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PREFACE 

During the last twenty years, many excellent textbooks have enriched 
the mathematical literature on probability theory. With the help of 
classical set-theoretic measure and integral theory, these books introduce 
the fundamental concepts of probability theory, then formulate and study 
old and recent problems germane to the theory. There is however an 
alternate way to introduce the main notions of probability theory, a way 
which is more naturally adapted to the empirical origins of the subject. 
The present volume is an exploration of this alternate development. 

There are three fundamental notions of probability theory: Event, 
probability of an event, random variable. A given set of events forms a 
Boolean algebra with respect to the logical connectives (considered as 
operations) " or ", " and ", and " not ". Probability is a normed measure 
on a Boolean algebra of events. It is natural to consider probability 
as finitely additive and strictly positive, i.e., equal to zero only for the 
impossible event. Therefore, a Boolean algebra 51 endowed with a 
finitely additive and strictly positive probability p can be considered as a 
probability algebra (Si,/?). In all empirical cases a Boolean algebra of 
events can be endowed with an additive and strictly positive probability. 
Moreover, the accountable) additivity of probability, which has important 
mathematical consequences in the theory, can always be obtained by a 
metric extension of a probability algebra (SI,/?) to a probability σ-
algebra (SÏ, p), in which SÎ is a Boolean σ-algebra and p a countably 
additive and strictly positive probability. 

It is well-known that a Boolean algebra St is always isomorphic to a 
field (Boolean algebra) of subsets of a set (= space) Ω. Thus the investi-
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VI PREFACE 

gation of events and their probabilities can be reduced to a study of 
normed measures on fields of sets. Moreover, it is always possible to 
represent the Boolean algebra 31 of events by a field A of subsets of a set, 
so that the normed measure (the probability) P on A is set-theoretically 
countably additive. Let (Ω, A, P) be a so-called probability space, 
which represents, set-theoretically, a probability algebra (31,/?); then 
(Ω, A, P) can always be extended to a complete probability σ-space 
(Ω, Ä, P), in which A is a σ-field containing A and P a complete, normed, 
countably additive measure on Ä. The elements of Ä can be considered 
as events; in the case, however, in which the cardinality of Ω is > K0 ^ 
may happen that there exist non-empty sets EeA (i.e., events different 
from the impossible event) of measure (= probability) zero, which have 
no probabilistic interpretation. We can overcome this difficulty by 
considering directly the probability σ-algebra (3Ï, p) instead of the proba-
bility σ-space (Ω, Ä, P). 

Our aim is to develop the fundamental notions of probability theory 
in this " point-free " way. This, however, requires knowledge of lattice 
theory. We find that lattice theory also provides simplicity and generality, 
since it deals with classes of random variables which are the elements of 
the so-called stochastic spaces. The space of all elementary random 
variables defined over a probability algebra in a " point-free " way is a 
base for the stochastic space of all random variables, which can be 
obtained from it by lattice-theoretic extension processes. There are, 
however, problems in which one wants to consider individual samples 
and cannot work without points; then one can always assign a suitable 
probability σ-space to the probability algebra under consideration. Con-
versely, one can assign to every probability σ-space (Ω, A, P) a probability 
σ-algebra (3ί, p) in which 31 is the quotient Boolean σ-algebra A/N, 
where N is the σ-ideal of all sets of probability zero. Thus the two 
theories are equivalent. 

In the lattice-theoretic treatment of probability theory, a structural 
classification of all possible probability algebras (therefore an analogous 
classification of all possible stochastic spaces) can easily be obtained, 
which provides us with a representation of every probability σ-algebra 
by a probability σ-space (Ω, A, P) in which Ω is the cartesian product of 
factors equal to the interval [0, 1] of the real line, A a σ-subfield of the 
σ-field of all Lebesgue product measurable subsets of Ω, and P the product 
measure of A. A corresponding representation of random variables by 
Lebesgue measurable functions defined on Ω can also be obtained. 
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The origin of this book is in a set of lectures which I gave in the academic 
year 1963-64 at the Catholic University of America, Washington, D.C. 
The Statistical Laboratory there issued a mimeographed version of my 
notes under the title " Lattices and their Applications to Probability ". 
The present text is a revised and expanded version of these notes, main-
taining the central mathematical ideas of the lectures, namely probability 
algebras and stochastic spaces (i.e., spaces of random variables). The 
part of the notes devoted to pure lattice theory has been shortened and 
the most important concepts and theorems of this theory have been 
stated in two appendices, mostly without proofs. 

In addition to the material in the mimeographed edition, the present 
volume contains a general way to introduce the concept of random 
variables taking values in spaces endowed with any algebraic or topo-
logical structure. In particular, we study the cases in which the space of 
the values is a lattice group, or vector lattice. When the space of the 
values is a Banach space, a theory of expectation and moments is stated. 
A theory of expectation can be easily stated in more general cases of 
spaces of values: for example, locally convex vector spaces or topological 
vector spaces, for which an integration theory is known. 

We have restricted ourselves on the introduction and study only of the 
fundamental mathematical notions. We mention only a few facts about 
the concepts of independence and conditional probabilities and expecta-
tions. Certainly, it would be interesting to state the theory of stochastic 
processes and, especially, the theory of martingales. But this would go 
beyond the scope of the present monograph, or it would have to be 
published in a second volume. 

The author wishes to express his gratitude to Dr. Eugene Lukacs of 
the Catholic University, who made it possible for him to give lectures 
and publish them. It is a pleasure to offer thanks to F. Papangelou and 
G. Anderson who read critically the manuscript of the lectures and made 
valuable suggestions during the mimeographed edition of them. 

He expresses his best thanks to Miss Susan Papadopoulou who read 
all the manuscript of the present edition carefully and made valuable 
suggestions. In many cases she has helped him to give simpler formula-
tions and proofs. 

Thanks are finally due to Mr. Constantine Halatsis for his efficient 
typing of the manuscript and the composition of the several indices. 

Athens, Greece. 
April 1969. 

D. A. Kappos. 
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PROBABILITY ALGEBRAS 

1. DEFINITIONS AND PROPERTIES 

1.1. A probability algebra (pr algebra) (St,/?) consists of a nonempty 
set St of elements denoted by lower-case latin letters: a, b, c, ...,x,y,..., 
called events and a real-valued function p on St, called a probability (pr). 
In the set St two binary operations avb (a orb) and aAb (aandb) and 
one unitary operation ac (not a) are defined, which introduce in St the 
algebraic structure of a Boolean algebra.t 

The probability p satisfies the following conditions: 

1.1.1. p is strictly positive, i.e., p(x) ^ 0, for every xeSl and p(x) = 0 
if and only if x = 0 , where 0 is the zero of 91. 

1.1.2. /? is normed, i.e., />(e) = 1, where e is the unit of SI. 

1.1.3. /? is additive i.e., /?(a v 6) = /?(a) +/?(&) if a anc* * a r e disjoint.J 

We shall call the unit e the sure event and the zero 0 the impossible event 
of the event algebra St. Every x e St with x ^ 0 and x Φ e is called a 
possible event of the algebra St. 

Î We consider the theory of Boolean algebras as known ; cf. also Appendix 1 of this 
book. 

{ We say that the event a and the event b are disjoint (exclude each other, or are mutually 
exclusive, or are incompatible) if a Ab = Ö. 

1 



2 I. PROBABILITY ALGEBRAS 

1.2. Properties of the prp. 

1.2.1. If x l 5x2 , ...,xn are pairwise disjoint events of 9ί, then 

p(xt v x2 v ... v xn) = pixj +p{x2) + . . . +p(xn). 

Proof by induction. 

1.2.2. If x < y, then/?(x) ^ p(y) and, moreover, p(x) < p(y) if x Φ y 
(i.e., if x < y, then /?(x) < p(y)). 

Proof. If x < y, then z = y — x is such that y = x v z and x and z are 
disjoint. According to 1.1.3, we have p{y) = /?(x)+/?(z), i.e., /?(x) < p(y). 
If x # j , then z ̂  0 and p{z) > 0, i.e., /?(x) < p(y). 

1.2.3. If x < y, then /?0 - x) = p(y) -/?(x). In fact, according to the proof 
of 1.2.2: p(y)=p(x)+p{z\ i.e., p(z) =p(y-x) =p{y)-p{x). 

1.2.4. For every pair x e 2t and j> e 21, we have 

p(x) +p(y) = p(x v y) +/>(x Λ J ) . 

In fact, we have 

xv y = (x—x/\y)y{y — x/\y)v {x/\y). 

The terms of the join on the right are pairwise disjoint, thus 

p(xvy) = p(x-xAy)+p(y-XAy)+p(xAy) 

= p(x) -P(X Λ y) +p(y) -ρ(χ A y) +p(x A y) 

= p(x)+p(y)-p(xAy); 
i.e., 

p(x) +p(y) = p(x v y) +p{x A y). 

1.2.5. For every x e 21 we have p(xc) = 1 — p{x). Proof obvious. 

1.2.6. We have p(x) = 1 if and only if x = e. Proof obvious. 
By induction, one can prove the following generalization of property 

1.2.4: 

1.2.7. For three, or more generally for n ^ 2 events xv e 3i, v = 1, 2, 
...,« we have: 

Σ/>(*) = £ />( V Λ * „ ) . η>2 

v=l v=l \pes«.vi<v / 
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where Sn,v is the set of all finite sequences p = {p l5 p2 , ··· > Pv} w^ t n 

1 < Pi < Pi < ··· <Pv < " · 

2. PROBABILITY SUBALGEBRAS 

2.1. Let (31,/?) be a pr algebra and S3 a Boolean subalgebra of 31; then 
the restriction of the function p to S is a probability on 33. The pr algebra 
(33,/?) is then called a probability subalgebra of (31,/?). Hence to every 
Boolean subalgebra © of 31 there corresponds a pr subalgebra (33,/?) of 
the pr algebra (31,/?). 

2.2. Let 8 be a non-empty subset of 31; then there exists a smallest 
Boolean subalgebra, b (S), of 31 containing S ; the pr subalgebra (b (S),/?) 
is then called the pr subalgebra generated by S in (31,/?). 

2.3. There is a pr subalgebra of (31,/?), namely, the pr algebra (U,/?) 
where U = {0, e) and /?(0) = 0, p(e) = 1. We call (U,/?) the improper 
pr algebra. 

