffdm:|detT\/(foT)dm
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Proof. Consider the elementary linear maps: 71(Z) = (z1,...,cx1,...,2y), T2(Z) = (21,...,2; + czj,...,z,) and
Tg(f): (wl,...,xj,...,xi,...,:cn).

Any T € GL,(R) is a product of the above. Note that if S, T satisfy the Lemma then:

ffdm:|detS|ffoSdm:|detS| |detT|f(foS)onm:|det(SoT)|[f(SoT)dm

So we only need to prove the Lemma for 71, 7> and T5. Assume f is Borel measurable then f o7 is Borel measurable
then by Fubini Theorem on f = y Borel we get that the formula holds for T3, T> and T3 by changing the order of
the integration. Moreover if E is Borel since 7! is continuous we have that T'(E) is a Borel set, then by considering
fi=xr(r) we get: m(T(E)) = |det T|m(E). In particular Borel null sets are invariant under 7-', T and so is £".

By linearity we then get the result for simple functions, then by monotone convergence theorem we get it for L*

function and then to L' functions. O

Theorem 1.4.12

Let 2 ¢ R" be an open domain, G : Q — R" a C* diffeomorphism. If f is Lebesgue on g(f2) then f o G is
Lebesgue on Q and f € L, f € L! implies:

fg(m fdm:fﬂ(foc:) et (DG)| dm

Proof. In R™ define |z|:=max|z;|, for T € GL,(R) define |T'|:=sup,.o I7I) we then have that: |T(z)]

ll]

IT| |=|. If Fis a C' diffeomorphism on a cube ), then we have the following upper bound: m(F(Q))

SUP,eq | DaF|" m(Q).
As G is a C! diffeomorphism on a cube @ then there is § > 0 such that:

IN

IN

Va,y: e -yl <0: [(DaG) T DyG|" <1+ e
Decompose () into cubes ); about points z; of size less than 4:
m(GQ) < Y m(GQ;) < Y. |det (D, G)|m(DG;H(GQ;))
1 j
<(1+e) Z |det (D, G)|m(Q;)
J

<(1+¢) [ |det (D, G)|xq, byDCT

by € — 0 we have:
m(GQ) < [Q Idet(D, Q)| dm

Now if U is open we have that U = u32,Q; with disjoint interior. So:

m(G(U)) =m(G(uQ;)) < 3 m(G(Q)))

which gives:
m(G(U))§Z[Qj |det(DmG)\dm:/U|det(DzG)|dm

Now for E Borel and m(F) < co we have E c U; open with m(U;) < m(E) + %, then V:=n%2,U; and m(V \ E) = 0.
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So:

m(G(E)) < m(G(V)) = lim m(G(r,0))) =
=U,

< lim fU det(D,G)| by DCT

S/V|det(DmG)|:/E|det(DxG)|

so m is o-finite which implies that for a Borel set £ we can decompose it E = U; E;, with E; ¢ E;; : m(E;) < oo,
then:

m(G(E)) = m(G(U; E;)) = m(U(G(E)))) =
= lim m(G(E,)) < lim [Ej det (D, F)|
< [E ldet (D, Q)|
If E is Lebesgue then F = Bu N with N null, N ¢ N; Borel null:
m(G(E)) < m(G(B)) +m(G(N)) < [ [det(D,G)] +0

So:
m(G(E)) < fB det(D,G)| = fE |det(D,G))|
thus we proved inequality for F € £:
m(G(E)) < [ |det(D,G)|
E

so for ¢ = xg(g) wWe have:

[G(Q)qss fg¢oG|det(DxG)|

then by linearity is true for ¢ € L* simple and so for arbitrary measurable functions by monotonicity, so for f € L*:

dgf GdtDIGdgf G oG |det(De @) |det(D,GY)| = d
iy JAm s [ FoGle(DG)dms [ foG oG et(Den@ldet(DG = [ fm

So we have equality for f € L* and for f € L' by linearity on f*, f~. O

Overview of Integration

We have the following:
e For f: X - Y and (X, M), (Y,M) is (M, 91)-measurable if and only if f*(E) € MVe € M.
* So f: X - Ror (R,C) is M-measurable if is (M, B)-measurable for B the Borel sets.

e For f : X - R, or (C) we can approximate by simple functions from below. For f e L*(u) we have:
[ fdu:=supgeyes [ ddp.

Theorems: The following are some of the fundamental theorem for integration:

1. Monotone Convergence Theorem: If f,, € L* and f,(z) - f(z) from below then f € L* and [ f,du — [ fdu.

2. Fatou: if f,, € L* : [ liminf f,, < liminf [ f,.

3. Lebesgue Dominated Converge: for f, € L' (1) and f,(z) — f(z) with |f,| < ge L' then f e L' and f,, > f
and also [ f, - [ f.
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4. Product Measure: for two measurable spaces (X, M, 1) and (Y,91,v) we have (A x B) = u(A)v(B), wis a

pre-measure on the algebra A of disjoint unions of rectangles which extends to a measure by Carathéadory:
then (X x Y, M ®MN, uxv).

5. Fubini-Tonelli: If f € L*(u x v), p, v are o-finite then:

g(w):=ffzdv h(y):=/fydu g helL

ffd(uxy):fgdu:fhdu

if f € L'(u x v) and o-finite, then g, h € L' and:

ffd(uxz/):fgdu:/hdz/

6. Lebesgue measure on R": we have that (R", £", m") completion if (R", Bg~,m x ... x m) also the completion
of (R",£®...0 L,mx...xm).

and:

[ Proposition 1.4.13

If £ € £" then
1. m™(F) =inf{m™(U)|E c U open} = sup{m™(K)|K c FE compact};
2. F=B;uUN; = By \ N, for B;-Borel and N; a null set.

3. m(E) < oo there exists a rectangles with disjoint interior and interval sides such that: m(EF AU} R;) <e.

Proof. Define T, (z):=x +a then m(7,(F)) =m(F) and T € GL,(R), then:

detTfEfoT:fEf

since G: Q2 - R" is a C'! diffeomorphism:

| o |70 Glaet(D.G)

1.5 Signed Measure and Differentiation of Measures

The motivation is to compare two measures , v on (X, M) does limg_, ¢, % makes sense?

1.5.1 Signed Measure

[ Definition 1.5.1 |

A signed measure on (X,M) is a function v : M — [-o0, co] such that it satisfies:
1. v(2)=0;

2. v only assumes at most one of +oo or —oo;
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3. E; e M are disjoint then v(UFE;) = Y72, v(E;) and is absolute convergent.

if v: M — [0, 00] is positive, if v : M — [-o0,0] we say is negative.

Example.
1. If my, my are regular measures with one of them finite then: v = m; — m, is a signed measure;

2. If f: X - R is measurable with one of [ f*, [ £~ finite, then: v(E):= [, fdu is a signed measure.

Observations: If £ c F e M and v(F) = oo = v(F') = +oo since:
V(F)=v(E)+v(F~NE)=c0+v(F\NE)=00+c¢

for ¢ > —oo since v only attains one of the infinite.

[ Proposition 1.5.2

Let v be a signed measure on (X, M), then if { E;} is an expanding sequence in M: v(UE}) = lim;_. v(Ej).

If {E;} is a shrinking sequence in M and v(E4) < oo then v(nE}) = lim;_, v(E;).

Proof. Let F; = E; \ E;_; then UE; = UF}; and they are disjoint, so we have:
o 0 n
v(VE;) = v(VF;) = 3 v(F;) = X (v(E;) - v(Ej1)) = lim > (v(E;) - v(Eja)) lim v(En)
J=1 j=1 j=1

the other one is similar. O

| Definition 1.5.3 |

A set E € M is positive if for all F'c E, F e M and v(F) > 0. Similarly we define negative and null sets.

Lemma 1.5.4

1. If FE is positive and F c E then F is positive.
2. If E; are positive then E = U2, E; is positive.
Proof. 1. Obvious.
2. Take F ¢ E = UE; = UF; with F; c E; disjoint. Then F = u2, F' n F; each of them is positive so: v(F) =

Yo v(FnFE;)>0.

Same holds for negative and null sets.
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Theorem 1.5.5: Hahn Decomposition

If v is a signed measure on (X, M) there exists positive and negative sets P, N for v with Pu N = X and

P n N =@. Furthermore if P’ and N’ is another such pair satisfying this then: P A P’ N A N’ are null.

Proof. Without loss of generality assume v does not attain +oo, let m = sup{v(F)|E positive} < oo, then there exists
P; such that v(P;) —» m, let P = uP; which is positive and v(P) = m < co. Hence P has maximal measure over all
positive sets, look at N = X \ P if Null we are done. If £ ¢ N and F positive with v(E) > 0 then m was not maximal:
v(EuP)=v(F)+v(P)>mand F u P is positive hence a contradiction.

