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§3 Moving Forward — Defining “Good Events”

(1) Key observation: when O outputs exact gradients,
𝑔𝑖 (𝜂) ≡ ∇ 𝑓 (𝑥𝑖 (𝜂)).

(2) This means that under exact gradient setting,∑
𝑖<𝑇

⟨Δ𝑖 (𝜂), 𝑥𝑖 (𝜂) − 𝑥∗⟩ = 0.

(3) Generalize above into “approximately:” for 𝑇 ∈ N, and
𝛼, 𝛽, 𝜂 > 0, define the “good events” to be

𝔈(𝜂) = 𝔈(𝜂;𝑇, 𝛼, 𝛽) :=
∩
𝑡⩽𝑇

{∑
𝑖<𝑡

⟨Δ𝑖 (𝜂), 𝑥𝑖 (𝜂) − 𝑥∗⟩ ⩾ −1
4

max(𝑑𝑡 (𝜂), 𝜂
√
𝛽)
√
𝛼𝐺𝑡 (𝜂) + 𝛽

}
.
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What Was That Mess?

Lemma 1 (exact gradient version)

With appropriate parameters, under exact gradient setting,

𝜂 ⩽ 𝜑(𝜂) ⇒ 𝑑𝑇 (𝜂) ⩽
𝛼 + 1
𝛼 − 1

· 𝑑0 and 𝑟𝑇 (𝜂) ⩽
2𝛼

𝛼 − 1
𝑑0.

becomes ...

Lemma 1 (stochastic version)

With appropriate parameters, under𝔈(𝜂;𝑇, 𝛼, 𝛽), i.e., the “good
event” setting, if 𝜂 ⩽ 𝜑(𝜂), then

𝑑𝑇 (𝜂) ⩽
3𝛼 + 2
𝛼 + 2

𝑑0 and 𝑟𝑇 (𝜂) ⩽
4𝛼

𝛼 − 2
𝑑0.
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What Was That Mess?

Proposition 2 (exact gradient version)

Let 𝜂0 = RootFindingBisection(𝜂low, 𝜂high;𝑇, 𝛼, 𝛽), where 𝛼 > 1, 𝛽 > 0, 𝑇 ∈ N,
and each 𝜂 > 0. Asssume 𝜂high > 𝜑(𝜂high). Let 𝑥 = 𝑇−1 ∑

𝑖<𝑇 𝑥𝑖 (𝜂0) be the average
iterate. Under exact gradient setting:
(1) if 𝜂low ⩽ 𝜑(𝜂low) then for some 𝜂′ ∈ [𝜂0, 2𝜂0],

∥𝑥 − 𝑥0∥ ⩽
2𝛼

𝛼 − 1
𝑑0 and 𝑓 (𝑥) − 𝑓 (𝑥∗) ⩽ 2𝛼

𝛼 − 1
·
𝑑0
√
𝛼𝐺𝑇 (𝜂′) + 𝛽

𝑇
;

(2) if 𝜂low > 𝜑(𝜂low), then 𝜂0 = 𝜂low, and

∥𝑥−𝑥0∥ ⩽ 𝜂0
√
𝛼𝐺𝑇 (𝜂0) + 𝛽 and 𝑓 (𝑥)− 𝑓 (𝑥∗) ⩽

𝑑0
√
𝛼𝐺𝑇 (𝜂0) + 𝛽 + 𝜂0𝐺𝑇 (𝜂0)

𝑇
.
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What Was That Mess?

Proposition 2 (stochastic version)

Let 𝜂0 = RootFindingBisection(𝜂low, 𝜂high;𝑇, 𝛼, 𝛽), where 𝛼 > 2, 𝛽 > 0, 𝑇 ∈ N,
and 𝜂high = 22𝑘𝜂low for some 𝑘 . Assume 𝜂high > 𝜑(𝜂high). Let 𝑥 = 𝑇−1 ∑

𝑖<𝑇 𝑥𝑖 (𝜂0)
be the average iterate. Assume the “good events”

∩2𝑘
𝑗=0 𝔈(2 𝑗𝜂low;𝑇, 𝛼, 𝛽) all hold.