2.4. Remark, Throughout this book every pr algebra and every pr sub-
algebra will be supposed as not improper. 

2.5. Every possible event xe3I , i.e., x φ 0 , x Φ e, generates a pr 
subalgebra ( ϊ , /?) in (3ί, /?), where X = {0, x, xc, e). 

3. ISOMETRIC PROBABILITY ALGEBRAS 

3.1. Let (SIi,/?i) and (3I2,/?2) be two pr algebras. We say that the pr 
algebra (φ^Ρι) is isometric to the pr algebra (3I2,/?2) if and only if 
there exists an isomorphic map φ of the Boolean algebra 31A onto the 
Boolean algebra 3I2 such that Ρι(χ) = Ρι(Φ(χ)) f° r every ΧΕ^&^ 

4. EXAMPLES 

4.1. Let E = {al9 a2, ..., an} be a finite set of points au a2, ..., an, n ^ 2. 
We take the class ^3(£) of all the subsets of E to be the Boolean algebra 
<$\n = S$(E). Let/?l5/?2, ...,/?„ be positive real numbers with 0 </?v < 1, 
v = 1, 2, ..., /7, and ρί+ρ2 + ~>+Pn = 1· F ° r every subset 
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of E9 we define the probability as follows: 

/>({*/,» <*i2> · · ·> tf/J) = Ph +Ph + ··· +Av 

and we define, for the empty set, p(0) = 0. Then (3In,/?) is a pr algebra 
with a finite number (2n) of events. 

4.2. Let E = {al9 al9...,} be a denumerable set of points av9 v = 1,2,.... 
Let, moreover, pv9 v = 1, 2, ..., be positive real numbers with 0 < pv < 1, 

00 

v = 1,2,..., and £ /?v = 1. 
v = l 

We take the class φ(£) of all subsets of E to be the Boolean algebra 2IXo 

and assign to every finite subset \ah9 ai2, ...,aik} £ E or infinite subset 
{Ö/P tfy2, ...,} £ £ the probability defined by 

p({aii9ai29 .~,aik})=pil+pi2 + ...+pik 

or 

v = l 

respectively. We define, for the empty set, p(0) = 0. 
Then (Αχο9ρ) is a pr algebra with an uncountable number of events 

because, as it is well known, the cardinality of A#0 = φ(Ε), with E a 
denumerable set, is equal to the cardinality of the continuum, i.e., > K0. 

4.3. Let X = {Xi}, iel, be a class of symbols xi9 iel9 where / is a set of 
indices with a cardinality |/| = K ̂  K0 ; then there exists a Boolean algebra 
©a, the so-called free Boolean algebra S K with X generators, which is 
characterized by the following properties : 

(a) The symbols {JCJ, i e J, are elements of ©N and the class X = {x j , 
/ e J, generates the Boolean algebra 93x. 

(β) Every map φ of the class X into an arbitrary Boolean algebra 
© can always be extended to a homomorphism of 33x into 23. 

We shall not prove this statement, but we shall mention some facts 
about the algebraic structure of 33K that are important for the definition 
of a probability on 93^.f 

Let {il9 il9 ..., /„}, n ^ 1, be a finite subset of/; then we call the expres-
sion y = yiiAyhA...Ayin9 where yiv = xiv or xc

iv9 v = 1, 2, ..., n9 a 

t Details about free Boolean algebras one can find in Sikorski [5], §14. 
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monomial and {/l5 f2, ..., /„} the length of y. A monomial is always Φ 0 
and # e. Two monomials are equal if and only if they have the same 
length with corresponding factors equal. Two monomials are disjoint if 
and only if their lengths have a non-empty intersection and at least for a 
common index i the corresponding factors are complementary elements. 
Every element b e 93N, b φ 0 , b Φ e9 can be represented as a finite join of 
pairwise disjoint monomials of the same length; there always exists exactly 
a smallest set {ii9 i2, ..., /„} Ç I such that b can be represented as a finite 
join of pairwise disjoint monomials of the length {iui2, ···,*„}· The 
element 0 does not have a representation by means of monomials. The 
element e can be represented by e = xt v x / for every iel. 

Let now pi9 qt be real numbers with 0 < pt < 1, 0 < qt < 1 and 
Pi+qi = 1 for every iel. We define a probability/? on 93^ as follows: 

(1) p(x.) = Ph p(x.
c) = qh for every iel. 

(2) P(yii^yi2^--Ayin)=p(yil)p(yi2)...p(ylnl for every monomial 

Let now è e © K with b φ 0 ; then there exists a uniquely determined 
representation b = j ^ v j 2 v ... vyk where yl9y2, •••»Λ are pairwise dis-
joint monomials of the same smallest length. Hence, we can define: 

p(b) = p(yt) +p(y2) + ... +p(yh). 

It is now easy to prove that the so defined function p is a probability on 
©x, i.e., (93χ,/?) is a pr algebra. 

4.4. We say that a Boolean algebra 93 is generated by a chain if and only 
if there exists a subset 6 of © which is a chain relative to the order relation 
^ and generates the Boolean algebra 33. There is no loss of generality in 
assuming that 0 e 6 and ee&, because this may always be achieved by 
adjoining the elements 0 and e to S. Every element x of a Boolean 
algebra 93 generated by a chain S can be represented uniquely by an 
expression of the form: 

x= V fei+iAiii). 0 ) 
f = 0 

where s0, si9 ..., J 2 H-I a r e elements of 6 with Sj<sj+U sf = e + Sp 
j = 0, 1,2, ..., 2/1-2. 
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Let us now suppose that the chain S can be mapped order-isomor-
phically into the chain [0, 1] = fêeR: 0 < ξ ^ 1} so that 0 is the image 
of 0 and 1 the image of e. We denote by φ this order isomorphic mapping 
of 6 into [0, 1]. Then we can define a real valued function/? on 33 using 
for every xe33 its expression in the form (1), as follows: 

Ρ(Χ) = "Σ (<Ks2i+1)-<Ks2i)). 
1=0 

Obviously we have p(e) = 1 and p(0) = 0, and the so defined function p 
is a probability on 23. The following theorem holds: 

Theorem 4.1. 

A Boolean algebra 23 generated by a chain S can be endowed with a 
probability p if and only if S is order-isomorphic to a subchain of the chain 
[0, 1] of all real numbers ξ with 0 < ξ ^ 1. 

4.5. LetL^ = [0, β) = tfeR: Ο^ξ < β) for every β e R with 0 < β ^ 1 
and L0 = 0 ; then the class Φ of all half-open intervals Lß, 0 ^ /? < 1 is 
a class of elements of the Boolean algebra ty(E) of all subsets of the set 
Lt = E = fëeR: 0 ^ ξ < 1}. X) is a chain relative to the inclusion 
relation ç and generates a Boolean subalgebra b(T>) = 2ί of ty(E). 
According to section 4.4, every element a e 21 can be represented by an 
expression of the form: 

« = "Ü(^i+l^2i)· (!) 
i = 0 

We call the Boolean algebra 21, the interval algebra 21. A probability m 
can be defined on 21 according to section 4.4 as follows: 

m(a) = nj:(ß2i+i-ß2d. 
* = o 

We call the so defined probability algebra the probability interval algebra 

The following theorem can be easily proved: 

Theorem 4.2. 

Every pr algebra (23, p), in which the Boolean algebra 23 is generated 
by a chain S, is isometric to a probability subalgebra of the probability 
interval algebra (2i, m). 
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5. SEPARABILITY RELATIVE TO A PROBABILITY 

5.1. Let (©, p) be a pr algebra. We say that a class ft of elements of © 
is p-dense in © if and only if: 

(s) For every x e © and for every positive real number ε > 0 there 
exists an element a = a(x, ε) e ft such that /?(*-}-α) < ε. 

A pr algebra (©, p) is called /^-separable if and only if there exists a 
countable class ft of elements of © which is /7-dense in ©. Every pr 
subalgebra of a p-separable pr algebra is also p-separable. The following 
theorem holds: 

Theorem 5.1. 

The pr interval algebra (9ί, m) is inseparable. 

In fact, let ft be the Boolean subalgebra of 21 generated by the class 
of all the intervals Lß for every rational number ß with 0 < ß ^ 1. ft is 
a countable class and it is m-dense in 91. 

Theorems 4.2 and 5.1 imply: 

Theorem 5.2. 

Every pr algebra (©, /?), in which the Boolean algebra © is generated by 
a chain ®, is p-separable. 

6. COUNTABLY ADDITIVE [σ-ADDITIVE] PROBABILITIES 

6.1. Let (©, p) be a pr algebra. The probability p is said to be countably 
additive or σ-addiîive on ©, if and only if the following property holds: 

(I) For every countable sequence av, v = 1, 2 , . . . , of pairwise disjoint 
00 00 

events in © such that (©) \J av = a exists, we have p(a) = £ p(av). 
v = l v = l 

The following theorem holds: 

Theorem 6.1. 

Let (©,/?) be a pr algebra; then the property (I) of the σ-additivity of p 
is equivalent to the so-called continuity of p on ©, i.e., to the property; 
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(II) For every monotonically decreasing sequence bv ^ b2 ^ ... of 
00 

events Z>ve23, v = 1,2,..., w*YA (93) / \ 6V = 0 , we Aave: lim /?(6V) = 0. 
v = l v->oo 

00 

Proö/: (A) Let (I) be true and let bv i with (93) / \ 6V = 0 ; 
v = l 

Then we have: 

*i = (6 i+6 2 )v(6 2 + 6 3 )v . . . . (1) 

In fact, bl ^ èv + ftv+1, for every v = 1, 2, . . . ; hence it suffices to prove 
that 

x ^ bv + bv+1 for every v = 1,2, ..., implies x ^ bl9 

or equivalently 

ΧΛ (bv + bv+l) = bv + bv+i, for every v = 1, 2, ..., implies XAbi=bl. 

We have 

XA(bi+b2) = XAb1-\-XAb2 = bl+b2 

xA(b2-\-b3) = XAb2 + XAbz = b2 + b3; 

hence Χ Λ 6 1 + Χ Λ Α 3 = f^-f Z>3 

and in general by induction, 

xAbl+XAbv = bi-\-bv. 

