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Problem 1

(1) Let X,,Y, be martingales w..t. F,, and assume E[X?2], E[Y,?] < co. Prove that

E[X, Y] - E[XoYo] = 3 E[(X = Xou 1) (Yo = Yo 1))

m=1

(2) Let X,, be a martingale and set ¢, = X,, — X,,_1. Suppose E[X?] < oo and ¥,,,51 E[£2,] < c0. Prove that

X,, converges almost surely and in L? to some X,,.

(3) Let X, be a martingale with Xy = 0 and set &, = X,, - X,,-1. Suppose that b,, > o is an increasing
sequence with limb,, = co. Suppose that ¥,,,5; b;,2E[¢2,] < co. Prove that X, /b, converges to 0 almost

surely and in L? as n — oo.

Proof. (1) Let m > 1. Note that

XmYm - Xm—lym—l = me;n + Xm—lym—l - 2Xm_1Ym_1
- Xm—lym - XmYm—l + Xm—lym + XmYm—l

= (Xm - X’m—l)(Ym - Ym—l) + Xm—l(Ym - Ym—l) + (Xm - Xm—l)Ym—l-

Manipulating the definitions we have

E[Xm-1(Ym = Yim-1)] = E[E[ X1 (Yo = Y1) | Frn-1]] (tower property)
=E[Xp-1 - E[(Yon = Yiuo1) | Frna1]] (Thm 4.1.14, X1 € Fro-1)
=E[X;-1-0]=0 (martingale def)

and analogously E[(X,,, — X,,-1)Yn-1] = 0. Therefore
E[mem] - ]E[Xm—lym—l] = E[(Xm - Xm—l)(ym - Ym—l)]7

and it remains to rewrite the original LHS as E[X,,Y,,] ~E[XYo] = > (E[XmY] - E[Xp-1Yim-1]).

m=1
(2) By letting Y,, = X, as in part (1) we see that for each n,
E[X2]=E[Xo)*+ Y E[(Xin - Xm-1)?JE[X3] + D) E[E2] <E[Xo]* + > E[&n]? < 0. *)
m=1 m=1 m>1

The result therefore follows from L? convergence theorem, Thm 4.4.6, as sup,, E[ X 2] < oco.
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(3) Note that Y, =3 _; &n/bm, with Yy = 0, is a martingale: integrability and measurability are clear, and
E[Yoe1 | Ful = B[Yn | Fol + E[&nen | F] = Yo + 0,1 B[ | Ful.
But E[&,41 | Fn] = E[Xps1 | Fn] - E[ X, | Fr] = X — X, =0, so the condition holds.

We simply plug Y;, into (2). The prerequisites hold because E[Y{?] = 0 and

S E[(Yo = Yie1)?] = > b,7E[€2,] < oo.

m2=1 m>1

Thus Y,, converges almost surely and in L? to some Y,,. On one hand, Kronecker’s lemma (Thm 2.5.9)
implies that b,' 7 _ &, = (X,,— X0) /by, = X,,/b,, converges to 0 almost surely. On the other hand, now that

we know the limiting distribution is 0, we apply Kronecker’s lemma once again and obtain L? convergence:
E(Xn/bn - 0)2 = bI_LQE(X’i) = b;zQ E( Z §m)2
m=1

= bi Z Effn (since cross terms cancel, by (*) or Thm 4.4.7)

m=1

- 0. (Kronecker: since by assumption Y E&2, /b2, < o0) 0

Problem 2

Let S, = & + ... + &, where ¢, are independent, not necessarily identically distributed, with E[¢;] = 0 and
var(&;) =02 € (0,00). Put Fp, = o(&1, ..., &).

(1) Prove that X,, = S? - no? is an F,,-martingale.
(2) Fixa >0 and define T = min{n > 0:|S,| > a}. Show that E[T] > a?/c>.

(3) Suppose N is a stopping time with EN < co. Prove that E[S%] = 0?EN.

Proof. (1) By independence var(S,,) < co. Since var(S,) = E(S?) - (ES,)? and ES,, = Y E¢, = 0 we have
ES? < oo and therefore E|X,,| < co. It is also clear that X,, € F,,. Finally,
]E(S721+1 - (n + 1)02 | fn) = E(SZ + 25n£n+1 +€721+1 | fn) - (n + 1)0'2
= 5721 + 2571E(£n+1 | ]:n) + E(é?ﬁ-l | ‘7:71) - (n + 1)02 (Sn € fn)UQ
:SZ+O+E(§721+1)_(TL+1)U2 (Ent1 =0, Enir 1L Fr)

=52 4+02 - (n+1)0% =52 -no’.
(This is identical to the proof of Example 4.2.2 and no assumption of identical distribution is needed.)