So N contains no positive sets of positive measure. So if B ¢ N and v(B) > 0 then there exists C' c B with v(C) <0,
now let A:=B~ C c B, thenv(A4) =v(B) -v(C) >v(B) > 0.

If N is non negative we can define a particular sequence of sets in N. Let n; be the smallest integer such that there
is B ¢ N with v(B) > n% Let A; be such a set satisfying v(A4;) > n%, assume Aj,..., A;_; are defined, then there
exists some B c A;_1, v(B) >v(Aj_1) + nij, where n; is the smallest such integer.

Let A; satisfy the above, then A:=n%2; 4; and oo > v(n32; 4;) = limyeo v(A;) > X724 n% then n; - oo as j - .

But we can choose B ¢ A with v(B) > v(A) + % for some smallest n. But Bc A; = Vj:n; <n, then:
1
v(A)+ — <v(B) <v(4;)
n

which implies that }° ni diverges which is a contradiction.
J

Suppose we have another pair P/, N’ another decomposition, then:
P\P'cP, P<xP'=N'\NcN’

so the difference is both positive and negative which is equivalent to null and similar for P’ \ P. O

[ Definition 1.5.6

Given p, v signed measure, they are mutually singular if 3E, F e M with FuF = X and En F = @ with E

null for u, F null for v and we write 4 1 v.

Theorem 1.5.7

If v is a signed measure then there exists a unique positive measure v*, v~ such that v =v*-v~ and v* L v".

Proof. Let P, N be an Hahn decomposition of v. Then:
VFEeM:v"(E):=v(EnP) v (E):=-v(EnN)
v=v*-v~and v* L v~ with E = P, F' = N uniqueness let:
v=pt - ot L

then there exists: EmF: FuF =X and EnF =g, u*(F) =0=p~ (F) which implies E, F are positive and negative
sets for v. Then P A E, N A F are null for v, so:

AeM:p (A =p " (AnE)=v(AnE)=v(AnP)=v'(A)

Since v = v* — v~ one of them has to be finite since signed measure attain either +oo or —oo. O
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[ Definition 1.5.8 |

We define for v a signed measure the total variation |v| = v* + v~. Note that for F € M it is v-null if and only

if |v| (F) = 0. Moreover we have the following:

vip <= vllp = v Lpv Lp

For v =v* — v~ we have that: u = |v| and f = xp — xn We get:

[ sdu=v(E)

v= [ fu

so for v any signed measure then:

for f=xp-xnand p=|v|
[ Definition 1.5.9 |

Let L'(v) = L'(v*) n L'(v™) then [ fdv = [ fdv* - [ fdv~ and f is integrable if one of them is finite.

| Definition 1.5.10 |

Given p, v measures on (X, M) v is absolutely continuous with respect to u if VE such that u(F) = 0 then

v(E) =0 and we write v < p.

Similarly if v is a signed measure and y is a positive measure we have that: u(E) =0 = F v-null and |v|(F) = 0.
Note: v « p if and only if |v| « p if and only if v*, v~ « p.
Ifr<pandv L pthenv =0. Ifv 1 uthen thereis £, F with EuF = X with En F = @ such that u(E) = |v| (F) =0
since v < p == |v|(FE) = 0 which implies |v|(X) = 0.

Lemma 1.5.11

Let v finite, p positive, then v <« i <= given € > 0 there exists § > 0 such that |v(E)| < € for u(F) < 4.

Proof. («=) Assume ;(E) =0 and pick ¢ = = then Vn : [v(E)| < = which implies |v(E)| = 0 and apply this to £ n P
and EnNw*(E))v(EnP)<|v|(E)=0and v (E)=v(EnN) <|v|(E) =0 hence we have that v(F) = 0.
(=) As|v(E)| < |v| (E) we only need to show it for |v|. Assume is not true, then there is € > 0 such that for § =27"
there exists E,, with:
V(B > 6 (B <27
Let F:=u32, E; and F' = npZ, Fj, then:
Vi p(F) < p(Fr) < 327 =217 — u(F) =0

ik

which is a contradiction since Yk : v(F}) > € and since v is finite we have:v(F') = lim, . ¥(F}) > € so that is not

true that v < p. O

If 11 has positive measure, then f € £(;). For any € > 0 there exists J > 0 such that |fE fdu| <eforall u(E) <.
For signed measure if f e £'(y) for y a positive measure then v(E) = [}, fdu defines a signed measure, write
dv = fdu. Note fdu < p.
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Lemma 1.5.12

If v, ;1 are finite measures on (X, M) then v 1 por 3¢ >0 and £ e M with 4(F) >0nad v > ep on E.

Proof. Consider the signed measure v — % 1. We then have by the Hahn-Decomposition that X = P, U N,,.

Let P =UP, and N = n,N,, = P as Vn: N c N,, we have that IV is negative for v - X for all n.

For E ¢ N we have v(F) - %M(E) <0s0VYn:0<v(E)< +u(E) so VE c N we have that v(E) = 0 so in particular
v(N)=0.If y(P)=0then v L pu.

Otherwise (P) > 0 implies that p(P,) > 0 for some n and u(P) < ¥, u(P,) and P, is a positive set for v - £ 11, then
pick F' c E with v(F) > @ is the required positive set. O

Theorem 1.5.13: Lebesgue-Radon-Nikodym

Let v signed and o-finite and p o-finite on (X, M). Then there exists unique o-finite signed measures A, p on
(X, M) such that:
v=XA+p,ALu,p=fdu, fextended]p-integrable y-a.e.

“We have that f : X - Ru{co}.
We have that f: X > Ru{oeo}.
9We have that f: X - Ru{co}.
%We have that f: X > Ru{oo}.

Proof. First suppose that i and v are finite. Let:
F:={f: X > [0, 00] measurable|[VE ¢ M fE Fdp < v(B)}
since f =0 ¢ F so we have that F = @. If f, g € F then so is max(f, g) so let h:=max(f,g):

ndp= [ hdpr [ hdp= [ fdps [ gdu<v(By) v o(E2) = u(E
./E " {f<g}nE N {f>g}nE K Elf H+ E29 H V( 1)+V( 2) l/( )

Let m:=sup{ [y fdu|f € F} with m < v(X) < co. Let f,, € F such that [ f,du - m and let g, : =max{fi,..., f»} then
Jn < gn+1 and they converge to g = sup f,,. Thus:

[ fudis [ gudp — m< lim [ gudp

n—o0

Since {g,} € F we have that lim,,—.co [ gndu = m, then by the MCT we get:

/gd,u: lim fgndu:m

fgdu: 1im[gnd,u<y(E)
E n—oco JE

and also:

soged.
Now let d\:=dv - gdu for g € F, this is a positive measure. Now by the previous Lemma either A L y = dv =
d\+gdpand so v =X+ p,\ L pand p < u, or there is ¢ > 0 and E € M with u(FE) >0 and A > eu on E. Now let
h:=g+exg, then:

(g+exp)dp =gdu+expdu<gdu+dr<dv = g+exped

But [ g +edxpdp= [ gdu+ep(E) =m+eu(E) >m which is a contradiction, hence we are done.
For uniqueness if v =\ + p' then A\- X Luand p' - p < pbut A- X = p’ — p =0 so they are the same.
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Now g is well defined p-a.e. and p: = fdu = f'dp implies that:
vE: [ fdu= [ fdp — [ (5= F)du=0

so f = [ pu-a.e..

For the o-finite we have that X = UE; = UF} for E; and F; disjoint finite sets for 4 and v respectively, by taking
intersections we obtain a sequence A; such that X = uA4; and A, are finite for both y and v. We then define
wi(E):=p(EnAj)and v;(E):=v(E n A;). By the above we have that Vj : dv; = d)\; + f;dp; with \; L p;. Since
1 (AS) = v;(AS) = 0 we have that Vj : A;(AS) = v;(AS) - fAC fidp; = 0 so we may assume that fJ|AC = 0. Then
let A\:=%,\; and f:=%; f; and we have that dv = d\ + fdu w1th A 1 u by exercise 4.9 and d\ and f du are o-finite
as desired. Uniqueness is the same.

If v is a signed measure we apply all the above to v* and v~ respectively. O

Remark. This theorem tells us that given a signed o-finite measure we can compare it to any given u
o-finite and we get that:

v=A+fdy ALv p:=fdup<p

[ Corollary 1.5.14

If v < pthendv = fdu (W(E):= [, fdu) and f is well defined p-a.e..