Hence, o-lim ( Χ Λ ^ + Χ Λ ^ ) = o-lim (b x + 6V) 
V-+00 V-+00 

or ö-lim xAbl+ ö-lim XAbv = o-lim Ẑ  + tf-lim bv 
v~Voo v-*oo v->oo v-*oo 

*Λ*, + (»)Λ (*Λ*,) = !̂ + (93)Λέν 
v = l v = l 

or ΛΤΛΖ^ = bx, 

In (1), the members bv + bv+l, v = 1, 2, ..., are pairwise disjoint; i.e., 
according to (I), 

p(bx)= T,p(bv + bv+1)= Σ (p(bv)~p(bv+1)), 
v = l v = l 

hence ^ ( o j = ρφχ) - l im /?(6V) or lim/?(av) = 0. 
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(B) Let (II) be true and let 

(95) V av = ae<B 
v = l 

with the terms ai9 a2, ..., pairwise disjoint. We write 
V 

rv = a+ V an\ 
n = i 

then rv | ; i.e., rv is a monotonically decreasing sequence. We shall prove 
that 

(33) /\rv = 0. 
v = l 

It suffices to prove that 

x ^ r, i.e., xArv = x for every v = 1, 2, ..., implies x = 0 . 
V 

Let x Φ 0\ then x is disjoint to \j an, for every v = 1, 2, ..., hence x 

is disjoint to av for every v = 1, 2, ...; i.e., avAx = 0 , v = 1, 2, . . . . 
Hence, 

xAa = xA \/ av = \ / (χΛαν) = 0 ; 
v = l v = l 

therefore x ^ ac, and XATV = 0 for every v = 1, 2, . . . . But we have 
xArv = x for every v = 1, 2, ...; hence, x must be equal to 0 (contradic-
tion). Hence, 

Λ '•v = 0· 
v = l 

According to (II) we have 

lim/?(rv) = 0; 
v->oo 

i.e., 

thus 

\imp(a+ V *„) =/?(a)- l im/?( \ / <*n) = 0; 
\ n = 1 / v->oo \fi = 1 ' 

/ V \ V 00 

/>(*) = lim/> V an = lim Σ p(an) = Σ />(*v)· 
v->oo \ / i = l / v-»oo n = l v = l 

Hence, in another formulation, we have proved the: 

Theorem 6.2. 

The continuity of a pr p on a Boolean algebra 95 is equivalent to the 
σ-additivity of p on 95. 
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Exercise. Prove: if p is continuous on 93 and 

(93) Λ av = ae<& 
v = 1 

with av[ then 
lim/?(av) =p(a). 

7. PROBABILITY σ-ALGEBRAS 

7.1. A pr algebra (93,/?) is said to be a pr σ-algebra if and only if the 
Boolean algebra S is a Boolean σ-algebra and the probability p is σ-
additive (equivalently, continuous) on 93. 

Let (93,/?) be a pr algebra and (91,/?) a pr subalgebra of (93,/?); then 
the σ-additivity (equivalently the continuity) of/? on 93, in general, does 
not imply the σ-additivity (equivalently the continuity) of/? on the Boolean 
subalgebra 91. The following theorem holds in this respect. 

Theorem 7.1. 

Let (91, /?) be a pr subalgebra of the pr algebra (93, /?). Let the proba-
bility p be continuous on 93. Then the following two statements are 
equivalent: 

(1) The probability p is continuous on 91. 

(2) The Boolean algebra 91 is a σ-regular Boolean subalgebra of 93; 

'·*·. ' / 
(9i) / \ av = ae9l 

v = l 
00 

with ave9i, v = 1, 2, ..., then (93) / \ a v ex/sta and is also equal to Ö G 9 I : 
v = l 

(31) Λ av = (») Λ «v 
v = l v = l 

Pröo/. If (2) holds, then obviously (1) holds, too. Now let /? be con-
tinuous on 9i, and 91 be not a σ-regular Boolean subalgebra of 93; then 
there exists a monotonically decreasing sequence av e 91, v = 1, 2, ..., with 

and such that either 

(91) Λ *v = 0, 
v = l 

(93) /\av = a*0, ae93, 
v = l 
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or 
(») Λ *v 

does not exist in S. 
In the first case 

\'\mp(av) =p(a) 

(see exercise Section 6), because of the continuity of p on ©, and we 
have p(a) > 0. In the second case there exists an element b e 21, b φ 0 
and 0 < b < av, v = 1, 2, .... But then we must have p(av) ^ p(b) > 0. 
Hence we have in both cases lim p(av) > 0. But this is a contradition 

v-»oo 

to the continuity of p on 31, because limp(av) must be equal to 0, since 

ow)/\*v = 0. 
v = l 

7.2. We shall introduce now another kind of σ-additivity (continuity) 
of the probability relative to a Boolean over-algebra, in which the Boolean 
algebra of the pr algebra is embedded. Let (©,/?) be a pr algebra; we 
suppose that the Boolean algebra S is a Boolean subalgebra of another 
Boolean algebra 33*. Then the probability p is said to be σ-additive 
(continuous) on S relative to S * if and only if the following condition 
holds: 

(Ir) For every sequence of pairwise disjoint elements ave%5 for which 

(<B*) V av = ae*, 
v = l 

we have «, 
Pia) = Σ P{av). 

v = l 

Equivalently: 
(IIf) For every decreasing sequence av e 95 with 

OB*) Λ av = 0, 
v = l 

we have 
\imp(av) = 0. 
v-+oo 

The equivalence of conditions (Ir) and (IIr) can be proved in the same 
way as in Theorem 6.1. 

We notice now that if the probability p is continuous (equivalently 
σ-additive) on the Boolean algebra S and (31, p) is any pr subalgebra of 
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(93,/?), then the probability p is always continuous (equivalently σ-
additive) on 21 relative to 93, even if the Boolean algebra 31 is not a 
σ-regular Boolean subalgebra of 23. 

8. QUASI-PROBABILITY ALGEBRAS 

8.1. Let G be a Boolean algebra and v a real valued function on Q which 
is additive and normed as a probability (see Section 1.1), but not strictly 
positive. We suppose instead that v is non-negative on Q; i.e., 

8.1.1. v(x) ^ 0 for every x e Q . 

We then say that v is a quasi-probability on Q and we call (Q, v) a 
quasi-pr algebra. 

Properties 1.2.1, 1.2.3, 1.2.4, 1.2.5, 1.2.7 on probabilities hold also for 
quasi-probabilities and property 1.2.2 holds for a quasi-probability in 
the weaker form: 

8.1.2. If x < y, then v(x) < v(y). 
We notice that the quasi-probability v can assume, for certain elements 

x Φ 0 , the value v(x) = 0 and, for certain elements x φ e, the value 
v(x) = 1. We call an element x Φ 0 with v(x) = 0 an almost impossible 
event and an element x φ e with v(x) = 1 an almost sure event. 

The concepts σ-additivity, continuity, quasi-pr σ-algebra, σ-additivity 
and continuity relative to a Boolean over-algebra can be introduced for 
quasi-probabilities in the same way as for probabilities. 

8.2. Let (Q, v) be a quasi-pr algebra; then the class 9i of all almost 
impossible events of & is an ideal in Q. Let now 21 = Q/9t be the quo-
tient Boolean algebra £i mod 9t and write /?Cx/9l) = v(x) for every element 
x/9l e Q/91. Then the so defined function p on 31 is a probability and 
(%p) is a probability algebra. Let Q b e a Boolean σ-algebra and v a 
σ-additive quasi-probability on Q; then 91 is a σ-ideal in &, hence 
31 = Q/91 is a Boolean σ-algebra and p is σ-additive; i.e., (31,/?) is a pr 
σ-algebra. 

8.3. A quasi-probability v is called a two-valued quasi-probability on the 
Boolean algebra & if and only if v assumes only the values 0 and 1. If 
the quasi-probability v is two-valued, then 31 = Q/91 is isomorphic to the 
Boolean algebra U = {0, e} of two elements and (31, p) is isometric to 
the improper pr algebra (U, p) (cf. Section 2.3). 
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8.4. Every Boolean algebra S can be endowed with a quasi-probability 
or with a two-valued quasi-probability (cf. Kappos, [8] Nr. 4). 

On the contrary there exist Boolean algebras that cannot be endowed 
with a probability or with a σ-additive quasi-probability. (cf. Kappos 
[8], Nr. 8.) 

9. PROBABILITY SPACES 
9.1. Let (ft, p) be a probability or quasi-pr algebra, where ft is a Boolean 
subalgebra of the Boolean algebra ^Ρ(Ω) of all subsets of a non-empty 
set Ω; i.e., ft is a field (in the classical sense) of subsets of the set Ω with 
Ω e ft. Let the probability or quasi-probability p be σ-additive (equiva-
lent^ continuous) on ft relative to $(Ω); i.e., σ-additive (equivalently con-
tinuous) on ft in the classical set-theoretical meaning. Then (ft,/?) is 
called, after Kolmogorov (Kolmogorov [1]), a probability field and 
(Ω, ft, P) a probability space. If, moreover, ft is a Boolean σ-subalgebra 
of ^Ρ(Ω), i.e., ft is a σ-field of subsets of the set Ω, then (ft, P) is called, 
after Kolmogorov, a Borel probability field and (Ω, ft, P) a Borel proba-
bility space. The probability space (Ω, ft, P) is called P-complete or a 
Lebesgue probability space, if ft is a σ-field and if the following condition 
is satisfied: 

(K) If 7 G ft with P(Y) = 0, then every subset I g 7 belongs to ft. 

It is well known that every probability space (Ω, ft, P) can be extended 
to a Borel probability space (Ω, Bft, P), where Bft is the smallest Boolean 
σ-subalgebra of ^Ρ(Ω) containing ft. Moreover, the probability space 
(Ω, Bft, P) can be extended to a Lebesgue probability space (Ω, Lft, P), 
where Lft is the smallest Boolean σ-subalgebra of ψ(Ω) containing the 
Boolean σ-algebra Bft, which satisfies the condition (K); i.e., Ye Lft 
with P(Y) = 0 implies JfeLft, for every X ^ Y. All ZeBft with 
P(X) = 0 and all Y G Lft with P(Y) = 0 form a σ-ideal 91 in Bft 
and a σ-ideal 9t* in Lft respectively. Then according to Section 8.2 
there corresponds to the quasi-pr σ-algebra (Bft, P) and to the quasi-pr 
σ-algebra (Lft, P) a pr cr-algebra (93,/?) and (95*,/?*) respectively, where 
93 = Bft/W and 95* = Lft/91* and p(X/9l) = P(X), Z/91G95 and 
p*(X/9l*) = P(X)9 X/91* G 95*. It is easy to prove that the pr σ-algebras 
(25,/?) and (95*,/?*) are isometric. 

