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In class we have discussed Tarski’s gunky geometry, an alternate perspective of viewing spaces, where instead

of admitting infinitesimally small points as the “atoms,” he assumes that spaces are atomless, and defined space

using primitives involving open balls, and a notion of parthood. We previously showed that these primitives were

sufficient to define an equivalent structure to the standard Euclidean geometry. In this paper, we consider yet

another model of “pointless” geometry, where we start with regions, akin to Tarski, but define our model’s structure

using isometric transformations. Like Tarski’s open balls, we show that that we can recover standard Euclidean

structures by categorizing isometries.

Consider the collection G of isometric transformations on Rn. Recall that a map ψ ∶ Rn → Rn is called an isometry

if for all x, y, ∥x − y∥ = ∥f(x) − f(y)∥.

It is easy to see that isometries form a group under composition. Among these transformations, reflections are of

particular significance. These are the transformations that uses a certain affine subspaces as mirror, sending points

across the mirror along the line perpendicular (orthogonal) to it. Formally a reflection ρ is an isometry of order 2

(i.e. ρ = ρ−1 or ρ2 = I, identity): indeed, mirroring twice and one ends up staying at the starting point. To transform

u into v via a reflection, the affine mirror must lie in the “center” of the u, v. The canonical example in this case

would be a (n− 1)-dimensional hyperplane containing the “average” (u+ v)/2 but also remaining orthogonal to the

difference, u − v. Orthogonality gives rise to the following formula

H = {x ∈ Rn ∶ (x − (u + v)/2) ⋅ (u − v) = 0} = {x ∈ Rn ∶ x ⋅ (u − v) = (u − v) ⋅ (u + v)/2 = (∥u∥ − ∥v∥)/2}.

From now on, given a reflection ρ, we use aff(ρ) to denote its corresponding affine subspace. In the next theo-

rem, we show that reflections generate the entire group of isometry. We state, omitting the proof, an important

characterization of isometries via reflections:

Theorem

Every isometry ψ of Rn is a composition of at most n + 1 reflections.

Observe that in Rn, any reflection ρ satisfies dimaff(ρ) ⩽ n − 1. For a simple example, in R2, reflections are

characterized by 0- or 1-dimensional affine subspaces, namely, points or lines. And a simple drawing shows that

if we have two line reflections across ℓ1 and ℓ2, then they commute if and only if (ℓ1 = ℓ2 or ℓ1 ⊥ ℓ2). In Rn, the

high-dimensional analogy also holds.
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Proposition

Let ρ1, ρ2 be two reflections of Rn, with affine subspaces H1,H2. Then they commute if and only if one of

the following commutativity criteria holds:

(1) One of the subspaces is contained in the other, or

(2) H1 ∩H2 ≠ ∅, and every u ∈H1/(H1 ∩H2) =H1/H2 is orthogonal to every v ∈H2/H1.

For convenience we call these the “reflection commutativity criterion.” In either cases, aff(ρ1 ○ ρ2) = aff(ρ2 ○
ρ1) =H1 ∩H2.

Remark. Despite sounding like an orthogonality criterion, condition (2) cannot be replaced with “H1 and H2 are

orthogonal.” Consider for example two reflections in R3, one across the xy-plane: (x, y, z) ↦ (x, y,−z) and one

across the yz-plane: (x, y, z)↦ (−x, y, z). They clearly commute, but the two planes, when viewed as subspaces,

are not orthogonal — they intersect at a line.

This observation suggests a certain structure of composition of commutative reflections. Note that if ρ1 commutes

with ρ2, then their composition is yet another reflection: (ρ1ρ2)(ρ1ρ2)−1 = ρ1ρ2ρ−12 ρ−11 = ρ1ρ−11 = I. This suggests we

can define commutative groups of reflection, with identity transformation being the identity.

Theorem

In Rn, a commutative group of reflections under composition has at most 2n elements, and this upper bound

can be attained.