The map f is called the Radon-Nykodim derivative and we write g—: = f, so:

dyz(j—;:)du = V(E):fEdu:fg(j—Z)du

[ Proposition 1.5.15: Chain Rule

If v is a signed measure and o-finite, u, A o-finite positive measures, such that v «< u <« A then:
1. if ge L' (v) then gd” € L*(p) and [ gdv = fgg—Zdu;

dv _ dvdp
2. v« X and o deA)\ae

Proof. Consider v*, v~ separately and add. Assume v, u, A positive and o-finite. Then:

1. For E e M we have: v(E) = [pdv = [, g; du= [ a5 Xedp, then is true for simple positive function so it is true
for L*(v) by MCT and then to L'(v) by linearity.

2. Transitivity is obvious since:
dv () dv dp QA

= a0,
VE)= o™ e daan
so we have:
dv dv dp
E :f W ax RPN
v(E)= | g dA

hence we have that % = cdiv di ) g6
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[ Corollary 1.5.16

dp dx

If p <« X and )\ «< p then B, =1 almost everywhere with respect to both p and .

1.5.2 Complex Measures
A complex measure v on (X, M) is a function v : M — C such that:
1. v(@)=0;
2. {E;} c M disjoint then v(UE;) = ¥ v(E;) is absolutely convergent.

If v is a finite signed measure then v is complete. If f in L'(x,C) then fdu is complex.

If v is complex then we can decompose it as v = v, + iv; with v, and v; finite and signed. We then have that:
L*(v):=L'(v,)n L' (v;) and [ fdv:=[ fv, +i [ fdv;.

Now for v and p complex we have that v 1 u if p, L v, i L v, p; L v, and p; L v;. If 4 complex and v is positive

measure we have that: y < v if u, < v and pu; < v.

Theorem 1.5.17: Lebesgue-Radon-Nykodim

Let v signed and o-finite and y o-finite on (X, M). Then there exists unique o-finite signed measures ), p on
(X, M) such that:
v=A+p,ALu,p=fdu, [ extended u-integrable u-a.e.

(Extended means that we have f: X - Ru{oco}.)

Proof. Apply to v; and v, separately. O

Note that v <y == dv = fdy for f € L'(u) hence g7 = f € L' ().

Total Variation

Let v be a complex measure.

[ Definition 1.5.18 |

We define |v| by d|v| = | f|dp where v = fdu

This is unique since, suppose that dv = fidu; = fadus, we can then compare the 2 measure by p = g + e =— 1 <
p, p2 << p. We also have that dv = fidu, = f1 dm and dp = f2§ dpz Zdp hence: fl% = f2 d“2 p-a.e..

Note that all u1, ue are positive measures we have that %}1 > 0. We have that:

sz

d d
| f1 Ml =f2 MQ p-a.e.

hence:
d
|f1|du1—|f1| d,o 21l “de | fol dpo

where the (*) equality comes from the fact that the two expressions are the same p-a.e..

For the existence part it suffices to take p:=|v,| + |-
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[ Proposition 1.5.19

For v complex on (X, M) we get:
L [p(B)| < |v[(E);

2. v < |v| and ‘ =1 |v|-a.e;

3. L'(v) = L'(v]) and | fdv| < [|f|d|v].

Proof. 1. We have v = fdp and |v| = |f|du, v(E) = [ fdu=|v(E)| = [y fdu| < [51d p = v|(E).

2. From (1) we get that |[v|(E) =0 = v(FE) =0 hence dv = gd|v| for g = d” hence dv = fdu RED

g|f|du, which implies:

fadlv| =

fdu=glfldy = f=gl|f| p-ae = f=gl|fl [V]-ae.

= |f|du, thus we ge that |[g| =1 |v]-a.e. and so {7 =1 |v]-a.e..

3. We first prove that L'(v) ¢ L'(|v|). If h € L'(v) then we have that h-3% ¢ L1(|z/|) so we ge thtat its absolute

d|v|
values in in L' (|v|) hence |h| € L'(|v]) and so h < |h| is in L ([v]).

‘fhdu ‘fh f||‘

In order to prove L!(|v|) ¢ L'(v) we have that h € L*(Jv|) = || € L*(|v|) hence if v = fdu we have that
[v| = | f| du so we get that |h||f| € L' (1) and so || f € L'(x) which implies that:

We also have that:

dlv| = IhIdIVI

[ 1 f i < o0

and so |h| € L' (v;f;) = |h| e L' (v).

Lemma 1.5.20

If 11 and v, are complex measures we have that |1y + v»| < |11 + |v2] by relating them to some absolutely

continuous measure.

Proof. Let v;:=fg;du; and p = p1 + po, then v; = g;dp with 11 + 19 < p and d|vy + vo| = g1 + g2|dp < (lg1] + |g2|)dp =

d 1|+ d || since vy +vo = (g1 + g2 )dp. ]

Udfu sf|f|dz/

1.5.3 Lebesgue Differentiation Theorem

We then have that:

For f € L' on R™ if f is Lebesgue measurable and |, x fdm < oo for K bounded and measurable we say that f is

locally integrable and we write f € L . We then introduce the following:

loc*
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| Definition 1.5.21 |

For r > 0 we define:
1

Af (@) = B s

)f(y)dy

Lemma 1.5.22

If f e L} then A, f(x) is continuous in (z,7) e R" x R.

loc

Proof. Note that m(B(z,r)) = r"m(B(0,1)) = ¢r™ is a continuous function. Let S(z,r) = {y||y—z|=r} be the
sphere about z, then m(S(xz,r)) = 0 by taking an e neighbourhood, if (r,z) + (ro,z0) then g, ) = TB(zy,r)-2-€--

By dominated convergence we have that:

1) Sy T DY = (o By S T XBG

then for (r,z) near (ro,zo) we get:

XB(r,z) < XB(ro+1,z0)

50 g(y) = f(Y)XB(re+1,20) € L', s0 by DCT we get that:

lim ff(y)xmr,x)dy:/f(y)xB(m,xo)dy
(ryz)—=(ro,x0)

Hence:
lim A f(z) = lim __r fly)d - F(y)dy = Arg f(20)
(r,z)—(ro,z0) " (r,z)—>(ro,z0) m(B(r,x)) B(r,x) yiey m(B(TO,l'O)) B(ro,z0) vy o 0
thus we have continuity. O

[ Definition 1.5.23 |

We define the Hardy-Littlewood maximal function H f(z):=sup,.o 4, |f| (z) for f e L.

Lemma 1.5.24

We have that H |f| is measurable.

Proof. We have that H [f|™" (a,00) = Upso(Ar | f]) 7! (a, o) which is a union of countable open intervals and A, |f] is

continuous which implies Borel. O

Lemma 1.5.25

Let U € R" open and U = uj;; B;, for B; balls. If ¢ < m(U) there exists By, ..., By disjoint such that:

k
Zm(BZ) >3 "¢
1
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Proof. Let K c U compact with m(K) > ¢ then there exists a finite cover Ay,..., A, of B;. Choose B; to be the
largest such ball and keep going by induction to construct {B,} is the largest disjoint from By,..., B;_i.
If A; is not in the list, then it intersects one of them. Let A; intersect B; be the smallest such j, then A; does not
intersect By, ..., Bj_1.
So the radius A; is less or equal than the radius of B; and A; c B(z;,3r;) for r; the radius of B;, then K c
uB(x;,3r;), so we have:

c<m(K) <> m(B(x;,3r;)) <3" Y m(B;)

Theorem 1.5.26: The Maximal Theorem

There is a constant ¢ > 0 such that for all f ¢ L' and all a > 0:

m({alHf(2)>a}) < = [ |f]dm

Proof. Let E,, = {«|Hf(z) > a}, if x € E, = 3r, such that 4,_|f|(z) > «, so:

1

- fldz > a
w(B(r) Jaea

by the prior lemma there exists finite disjoint balls in F,, such that.
k
> m(B(z,r,)) 23"
i=1

so we have:

k 3nk 3n
3" S m(B(z, 1)) € f d g—f d
e SB[ dm s [ (flan

So we have that ¢ < % [ 1f]dm, let ¢ > m(E,) then:

(wi,m4)

m(E) <> [ |f]dm
«Q
and so the result. O

Theorem 1.5.27

For f € L, then lim, . A, f(z) = f(x) a.e..

Proof. We only need to prove it for f ¢ L' with f(z) and |z| > N for x ¢ R with |z| < N replace f by fx[
Approximate f by g continuous with compact support, then [ |f - g|dz <e.

