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Theorem: (2.13) Central Limit Theorem, CLT

Let X1,..., X,, be ii.d. with E|X;|< co and 0 < var(X;) < co. Then for any ¢ € R,
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where 4 := EX; and o2 := var(x;). In particular, each quotient (X; + ... + X,, — nu)/(0+/n) does have mean

0 and variance 1.
Theorem: (2.30) Berry-Esseén Theorem for CLT

Assume in addition that E|X | < co. Then
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so in particular if EX; = 0 and var(X;) = 1, we have
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Chapter 1

Exponential Families

A general question in statistics is to fit a parameter to some given data, for example, to find the unknown mean of a

Gaussian sample.

An exponential family is some family of PDF or PMFs that depends on a parameter w € R* for some k > 1. More

formally,

[ Definition: (3.1) Exponential Families

Let n, k be positive integers and let i be a measure on R”. Let tq, ..., ¢, : R” > R, and let & : R” — [0, oo] not

identically zero. For any w = (wy, ..., w; ) € R¥, define
k
a(w) :=log ./]Rn h(z)exp (Y wit;(x)) du(x).
i=1
The set {w € R¥ : a(w) < o} is called the natural parameter space. On this set, the functions
k
fu(x) = h(z)exp (Z witi(z) - a(w)) for all x e R"
i=1

satisfy

oxp (T, witi(x))
w(z) do = h(z dp(
fRnf (@) fR ( )f]Rn h(x) exp(Ti, witi(z)) du(x) s

_ Jen h(@) exp() du(z) _
Jen h(z) exp() du(z)

Informally, the f,’s can be interpreted as probability density functions with respect to the measure u. Then,

the set of functions {f,, : a(w) < oo} is called a k-parameter exponential family in canonical form. (We
interpret f,, as a PDF or PMF according to . the measure.)
More generally, let © c R* and let w : © -~ R¥. We define a k-parameter exponential family to be the set

of functions {fy: 6 € ©,a(w(h)) < co} where

k
fo(x) := h(z)exp (Z w;(0)t;(z) - a(w(@))) for all x e R™.
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Example: (3.3) Writing Gaussians as an Exponential Family. Consider Gaussians with mean pu < oo and

standard deviation o > 0. Then the PDF is given by

;exp _(x_ﬂ)z _ 1 exp ﬂ_ﬁ_ L2+10g0 )
V2o 202 Vor o2 202 \202

If we write 6 = (01,6-) := (u,0?) € R? and define

t1(x) ==z, to(x) = 22,

0 1 1
w1(0) :é:%> wo () := —27922—?‘27
_0 1 s
a(w(h)) := 20, + §log92 =557 +logo,

and h(z) := 1/v/2r, then (1) becomes

h(x) exp (w1 (0)t1 () + wa(0)ta(z) — a(w(H))) for all z € R.

Let © :=R x (0, 00), and for 6 € © we define

fo(z) == h(z)exp (21 w; (0)t;(z) - a(w(@))) for all z € R.

M

From this we see that {fy : 6 € ©} is a two parameter exponential family and that the Gaussians can be

expressed by an exponential family.
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