Proof. It’s trivial to construct a commutative group of reflections with 2n elements. For 1 ⩽ i ⩽ n, define ρi to

be the mapping that flips the sign of the ith coordinate while keeping others unchanged. It follows that the ρi’s

commute, and that they generate a group of 2n elements — pick any subset of the n coordinates in Rn and flip

the sign.

Conversely, letGn be a commutative group of reflections of Rn. For each 1 ⩽ k ⩽ n, consider {ρ ∈ Gn ∶ dimaff(ρ) =
k}, the subset of reflections whose affine subspace has dimension k. They have to commute pairwise so they

have to satisfy the reflection commutativity criterion, and clearly they need to satisfy (2). When their dimensions

match, criterion (2) is equivalent to requiring that the normal vectors to these subspaces are orthogonal. In Rn

there exist (n
k
) pairwise orthogonal vectors that can serve as normal vectors to k-dimensional affine subspaces.

Therefore ∣{ρ ∈ Gn ∶ dimaff(ρ) = k}∣ ⩽ (n
k
), and

∣Gn∣ =
n

∑
k=0
∣{ρ ∈ G ∶ dimaff(ρ) = k}∣ ⩽

n

∑
k=0
(n
k
) = 2n. (∆)

Let ∣Gn∣ = 2n be a commutative group of reflections of Rn. There are two “special” elements in this group, namely

when k = n and when k = 0 as in (∆). The former corresponds to a reflection whose axis is the entire space — this is

the identity transformation. The latter, on the other hand, is the reflection across a 0-dimensional affine subspace,

namely a point, if one assumes its existence a priori. We call it the point reflection associated with Gn. This point

2



PHIL 236 Paper 2 Qilin Ye

reflection is special in the sense that it “looks the same from every perspective1,” whereas for every other reflection

ρ ∈ Gn, the effect imposed by ρ on a region depends on the location of the region and its relation to the affine

subspace associated with ρ.

In other words, the point reflection is the “special” element of Gn displaying a certain invariance property. This

should remind one of the notion of conjugation in abstract algebra. Let us quickly recall that if G is a group, then

g, h ∈ G are conjugates of each other if there exists a f ∈ G such that h = fgf−1. It follows by group properties that

conjugacy is an equivalence relation, which gives rise to conjugacy classes.

Going back to the group of isometries. Let f, g be two isometric transformations. We say x is invariant under g if

x = g(x). An immediate result following conjugation is that x is invariant under g if and only if f(x) is invariant

under fgf−1:

x = g(x)⇒ (fgf−1)(f(x)) = (fg)(x) = f(x)

and conversely

(fgf−1)(f(x)) = f(x)⇒ (fgf−1)(f(x)) = fg(x) = f(x)⇒ g(x) = x

since isometries are injective, directly by definition: ∥f(x) − f(y)∥ = 0 if and only if ∥x − y∥ = 0.

Now we restrict our attention to point reflections — x is invariant under a reflection ρ if and only if x belongs to

the affine subspace associated with ρ. Point reflections only have one fixed point, namely the “point” across which

the reflection is performed. Therefore, if p is the point reflection associated with Gn and f is any other isometry

(we don’t require it to be another reflection), then fpf−1 is also a point reflection. Using the characterizations of

commutative reflections, we see that these two point reflections p1, p2 commute if and only if they are identical —

otherwise, aff(p1) ∩ aff(p2) = ∅, and both condition fails. Put formally:

Definition

A point reflection p of Rn is an isometry satisfying the following:

(1) p is not the identity mapping, and

(2) For any other isometry f , the composition fpf−1 either equals p or does not commute with it.

Note that this definition itself does not invoke any notion of points, nor is it dependent on dimensionality, unlike

the theorem on maximal commutative group of reflections. Having characterized point reflections, now we may

work our way backwards and recover other primitives and notions under standard Euclidean geometry.