As g has compact support we have that g is uniformly continuous and there exists » > 0 such that |g(z) — g(y)| < 0
for |z —y| < r. If we look at |A,.g(z) - g(z)| we get:

om(B,)

m(B,) *

[Arg(x) - g(2)| =

(B ) ‘f (9(y) —g(x))dy| <
So A,.g(z) — g(x) as r - 0. Now consider:
limsup|A, f(z) = f(@)] = limsup|(Arf(x) = Arg(2)) + (Arg(z) = 9(2)) + (9(x) = /()]
<limsup |4, (f = g)(@)] + [Arg(z) = g(2)] + |g(2) - ()]

<H(f-9)(x) +|f -gl(x)
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Let E, = {/limsup|A,f(2) - f(2)|>a}, Fa = {«]|f - gl () > a}. Now we get E, ¢ Fy u {e|H(f - g)(z) > 2},
then:

2 [ 1f@) - g(@)lxz Gm(Fy)

So m(Fs) < 2, we then have by the 1.5.26:

2 2¢ 2
m(Ba) < 2+ 20 [ 7 glae< 24 2

so by letting ¢ - 0 we get m(E,) = 0.
Now we have that: m({z|limsup|A,f(z) - f(x)| >«a}) = 0. Since we have that: Va ¢ E = u,zF1 the statement

holds since we have m(F) = m({z|lim,_o A, f(x) # f(z)}) = 0 we have the statement m-a.e. as requested. O

Applications

For E a Lebesgue set, let f = yg then we have that:
1iII(l) A f(z) = f(z) m-a.e.

Pick = € E where limit exists, then:
lim m(En B(z,r)) 1
5 m(B(a,r))

[ Definition 1.5.28

We define the Lebesgue set for f as the following:

1

o m(B(z,m)) Jn ,, W)= J(@)ldy =0}

c={x] hm

Theorem 1.5.29

For fe L, thenm(L;) = 0.

loc

Proof. Let ce C and g(«):=|f(x) - ¢, so by|1.5.27| there exists E. ¢ M with m(E.) = 0 such that:

1
Vo ¢ Ee: hinm | (y) —cldy =|f(z) -

Take D a countable dense subset of C and take E:=U.pF., then m(F) = 0, if « ¢ E there exists some ¢ € D with
|f(z) - <esothat Vy: |f(y) - f(z)| <[f(y) —c| +¢, then:

. 1 . 1
lim sup (B Joen If(y) = f(@)|dy < lim sup w (B Joen [f(y) —cldy +e<|f(x) —c| +e<2e
which implies the result. O

Note that:
1

wm(B(z,r)) JBr)

so this is a stronger result than the one we had before.

|f(y) = f()]

1
(f(y) - f(x))dy‘ = w(B@ ) I

Now let { F,.} be Borel sets in R" such that E,. ¢ B(z,r) and m(F,) < am(B(x,r)) (note that: £, does not have to contain x),

such a family is said to shrink nicely at x.
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Theorem 1.5.30

[Lebesgue Differentiation Theorem] Let f € L}, then Vz € L; and every E, shrinking nicely at z:

loc

. 1
tim s, @) @)y =0

Proof. We have that:

1 1
w(E,) fE If(y)—f(x)ldysmfjg(m 1f(y) - f(z)|dy

[ Corollary 1.5.31

We have that: lim,_, ﬁ)) [e, F(W)dy = f(z) m-a.e..

Regular Borel Measure

| Definition 1.5.32 |

A measure v on R" is regular if:
1. VK compact: v(K) < oco;
2. VEeM:v(E) =inf{v(U)|U c U open}.

a signed or complex regular measure is regular if |v/| is.

A regular measure is automatically o-finite.

Theorem 1.5.33

Let v be a regular signed or complex Borel measure. Then considering m we have that for almost all = € R™:

im v(Er)
=0 m(E;)

=f(z)

where F,. shrinks nicely at x and dv = dA + fdm is a L-R-N decomposition.

Proof. (Folland) We have v, m o-finite so dv = d\ + fdm with A L m and fdm « m. Note that |v| = |A| + | f|dm and |v|
regular implies that A and fdm are regular, so f € L}

loc*

As )\ 1 m we have A a Borel set such that:
A(A) =m(4°)=0
Let Fy: ={x € A|limsup,_, % > 1}, we want to show that for all k m(Fy) = 0. By regularity of A\ we have Ve:
A c U, with A\(U,) < e. Since U, is open for each z € Fj, we have a ball B, c U, such that A\(B,) > %m(Bx), then by
Lemmal|1.5.25]if we define V,*:=U,r, B, and ¢ < m(V*) we have 1, ..., 2y with B, ..., B, disjoint and:
c<3" i m(B,,) <3"k i AN(B.,) <3"kXN(VE) <3"ENU,) < 3"ke
=1 i=1

we then have that V& : m(F) <m(V*) - 0 hence the result follows. O

44



Chapter 2

Functional Analysis

2.1 Normed Spaces

[ Definition 2.1.1 |

Let V be a vector space on R or C, a semi-norm: |-| : V' — R is a function such that:
* YAeR(C),VueV: | | =|Al|v];
* v+ wl <ol +fuwl;
* [0 =o.

We say that a semi-norm is a norm if |v|] = 0 <= v = 0. If |-| is a norm then (V,|-|) is a

normed vector space with induced metric: d(z,y): =[x - y|. If (V,]~|) is complete we call it a Banach Space.

Example. The following are all normed spaces:
* C°(X,R) continuous functions on X a compact metric space with || : =sup,.x | f(z)|.

* L'(u) Lebesgue integrable functions with norm | f| = [ |f|du.

Theorem 2.1.2

The normed vector space (V, ||-|) is complete if and only if absolutely convergent series in V' are convergent.

Proof. (=) Let s,,: =Y, v; be absolutely convergent, then:

m m
Vm>n:sp—sm| =1 > wl[< > v -0
i=n+1 1=n+1

hence there is N, such that for all m,n > N. we have that: >} ., |v;| < € so it is a Cauchy sequence so s, > s€V
by completeness.

(<=) Let v; be a Cauchy sequence, then: |v,, — vy, | < 5 for n,m > N;. Choose a sub-sequence v,,, with:

1
”Uni+1 ~ Un; H <o

21
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then let w; : =v,,,, — v, € V, then we have that s, : = Y|, w; is absolutely convergent since | Y2, w;| < Y72, Jw;]| <
Y2 5 =1. So s > s €V but:

lim s =s = lim v,,,, —vp, =5 == lim v,, =5+v,,

so v; has a converging sub-sequence and so it converges. O

2.2 Bounded Linear Operators

[ Definition 2.2.1 |

Alinear map: L: X — Y between normed vector space is bounded if 3C > 0: Vz : |L(z)| < C |z|.

[ Definition 2.2.2 |

The space L(X,Y) of linear operators from X to Y is a normed vector space with norm:

7] : = supg. pex L.

This is indeed a norm since |AT| = |A||T| and for all x € X we have that for operators S and T
[(S+T)(@) | < [SE) + 1T @) < 1Sl + 1T ] = ST+ 171 X

so |[S+T|<|S|+|T|-If|T||=0thenVxeX:|T(x)|=0 < T(z)=0 < T=0.
Theorem 2.2.3

We have that L(X,Y) is a Banach space whenever Y is.

Proof. Let T, be a Cauchy sequence, then for all «:
| T () = T ()| < [T = Ton | 1]
so {T,,(x)} is Cauchy in Y, then the following is well defined:
T(x):= lim T,(x)

and T is linear since taking limit and 7;, are.

Moreover we have that since || T, | - | Tnll| € | T — T || the sequence: {|T.|} is Cauchy in R hence for all x:
IT ()| < [Ta(@)]| + [Toa) =T (@) < [Toll |2l + [ To () - T(2)|
as n — oo we get that: ||T,,(z)| < lim,—e |[Th(x)] |z| < 00 so T € L(X,Y’). Moreover:
| T () = T(2)| < [To(2) = T ()| + | T () = T(2) | < [T = Ton| ]| + [ Ton () = T ()|

so by sending m — co we can write:
| T () = T()] < €]

hence: [72(5)-1(2)]

[Ed

<esoT, - Tin L(X,y). O

46



MATH 425a Notes ~ YQL 2.2 - Bounded Linear Operators Current file: 525b_Notes.tex

Theorem 2.2.4
Let T:V — W linear, T bounded <= T continuous at zero <= T continuous.
Proof. 1) = 3) — 2) If T is bounded then: |T(z)| < |7l ||=|| hence: |T'(z) - T(y)| < ||T| |z - y| so it is continu-

ous.
3) = 2)If T is continuous at 0, then 7" is bounded: 35 > 0: |T'(z)| < 1 forallz < 6, so: |[T(y)| = |37 (sy)| < 3. O

[ Definition 2.2.5 |

A map f: X - Y between metric spaces is Lipschitz if there is C' > 0 such that: Vz,y : d(f(z), f(y)) <

Cd(x,y), Lipschitz maps are always continuous.