9.2. The σ-additivity (equivalently continuity) of a probability or a 
quasi-probability P on ft in the set-theoretical meaning, i.e., relative to 
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Φ(Ω), does not in general imply the σ-additivity (equivalently continuity) 
of P on ft considered as an abstract Boolean algebra. We shall demon-
strate this fact by an example. 

Example. Let 31 be the interval Boolean algebra (cf. Section 4.5). 
Further, let / be a strictly increasing real-valued function defined on the 
interval [0, 1] = ß e Ä : 0 < { < 1} with / (0) = 0, / ( l ) = 1. We set 
P(Lß) = f(ß), for every, LßeT) and then for every a e2l with the repre-
sentation (cf. Section 4.5 (I)) 

M - l 

a= U ( W i n L L ) > 
1 = 0 

Μα) = ηΣυ(β2ΐ+ι)-/(β2ΐ)]-
i=0 

The so defined function m on 21 is a probability and (21, m) is a pr algebra. 
If we suppose, moreover, that the function / is continuous from the left 
on [0, 1], then (Ω, 21, m) where Ω = {^εΛ: 0 ^ ξ < 1}, is a pr space; 
i.e., m is continuous (σ-additive) on 21 relative to ^3(Ω). Let us now 
suppose that / is discontinuous from the right at some point y e [0, 1). 
Then m is continuous on 21 relative to ^Ρ(Ω), but not continuous on 21 
considered as an abstract Boolean algebra. In fact, let [γ, ξν) with 

1>ξν>ξν+ί>γ ( ν = 1 , 2 , ...) 

be half open subintervals of [0, 1); i.e., 
[y^v) = L,vALc

ye% 

with lim^v = 7; 
v->oo 

obviously «, 

v = l 

but Iimm(Li vAL/) = lim ( / « , ) - / ( ? ) ) = 1 > 0 
v-»oo V-+00 

because of the discontinuity from the right of the function/at the point y. 
The set-theoretical intersection 

Π [ν,ίν) = 0Ρ(Ω))Λ fr.W 
v = l v = l 

is not empty but equal to the one-point set {y} and this set does not 
belong to 21. Let (Ω, Β21, P) be the Borel pr space corresponding to the 
pr space (Ω, 21, m); then {y} e B2I and we have 

P({y}) = η>0; 
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i.e., P({y}) = IimiM([y,f,)). 
v->oo 

9.3. Every Boolean algebra 93 can be mapped isomorphically into the 
Boolean algebra $(Ω) of all subsets of a set Ω {cf. Kappos, [8], Nr. 6). 
The set Ω is defined as the set of all the two-valued quasi-probabilities 
on 33. The isomorphic map of 95 into ^Ρ(Ω) is defined as follows: 

&3X-+X = {ved: v(x) = 1}ε?(Ω). (1) 

Let ft be the image of 93 in ^Ρ(Ω) under the isomorphic map (1). Then 
ft is a Boolean subalgebra of $(Ω); i.e., a field of subsets of Ω with Ω e ft. 
Let now/? be a probability or quasi-probability on S ; we can then define 
a probability or quasi-probability P on ft as follows: 

P(X) = ρ(χ) for every xe35; 

X is here the image of x under the map (1). We can then prove (cf 
Kappos [8], Nr. 9) that (Ω, ft, P) is a pr space; i.e., P is σ-additive 
on ft relative to φ(Ω). Hence the following theorem holds: 

Theorem 9.1. 

Let (93,/?) be any pr algebra or quasi-pr algebra', then there always exists 
a pr space (Ω, ft, P) such that (33,/?) is isometric to (ft, P). The pr 
space (Ω, ft, p) is called a representation pr space for the pr algebra or 
quasi-pr algebra (33, /?). 

We shall not explain this well-known representation theory for pr 
algebras, because we intend to introduce later (see Chapter 3 Section 4) 
another representation theory for pr σ-algebras, which is more important 
in probability theory. 



π 

EXTENSION OF PROBABILITY 
ALGEBRAS 

1. THE PROBABILITY ALGEBRA AS A METRIC SPACE 

1.1. Let (91, p) and (93, π) be two pr algebras. Let φ be an isomorphic 
map of 91 into 33 with the property π(φ(α)) = p(a) for every a e 91. Then 
we say that the pr algebra (33, π) is an extension of the pr algebra 
(91, p) and that the pr algebra (91, p) is a restriction of the pr algebra 
(33, π). Moreover, if (93, π) is a pr σ-algebra (i.e., S is a Boolean σ-
algebra and π is continuous on 93) with the property: The smallest 
Boolean σ-subalgebra of 33 containing 9I0 is the Boolean σ-algebra 93 
itself, i.e., if 6σ(9ί0) = 33, where 9ί0 is the image of 91 under φ, then 
(33, π) is called a minimal σ-extension of (9Γ, p). The pr subalgebra 
(9X0, π) of (93, n) is then isometric to the pr algebra (9(, p) and is a 
σ-basis of (33, π); i.e., (9ί0, π) σ-generates (33, π). The extension of pr 
algebras can be stated as follows: Find extensions of a given pr algebra 
(91,/?) and, in particular, find mimimal σ-extensions of (9i, p). The 
solution of this problem requires the definition of a metric in the pr 
algebra (9ί,/?). This is done in the following section. 

1.2. Let (93, p) be a probability algebra. We define a real valued function 

p(<z, b) = p(a + b) for every (a, b) e © x 33. 

This function is a metric distance between pairs of elements of S3; i.e., 

16 
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the function p has the following properties of a distance: 

1. p(a, b) ^ 0 and (a, b) = 0 if and only if a = b. 

2. p(a, b) = (6, a). 

3. p(a9 b) <p(tf, c) + p(c, b). 

Obviously 1 and 2 are true. We shall prove the property 3. We have 

a + b = a + c + c + b = (a + c) + (c + b) < (a + c) v (c + 6). 
Hence 

p(a, b) = p(a+b) < p(tf + c)+/?(<:+ 6) = p(a, c) + p(c, b); 

i.e., property 3 is true. Hence, the Boolean algebra 23 can be considered 
as a metric topological space and the concept of metric convergence, 
equivalently, p-convergence or p-convergence can be introduced in 23 
in the usual way; namely, a sequence û?ve23, v — 1, 2, ..., is said to be 
p-convergent to the element a e b if and only if 

lim p(av, a) = lim p(av + a) = 0. 
v-»oo v-+oo 

Then we write pA'im av = a. 
v-»oo 

A /7-convergent sequence a v e®, v = 1,2, ..., satisfies the /?-Cauchy 
condition (criterion); i.e., for every ε > 0, there exists a natural number 
Ν(ε) such that ρ(αν + αμ) < ε for every v ^ Ν(ε), and for every μ ^ Ν(ε). 
A sequence *ve93; v = 1, 2, ..., which satisfies the /7-Cauchy condition 
is said to be a p-Cauchy or, equivalently, a p-fundamental sequence in 
33, and will be denoted by {xv}. 

The metric space S is called p-complete if and only if every ^-funda-
mental sequence is a /7-convergent sequence in 23. It is easy to prove that 
S is in general not /»-complete. For example, if the probability p is 
continuous and S is not a Boolean σ-algebra, then there exists in S a 

00 

decreasing sequence av, v = 1, 2, ..., such that the meet / \ av does not 
v = l 

exist in 93; this sequence is p-fundamental, but not p-convergent. It 
is well known from the topology that each metric space 93 determines a 
complete metric space, the so-called metric closure S of 93 into which 
23 can be mapped isometrically in such a way that the image 230 of 93 
in S is metrically dense in 93. 

We shall now construct the metric closure S of © and at the same time 
we shall pay close attention to the algebraic structure of the Boolean 
algebra 23. By this process, the Boolean algebra 23 will be extended to a 
Boolean σ-algebra and the probability p to a σ-additive probability. 
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2. CONSTRUCTION OF A σ-EXTENSION OF A PR ALGEBRA 

2.1. Let (33, p) be a pr algebra. We denote by 9J?, ft, and 9t respectively, 
the class of all /^-fundamental, /?-convergent, and /?-null sequences in 93. 
We then have 

src => ft => 9 i . 
Obviously, 91 is non-empty. We define equality in 9)t as follows: 

{av} = {bv} if and only if av = b, v = 1, 2, ... 

and two operations, as follows: 

{av} + {bv} = {av + bv} 

{av}.{bv} = {avbv}. 

The sequences {av + bv} and {tfv£v} are obviously /^-fundamental and if 
{av} and {bv} are /^-convergent, then {av + bv} and {avZ>v} are also />-
convergent. With respect to the operations + and ., 9JÎ is an idempotent 
ring with unit, i.e., a Boolean ring, and ft is a Boolean subring of 9K. 91 
is an ideal in 9R, hence in ft, for if {av} e 91 and {bv} e 91, then {av + bv} e 91 
and if {av} e 9Î and {bv} e 9R or {bv} e ft then {av bv} e 91. The unit element 
of SPÎ is the sequence {xv} with xv = e, v = 1, 2, ..., denoted by {e} and the 
zero element is the sequence {xv} with xv = 0 , v = 1, 2, ..., denoted by 
{0}. 

We now define the lattice operations v and Λ in SM in the usual 
way, i.e., 

{av}v {bv} = {av} + {bv} + {av}{bv} 

{av}A{bv} = R}.{6V}. 

Clearly, we have 

{av} v {bv} = K v bv}. 

The complement of {av} is then defined by 

and we have 
{avy = M. 

