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Problem 1: D5.2.1

Suppose that X, is a Markov chain on the space (S,G) with respect to F,, on a probability space (Q, F,P).
Let A € 0(Xy,...,X,,) and let B € 0(X,,, X;41,...). Use the Markov property to show that for any initial
distribution p we have

PL(AN BIX,) = PL(AIX,) - P, (BIX,).
In words, the past and future are conditionally independent given the present. Hint: write LHS as

E,L[E,L[1A13|fn]Xn].

Proof.
P,(AnB|X,) =E,[E,[1415]|F,]X,] (hint)
= EL[14E,[1B]F0]1X0] (since 14 € F,)
=E,[14E,[15|X,]X,] (Markov property)
- E,[14] X, ]E,[15]X,.] (since E,,[15|X,,] € (X))
=P,(AlX,) -P,(B|X,). O

Problem 3: D5.2.6

Suppose that X, is a Markov chain on (S,G) with respect to F,, on a probability space (Q, F,P). Let
Te :=inf{n > 1: X,, € C'}. Suppose S\C is finite and for each z € S\C, we have P, (T¢ < oo) > 0. Show that
there exists N € N, € > 0 such that for all y ¢ S\C and & >

P,(Tc > EN) < (1-¢)". *)

Conclude that for each y € S\C, E,[T¢] < oo

Proof. For each z € S\C there exist large n(z) € N and small e(z) > 0 such that P, (7¢ < n(z)) > e(z) > 0, since

P, (Tc < o0) > 0. Since S\C is finite, the following variables are well-defined:

np = max n(x) < oo and €0 = min e(z) > 0.
0 zeS\C () 0 zeS\C ()

It follows immediately that (*) holds for k = 1 with ng and ¢y. For the inductive step, note that (assuming (*)
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holds for k£ - 1)

P,(Tc > kN) = By(Te > kN | Te > (k- 1)N) - Py (Tc > (k - 1)N)

<(1-e)k-1
<P,(X,¢Cforne((k-1)N,kN]| X, ¢Cforn< (k-1)N)-(1-¢e)*!
=Py(X, ¢ C forne ((k-1)N,kN]| X(-1yn ¢C)- (1 —e)""

= Z Py (X, ¢ Cfor...| Xpo1yn = 2)Py (X (geyvy =2) - (1 - Ol
zeS\C

= 3 Po(Te>N)Py(Xp-nyn =2 | X(p-yw £C) - (1—€)F!
mES\CT

<(1-¢)(1 —e)k_1 =(1 —€)k,

which completes the proof of (*). Then it becomes immediately clear that E,[T¢] < oo, since the integral of
P,(T¢ > t)dt is bounded from above by the piecewise constant function taking constant value P, (T¢ > kn) on
(kN, (k +1)N] for each k, and the latter is summable since ¥, (1 - €)* < co. O



