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Problem 2: D7.4.2

Let B; be a standard Brownian motion defined on a probability space (P, F,2). Use (7.2.3) to show that
R =inf{t >1: B, =0} is a random variable with pdf

fR(JJ+1): [$>O].
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Proof. (7.2.3), Fubini, and P, (T, = t) = Po(T, = t) imply that

1P>O(R<m1):[Rpl(ay)m(%sx) dy
=2 [T pi0y) [Py (To=5) dsdy
=2f0t/0wp1(0,y)Py(T0=s) dy ds
=2 [* [ " (0.9)Po(1, =) dy ds.

Now we differentiate and use (7.4.6):

fr(z+1) =2 [me(ovy)[?o(Ty =) dy
=2 /000(271—)_1/2 eXp(—y2/2)(27T$C3)_1/2y exp(—yz/Qx) dy

1 o0 )
s e 2 dy = s

Problem 3: D7.5.2

Let B; be a standard Brownian motion. Fix a,b > 0. Define X; = B, - bt and set 7 = inf{¢t > 0: By =a + bt} =
inf{t >0: Xy =a}.

(1) Show 7 is a stopping time.
(2) Use the martingale Y; = exp(#B; — #%t/2) with 6 = b+ (b*> + 21)/? to show that
Eo[exp(=A7)] = exp(—a[b+ (b% + 2X)Y/?]).

(3) Prove that Py(7 < c0) = exp(-2ab).
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Proof. (1) Since bt is deterministic, clearly X, € F; for each ¢. Then,

{r <t} ={X, =afor some s € [0,¢]} = { i[r(l)f]l[Xs =a]=1}.
s€|0,t

For each s, 1[ X = a] € F,. The infimum, therefore, must be measurable w.r.t. the o-algebra generated by

all previous filtrations, which is F;.

(2) (1) and Theorem 7.5.6 imply that exp(6 B, .1 —6%(7 AT)/2) is a martingale, and Theorem 7.5.1 implies
that EgY, 7 = Egexp(6 B a1 — 02(7 At)/2) = 1. Since B, 1 < a+b(T At) by construction, BCT implies that
astt oo, for 7 < oo,

Eo(exp(6(a +bT) - 6%7/2)) = 1.

Now, substituting 6 = b+ (b? + 2X)*/? into the equation we obtain Eq(exp(fa — A7)) = 1. This completes the

proof.

(3) Let A > 0. The LHS satisfies Eq(exp(-Ar)) — Po(7 < o0), since exp(-A7) — 1 if 7 < oo and 0 otherwise.
The RHS clearly converges to exp(—2ab), since

iir%(bQ +20)12 = (B?)H2 0
Problem 4: D7.5.4

(1) (D7.5.4) Let B, be a SBM. Let T = inf{¢t > 0: B; ¢ (a,b)} where a < 0 < b and a # —-b. Apply Cauchy-
Schwarz to E[T'B2] to conclude that (i) F[T?] < 4E[B7] and (ii) E[B+] < 36E[T?].

(2) (D8.1.1)If X,U,V and Ty v as in the proof of Thm 8.1.1 prove that E[TIQLV] <4E[X?].

Proof. (1) As in the proof of Theorem 7.5.9 we have
E(B7 - 6T B3) = -3ET?.
Cauchy-Schwarz on E[T B2] then gives
E[T?] < 2E[TB%] < 2(ET?)"/?(EB})"/?

so E[T?] < 4E[B#]. Similarly,
E(6T B2 - By) = 3ET?

SO
E[B7] < 6E[T B3] < 6(ET*)/*(EB7)" ",

which implies (ii).
(2) From Skorokhod’s representation theroem (thm 8.1.1) By, ,, has the same distribution as X. Hence

E[Té,v]:on[Tib] dJP><4fEO[B§a=b]dP:4E0[B%U,V]:4E[X4]. O