Thus 9K can be considered as Boolean algebra. Now let 33 = 9JÎ/91 
and 330

 = *V^ be the quotient Boolean algebras 9)1 mod 91 and ft mod 91 
respectively. Then 330 is a Boolean subalgebra of 33 and is isomorphic 
to 33, for the map 

33 9α=>Κ}/91 with av = a, v = l , 2 , ... 
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is an isomorphism of 93 onto 930. W e define a real-valued function 
p on 53 as follows: 

/>(K}/91) = lim/>(av). 
V-+00 

The function p is independent of the particular sequence {av} of the 
class {av}/% hence p is a single-valued function. Moreover p possesses 
the properties of a probability on 93. In fact, p is obviously strictly 
positive and normed. Hence, it is sufficient to show that p is additive. 
Let K}/5Re© and {bv}/9le% with {av}/9l Λ {6v}/9t = {0}/9l, i.e., 
{#v £>v} 6 51. Then we have 

P({av}l9lv{bvm=p({avvbv}/91) 

= hmp(avvbv) 
v-»oo 

= \imp((av + avAbv) + bv) 
V-»00 

= lim (p(av + avAbv)+p(bv)) 
v->oo 

= lim {p(av)+p(bv)-p(avAbv)} 
v-*oo 

= lim p(av) + lim />(èv) 
v-+oo v-*oo 

= Wie J/»)+«{*.}/»); 
i.e., ß is additive; hence, (93, p) is a pr algebra and (930, p) a pr subalgebra 
of (93, p). The Boolean algebra 53 is isomorphic to 930 and we have 
P({à}/'W) = p(a) for every ae93; i.e., ( S 0 J ) is isometric to (93,/?) and 
hence (93, p) is an extension of (93,/?). We shall prove that (93, £) is a 
minimal σ-extension of (93,/?); i.e., S is a Boolean σ-algebra with 
£<x(®o) = S a n d the probability /? is continuous on 93. 
2.2. We shall prove first: 
Theorem 2.1. 

T/7e Boolean algebra 93, as a p-metric space, is p-complete and 53 /J the 
p-metric closure tf/530, i.e., 930 is p-dense in 93. 

We denote the elements of 93 by Greek letters. In order to prove 
Theorem 2.1, we require the following lemmas: 

Lemma 2.1. 
Let a e 93 and {av} e SM with {av} e a. Let φ be the isomorphic map of 

93 onto 930 defined by 93 9 a => 0(a) = {a}/9l e930. Then we have 

a = j?-lim φ(αν). 
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Proof, We have, for every fixed μ, {αμ+αν}ν = ί>2$,..^Φ(βμ) + (χ; hence, 

Ρ(Φ(αμ)+<*) = Um ρ(αμ+αν). 
ν-*οο 

But {av} e 9M, hence, for every ε > 0, there exists Ν(ε) > 0 such that 
ρ(αμ+αν) < ε, for every μ ^ Ν(έ) and v ̂  Ν(ε). We have 

lim ρ(αμ+αν) < ε for every μ ^ Ν(έ), 

v-*oo 

i.e., Ρ(Φ(αμ) + &) < ε for every μ ^ Ν(ε), 
or lim ρ(φ(αμ) + <χ) = 0, i.e., p - l i m ^ ^ ) = a. 

μ-*οο μ->οο 

Lemma 2.2. 

S 0 is p-dense in S . 

Pröö/. Let a e S , then there exists {av} e 9M with {av} e a and according 
to Lemma 2.1, we have ß-lim φ(αν) = a with φ(<ζν) e 530. Hence, for every 
ε > 0, there exists a <£(av)e330 with ρ(φ(αν) + οί) < ε, i.e., 230 is p-dense 
in 93. 

Lemma 2.3. 

93 w p-complete. 

Proof. Let ave93, t; = 1,2, ..., be a p-fundamental sequence in 93. 
Then for every 1/v, there exists, according to Lemma 2.2, an element 
βν e 930 such that ρ(<χν + βν) < 1/v. But we have 

P(ßv + βμ) < P(ßv + αν) +Ρ(«ν + «μ) + β ( ^ + ÄJ 

<β(αν + αμ)+ — + — . 
ν μ 

Hence, 
j8ve»0> v = l , 2 , . . . , 

is a β-fundamental sequence. Then 

φ-\βν) = ονΕ®, v = l , 2 , . . . , 
is a /^-fundamental sequence in 93, i.e., 

{6v}/9t= j?e93 

and according to Lemma 2.1, we have 

p-\imßv = ße&. 
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But j 
P(*v + ßv) <— > v = 1,2, ... . 

v 
Hence, we have also that 

p-lim av = ß e 33, 
i.e., {av} is p-convergent. 

Theorem 2.1 follows now from Lemmas 2.2 and 2.3. 

Theorem 2.2. 

The probability p is continuous (equivalently σ-additive) on S . 

Proof. Let 
a v e©, v = 1, 2, ..., with av ^ av+1 

and 
(S) Λ «v = 0· 

v = l 

Then p(av) J, and lim ρ(αν) ^ 0 
V-* 00 

exists. The sequence of the real numbers p(av), v = 1, 2, ..., therefore, 
satisfies the Cauchy criterion: for every ε > 0 there exists Ν(ε) > 0 such 

0 < ρ(αν)-β(αν+Λ) = Ρ(αν + αν+Λ) < ε, 

for every v > Ν(ε), k = 0, 1, 2, ..., i.e., 

ρ(αν + αμ) < s, v ^ JV(e), μ ^ Ν(ε). 

Hence av, v = 1,2, ..., is a p-fundamental sequence and, according to 
Theorem 2.1, 

(1) p-lim av exists and is equal to an element a e S . 

Now, for a fixed index μ, let βν = αμ, ν = 1,2, ...,. We have 

(2) αμ = p-lim ft,. 
V-+00 

(1) and (2) imply: 

αμΛα = αμΛ p-lim αν 
v-» oo 

= p-lim /?νΛ p-lim αν 
v-*oo v-+oo 

= p-lim (βν Λ αν) 
v-*oo 

= p-lim av = a, 
v->oo 

i.e., a < αμ, μ = 1,2, .. . . 
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But 

(«) /\αμ = 0, 
M = l 

hence a = 0 , i.e., j?-limav = 0 ; thus limp(av) = 0; hence the probability 
p is continuous (equivalently σ-additive) on S . 

From Theorem 2.2 we have the following: 

Corollary 2.1. 

/ / ( ® K 1 a or (S)av | a, f/ie/i 

p-lim av = a 
v-+oo 

öwd generally if (©) o-limyv = y ?Ae« ß-limyv = y; i.e., fAe order 
convergence in 33 implies the p-convergence. 

Theorem 2.3. 

The Boolean algebra © is a Boolean σ-algebra. 

Proof. We prove first that if a v e©, v = 1, 2, ..., and if the sequence 
av, v = l , 2 , ..., is monotone, i.e., increasing av | or decreasing ·αν|, 

then (S) Y αν or (S) / \ αν exists respectively. Let us prove this in the 
v = l v = l 

case where av[ : 
In the same way as in proof of Theorem 2.2, we can prove that av, 

v = 1, 2, ..., is a ^-fundamental sequence and there exists a e S such 
that ß-lim αν = oc. Now, for a fixed μ, let βν = αμ, ν = 1, 2, ...; we then 
have 

αμ = pAim βγ. 
v-*oo 

Hence, 
αμ Λ α = αμ Λ p-lim av 

v-»oo 

= ß-lim ßv A pAim av 
v-+oo v->oo 

= p-lim (/?v Λ av) 
v-+oo 

= ß-lim av = a, 
i.e., 

αμΛα = a; 
hence 

a < αμ, μ = 1,2, .... 
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Now let y be an element in 53 such that y < αμ, i.e., 

y/\OLß = y for every μ = 1, 2, .... 

Then we have 

y A a = y Λβ-lim αμ = /Mim (y A αμ) = p-lim y = y; 
μ-»οο μ-*οο μ-+οο 

therefore, y ^ a, i.e., 

a = (©) V av = a. 
v = l 

In the same way (dually) we can prove the existence of p-lim av = a, 
in the case avf and therefore 

(») V av = a. 
v = l 

Let ave 53, v = 1, 2, ..., be any sequence in 33. We write 

sl = OL19 s2 = ocx va 2 , ...,sv = ocl v a 2 v ... va v , . . . 

respectively, and 

dt = ax, d2 = αλ Λα2, ...,dv = a t Aa 2 A ... Λαν,... . 

Then sv] and dv|; hence, 

(S) \/ sv = s and (S) J\dv = d 
v = l v = l 

exist in S and we have 

(©) γ α ν = 5 and ( ® ) / \ a v = rf; 
v = l v = l 

i.e., S is a Boolean σ-algebra. 
Theorems 2.2 and 2.3 imply 

Corollary 2.2. 

(33, p) is a probability σ-algebra. 

Theorem 2.4. 

Let (93, /?) be a probability σ-algebra and av e 93 a p-fundamental sequence 
in 53. TAe« /Aere ex/sta a subsequence akv, v = 1,2, ..., of fAw sequence, 
which is o-convergent. Let a e 93 be the order-limit of akv, i.e., 

($$)o-\imakv = a; 
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then also 
a = /7-lim tfv, 

v-*oo 

i.e., 33 is p-complete. 

Proof. We choose a subsequence afcv of the sequence av e 93 which satisfies 
the condition 

/>(**„ +*kv+1) < ^ Γ > v = 1,2, . . . . 

We then set «, 
sß = V ^ 

ν = μ 

then oo 
o-lim sup αΛν = / \ ^μ = α e 93. 

v-*oo μ = 1 

Since ^ j a , it follows from the continuity of p that p(sß) lp(ä), i.e., 

ä = /7-lim ^μ. 
μ-*οο 

Now m 

ίμ + «*μ< V (**v + *Jkv+1)· 
ν = μ 

Hence, 
oo °° 1 1 

/>(*,.+ **μ) < Σ P(akv + akv+l) ^ Σ ^ Γ = Ζ^Γΐ, μ = 1, 2, ..., 
v = μ ν = μ Ζ Ζ 

i.e., £μ + #*μ is /7-convergent to 0 . Now 

/?-lim sß = äe^B 
μ-»οο 

and αΛν is a ̂ -fundamental sequence; thus akv must also be /^-convergent 
to a\ i.e., 

/Mim öfcv = ae93. 
v-*oo 

Since av, v = 1, 2, ..., is/^-fundamental we have 

/?-lim av = p-\im akv = ä e ©. 
v-*oo v-*oo 

In the same way as before, we can prove that 

ö-liminftf^ = a 
v-*oo 

is equal to /7-lim akv. Therefore, we have 

o-lim inf akv = o-lim sup akv; 
v-*oo v-> oo 
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i.e., the sequence akv is order convergent and we have 

ö-lim akv = p-lim aky = p-lim av. 
v-*oo v->oo 

Corollary 2.3. 