(2) IfET = oo the result holds trivially. Otherwise the results follows from (3) as T is a stopping time (since
{|Sk| < afor k<n -1} n{|S,| > a} is F,, measurable), and 0?ET = E[Sr]? > a? by definition of T

(3) Let X, = S%2 - 02 asin (1). Since for each n, E(S,)? = var(S,,) = no?, we have ES% = o’E[N An]. By
MCT, letting n — oo we have ES%,,,, 1 0?’EN < oo. Therefore sup,, ES%;,, < co. By Thm 4.2.9 {Syn,}n is

a martingale and by Thm 4.4.6 it converges a.s. and in L?, where the a.s. limit must be Sy. Combining

2
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ES% ., — ES% (convergence in L?), 0?E[N An] - ¢?EN (MCT), and ES%,,,, = 0°E[N A n] (our earlier

observation), the result follows. O

Problem 3

Suppose that X, is a Markov chain on a finite or countable space S with transition function p. A function f :
S — R is said to be superharmonic if f(z) > ¥, s p(z,y) f(y) or equivalently if f(X,,) is a supermartingale.
Suppose that p is irreducible. Show that p is recurrent if and only if every nonnegative superharmonic

function is constant.

Proof. Adopting our usual notation, let p, , = P, (T} < o0), the probability of eventually visiting y from x.

For =, assume p is recurrent and let f be any nonnegative superharmonic function. Thm 5.3.2. states that
recurrence is contagious so p, , = 1 for all . On the other hand, by Thm 4.2.12 f(X,,) converges to some
Y = f(X) almost surely. Thm 5.2.6 therefore implies P(f(X,,) = f(z) i.0.) = 1 for all z. In other words Y = f(x)
almost surely. But z is arbitrary, so f must be almost surely constant.

Conversely, let X be irreducible but transient, fix any z¢ and define f(x) := p; 4,. It follows immediately that
0 < f <1, and that it is superharmonic, since

f(@) =p(z,20) -1+ Y p(x,y) f(y) > p(z,20) f(zo) + D, p(z,y)f(y) = p(x,y) f(y)-

Y#To Y#xo Y

If f were constant, say f = c € [0, 1], then for any «,

c=f(x)=p(z,z0) + Y, p(x,y)f(y) = p(z,z0) + c(1 - p(x,x0))

Y#To

from which we conclude ¢ = 1 and p(z,z¢) = 0. Both lead to contradictions — the former implies p is recurrent,

and the latter implies p is not irreducible. Thus f cannot be constant, and the proof is complete. O

Problem 4
Suppose that S is a countable state space and p a transition probability on S. Define

1 o .
Qo = Sup = Z|p L(’Lak) _pn(J7k)|
i.jeS 2 fic§

(1) Show that a,,4pn < oy,
(2) Show that limn~!loga, = inf m™! log ayy,.

(3) Show that if if ov,,, < 1 for some m > 1 then we can find constants A, a > 0 such that «,,, < Ae™*™.

Proof. (1) I needed to resort to Durrett’s textbook to use the extremely helpful hint regarding coupling. Other-
wise I couldn’t have solved this using pure algebraic manipulations.
Following Durrett’s hint, for s € S and n € N, let us define random variables X7 such that P(X? = k) =
p" (s, k). The hint gives
no,yny L N "y
k
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In addition to the hint, we establish two more identities involving it:
P(X™" = k) =p™ " (i, k) = Y p" (i, 8)p" (s, k) = P P(X]' = s)P(X]' = k), )

and
, 1 o ny-
P(X]#Y]") = 5 Y™ (i,s) - p"(i,s)| = 0. 2)

We now have the sufficient ingrediens to cook up the desired inequality. For any g, jg € S,

PXE 2 V) B S B(X =0, Vi = g)P(X] 2 )

» g

x,yeS
= Y P(X =2,V =y)P(X] # Y,')+ YP(X =Y =2)P(X] Y]
T#Y x —

=0by (2)

= S B(XT = Y = y)B(XD £ V)

TFY
=P(X;2Y)) D P(X =2, Y =y) < anum.
TFY

Taking supremum over all initial states ig, jo € S we are done.

(2) Since amin < A, taking log gives log a1y < log au, +log ayy,. Flipping the sign we have - log a1y 2

(-logay) + (—logayy,), so Lemma 2.7.1 gives

-n"tlogay, » supm ™t log ay, & n~tlog a,, — inf m™t log ayy,.
n n

(3) The assumption implies that inf m ! log a,, = limn~'loga,, = —c < 0. Hence there exists N sufficiently

large so that n"'loga,, < —¢/2 < 0 for all n > N. For these terms, exponentiating both sides gives

1/n
n

a,/™ <exp(-¢/2) = a, <exp(n-(-¢/2)).

We claim that this a = (¢/2) is the exponent coefficient we are looking for. The first N terms are easy to

control — for example, if we let A > max a; - exp(aN) + 1%then
<ig

Q€ MAX oy = max a; exp(aN)-exp(-aN) < Aexp(-aN). O

1<i<N 1<ig

1An additional +1 at the end to ensure A > 1, so that a,, < exp(—an) < Aexp(—an) for n > N as well.
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