First, linearity. Just like how two points define a line, we can fix two point reflections and define a corresponding line

reflection. In order to do so, we need to establish a strict partial order on reflections with respect to the dimension

and containment of their associated affine subspaces. The idea builds on the following fact: if H1 ⊂ H2 are with

dimensions d1 < d2, then there exists an H ′1 ⊂ H2 such that dim(H ′1) = dim(H1), and they have orthogonal normal

vectors. In order to formally state these, we need to (i) define subspace containment, and (ii) define orthogonal

subspaces of the same dimension. Luckily, with conjugation, we have all the ingredients to cook up these notions.

We use the symbol ρ1 ≺ ρ2 to represent that ρ1’s subspace is strictly contained in ρ2’s.

1When I first learned abstract algebra, I would always visit Math SE for intuitive explanations behind concepts. Here I quoted an answer on

conjugation and group actions.
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Definition

Given two commutative reflections ρ1, ρ2 of Rn, we say ρ1 ≺ ρ2 if the following holds:

(1) There exists a translation f leaving ρ2 invariant under conjugation but not ρ1, i.e., ρ1 ≠ fρ1f−1, but

ρ2 = fρ2f−1, and

(2) There does not exist a translation g leaving ρ1 invariant but not ρ2.

The conditions impose structural constraints on ρ1 and ρ2’s subspaces: aff(ρ2) has “extra” free dimensions whereas

aff(ρ1) doesn’t. This ensures that if ρ1 ≺ ρ2, then aff(ρ1) ⊂ aff(ρ2) with a strictly lower dimension. By definition, ≺
is irreflexive and asymmetric. To show transitivity, suppose ρ1 ≺ ρ2 ≺ ρ3, with f12 fixing ρ2 but not ρ1, and f23 fixing

ρ3 but not ρ2. Then

(f12f23)ρ3(f12f23)−1 = f12(f23ρ3f−123 )f−112 = f12ρ3f−112 .

Since f12 leaves ρ2 invariant and ρ2 ≺ ρ3, by definition f12 also leaves ρ3 invariant, so the above equals ρ3. The other

direction is trivial — if a translation leaves ρ1 invariant under conjugation then by definition it leaves ρ2 invariant.

Repeating this argument once again, we see it must also leave ρ3 invariant.

While we proved ≺ to be a partial order, it is still a much weaker notion than dimensioanlity, since only reflections

with overlapping affine subspaces are comparable. Indeed, in Rn we may compare the dimension of two arbitrary

suitably nice regions But this will suffice in our upcoming definitions.

Definition

Given two point reflections p1 and p2, the line reflection ℓ = ℓ(p1, p2) associated with p1 and p2 is the

minimal reflection (w.r.t. ≺) such that p1 ≺ ℓ and p2 ≺ ℓ. In other words, if p1, p2 ≺ ρ for some other reflection

ρ, then ℓ ≺ ρ.

It naturally follows that a point reflection p3 is colinear with p1 and p2 if p3 ≺ ℓ(p1, p2). More generally, we can

iteratively apply this definition and recover the entire structure of the Euclidean space. Define a point reflection to be

of dimension 0 and a line reflection of dimension 1. Given two reflections ρ1, ρ2 of dimensions n−1, we may define

a corresponding reflection ρ = ρ(ρ1, ρ2) of dimension n to be the minimal reflection w.r.t. ≺ satisfying ρ1 ≺ ρ, ρ2 ≺ ρ.

Finally, four point reflections {ρi}4i=1. we say (ρ1, ρ2) and (ρ3, ρ4) are congruent, written (ρ1, ρ2) ≡ (ρ3, ρ4) if there

exists a line reflection ℓ and a rotation R such that ρ2 = ℓ○ρ1 and ρ4 = R○ ℓ○ρ3. Congruence between k-dimensional

reflection pairs can be defined analogously by drawing connection to a reflection and a (k+1)-dimensional reflection.

To sum up, while many thought process of this paper involves the assumptions and existence of points, no definition

or theorem directly appeals to them. By using abstract notions such as conjugation and invariance, we are able to

define the notion of points, dimensionality, linearity, congruence, among other primitives and notions claimed by

standard Euclidean geometry. Some of these intermediate work will serve as the basis of my upcoming thesis, where

I will (attempt to) discuss them in further depth.
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