(1) If 𝜂low ⩽ 𝜑(𝜂low), then for some 𝜂′ ∈ [𝜂0, 2𝜂0],

∥𝑥 − 𝑥0∥ ⩽
4𝛼

𝛼 − 2
𝑑0 and 𝑓 (𝑥) − 𝑓 (𝑥∗) ⩽ 9𝛼 − 2

2(𝛼 − 2) ·
𝑑0
√
𝛼𝐺𝑇 (𝜂′) + 𝛽

𝑇
;

(2) If 𝜂low > 𝜑(𝜂low) and in addition 𝔈(𝜂low;𝑇, 𝛼, 𝛽) holds, then 𝜂0 = 𝜂low, and

∥𝑥 − 𝑥0∥ ⩽ 𝜂low
√
𝛼𝐺𝑇 (𝜂low) + 𝛽 and 𝑓 (𝑥) − 𝑓 (𝑥∗) ⩽ 5

4
𝑑0
√
𝛼𝐺𝑇 (𝜂low) + 𝛽 + 𝜂low(𝛼𝐺𝑇 (𝜂low + 𝛽))

𝑇
.
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What Was That Mess?
Lemma 2 (exact gradient version)

With appropriate parameters, under exact gradient setting, if the following holds,
then 𝜂 > 𝜑(𝜂):

𝜂 > 𝜂max :=
2𝛼

𝛼 − 1
· 𝑑0√

𝛼∥𝑔0∥2 + 𝛽
.

Consequently, when our algorithm terminates, 𝑘 ⩽ 2 log log+(𝜂max/𝜂𝜖 ).

becomes...

Lemma 2 (stochastic version)
With appropriate parameters, if “good event”𝔈(𝜂;𝑇, 𝛼, 𝛽) holds, then if the following
implies 𝜂 > 𝜑(𝜂):

𝜂 > 𝜂max :=
4𝛼

𝛼 − 2
· 𝑑0√

𝛼∥𝑔0∥2 + 𝛽
.

Consequently, if
∩

𝑘=2,4,8,... 𝔈(22𝑘𝜂𝜖 ;𝑇𝑘 , 𝛼 (𝑘) , 𝛽 (𝑘) ) holds, when our algorithm ter-
minates, 𝑘 ⩽ 2 log log+(𝜂max/𝜂𝜖 ).
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§3 “Good Events” Are Likely

For the remainder of the analysis, just like Fact 1, we assume the
gradient oracle is uniformly bounded by 𝐿 > 0.

Lemma 3: “good events” are likely

Let 𝑇 ∈ N, 𝜂 > 0, 𝛿 ∈ (0, 1) be given. Define 𝐶 = log(60𝛿−1 log2(6𝑇)).
If 𝛼 ⩾ 1024𝐶 and 𝛽 ⩾ 1024𝐶2𝐿2 then P(𝔈(𝜂;𝑇, 𝛼, 𝛽)) ⩾ 1 − 𝛿.
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§3 “Good Events” Are Likely

Proposition 3
Let budget 𝐵, initial step size 𝜂𝜖 > 0, and failure probability 𝛿 ∈ (0, 1) be given. Let

𝛼 (𝑘) = 1024𝐶𝑘 and 𝛽 (𝑘) = 1024𝐶2
𝑘𝐿

2, where 𝐶𝑘 = 2𝑘 + log(60𝛿−1 log2(6𝐵)).

Then, P(∩𝑘=2,4,8,...
∩

𝑗=0,1,...,2𝑘 𝔈(2 𝑗𝑛𝜖 ; 𝐵, 𝛼 (𝑘) , 𝛽 (𝑘) )) ⩾ 1 − 𝛿.

Proof. Notice that𝐶𝑘 = log(60 log2(6𝐵)/(2−2𝑘𝛿)) so by the previous lemma, with 𝑇 = 𝐵,

𝛼 = 𝛼 (𝑘) , 𝛽 = 𝛽 (𝑘) , and failure probability 2−2𝑘𝛿, for any 𝜂,

1 − P(𝔈(𝜂; 𝐵, 𝛼 (𝑘) , 𝛽 (𝑘) )) ⩽ 2−2𝑘𝛿.

By union bound

1 − P
( 2𝑘∩
𝑗=0

𝔈(2 𝑗𝜂𝜖 ; 𝐵, 𝛼 (𝑘) , 𝛽 (𝑘) )
)
⩽ (2𝑘 + 1)2−2𝑘𝛿 ⩽ 2−(𝑘−1)𝛿

and finally

1 − P
( ∩
𝑘=2,4,8,...

2𝑘∩
𝑗=0

𝔈(2 𝑗𝜂𝜖 ; 𝐵, 𝛼 (𝑘) , 𝛽 (𝑘) )
)
⩽
∑
𝑘⩾1

2−𝑘𝛿 = 𝛿.

Qilin Ye Making SGD Parameter-Free March 24, 2023