[ Definition 2.2.6 |

Let L:V — R (or C) be a linear functional if L € L(V,R) (L(V,C)). Denote by V*:= L(V,K) for K =R or C.
We have that V* is a Borel Space.

Example. If f € L'(u) bounded, we define: Ly : L*(u) -~ R by: Ly(g):=/ fgdu, and |L;(g)| < [ |f||gldu <
M [ |gldu< M |g].

[ Definition 2.2.7 |

A sub-linear functional is a map: p: V — R such that:

VA2 0:p(Az) =Ap(z)  plz+y) <p(z)+p(y)

Example. Any semi-norm.

The following is a Theorem about extending linear functional with control over the norm.

Theorem 2.2.8: Hahn-Banach

Given X a real vector space, p : X - R a sub-linear functional, Y ¢ X a sub-space such that f : Y - R
is a linear functional with Vy € Y : f(y) < p(y). Then there is F : X — R linear such that: F|Y = f and
VeeX:F(z)<p(x).

Proof. Suppose we are given some extension g : Y1 —» R with Y ¢ Y¥; and g|Y =fand Yy €Y : g(y) < p(y) (note
g = [ is a perfectly good extension). If Y7 # X we extend by taking € X \ Y;. Build an extension h: Y; ® Rz - R
in the following way: for y;,y> € Y we have: g(y1 +y2) < p(y1 + y2) then:

9(y1) +9(y2) <p(yr — ) +p(y2 + ) = g(y1) —p(y1 — =) <p(y2 + ) - 9(y2)
hence:

sup{g(y) - p(y — )} < inf {p(y +x) - g(y)}
yeY Yyexry
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then let o be between these two values, then:

9(y) -ply-z)<a<py+x)-g(y)

which yields:
gy)<a+ply-z)  g(y)<ply+z)-a

we then define h(A\z +y) :=g(y) + Ao, h is linear by definition and h|y = g. For )\ # 0 we have:

h(y + Ax) :/\h(%+x) :)\(h(%) +a)
for \ > 0 we also have:

/\(h(%)-ra)S)\p(%+x)=p(y+)\:v)

for \ < 0 we have:
—)\(h(%)+a) S—)\p(%—m)+)\a—)\a:p(y+)\x)

Then define a partial ordering on the set of extensions:

S:={g: Yy > R[Y cYy,9|, = f,VyeY,:9(y) <p(y)}

with g1 < g2 if Yy, € Yy, and go|,, = g1. The set S # @ since f € S.

g1
Any chain has a maximum hence by Zorn we have a maximal element: g : ¥ — R with nothing bigger hence
Y =X. O

Theorem 2.2.9: Complex Hahn-Banach

Let X be a complex vector space and p : X — R a semi-norm. For Y ¢ X a subspace with f : Y - C a
complex C-linear functional satisfying Vy € Y : |f(y)| < p(y), then there exists F' : X - C complex linear
such that Vo € X : |F(z)| < p(x).

Proof. We have that f(z) = u(x) +iv(x) linear f(iz) = if(x) = —v(z) + iu(x), so we get that f(z) = u(z) — iu(ix)
and |f(z)| < p(z), so: |u(z)| < p(x). So we can extend u: Y — Rto U : X - R with |U(z) - iU (iz)| < p(z), then
define F(z) = U(x) - iU (i) is |F(x)| = aF (z) for @ a unit complex number so F'(az) = U(azx) < p(az) =p(z). O

Theorem 2.2.10
Let X be a normed vector space:
1. if Y ¢ X closed subspace and z € X \Y then 3f ¢ X* with f|Y =0, f(z)#0and | f| =1;
2. if z # 0 then there is f € X* such that | f|| =1 and f(z) = ||z|;
3. given zy # x5 then there is f € X* such that f(z;) # f(x2), so X* separate points of X;

4. amap X — X* with x » z(f):= f(z) is an isometry onto its image.

Proof. 1. SinceY is closed let: §:=infyey |2 —y|| >0,1letY':=Y @ Cx for x ¢ Y. Then f(y + Az) = \d, so:

£+ ) = Mo W[z - ()] < Iy + el

so there is an extension F' by Hahn-Banach. Moreover: VyeY : F(y) =0 and F(x) = ¢ and |F(z)| < |z|.
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2. Let Y = {0} and apply (a), then |F(z)|=6 = |z| = |F| < 1.
3. Applyto (z-y) 20 = F(z-y)+0 = F(x) + F(y).

4. Suppose that &(f) to the norm of: |Z(f)| = |f(«)| < ||f| || which implies |Z(f)| = Z(-).
Let f* € X* defined by f(x)(x), then:

(O =1f (@) =] = [2] 2|2/ = [2] =[]

so we have x — I is an isometry.

[ Definition 2.2.11

A space X is called reflective if X — X** is bijective. If X is not Banach this cannot happen, its completion

is a Banach subspace.

| Definition 2.2.12 |

A sub set U c (X, d) is nowhere dense if U does not contain an open ball.

[ Definition 2.2.13 |

A metric space (X, d) is meager if it is a countable union of nowhere dense sets.

Theorem 2.2.14: Baire Category Theorem

Let X be a complete metric space, then:
1. if {U,};en are open, dense then N2, U; is dense;

2. the space X is not meager.

Proof. 1. Let V be open in X, we want to show: V nn2,U; # @. For all ¢ we have U; n V' is open and non
empty as U, is dense, then there is B(zg,79) ¢ U1 nV and o < 1. By induction define (z;,r;) such that

B(xp_1,7m-1) € U,_1 and with r,, < 5. We then have for {z,,} that: Yn,m > N : |z, — 2| < 2r,, < 2

on on —

Cauchy so we have z, —» z € X. Also z, € B(zn,ry) forn > N = =z, € B(zy,rn), hence: z, €

U, N B(xg,79) = Vn:xeU,nB(zg,r0)s0Vn:2eU,nV = zeni>,U,nV.

—_C —=C .
2. Assume X meager then X = U2, F; nowhere dense so Vn : E,, are open and dense. Then: n$2, F; is dense,

so not empty, hence:
c

oo co T oo o \C oo T
X = Un:lE’ﬂ c Un:lEn = g= (Un=1E’ﬂ) = rjn:lE‘n

| Definition 2.2.15 |

Amap f: X - Y is an open mapping if U e 7x = f(U) € 1y.
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Theorem 2.2.16: Open Mapping Theorem

IfT e L(X,Y) for X, Y Banach, T surjective then 7T is open.

Proof. We only need to show that 3r > 0 such that B(0,r) c T(B(0,1)) since then by translation we ge the general
result. We have that X =u®>,B,, and B,, = B(0,n).
Since T is surjective then Y = uy2 ,T(B,,) = 3n:T(B,) is not nowhere dense, moreover: y — ny is a homeo-

morphism from T'(B;) to T(B,,) so T'(By) is not nowhere dense.

1. Show r > 0 : B, = B(0,r) c T(By), T(B:) is not nowhere dense so y; € B(yo, 3) such that y; € T'(B1)
hence y; = T'(1) 50 B(y1,"8) c T(By). Then: B(T(x1), ") c T(By) c T(B(e1,2)) = T(a1) + T(B(0,2)) by
translating by z; we get:

B(0.7) e T(B(0.2)) = B(0.7) c T(BO.1))
we know B,.:=B(0,7) c T(By), similarly B » c T(B%n) (by linearity of T).

2. Choose y € B, then y € T(B:) so there is y; = T'(x1) € T'(Bz) such that: |y -y | < 7, then by induction we
have z,, € B, such that: [y - XL, T'(z:)| < 5
Letys:=y -y, thenys € Br = x5 ¢ B% $0 |ly2 = T'(w2)| < 5.
Ifw, € B then: [y - XL, T(x;)| < gaer so for w:= 32, @, € X with |z <1 which implies that z € B;. Then:
Y=Y T(x,) = yeT(B;)and then Br (0) c T'(By).

[ Corollary 2.2.17

If T e L(X,Y) is bijective for X and Y Banach spaces then 7" is an homeomorphism.

Proof. If T is bijective we can define 7' a linear function, then (771)~1(U) = T'(U) is open by the open mapping

theorem. ]

Consider the graph of a function f : X — Y such that I'(f) ¢ X xY, with the graph defined as T'(f) : ={z,y ¢ X x Yy = f(x)}.
If f is continuous we have that I'(f) is closed, since (z,,yn) — (z,y) for x, - z and y, - y and (z,,y,) € T'(f)
implies that y,, = f(x,) so continuity implies that y = f(x) and so (z,y) € T'(f).