In a pr σ-algebra (23, p) the p-convergence of a sequence implies the 
existence of a subsequence which is order convergent to the same limit. 

Corollary 2.4. 

A pr σ-algebra (23, p) is always p-complete. 

Theorem 2.5. 

Let (23,/?) be a pr algebra, (23, p) be the extension of (95, /?) defined in 
Section 2.1, and (230, p) be the isometric image of (93,/?) defined in 
Section 2.1. Then (23, p) is a minimal σ-extension of (23,/?); i.e., 
6σ(230) = 23 and in fact, 

S = 93/* = » 0
ί σ = 230° = 930". 

(See for the définition, Appendix one, Section 6. 950
p is the smallest 

subsystem of 23 which contains 930
 a n d is closed for the ^-convergence.) 

Proof. According to Theorems 2.1-2.3 the pr algebra (23, p) is a pr 
σ-algebra which is /^-complete and such that 93 is the /^-closure of 230, 
i.e., every element b e 23 is the p-limit of a sequence bv e 930, v = 1,2,.... 
Hence, we have 

b = ß-lim bv, 
v->oo 

where 6ve930, v = 1, 2, ...; i.e., 23 = B0
P. 

According to Theorem 2.4, there exists a subsequence bkv = av e 230 

of bveB0, v = 1, 2, ..., such that 

b = o-\\mav, ave930, v = 1, 2, . . . . 
v-*oo 

Hence, there exists, for every element b e 93, a sequence 

tfve930, v = 1,2, ..., 

such that b = o-Yim av, i.e., we have 93 = 930°; since 
v-*oo 

00 00 00 00 

b = /\ V av+k = V Λ av+*> 
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we have 

It is now obvious that (93, p) is a minimal σ-extension of (93, p). 

Theorem 2.6. 

Lef (95,/?) 6e a /?r σ-algebra and (9ί,/?) α /?r subalgebra of (93,/?) JwcA 
r/?a/ *,(«!) = 93. Then 

© = 9P = 9Γ = 9F* = 91**. 

Proo/. According to Theorem 2.4, 93 is /?-complete. Let 9F be the set 
of all /7-limits of sequences of 91 and (S , p) be the /^-closure of (9t, p). 
Then (9lp, /?) and (S, p) are isometric, i.e., 9lp is a Boolean σ-algebra, 
also a Boolean subalgebra of 93. But/? is continuous on 93, i.e., according 
to Theorem 7.1, Chapter 1, 9P is a σ-regular Boolean subalgebra of 93, 
i.e., also a Boolean σ-subalgebra of 93. But 9t s 9IP ç © and 6σ(9ί) = 93, 
hence 9IP = 93. Now we can prove, in the same way as in the proof of 
Theorem 2.5, that 

© = s&° = W* = 9Ia<T. 

Theorems 2.5 and 2.6 imply: 

Theorem 2.7. 

>!// minimal σ-extensions of a pr algebra (93, p) are isometric to each 
other; i.e., isometric to the p-closure (®, p) of (93, p) defined in Section 2.1. 

The following important theorem is true: 

Theorem 2.8. 

The Boolean algebra 93 of a pr σ-algebra (93, p) is complete with respect 
to the lattice operations; i.e., f\ ax and \j at exist in 93 for every family 
of elements ate^B, iel. ieI ieI 

Proof. Let tffe93, iel, be an arbitrary family in 93. Let E denote the 
class of all finite subsets of I. We write 

sE = V αι 
ieE 

for every E e E; then 
0 ^ sup p(sE) = ξ ^ 1. 

£e E 

According to the definition of the supremum, there exists a sequence 
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£ V G E , v =1 ,2 , ..., such that 

p{sEv) >ξ- — ; 

moreover, £v, v = l , 2 , ..., can be assumed to be increasing; i.e., 
Ev ç Ev+i, v = 1, 2, . . . . Now, since 

P(SEV + *E,) < Ρ(?Εμ + *ΕνΟΕμ) +Ρ(3ΕνΌΕμ + *£ν) 

= Ρ(*ΕνΟΕμ) ~Ρ^Εμ) +Ρ(3ΕνΌΕμ) -P(SEV) 

1 1 
< — + — 

2μ 2ν 

i.e., 1 1 
P(sEv + sEl)^— + — , 

the sequence sEv, ν = 1, 2, ..., is /^-fundamental in 93. Hence p-hm sEv = s 
exists in 33 and 

00 

S = V SEV> 
v = l 

Obviously, we have /?(s) = £. Further, 

p(atvs)-p(s) = lim [p fovJ £ V ) - / ? ( J £ V ) ] < l im— = 0 (1) 
V-+00 L 

since 1 
ξ > p(at v*£ν) S* p(sEv) >ξ~Ύ 

implies 1 
0 ^ p(at v sEv) -p(sEv) < — , 

for iel and v = 1,2, ... . Now, (1) implies p((aivs) + s) = 0, 
atvs + s = 0, atvs = s, i.e., 

at ^ s for every /eJ . (2) 

Let y be any element in 93, such that ax < >>, for every iel; then 
^£v ^ y ^0Γ e v e r y v = 1, 2, ..., i.e., 

and oo « oo 
y AS = yA \/ sEv= V (yASEv) = V £̂ν = *> 

v = l v = l v = l 

hence 
s^y, if at^y9 iel. (3) 
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Now (2) and (3) imply \J at = s. Similarly, one can prove that f\ a{ 

exists in 93. i e / i € / 

Remarks. We proved previously that every Boolean σ-algebra 93, 
which may carry a σ-additive probability, is complete with respect to the 
lattice operations. We remark that 33 is in general not completely 
distributive, but it satisfies the so-called weak σ-distributivity condition, 
namely: For every double sequence aitje&9 i = 1, 2, ..., j = 1, 2, ..., 
with aifj < ait J + 1 , we have 

oo oo oo 

Λ V"u= V A«*.». 
i = 1 j = 1 « e N i = l 

where the letter N denotes the set of all infinite sequences n = {nu n2, ...} 
of natural numbers. Further we remark that Theorem 2.8 can be proved 
without assuming that p is σ-additive. This can be done as follows: 

Let 0,6 33, feJ, be an arbitrary family in 53. Let E, sE and ξ be the 
same as in the Theorem 2.8. Then, there exists again a sequence £ v e E , 

oo 

v = 1, 2, ..., with lim p(sEv) = ξ; we write s = y sEy. We shall show 

that s = V*i· v"°° V v = 1 

i e / 

We observe first that s ^ ah for every i e /, because, if aio £ s, for 
one i0 e /, then αίο Λ 5C Φ 0 , hence 

/>Κ>ΛΟΞε>0. 
But, then: 

/>((* i0
Λ Ό v SEV) = P(aio Λ sc) +p(sEv) = ε +p(sEv)t 

for every v = 1, 2, ..., and 

lim p((aio A SC) V SEJ = ε -h ξ. 
v-»oo 

Hence, there exists a v0 such that p((aloAsc)vsEv) > ξ. But, then, we 
have p(aio V Î £ V ) > ξ, which is impossible, since ah v .y£v is a finite union 
of elements of the family ai9 iel. Hence, in fact, s ^ ax for every i e J. 
Besides, if s* ^ af, for every / e l , then Λ·* > sEv, for every v = 1, 2, ..., 
hence s* ^ s. So, we have proved that s = \ / a,·. 

i e / 
Similarly, one can prove that / \ af exists in 33. 

i e / 

The above statement, as well as Theorem 2.8, can also be derived from 
Theorem 3.6, Appendix 1, since a Boolean algebra, which may carry an 
additive strictly positive probability, satisfies the countable chain 
condition. 
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3. THE LINEAR LEBESGUE PROBABILITY σ-ALGEBRA 

3.1. Let (81, m) be the probability interval algebra (see Section 4.5 and 
9.2, Chapter 1). Then the pr space (Ω, 81, m) with 

Ω = { £ Ε Ρ : 0^ξ< 1} 

is a representation pr space for the pr algebra (31, m). We denote by 
(3, μ) a smallest σ-extension of (31, m), i.e., the pr σ-algebra (3> A*) 
is defined as isometric to the m-closure (§t, m) of (81, m) and is said to be 
the linear Lebesgue pr σ-algebra. Let now (Ω, B3I, m) and (Ω, L8I, m) 
be the Borel pr space and the Lebesgue pr space, respectively, which 
correspond to the pr space (Ω, 81, m). Then L81 is the σ-field of all 
Lebesgue measurable subsets of Ω. Let 91 be the σ-ideal of all sets 
XeL3I with m(X) = 0, i.e., of all the so-called Lebesgue-null subsets of 
Ω; then the Boolean σ-algebra L3I/91, is isomorphic to the Boolean 
σ-algebra 3 and if we define p(A/9l) = m(8t) for each class A/91 e L8I/91, 
then (L3Î/91, p) is a pr cr-algebra isometric to (3, μ). We call (Ω, L8I, m) 
the linear Lebesgue pr space and (Ω, Β8Ι, m) the linear Borel pr space. 

3.2. Let now (33, p) be any pr σ-algebra and (Ω, L, P) a pr space, 
where Ω is any set and L is a σ-field of subsets of Ω satisfying condition 
(K) of Section 9.1, Chapter 1, i.e., 

(K) if A e L with P(A) = 0 then every subset X ^ A belongs to L. 

We then say that (Ω, L, P) is a Lebesgue pr space. Let 91 be the σ-
ideal of all subsets XeL with P(X) = 0. We say that (Ω, L, P) is a 
Lebesgue representation space of the pr σ-algebra (©,/?) if and only if 
the pr σ-algebra (L/% π), where π(Χ/$1) = P(X) for every class 
X/WeL/9t, is isometric to (93,/?). 

According to this definition (Ω, L81, m) is a Lebesgue representation 
space of the linear Lebesgue pr σ-algebra (3, μ). 

3.3. A pr σ-algebra (93, p) is said to be p-separable if and only if there 
exists a p-separable pr subalgebra (81,/?) of (33,/?) which σ-generates 
(33, p); i.e., with the property 81σ* = 33. It is easy to prove: 

Theorem 3.1. 

