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Problem 1

(1) (D4.1.3) Suppose that X,Y e L? are defined on (£, F,P) and suppose G is a o-algebra contained
in F. Imitate the proof in the remark after Theorem 1.5.2 to prove the conditional Cauchy-Schwarz
inequality:

E[XY|G]* <E[X?|G]-E[Y?G].

As part of the problem show that all conditional expectations are well-defined.

(2) (D4.1.7) Let X € L? be defined on (Q,F,P) and suppose G is a o-algebra contained in F. Let
var(X|G) = E[X?|G] - E[X|G]?. Show that

var(X) = E[var(X|G)] + var(E[ X|G]).

As part of the problem show that all conditional expectations are well-defined.

Proof. (1) By linearity of conditional expectations, for any 6,
0 <E[(X +0Y)?G] = 0°E[X?|G] + 20E[ X Y|G] + E[Y?|G].
This means the quadratic determinant
(2E[XY(G])* - 4-E[X?|G]E[Y?|G] = 4E[XY|G]” - 4E[X?|G] - E[Y*|G]

must be nonpositive. From this we recover Cauchy-Schwarz for conditional expectations.

On a side note, E[ X2|G] and E[Y?|G] are well-defined since X,Y € L?, and E[XY|G]? is well-defined since
Hélder’s inequality implies that the product of two L? variables is L'.

(2)

Elvar(X|G)] + var(E[X|G]) = E(E[XQIG] - (E[XIGJ)Q) +E((E[X]9])%) - (E[E[X|G]])?
=EX? - (E[X|G])? + E(E[X?|G]) - (EX)? = var(X). O
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Problem 2

(1) (D4.3.3) Let X,,,Y,, be positive integrable and adapted to ,,. Suppose that
IE[)(n+1|~7:n:| < Xn + an

with 3" Y,, < oo almost surely. Prove that X,, converges almost surely to a finite limit by finding a closely

related supermartingale to which Thm 4.1.12 can be applied.

(2) (D4.3.13) Suppose each family has exactly three children but coin flips determine their sex. In the
1800s, only male children kept the family name, so following the male offspring leads to a branching
process with py = 1/8,p1 = 3/8, p2 = 3/8, and p3 = 1/8. Compute the probability p that the family name

will die out when Z; = 1.

n—-1

Solution. (1) Consider W,, = X,, - Z Y%. It follows that W, is integrable and W,, € F,, as it is the finite sum
k=1
of F,,-measurable variables. Further, {W,,} forms a supermartingale as
E[Wn+1|-7:n] = E[Xn+1 - Z Yk|~7:n] = E[Xn+1|]:n] - Z Yk < Xn + Yn - Z Yk = Wn
k=1 k=1 k=1

Consider a large M. Define stopping time N = Ny = inf{c: ¥, .Yy > M}. It follows that Wy, is a

supermartingale. To invoke the supermartingale convergence theorem, we add M to each Wy ., observe

that the nonnegative variables W, + M converge a.s. to an L! limit. Hence lim,, W .,, exists a.s. Finally,

since 3 Y, < oo a.s., letting M 1 oo we see {N; = oo} 1 Q a.s. Therefore lim,, W, also exists a.s., and
n-1

X, =W, + > Yy > limW, + > Y}, which is finite a.s.
k=1 "

(2) pis the root of p(p) = po + p1p + p2p® + p3p° in [0,1). This gives p = /5 - 2.
Problem 4

Suppose that {F,} is a filtration of some probability space (2, F,P). Let T be a stopping time w.r.t. that

filtration.

(1) Define Fr={AecF: An{T <n}eF, forall n > 0}. Prove that Fr is a o-algebra and T is measurable

with respect to it.
(2) If S,T are stopping times, show that S + T, max(S,T), and min(S,T) are also stopping times.

(8) Prove that Fpin(s,7) = Fr N Fs.

Proof. (1) Clearly, @ € F,, for each n, and that {T' < n} = U<, {T = k} are also in each F,, by the definition
of stopping time. To show F is closed under complementation, we note that An B=(An B)“n B:
An{T <n}=(An{T<n})°n{T<n}teF,

——— e -
eFn eFn
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Finally, for closure under countable unions, if each Ay € Fr, then for any n,

U Ao {T <n} = U (A0 {T <n)) € F.

k>1 k21 N———
€Fn

This completes the proof that Fr is a o-algebra.

(2) If S, T are stopping times then

(S+T=n)= U({S K} {T =n-k}) e Fp.

For max (S, T") and min(S,T"), we note that {T' < n} = | J{T = k} where {T =k} ¢ F;, c F,, for each k < n,
k<n
so {T < n} € F,. Closure under complementation (taking union with {T' = n}) implies {T' > n} € F,, as

well. Since
{max(S,T)=n}={S=n,T<n}u{S<n,T=n}
= ({5 =n) T <n}) U (S <n) (T =n))
{min(S,T)=n}={S=n,T2n}u{S2n,T=n}
_({S=n}n{T>n}) US> n}n (T =n))

and each set of form {T =n},{T <n}, and {T > n} are in F,,, we are done.