[ Corollary 2.2.18

Let T: X - Y be a linear map with I'(f) closed and X,Y Banach Spaces. Then T ¢ L(X,Y).

Proof. If T'(f) is closed in X x Y then I'(f) is a Banach space with norm: |(z,y)|:=max(|z|,|y|). Consider
m: X xY > X and 7y : X xY - Y and restrict them to I'(f). We then have:

Im (@)l = |zl < |(z,9)| = [m]<1

similarly for 75. So they are both bounded linear operators, We also have that 7 is bijective when restricted to T'(f)
hence is an homeomorphism, so ||7r{ 1 || < M by the above corollary, so 73 0o : X - Y is bounded, but this is exactly
T, hence T is bounded. O
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Theorem 2.2.19: Uniform Boundedness Theorem

Let X,Y be normed vector spaces and A c L(X,Y) a collection of linear maps from X — Y. This:
1. If suppe g4 | T(2)] < oo on a non meager-set then supy, 4 |7] < oo;

2. If X is Banach, then supy 4 |Tz| < oo for all x € X then: supy., |T] < oo.

Proof. 1. Let E,,:={z|suppey |Tx| < n} = nrea{z||Tz| < n}, E, is an intersection of closed sets hence is closed.
Let F be the non-meager subsets of X, i.e. F' is not the countable union of nowhere dense for some n. then

Jx0,70 : B(xo,70) ¢ E;, = B(xo,70) ¢ E,,. Let z € B(0,7¢) then z = (x — xg) + xg SO:
|Tz| < |T(z - z0)| + [T (z0)| <n+n=2n
since they are both in E,,, hence:

2
VT e At |z <ro, [Tz <2n = YT e A:|T] <=2 = sup |T] < oo
To TeA

2. If X is Banach then X is not meager by the Baire Category Theorem gives the result.
O

We can restate the theorem by: if {T;},; ¢ L(X,Y) with X Banach, then point-wise bounded implies that the

operator is bounded, so: sup,.; |Tiz| < co == sup,¢; | T;| < oo.

2.3 Hilbert Spaces

[ Definition 2.3.1 |

Let V be a vector space: (—|-):V x V — C a complex inner product, then (V,(-|-)) is a pre-Hilbert space.

We have a norm by |z| = /(x| z).

[ Proposition 2.3.2: Cauchy-Schwarz

e have that |(v|w)| < |v| |w].

Proof. If (v|w) = 0 we are done. Suppose |(v|w)| # 0. Then let « € C, |a| = 1 such that x : = aw, then (v|w) € R* so:

—_ (ofw) _ [v]w)]

(v]aw) =@ {v|w) = [{v|w)] = @ = _

then: (v|w) =|{(v|w)|. Now let:

0<|v—tz|? = (v-ta|v-tx) =
= ol* -2t (v| ) + ¢ 2| =

2 2
= ol =2t (v |w)] + ¢ [w]
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then:
(b —4ac) <0 —> 4{v|w)| <4 o] Jw]|”
= [(v]w)| < o] [w]
equality holds if v = ¢tz for some ¢ i.e. so v = cw for some ¢ € C and so v and w are linearly dependant. O

[ Proposition 2.3.3

Hence: |z| = \/{x|z) is a norm.

Proof. We have that: |z +y|® = (z|2) + 2Re (z|y) + (y|y) which yields:
-+ yl* = l|” + 2 =]yl + lyl* = (l=] + Jy])>

O

What is a difference between norms and inner products? Inner products gives a notion of smoothness. Any sym-
metric convex domain defines a norm by declaring that radius to be a vector of unit length. For inner product the

unit ball is smooth since we have a notion of angles, through the C-S inequality.

[ Definition 2.3.4

A Hilbert space is a complete pre-Hilbert space.

Example. The following are all Hilbert spaces:
o C" with ((21,...,2n) | (W1,...,wp)) = Xieq v;W;;
© L*(u) ={Al[ fdp < oo} and (f|g) = [ fgdu, since [ fgdu <& ([ fPdp+ [ g*dp).
© (N) = {{an} 1 £(an)? < 0o} with ({an} | {bn}) = £721 anb.

Similarly for a set A let £%(A):=L*(A,P(A),ua) the counting measure.

[ Proposition 2.3.5

[Parallelogram Law] We have for a Hilbert Space (X, (—|-)):

2 2 2 2
Va,ye Xz +y”+ |z -y = 2(J«]” + y]7)

[ Definition 2.3.6 |

We say that v L w if (v|w) = 0. If {v;}} such that v; L v; fori + jand | X} v; H2 =37 lvj ||2, since: (Y v;| Y v;) =
2i,j 0ij (vilvy) = X (vi | vs).
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Theorem 2.3.7

If V is Hilbert and W is a closed subspace then V' = W &* W* so for all z € V: z = y + z with y closest point

of W to z and z closest point of W+ to x.

Proof. Let §:=infyew |z -y, let {y,} ¢ W with ||z - y,,| > 6. We want to show that {y,,} is Cauchy. We have:
2 2 2 2
2(llym = 2l + 19 = 21%) = ln = g > + [ + om - 2]

SO:

Yn + Ym H2
—_— -

2 2 2
o = gl” =2 (I = 1+ Iy = 17)) - 4 | 222

£2(((52+6)+(52+6))—452£26

So is Cauchy hence it converges y,, — y € W since W is closed.
Let z:=x —y then z = y + z. We want to show that z € W*. Let u ¢ W and assume (z|u) € R (in case multiply u by a
norm 1 element so that this hold). Define f(t):=|z + tu|* > 62 but:

F() = 1207 + 42t (=) + £ u]* 2 62

hence f(¢) has a minimum in ¢t =0 = f’(¢) = 0 which yields that (z|u) = 0 and thus z € W*.
Uniqueness: if wehave x =y +2=9'+2 then: y -y =2"—2e WnW*=0s0z=2"and y =v'.

If 2/ €« W* we have that: |z - 2'|> = |z - z||* + ||z = 2/|> > |@ - 2| so z is the nearest point of W*. O
Theorem 2.3.8
Let V be Hilbert and f : V — V* defined by f(v) = (v|-) i.e. f(v)(w) = {(v|w) then f is injective and an

isometry.

Proof. If f(v)=0 <= YweV:(v|w)=0 = f(v)(v)=(v|v) =0 = v =0. As far as the isometry goes we have
that: [ f(y)| = supj,=1 [{(y[2)] < |y by Scwartz but since the sup is attained by = = y we have that | f(y)| = [y|

and is thus an isometry. O

Theorem 2.3.9

The above map is an isomorphism.

Proof. We only need to prove surjectivity. Assume 0 # f € V* and let W : =ker f, then W is closed and W # V hence:
V W @* W+ by the previous theorem. Let 0 # z ¢ W* and suppose that ||z| = 1 we then define for all x € V:

wi=f(2)a - f(x)2

so f(u) =0 = we W and so (u]|z) = 0 then:

0=(f(2)z - f(2)z|2) = f(2) (x]|2) - f(2) (z]2) = [(x)=[(2)(z]2)

hence: f(z) = (Z|z) for Z = f(2)z so it is surjective. O
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We have just proved that f : V — V* is a linear isometry (conjugate linear on C). Hence Hilbert spaces are reflexives
VeV x Vs,
We say that {z, }aea is convergent if ¥ o4 Zo : =SUDpc g Yner T < oo for F' all finite subsets of A. Fact: If ¥ ,c 4 2o <

oo then z,, # 0 only in a countable subset of A.

[ Proposition 2.3.10: Bessel’s Inequality

If {zo} c V a pre-Hilbert space we have for {u, } orthonormal that:

2 2
VeeV: Y [(z]ua)| <o
acA

Proof. Let F c A finite then:

2
0< = [z]* = 3 | ua)l*

acF

z- Y (z|ua) ua

aeF

hence:
2 2 2 2
VE: Y [zfua)ual” < 2|7 = 3 [(z]ua)]” < ||

ael acA

In particular we have that (x| u,) # 0 for only a countable subset.
Theorem 2.3.11
Let V be pre-Hilbert and {u, }neca be a orthonormal set, then the following are equivalent:
1. Va:{z|ue) =0 = z=0;
2. 2] = Zaea e |ua);

3. =Y 4ea (7| un) u, with convergence independent of the order.