A pr o -algebra (33, p) is p-separable if and only if there exists a Boolean 
subalgebra 81 of 33 with a countable number of elements such that 
33 = 3Γ* = 3Ι*σ. The pr σ-algebra (3, μ) is obviously μ-separable because 
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(21, m) is m-separable and there exists a pr subalgebra (2I0, μ) of (3, μ) 
isometric to (21, m) which σ-generates (3, μ). 

3.4. We shall say: a pr σ-algebra (23,/?) is σ-generated by a chain S of 
elements of 23 if and only if the smallest σ-subalgebra of 23 containing 
the chain 6 is 93 itself. The following theorem is true: 

Theorem 3.2. 

Every pr σ-algebra (23,/?), which is σ-generated by a chain S £ 23 
w isometric to a pr σ-subalgebra of (3, μ). 

Proo/. By virtue of Theorem 4.2, Section 4.5, Chapter 1, Theorem 3.1 
implies Theorem 3.2, i.e. the pr σ-algebra (3, μ) is universal for the pr 
σ-algebras which are σ-generated by chains. 

Now, we shall prove that (3, μ) is universal for every /^-separable pr 
σ-algebra (95,/?). More precisely the following theorem is true: 

Theorem 3.3. 

Every p-separable pr σ-algebra (23, p) is isometric to a pr σ-subalgebra 
of (3, μ). Moreover, if the Boolean σ-algebra 95 is atomless, then (23, p) 
is isometric to (3, μ). 

Proof Let $R be a countable subset of 23 which σ-generates 23. We can 
assume, without loss of generality, that all the atoms of 95 belong to 9M 
(because the set of atoms is at most countable) and, moreover, that 
0φΜ and eeï t t . Let {al9 a2i ...} c $01 be the set of all atoms of 95. 
We write 

{e, bu b2, ...} = Wl-{al9 a2, ···} 
and we can assume, without loss of generality, that bj A at = 0 , i = 1, 2, ..., 
j = 1,2, If the Boolean σ-algebra 95 is not atomic, then the set 
{bu b2, ...} is non-empty and countably infinite. If the Boolean σ-algebra 
23 is atomic, then © is σ-generated by a chain, namely the set 6 of all 
elements .sv = ax va2 v ... vcrv, v = 1, 2, ..., because {bu b2, ...} is empty. 
Hence, according to Theorem 3.2, our assertion is valid. Let {bu b2,...} 
be non-empty. Then we can replace in 9JI the set {bu b2, ...} by a set of 
elements bifj (without loss of the condition that σ-generates 23), which 
we define as follows: 

2. b21 = b1Ab29 b22 = bi—bi Ab2, b23 = b2 — biAb2. 
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Here the elements b2i, b22y b23 are pairwise disjoint and we have 

bi = b2ivb22, b2 = b2ivb23. 

Now let bvl9 bv2, ..., bvkv (with kv = 2V-1) be the elements of S defined 
by the v-th step; then the elements bv+lj of the (v-f-l)-th step can be 
defined as follows: 

^ v + l , 2 m - l = ^ v , m A ^ v + l W = 1, 2, . . . , £ v 

bv+i, im = bVtm—bvmAbv+i m = 1, 2, ..., kv 

and 
*v+i,2*v+i = bv + i-{bv, i vè V | 2 v . . . vbVtkv}Abv+l. 

Hence we defined at the (v+ l)-th step kv+i = 2kv+1 = 2V+1 - 1 elements 
in all. Obviously we have 

Km = * v + l , 2 m - l V * v + l , 2 m 1 < m ^ fcvJ 

i.e., every element èVfOT of the v-th step which is not zero is, after the 
(v+l)-th step, either decomposed in two disjoint φ 0 elements, namely 
the elements £v+i.2m-i and bv+lf2m, or equal to one of them, if the 
other is equal to 0 . Let now 

^,ρΐνΑ,Ρ2ν>···Α,ΡΑν,ν> where 1 < pl v < p2v < ... < pAv> v < Λν, (1) 

be all the non-zero elements defined by the v-th step. Then (1) are pair-
wise disjoint. We write 

9M* = {e, ai9 a2, ..., bv> Piv, . . .} , 1 < / < λν. 

501̂  σ-generates 95, i.e., we have 

a n H i
A + < r a = 93. 

We define now a map of 9W* into 21 ç 3 as follows: 

I. 9Wsji9e=>Q = [0, 1 )6« . 

II. Wl*3av=>Av= Γ Σ />(*,), .Σ P(ßd) 6 «I. 

Let now v 

{ = lim Σ P(adl 
v-»oo i = l 

then 0 < ξ < 1 and ξ = 0, if S atomless. 

III. ÏR* 9 ftv, Piv => BVt Piv = [ξ + £/>(*,. P J V), { + .Σ P(*v. P,v)) 6 « , 

for every i = 1, 2, ..., Av, v = 1, 2 , . . . . 
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Here we put 

and the interval BVt Piv is a subinterval of [ξ, 1). Let 

Wl = {ClyAuA2, . . . , £ v , P i v , . . . } ; 

then 9MA + is a Boolean subalgebra of 91, isomorphic to the Boolean 
subalgebra 9M*A+, which σ-generates 95. Moreover, the pr algebra 
(9MA + , m) is isometric to the pr algebra (9M*A +,p), hence the m-closure 
of (9WA+, m\ i.e., (#lA + , m), is a pr σ-algebra isometric to a pr σ-sub-
algebra of (3, μ) and isometric also to the /^-closure of (9Μ*Α+,/>) in 
(95, p), i.e., isometric to the pr σ-algebra (95, p) itself. Hence the first 
assertion of Theorem 3.8 is proved. 

Now, let 95 be atomless. Let Ξ be the set of all the end-points of the 
intervals BVtj. We assert Ξ is dense in the interval [0,1), and if this asser-
tion is true, the system 9M = {Ω, BVtPiv,...} defines a Boolean algebra 
9KA+ o-dense in 91. Thus (9JtA+, m) is isometric to a pr subalgebra of 
(3, μ), which is />-dense in (3, μ). Obviously then the pr σ-algebra (S , p) 
is isometric to (3, μ). The assertion that Ξ is not dense in [0, 1) implies 
a contradiction. In fact, if Ξ is not dense in [0, 1) then there exist two 
points of accumulation of the set Ξ in [0, 1) with ξ1 < ξ29 such that 
(£i> £ 2 ) n Ξ = 0 . It is easy to prove that the interval [ξΐ9 ξ2] belongs to 
the Lebesgue σ-field L9MA+, and that the class Κ ι , ^ Ι Ι ^ defines in 
LS0tA+|9t an atom. Then, since the Boolean σ-algebra S is isomorphic 
to the Boolean σ-algebra L9MA + |9l, 95 must posses an atom, a contra-
diction to the assumption that 95 is atomless. 

Corollary 3.1. 

Let (95, p) be a pr σ-algebra; then the following statements are 
equivalents: 

1. (S , p) is p-separable. 

2. The Boolean σ-algebra is σ-generated by a chain S Ç 95. 

3. (95, p) is isometric to pr σ-subalgebra of (3, μ). 

4. There exists a Lebesgue representation space (Ω, ft, P) where 
Ω = [0, 1), ft a σ-subfield of the linear Lebesgue σ-field, satisfying the 
condition (K) of Section 9.1, Chapter 1, and P(X) = m(X),for all Z e f t . 
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4. CLASSIFICATION OF THE /^-SEPARABLE PR σ-ALGEBRAS 

4.1. Let (3, μ) be the linear Lebesgue pr σ-algebra and let a be any 
element of 3 , a Φ 0 . Then the set 

i.e., the principal ideal in 3 determined by a, is itself a Boolean σ-algebra 
with a as unit element; μ/μ(ά) is a σ-additive probability on a3 ; i.e., 
(α3> μ/Κα)) is a pr σ-algebra. This pr σ-algebra is obviously μ/μ(α)-
separable and atomless; i.e., isometric to (3, μ). The linear Lebesgue 
pr σ-algebra (3, μ) satisfies thus the so-called homogeneity condition: 

(o) for every a e 3 , a Φ 0 , the pr σ-algebra (a% μ/μ(α)) is isometric 
to (3, μ) itself. 

4.2. Let now (93, /?) be a /^-separable pr σ-algebra; then 

I. If 93 is atomless, then (93, /?) is isometric to (3, μ), i.e., (93, /?) satisfies 
the homogeneity condition. We shall then say (93,/?) is a continuous 
pr σ-algebra. 

II. If S is not atomless, i.e., there exist atoms au a2, ..., in 93 then 
we have two cases: 

Case 1. e = a 1 v a 2 v . . . , i.e., Σ p(av) = \, whenever the Boolean 

σ-algebra 93 and hence the pr σ-algebra (93, p) is atomic. We shall then 
say (93,/?) is a finite or infinite discrete pr σ-algebra, according as the 
number of atoms is finite or infinite. 

Case 2. at va2 v . . . = a Φ e, i.e., Σρ(αν) < 1 and (f Φ 0 . Then the 

Boolean σ-algebra d& and hence the pr σ-algebra (a93, p/p(a)) is discrete 
finite or infinite, while the Boolean σ-algebra ac © is atomless; hence the 
pr σ-algebra (ac^B,p/p(ac)) is continuous. The pr σ-algebra (93,/?) can 
thus be decomposed in this case in two pr σ-algebras, one discrete and 
one continuous. We shall say that the pr σ-algebra (93, /?) is of mixed 
type. We proved thus the theorem: 

Theorem 4.1. 

A p-separable pr σ-algebra (93, p) belongs to one and only one of the 
following three types: 

1. Continuous; i.e., isometric to (3, μ). 

2. Discrete finite or infinite; i.e., 93 is an atomic Boolean σ-algebra 
with a finite or infinite number of atoms. 
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3. Mixed; i.e. there exist two disjoint elements a e 93, b e S with avb = e, 
αΦ 0 , b^ 0 such that the pr σ-algebra (a93, p/p(a)) is atomic, while the 
pr σ-algebra (693,/?//?(£)) is continuous. This decomposition of (©,/?) 
in two pr σ-algebras (a^B,p/p(a)) of atomic type and (b$5,plp(b)) of 
continuous type is uniquely determined. 

Exercise. Prove that a pr σ-subalgebra of a continuous pr σ-algebra 
may be of any one of the three types, while a pr σ-subalgebra of an 
algebra of mixed type is either discrete or mixed, and a pr σ-subalgebra 
of a discrete algebra is always discrete. 

