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| Definition 2.5

Let T be a Cy semigroup. We say
(1) T is uniformly bounded if |7'(¢)| < M for some M and all ¢, and we say

(2) T isa contraction if |T(¢)| < 1 for all ¢.

Theorem 2.6: Hille-Yosida

A is the infinitesimal generator of T'(¢), a Cy semigroup of contractions, if and only if:
(1) D(A)is dense in X and A is closed, and

(2) The resolvent p(A) = {\eC: |\ - A"t e B(X)} >R*and ||(A - A)7!| <1/X forall X > 0.

Proof of =>. We have proven (1) in Theorem 1.10. For the second part, for A > 0, we define the resolvent by
Ryz = /:o e MT(t)z dt.
(This is well-defined because contraction gives |T'(¢)z| < ||z|.) First note that R is bounded:
IRxel < [ el ar< 121

We now want to show that Ry = (A - A)~!. Since
T(h) -1

)= Ry = % A T AT+ ) - T())z dt
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As t - 0, we have ¢’ > 1 and
1 rh
7 / M)z dt » e - T(0)x = .
0

eM -1
Also, — A\. Therefore
lim MR)\(IJ = ARyx - x.
h—0
That is, Ryx € D(A), and
ARyz = ARz -2 <= (M -A)Ryz == forall x € X. @)

It remains to show that Ry(Al — A)z =z for all z € D(A). Note that for all z € D(A),

RyAz = f T e NT(4) A dt = f T e NMAT (1) dt (Theorem 1.9(3))
0 0
- / A(EMT(t)z) dt
0
=A (/w e MT () dt) = AR\x (by closedness of A[?]). (2)
0
This finishes the proof of = O
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Before proving <, we need some technical lemmas:

Lemma 2.7

Let A satisfy (1) and (2) in the proof above. Then Ry := (A — A)™! satisfies

ARy — x as A\ — oo.

Proof. By assumption, for z € D(A), we have AR z -z = ARz = RyAz. We also know |[(A] - A)7!|| < 1/\.

Hence

A
MRy =] = [Rade] < 1570

as A - oo. If z ¢ D(A), we can pick a sequence {z,,} c D(A) by density such that x,, - x. Then,

H?”R,\$ - CEH < H)\R)\xn - an + H()‘RA - I)(xn - LL')”

Not that |Ry| € 1/A so ||ARy - I| € 2. For |z, — x| sufficiently small, we obtain |ARyx — z| — 0. O

[ Definition 2.8: Yosida Approximation

Ay = MRy = 2Ry — \I is called the Yosida approximation.

Lemma 2.9

Ayx —> Az as A » oo for all z € D(A).

Proof. For x € D(A), using definition and Lemma 2.7, we have
Ayz = MRz = AR\ Az — Ax. O

Lemma 2.10

A, is the infinitesimal generator of a uniformly continuous semigroup of contractions e*4» for all A > 0, and

HetAAx — ety

| <t]|Arz - Az forall¢, A\, >0and x € X.

Proof. Since Ay € B(X), it is a generator by Theorem 1.3. Since

HetA)‘ H _ Hef)\tl+)\2tRx H _ Hef)\te)\QtRA H

_ e—AtHSt)\zR)\ H < e—)\tetAQHRA”.

Recall that M| R, | < 1, and after cancellation everything is bounded by 1.
Finally, by FTC

1 d
HetAAx_etA#xH = H A $(etSA)\et(1—s)Au) ds| < tHA)\Sﬂ—A#ZEH
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Proof of < of Hille-Yosida. For all x € D(A), we have
le"“Da —ea| <t|Aux - Ane| <t (JAuz - Az| + | Az ~ Az]) - 0

as yi, A - oo by Lemma 2.9. That is, {e!*} . is Cauchy, for all ¢ > 0 and 2 € D(A).
Now we define

T(t) = lim ety
(note that this limit is uniform on any compact [0,7']). It remains to show that T'(¢) is a Cy semigroup, i.e.,
T(t)T(s) =T(t+s), with A being its infinitesimal generator.
Since

¢ ¢
T(t)x -z = lim (etAAx -z) = f M Az ds = [ T(s)Ax ds,
0 0

n—o0
we have the difference quotient

— t
M = % f T(s)Axz ds - T(0)Az = Az
0

for all z € D(A), by Theorem 1.9(1).

If B is the infinitesimal generator o T'(t), then above gives D(A) c D(B) and A = B on D(A).

Note that the image of I - B is all of X, since (I - B)™ = (I -1-B)™! € B(X), which is given by the second
assumption on resolvent. Therefore, D(B), D(I - B), and the image of (I — B)™! are all the same.

On the other hand, the image of I — A = X, by the assumption on resolvent again. Since the image is clearly
defined only on D(A), we have (I - A)D(A) = X, and since A = B on D(A), we have

(I-A)D(A)=(I-B)D(A)=X = D(A)=(-B)'X =D(B).

Therefore A and B have the same domain and equals each other on the domain, and we are done. O

[ Corollary 3.1

Let A be the infinitesimal generator of T, a Cjy semigroup of contractions. Then

p(A) o {\: Re > 0} and [Rx] < 1/A.

Example 3.2. Let X be the collection of bounded and uniformly continuous functions on (0, c0) and define
T(t)f:= f(-+t). Then T is a Cy semigroup of contractions.

Let D(A):={f:f,f e X} and Af := f'. Then p(A) > {\: e\ > 0} by the previous corollary.

If Re) <0, then oy (s) := e € X satisfies (A] — A)py = 0.

[ Corollary 3.3

A is the infinitesimal generator of T'(t), a Cy semigroup, such that | 7(t)| < e** (w > 0), if and only if

(1) Aisdense and D(A) = X, and

2 p(A) > {X:Red>w)and |Ry| <1/(A-w).
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Proof. We define S(t) := e™“'T(t) so offset the effects of w and then apply Hille-Yosida. O

[ Definition 3.4: Dissipative Operators

Let A be a linear operator from D(A) to X. We say A is dissipative if, for all x ¢ D(A), there exists
feF(z)={feX": f(x)=]|z|*=]|f|%.} (the duality set), with

Ref(Az) <0.

(Note by Hahn-Banach, given z, there exists f € X* with |f|| = 1 and f(x) = |z|, so |z| f € F(«) and in particular

the duality set is always nonempty.)

Theorem 3.5

A is dissipative if and only if
[(AL = A)z| = Mz for all x € A.

Theorem 3.6: Lumer-Philips

Let A be a linear operator from D(A) to X, where D(A) c X is dense. Then

(1) If A is dissipative and \gl — A is surjective for some \g > 0, then A generates a C semigroup of

contractions, and

(2) Conversely, if A is the infinitesimal generator of T', a Cyy semigroup of contractions, then A is dissipative
and A — A is subjective for all A > 0. In addition, Ref(Az) <0 forall z € D(A) and f € F(z).

aq(x)
Example 3.7: [?]. Define A(z, D) := Z D®. (A = A when m = 1 for example.) Then A is strongly
|a|=2m

elliptic if there exists ¢ > 0 such that
Re(-1)" A(x,€) > g™

We also have the Garding inequality:

Re (Au,u) ;2 > collalFrm — Xo|ulFe for some ¢, \¢ constant.