Proof. 3) = 2) As (x| u,) # 0 for a countable subset we have: {uq, }s, then:

n 2

0<a|® =) {elua) =

i=1

n
=Y (2] ua) ta,
i=1

and by (3) the RHS goes to zero. Hence:
Jz)* = ¥ (2| ua)l?

acA

2
2) = 1) Let (z|u,) = 0 then Vo 2, lz|?=0 = z=0.
1) = 3) We have: 372, (2| ua,)
m

Let 2, := Y™, (| tq, ) ta,, then |z, — 2 |* = £7,.1 (x| ua, )] = 0 hence {z,} is Cauchy so z,, ~ Z. Note: Vo :

><|z|® = absolute convergent.

(2 — T |ua) = (x| ua) —liMyooo (Tn|ta) =0. Thenby 1) -3 =0 = z =73 and s0: =Y c4 (| Ua) Uq- O

If {u,} is orthonormal and satisfies any of the previous is called an orthonormal basis.

[ Proposition 2.3.12

Every Hilbert space has an orthonormal basis.
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Proof. Use inclusion to partially order orthonormal sets and apply Zorn. O

Note: If {u,} is a basis: = ¥ ,c4 (2| ua) ua SO We have:

F:V - (*(A)
€T = {<33|Ua>}oc€A

Theorem 2.3.13

Let V be Hilbert, then: V is second countable <= V has a countable orthonormal basis. Furthermore all
orthonormal basis are countable if one is.

Proof. =) If V is second countable 3{v,, }° countable dense. Discard v,, if v,, € span{vy,...,v,-1}. Obtain {w, }{°
countable. Make it orthonormal using Gram-Schmidt, so that {w, } is an orthonormal set.

Suppose v ¢ spanw,, then we have that Vn : (v|w,) = 0, then since (v) is a closed subspace of V' and V' decomposes
as V 2 (v) @ (v)* now since (v)* is closed we get that span{w,, } ¢ (v)* which is a contradiction.

=) Let {v,} be an orthonormal basis and let S = {¥, cofinite 9:v:|¢; € Q[:]}. Then S is dense and countable.
Now let z = ¥%° a;v; for a; € C, then: |z]* = ¥°|a;|* < oo choose natural finite approximation: z; = Y7 g;v; with
ja; - qil” < % with ¢; € Q[i] (&, — ).

Say {uq }aca is another orthonormal basis and let 4,, = {a € A| (v, |w,) # 0} non coefficients of v,, with respect to
{uo}aea = A, countable hence u7° 4,, is countable.

So A:=UPA, asifv, U A, = Vn:{ua|v,)=0 = u,=0. O

[ Definition 2.3.14 |

If V1, V, are Hilbert a unitary map is a map: U : V; — V; invertible linear such that (Uz |Uy) = (z|y).
Theorem 2.3.15

If V is Hilbert and {u, }nca orthonormal basis, then: V = ¢?(A) i.e. under a map: = — 2 = {(z|ua) }aea-

Proof. Let f : V — 2(A) given by f(2) = {(z|ta)}aea and (f(2))a = (z|ua). Then [z]* = Lo l(z]ua)l” =

If(2)|]? = |z| = |f(2)] so f is an isometry. If a = {ag}aca € 2(A), let 2 = ¥ en Gatia = f(z) = a so [ is
surjective.
Moreover we have that (f(2)| (1)) = Saca (¢]ua) - (ylua) = (z]y)... 0

Note classification of Hilbert Spaces is equivalent to the classification of sets in terms of cardinality and so they are
all /2(A).

2.4 LP spaces

[ Definition 2.4.1 |

Given (X,M, ;1) and L? : ={ f measurable| [ |f|" du < co}.

55



MATH 425a Notes ~ YQL 2.4 - LP spaces Current file: 525b_Notes.tex

[ Definition 2.4.2 |

For A a set ¢P(A) = LP(A,P(A),na) the counting measure. The elements are sequences such that
{Zacalzal” < oo} = (P(A).

[ Definition 2.4.3 |

Define: | f[,:=(/|f"du)”, so ||, : L? - [0, 0) is well defined and [k f|, = |k|[ f],,-

1
Now for A a set (*(A) = LP(A,P(A),pua) so that [[(z;)ieal, = (ZieA xf)p We have that LP? is a vector space, since:

|f +gl” < (2max(|f].1g1))" < 2°(IfI" + lgI")

implies that:

[ s+ ol dus2r [1Pdus [ lgf du< oo

[ Definition 2.4.4

,1 p
-l - _P
P q p-1

Wesaythatp,qz1areconjugateif%+% l <= t=1-== — (p-1)g=p.

Q=
=

[ Proposition 2.4.5: Holder Inequality

If L+ . =1and f,g are measurable then: | fg, <|f], |g],- In particular for f € L” and g € L then fg e L'
and equality holds if and only if f? = kg? almost everywhere for some k.

Proof. If | f|} =0 == f =0 a.e., hence |f[} or |g|, =0 == fg =0 a.e. and inequality holds. Similarly if | f|,,

or | g, is oo inequality also holds. We ca now assume that 0 < | f||,,, |9, 0. We have a standard inequality a,b > 0,

0<A<1:a*b'™ < Xa+ (1-\)bwith equality only if a = b. Let a: = |f”(f””u)p|p and b: = |g”(:”)q|q then for A =  we have:

Lo @@ 1@ @)
pha = < = -
“ I, lel, “p 12 " q IA°

then:
1

ﬁf|fg|dli57pflflpdw qf|g|qdu=f+7:1
If1 lgllg plfl, algll, P q

hence:
Ifall, <1f1, gl

P q
M= ol 1P = 19" ace.. O

This is only equal if 1712 = 1ol

[ Corollary 2.4.6: Minkowski Inequality

For p > 1 then |-, is a norm.
Proof. Note that for p = 1 we have nothing to prove, so suppose p > 1. Then we have (p—-1)g=pand f,ge L —
f+gell = |f+g["" € L%andso (f|f+g|p71)q:j|f+g|p<oo. Then:
-1 -1
[f+gl <(fl+lgD1f + 9" |f+gl" e L
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[ s gl dus [AR1+lghls + gl du
<10+ 97, + gl [(f +9)7 "], By Holder
< (11, + gl ) I1Cf + )",
<(Ufl,+ gl )1 F +glb)e
= (I£1, + lal,) 1 +al 7

If+gl, <

Also ||f],=0 = [1ffdu=0 = f=0ae.so |-, is a norm on L”.

Theorem 2.4.7

For p > 1 we have LP Banach.

Proof. We will prove that all absolute convergent series are convergent series. Let X | f,, | < co. Define Fyy = S | £,
then VN : | Fv|, = £3 | full, < BT [ full p = K < oo.
So we have: VN : [ fXdu < kP, then by Monotone convergence of |[Fy|” we have that F:=Y{° |f,|, Fx 1 F so:

fFfjepr:/Fpst

hence F € L? and F < o a.e. so we have the G(z) = 37" f.(z) is absolutely convergent a.e. and since |G| < F,, —

G e LP. We now want to show Y.V f, - G in L?:

(EWAREE L
1

then by LCT we have that:

p

N P N N
&Rf’c:—;fn du= [0=0= Jim |63, pao — ;fnL_f’)G

O

[ Proposition 2.4.8

For p > 1, simple functions: {} a;xg,|n(E;) < co} are dense.
Proof. Given f e LP. Let {f,} simple |f,|<|f| f» — f, then f,, e L* and |f,, — f|" ‘2|f|" is integrable, then by LDC:
Jim [ |fu= fPdu~ [0=0
So [ fn - fl, > 0ie. fp >, f. Note we can assume: f, = ¥ a;xg, with u(E;) >0, disjoint:
Ul = 3 ol" 1By )eo = () < o

O
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24.1 L~

We have a norm | f|, :={inf & > O|u{z||f(x)| > k} = 0} which is called the essential supremum. If ||, < codM
such that |f| < M a.e.. Note that the inf is attained since:

(lf () > 0} =0T {al () >+

[ Definition 2.4.9 |

We define the space L= :={f : X - C|measurable, | f|_, < co}.

Theorem 2.4.10

* If f,g measurable then: | fg|, < |f], |lg].. and if f € L', g € Loo equality holds if and only if g = |g| .,
a.e. on {z|f(z) #0}.

* |- is a norm.

[fn=Ffle =0 < JEeM:u(E°) =0and f, - f uniformly on E.
* [ is a Banach space.

* simple functions are dense.

2.4.2 Duals of LP

We have that L? is an Hilbert space hence (L?)* = L? via g ~ ¢, where ¢,(f) = [ fg. In general we have (L?)* = L4
for p # 1. We have that for g € L?: ¢, € L9, ¢,(f):= [ fg which is in (L?)* since:

6a(01=| [ £9

< [15al <171, lgl, Holder

We then have that ||¢4 | < |g],, then:

Theorem 2.4.11

If 1 < ¢ < oo then ¢4 € (LP)" and |¢y| = | g, (if p is semi-finite is true for g = oo).

