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We can also rewrite the Gaussian familty has a two parameter exponential family in canonical form:

wi(0) = ﬁg and  wo(f) = ———

so we try to rewrite a(w) in terms of wy, wo by
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Originally we had the restriction y € R and o2 > 0, so this is equivalent to the constraint {(w1,w;) € R? : wy < 0}.

Example: (3.4) Location Family. Let X be a random variable with continuous density f : R — [0, c0).

Let 1 € R. Then the densities { f(x + 1)} ,er is called the location family of X. This may or may not be an

exponential family.

An example: Gaussian densities with a fixed variance — shifting the pdf simply results in a new Gaussian

pdf with shifted mean and same variance.

A non-example: if X is uniform on [0, 1] then the location family 1;_, ;_,,

1 do not form an exponential family.

Example: (3.6) Scale Family. Let X be a random variable. The densities {oc~ f(x/c)},s0 are called the

scale family of X. (Divide by 1/0 because we need to ensure the integral is 1.) This family may or may not

be an exponential family.

Example: (3.7) Location and Scale Family. Combining the two examples above, {o~! f((z + p)/o)} is

caled the location and scale family of X. Again, this may or may not be an exponential family.

0.1 Differential Identities

Sometimes exponential families make certain computations easier. One obvious example is via differentiation.

Let X be a standard Gaussian. Then its moment generating function (MGF) is
EetX = ¢t /2 foralteR.

Using this we have
dm
A—W EetX = EX™,
dt™ l¢=0

so for example

d2 2
EX2=—| e/2=1.
dt2? t=0e

We can do similar things for exponential families. If
k
a(w) = log fRn h(z)exp ( sztz(x)) dp(x),
i=1

and let W be the natural parameter space (i.e., where a(w) < o0), then we claim that
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Lemma: (3.8)

a(w) is continuous and has continuous partial derivatives on the interior of W (i.e. where a(-) is finite).

Moreover, the derivative can be obtained by differentiating under the integral sign.

Proof. We prove the existence of first order partial derivative with respect to w; and the rest follows by iteration.
Let e; := (1,0,...,0) € R*. Exponential is analytic so it suffices to show that exp(a(w)) has continuous partial

derivative along e;. The difference quotient is

exp(a(w +ee1)) —exp(a(w)) 1 /ﬂ;n h(x) [exp (etl(x) + z]:;wltl(x)) —exp ( éwltl(x))] dp(x)

= /n h(x)w exp (wztl(x)) dp(x).

By the MVT, for any « € (0,1) and for all 5 € R,

e < Japle <ol <lal(e*” +e727). )
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Therefore, for ¢ > 0, a := ¢/ and 8 := 6t1(z),

exXpleli\r)) — k expleti(xr)) — k
h(m)M exp( ;wztl(:ﬂ)) < h(x) M exp ( ;wztz(x)) @))
k
< %h(m)[exp@(;tl (z) + exp(—2dt1(x))] exp ( Z; w,tz(z)) 2)

Note that we have gotten rid of the dependence of e.
If we define X, := the LHS of (1) and Y := (2), then | X | <Y for 0 < € < § < 1.Letting ¢ - 0 and using DCT,

exXpleti\r)) — k
8iwl exp(a(w)) = £1_1)101 /ﬂ%n ‘h(m)p(te())l exp(;witi(x))‘ du(z)

= lim h(z)

Rn e—0

k
= /]Rn h(x)t;(z) exp(i;witi(fﬂ)) du(z),

exple X)) — k
e ) e

where the dominance of an integrable function is given by the fact that w is in the interior of W, so there exists
0 > 0 such that

a(w +2dey) < o0 and a(w —2dey) < oo. O

Remark. We can rewrite the above formula, using definition of e=*(*) as

k
exp(—a(w))aiwl exp(a(w)) = [R 1 (2)h() exp ( > witi(z) - a(w)) dp(x) = fR t1(2) fuo () dus(a).

That is, differentiating a(w) gives moment information for the exponential family { f,,(x)}.

Since f, (z) can be thought of as a PDF with respect to the measure y, i.e. [R tifw(z) du(z) = 1, for
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convenience we define

Egt; = fR" tifw(x) dp(x).

Remark. We proved the lemma for canonical exponential families. For non-canonical exponential families,

a similar argument holds:

0 9e*™) gw,; &, dw;
—a(u() 9 a(uw(®)) _ ,-a(w(®)) Ow; Byt = E
‘ 90, Z ow; 061 E; 0 9(

Mw

Example: (3.13) Gaussian revisited. ~Recall that, for Gaussians with ;1 € R and 02 > 0, we have k = 2,n =
1, and we defined 0 = (61,02) := (1, 02%) € R?, 1 () = x, ta(x) = 22,

91 12 1 1
f):=— ="+ f)=—— = ——
wl( ) 02 0'27 w2( ) 292 2027
and finally
_ 67 logh  u?
a(w(8)) := 20, 5 =527 logo
Then,

0] d 62  logf
~a(w®)_9_ (o)) _ atwe) 4 | T 2
‘ 20, ‘ a6, eXp[292 T ]

= (201)/(262) = p/o?,

whereas the previous remark gives

Bo( 3 Got0) = Eo( Gt 11+ O)EaCaf) = Eo(e)o?

That is,
Eq()/0” = ufo® —> Eo(x) = .

In totality, we’ve shown that expected value of a Gaussian with mean p is indeed !

Remark. We can take more derivatives of a(w(#)) and obtain more moment information.
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