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Problem 1: D4.4.7

Let Xn be a martingale w.r.t. Fn = σ(X0, ...,Xn) with X0 = 0 and E[X2
n] <∞. If λ > 0 show that

P ( max
1⩽m⩽n

Xm ⩾ λ) ⩽
E[X2

n]
E[X2

n] + λ2
.

Hint: Use the fact that (Xn + c)2 is a submartingale and optimize over c.

Proof. For c ⩾ −λ, using Doob’s inequality on (Xn + c)2, a nonnegative submartingale,

P ( max
1⩽m⩽n

Xm ⩾ λ) = P ( max
1⩽m⩽n

(Xm + c)2 ⩾ (λ + c)2)

⩽ 1

(λ + c)2
E[(Xn + c)2]

= 1

(λ + c)2
E[X2

n + c2 + 2cXn]

= EX2
n + c2

(λ + c)2
.

To minimize the bound we compute the derivative w.r.t. c and set it to 0:

2 ⋅ (λ + c)−3 ⋅ (λc −EX2
n) = 0 Ô⇒ c = EX2

n/λ.

Also, the second derivative at c = EX2
n/λ is 2λ4/(λ + EX2

n)3 which is positive. Hence c = EX2
n/λ is the global

minimizer, and from this we obtain

P ( max
1⩽m⩽n

Xm ⩾ λ) ⩽
EX2

n + (EX2
n/λ)2

(λ +EX2
n/λ)2

= EX2
n ⋅ (1 +EX2

n/λ2)
(EX2

n + λ2)2/λ2
= EX2

n

EX2
n + λ2

.

Problem 2: D4.7.1

Let Xn, n ⩽ 0 be a backwards martingale. Suppose that for some p > 1 we have X0 ∈ Lp. Show that there

exists a random variable X−∞ such that X−∞ ∈ Lp and that Xn →X−∞ both almost surely and in Lp.

Proof. By Lp maximal inequality,

E ( sup
−n⩽m⩽0

∣Xm∣p) ⩽ (
p

p − 1
)
p

E∣X0∣p.

The limiting variable X−∞ exists and Xn →X−∞ almost surely by Thm 4.7.1. Letting n→∞ we have supm∣Xm∣ ∈
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Lp, so X−∞ ∈ Lp. Finally, since ∣Xn −X−∞∣p ⩽ (2 supm∣Xm∣p) <∞, by DCT we have

E∣Xn −X−∞∣p → 0,

completing the proof of convergence in Lp.

Problem 3: D4.8.7

Let Sn be a SSRW starting at 0 and let T = inf{n ∶ Sn ∉ (−a, a)} where a ∈ N.

(1) Compute ET as a function of a.

(2) Find constants b, c such that Yn = S4
n − 6nS2

n + bn2 + cn is a martingale and use this to compute ET 2 as

a function of a.

Solution. (1) By Theorem 4.8.7, ET = a2.

(2) Observe that ξ2n = ξ4n are constant 1. Also observe that ξn+1 is independent of Fn, so E[ξn+1∣Fn] =
Eξn+1 = 0. This implies

E[S4
n+1∣Fn] = E[(Sn + ξn+1)4∣Fn]

= E[S4
n + 4S3

nξn+1 + 6S2
nξ

2
n+1 + 4Snξ

3
n+1 + ξ4n+1∣Fn]

= S4
n + 6S2

n + 1

and similarly

E[S2
n+1∣Fn] = E[S2

n + 2Snξn+1 + ξ2n+1∣Fn] = S2
n + 1.

Since {Yn} is a martingale, E[Yn+1∣Fn] = Yn, i.e.,

(S4
n + 6S2

n + 1) − 6(n + 1)(S2
n + 1) + bn2 + cn = S4

n − 6nS2
n + b(n + 1)2 + c(n + 1),

or

(2b − 6)n + (b + c − 5) = 0.

This gives b = 3 and c = 2.

Now since EY0 = EYT∧n,

0 = E[S4
T∧n − 6(T ∧ n)S2

T∧n + 3(T ∧ n)2 + 2(T ∧ n)].

Applying MCT to E(T ∧ n)2 with ET = a2 <∞, as well as DCT to ∣ST∧n∣ ⩽ a, we obtain

0 = a4 − 6a2ET + 3ET 2 + 2ET = a4 − 6a4 + 3ET 2 + 2a2

so

ET 2 = 5a4 − 2a3

3
.
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