Proof. We need to find f e L™ | f[, =1 and |¢4(f)| = |g], take f:= % e LP and also:

1 (a-1) lgllz
11 = —y ([ 1) = — s =1
g2t g2t

since p(¢ - 1) = L. Then ¢,(f) = [ Hglz!\]\‘gq‘l = | g[,, hence g ~ ¢, is an isometry to its image.

We have L? — (L?)* and g — ¢, is an isometry for 1 < ¢ < oo (for p semi-finite). O

Define ¥ = {f : X - C|meas. simple that vanish outside some E, u(F) < oo}, then we have that Vp: X c LP.
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Theorem 2.4.12

Let g measurable and fg € L'Vf € ¥ and qgg :X - C, f~ [ fgis bounded with respect to L? norm, i.e.
|q3g(f)| < ||<£g|| I f]l,- Then for Sy = {z|g(z) # 0} and o-finite or y-semi-finite, then g € L? and ||<£g|| =gl

Proof. For f bounded measurable and vanishing outside F, u(E) < oo, |f(z)| < M. We then have f,, 1 |f|. By as-
sumption yz € ¥ then xpg € L'. Also: |f,| < M |xgg| € L', then by LDC: [ fn,g — [ fgand |[ fg|=limyco |[ fngl <

Dol I full, - -

Let S,:=U°E,, u(E,) < oo and o-finite, ¢,, simple and |¢,| 1 |g| and ¢ = lim, e ¢nXE, and g,:=énxE,, for

q71 . . . . .
fn = W simple, vanishes outside finite area. Then:
NE

1

loll, = ([ 191*)" = (J Jimlol?)” -
£liminf(/\gn|q)q :liminf(/|fngn|q)q

by

<

hence: |g[, <00 = geL?and |g] = ||g?)g|| (by Holder). O
Theorem 2.4.13
The map ¢ : LY - (LP)* is a linear isometry for 1 < p < oo (and p = 1 for u o-finite).
Proof. If u is finite = LP contains all simple ¢ € (L?)*, define: v(E) = ¢(xr), this gives a complex measure and
u(E) =0 = xg =0 a.e., hence v(E) = ¢(xg) =0 = v < p. So 3g € L' such that VE : v(E) = ¢(xr) =
foxedp = ¢ = ¢, on simple functions =— ¢ = ég for g € L1. O
2.5 Dynamics

Say there exists a map T such that VE e M : u(T7'E) = u(E).

Example. Consider f(z) = 22, then f: S' — S* with the Lebesgue measure. For E € S*: u(f~1(E)) = u(E)
since it will just be 2 copies with half the measure of E. Alternatively f :[0,1] — [0, 1] given by x — [2z];.

[ Definition 2.5.1 |

A dynamical system is (X, M, x4, T) with T : X - X measurable and u(7T'E) = u(E), i.e. it preserves y.

Note it is a bijection.

Theorem 2.5.2: Poincaré Recurrence

Let (X, M, i, T) be a finite dynamical system (u(X) < o0). Then for any E € M the orbit of a point x return

to F infinitely many times for almost every = € E.
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Proof. Let A, :=u2, T™*(E), for T™*(E) = {x € X|T*(z) = E}, so A, is the set of points mapping to E after at least
n iterations. Now note that E c A, and then A;,; c A;, moreover T-1(A;) = A;,; and since T is y invariant we get
that Vi, 5 : n(A;) = n(A;). Now we have that:

Vn:0< M(E N An) < M(AO) - M(An) =0

So the set of points in E returning after n or more iterations is full measure.

Then by looking at: n$2; A,, which is the set of infinite returns we get that:

(EN N Ap) = p(UZ BN Ay) < Z n(ENA,) =0

n=1

and we are done. 0
Theorem 2.5.3: Birkoff’s Ergodic Theorem

Let f € L'(X,R) and (X, M, i1, T be a finite dynamical system. then there exists some f ¢ L'(X,R) such
that:

n—1
Gm =S ) =F@) peae.
k=0

so the limit of the average of the orbit of iteration is in L'.

Proof. Let A, (f)(z):=2 SiZo f(T*(x)). Consider f = x for E € M, then we have that: A,,(f)(z) = Hk:OSksn_lr‘LT_k(w)EE}'.

Clearly A,,(f) € L* since is a sum of L* functions, moreover by p-invariance of 7" we have: Vn : [ A, f(z)du =
[ fdu.
Let A and A be the limsup and lim inf respectively of A,, f. We will show that [ Adu < u(E) < [ Adp, since then:

Osz—AdusO

and so A= A p-a.e..
Fix e > 0 and define 7(z) = min{n|A, f(z) < A - ¢}. We have two cases:

1. there is M, > 0 such that Va : 7(x) < M, then A, f(x) > =™ (A(x) - ¢) by partitioning the orbit in sets of size
m and the using the upper bound. Then Vn :

u(E)=/Anf(x)dﬂ2n;mfﬁ—6du

so by letting got to infinity we get:

p(E) > [ Ady - en()
which then by letting € go to zero we are done.
2. If 7(x) is not bounded, let By :={x € E|r(x) <k} so X = uyBy and By c By,1. Hence, there is N such that

(B nE)<e.
n-1}|T*(z)<E}|

Now let £’ : = EuB§, and define S/, : = [ (ke (0., ~ , as before S/ (x) > (n—N)(A(x)-¢), by considering
the partition, so u(E’) > [ (A(x) - €)dmu = [ A(z)du - eu(X) which implies that:

fZ(x)du —ep(X) <u(E) +e
then by letting € — 0 we get:
deu <u(E) = f fdu

then by doing everything for A we get the other inequality, and so our claim holds.
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We just proved the result for f = xg, then it holds by linearity for simple function and so by Monotone Convergence

we can extend it to L* and so to L! by linearity. O

Remark. We also have that [ f = [ f.

[ Definition 2.5.4

A function T': X — X p-invariant is said ergodic if for all £ € M such that T-'E = E then either ;(E) = 0 or
p(EC) = 0.

Example. Rotations by an irrational angle on S! are ergodic while ration rotations are not since e-

neighbourhoods of orbits are fixed as well.

Alternatively T': X — X is ergodic if V f € L'(X) such that f o T = f a.e. implies that f = c a.e. for some constant.
[ Corollary 2.5.5

If T is ergodic then: lim,, .o flnYrzg f(T(x)) = %.

Proof. We have that: f(z) = lim, .. £ Y720 f(T*(z)) a.e. then foT = f = f=ca.e. so:

[ Fan= [ tdn — au(x)= [ pp

So T ergodic implies that the Time average is a Space average.

[ Definition 2.5.6 |

We say (X, M, ) is a probability measure space if (X)) = 1ﬂ

%Note that if (X, M, p) is finite measure then we can put a new measure ji(E): = Z 8“;; which then makes (X, M, 1) a probability

space.

[ Definition 2.5.7

For x € R we say it is base 2 normal if for all x = x12zox3--- in binary then:

lim u{zz = 1|Z < TL} _ 1
n—oo n 2

Theorem 2.5.8

Let F c R be the set of base 2 normal point, then: m(E) = 0; i.e. almost every point is normal.

Proof. Consider T : [0,1) — [0,1) given by T'(z) = 2¢ mod 1, then T'(.z122...) = .x2x3..., then f is m-invariant
and ergodic (it pulls-back interval to 2 intervals with half size).

Let £ = T"}(E) and assume m(FE) > 0, let = be a Lebesgue density point, lim, o % =1. For B, c B(z,r)
m(B,nE)

m(Br) °

shrinking nicely, we have the same: lim,_g
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Since: 5 < x < o, let Iy =[5, 54t ], then for each k:

m(Ik ﬂE) _

lim =1

koo m(})

but: T-1(Iy n E) = T~'(I}) n E which implies T*(I;, n E) = T™*(I}) n E and Yk : T~*(I;,) = [0, 1), thus:
Vi:m(T (I nE)) =m(T ") nE)=m([0,1) nE) =m(E) >0
m(E) _

m(ly) ~
Now to prove that normal points are full measure, let: 7(z) =2z mod 1 on [0,1) and let f(z) = X[0,1) then:

but then we have a contradiction since the limit: limy,_, oo

1.

|{i < m|x; =0}

SRS

”; F(T* () =

the relative frequency of 0’s in the n-th binary expansion. By the Ergodic theorem we have:

lim 3 f(T*(2)) = [f(:c)dm:1 m-a.e.
k=0

n—00 2

O

If we look at continuous fractions expressions: x = [agay ... a, ... ] and consider T : [0,1) — [0,1) given by T'(x) =
[ﬂ and T*(z) = ay.
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