4.3. Any pr σ-algebra (β,ρ) is not always /7-separable; for example 
the pr algebra (©,/?), defined in Section 4.3, Chapter I, where S is the 
so-called free Boolean algebra with X generators, if X > X0, does not 
possess a countable subclass ft of events, which is p-dense in 23. The pr 
algebra (93, p) and therefore, its a-extension (S, p) are not ^-separable. 
In Section 3 of Chapter III, a classification of any pr σ-algebra will be 
stated. However, we notice that every pr σ-algebra (23,/?) can be 
characterized by a minimal cardinality of its σ-bases. In fact, let 91 
be a (j-base of 95, i.e., let 31 be a Boolean subalgebra of the Boolean 
σ-algebra 93 such that ba{S&) = 2Fa = 9Iiff = 93. If |9I| denotes the 
cardinality of 91, then there exists the minimal cardinality of 91 for all 
σ-bases 91 of 93, the so-called character of 95, denoted by: 

ce = min |9I|, for all σ-bases 91 of 93. 

Obviously, the character of 93K is X for every X ^ X0, while the character 
of S of any /7-separable pr σ-algebra (93, p) is < X0 and especially 
c9 = X0, if |93| > X0 and c9 = |93|, if 93 is a finite set. 
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1. CARTESIAN PRODUCT OF BOOLEAN ALGEBRAS 

1.1. Let 8If, i s / , be a family of Boolean algebras, where the cardinality 
|/| of the index set / is > 1 ; then there exists a Boolean algebra 3f> called 
the cartesian product of the Boolean algebras 21,·, iel, and denoted by 
g = P 21,·, which satisfies the following condition: 

iel 
There exists a family $,·, iel, of Boolean subalgebras of g such that: 
(1) For every iel, gf is isomorphic to the Boolean algebra 21,·. 
(2) The set-theoretical union (J %t generates the Boolean algebra. 

iel 

(3) If, for every iel, ht is a homomorphic map of 5,· into another 
Boolean algebra 95, then there exists a homomorphic map h of g into 35 
which is a common extension of all the homomorphic maps A,·, iel, i.e., 
we have ht(x) = h(x) for every xe gf, i e/. 

Remark. If, for every i e/, the Boolean algebra 21,· is the atomic Boolean 
algebra with two atoms xt and xf, i.e., 2If = {0, xf, xf

c, e}, then 

is isomorphic to the free Boolean algebra 95 with K = |/| generators xi9 

iel (see Section 4.3, Chapter 1). 
35 
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1.2. Construction of the cartesian product P 31 f 
iel 

A family a = foe31,·, iel} with a{ = e{\ for all iel except at most 
for a finite subset {/l5z2, ..., 4} S / is said to be a product element and is 
denoted by a = P at or briefly by a = Pa,·. For every i e / , the corres-

iel ponding at is said to be the /-th factor of a. 
Let now ft be the set of all product elements. We shall say the product 

element a = P av is disjoint to the product element ß = P bt if and only 
i e / i e / 

if there exists (at least) an index i e J, such that ^ Λ Α ^ 0 f . Two product 
elements a and /? are defined as equal, i.e., a = /?, if and only if either 
tff = 0 f and ft,· = 0,· at least for one index i and an index j or a{ = 6; 
for every iel. The product element ε = P ef is said to be the unit and 

iel 
every product element P a{ with (at least) one factor at = 0 f is said to 

iel 
be zero and is denoted by 0 . We define the operation 

ocAß = PaiAPbi = F(aiA bt) 
iel iel iel 

and, moreover, the binary relation 

a < ß if and only if α Λ β — ce. 

ft is, with respect to the relation ^ , a /?o-set and α Λ β is the infimum 
(meet) of a and /?. There exists also, for each pair a, /?, the supremum 
(join) flV]5. The so-defined algebraic structure is hence the structure of 
a lattice, but not of a distributive lattice or of a Boolean algebra. We 
shall prove below that the po-set ft can however be embedded into a 
Boolean algebra JÇ such that ordering relation, meets and distributive 
joins are preserved. 

1.3. We consider the set i> of all the finite subsets, the so-called aggregates 
fo, a2, ..., an} of ft, where the product elements al5 a2, ..., a„ are pair-
wise disjoint. 

Let now fo, α2, ..., α„}, where α,- = P ajh j = 1,2,..., Λ, be an element 
iel 

of § . We shall call this element a net-like aggregate, if and only if, for 
every (;, k) e {1, 2, ..., w} x {1, 2, ..., w} and each iel, we have either 

ajiAaki = 0i or an = aki. 

t By *i and 0j are denoted the unit and zero of 911 respectively. 
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Let {a} G § where a = P a{\ let, moreover, for a finite subset 
iel 

0"i> '2* ···> 4) £ Λ and v = 1, 2, ..., ky 

aiv = auivva2tivv...vaPvtiv in Si£v (1) 

be a partition of the element αίν e 91 iv into pv pairwise disjoint elements' 
with 1 < pv < +00. We form the expression 

(alp h v ... vaPlt ,,)x (fllf i2 v ... vaP2t l2)x ... x (a1§ /k v ... vaPkt ik) 

and apply, formally, the distributive law. In this way, a number of 
P ~ Pi Pi-Pk expressions of the form 

^ , ί , Χ Ο Α 2 , ί 2 Χ . · . Χ ΰ 4 , , ν l^Àj^pj, j = 1,2, . . . , fc , (2) 

may be obtained. For every expression (2), let now αΛιΛ2 Xk be a 
product element P xh in which xi; = aÀJt tj, j = 1,2, ..., k, and if ι Φ ijy 

iel 

j = 1, 2, ..., fc, then xf = Λ4. The so defined product elements 

for all Àj with 7 = 1, 2, ..., A:, are pairwise disjoint and form a net-like 
aggregate with a number of p = pt p2 ... pk product elements. Let the 
elements of this aggregate be enumerated and denoted by 

{ /?i , /*2, . . . , /ye£. 

We shall call the previously stated process: a decomposition of {a}e§ 
into a net-like aggregate {ßu ß2, ..., ßp}e9). 

1.4. Let now {αΐ5 α2, ..., α„} be any aggregate in § then, for every 
v = 1, 2, ..., n, we may decompose, by the previously stated process, the 
one product element aggregate {av} in a suitable net-like aggregate 
{ßv, i> ßv, 2, ···> 0ν.σν} such that the aggregate: 

{ßl, 1> ßlt 2> ···> ßl.ffi» ßl, 1> ^ 2 , 2> ···> ßl, σ2> ·> Ai, 1> Ai, 2> ···> Ai, <rj 

is net-like. There exist obviously, for every {<xu a2, . . . ,a„}e§, several 
net-like aggregates which may be obtained by the previously stated 
decomposition process. We shall say briefly that these net-like aggregates 
belong to the aggregate { a b a 2 , . . . , a n } e § . We shall define in $ a 
binary relation < as follows: 

{α1?α2, ...,α„} < {ßu ß2, - . W 

if and only if there exist two net-like aggregates: {αχ*, α2*, ..., α,*} 
belonging to {xl9 α2, ..., α„} and {β^, J32*, ..., ßs*} belonging to 
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{ßi> ßi> ···> ßm} such that, for every a / , ; = 1, 2, ..., t there exists a 
ßi* with α,* = &*. 

It is easy to prove that this relation is reflexive and transitive; i.e., 
§ is, with respect to this relation, a quasi po-set. An equivalence relation 
~ may hence be defined in §, as follows: 

{0Cl90C29 . . . ,0Cn}~ {ßUß2,—,ßm} 

if and only if 
{<xi9<x29 ...,α„}< {&, /?2, ..., ßj 

and {j?!, jS2, ..., ßm} < {«lf a2,..., a j . 
Let now 5 be the set of all equivalence classes in § with respect to ~ ; 
then 5 becomes a /?o-set if we define for a pair ä e g and 5 e g: 

5 < 5 if and only if there exist {<xi9 <x29 ···> aw)e 5 and {/?!, /?2,..., ßm}eE 
suchthat f . r/? Q β Λ 

Letnowäegwith{al5 α2, ..., a j e ä a n d ß e g with {βί9 β29..., ßm}eB', 
then there exists äAßeg , namely the class which is defined by the 
aggregate {afA j3,.|i = 1, 2, ..., n; j = 1, 2, ..., m}. 

1.5. In order to prove that g is a Boolean algebra we remark that a 
mapping A of ft into g can be defined as follows: for each a e ft let A(a) 
be in g the class of all aggregates equivalent to the one-element aggregate 
{a}. This mapping h is an isomorphic, relative to the ordering relation, 
mapping of ft into g, preserving meets. Let now the class of all aggregates 
equivalent to the one-element aggregate {a} (i.e., A(a) e g) be identified 
with a (i.e., a e g is defined as identical to A(a)eg) and ft with A(ft) 
(i.e., ft ç g is defined as identical to A(ft) £ g). First, we shall prove: 
if a e ft £ g and ß e ft ^ g then there exists s e g which is the supremum 
of a and ß in 5, i.e., a v ß = s and generally if av e ft ç 5» v = *> 2,..., fc, 
then there exists an element se g such that s = a 1 va 2 v . . .va k . In 
order to prove this, set 

av = P avi9 v = 1,2, ...9k; 
iel 

there exists then a smallest finite subset J of/ such that, for every i e (/— J), 
we have , . 7 

avi = ei9 v = 1,2, ...,£. 

% 
We consider now, for every j e J9 the elements of the Boolean algebra 
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there exists then a finite set of pairwise disjoint elements 

bip b2j9 . . · , bXjj 

such that every avj can be represented as a join of the form 
avj= V bPj w h e r e Λ^ S {1,2, . . . , A,}. 

peJVj 

For every v = 1, 2 , . . . , k9 the aggregate {av} can now be decomposed into 
a net-like aggregate as follows: we note that 

au = V bPj 
peJvj 

is a partition of the factor avj e 31,· of av for every j e J and the decomposi-
tion process of Section 1.3 can be applied to these partitions. 

Let now 
{ß*»ß*2,...,ß„J~{*J 

be the corresponding, by this decomposition process, net-like aggregate 
to {av}. Note now that every ßvj is either equal or disjoint to one 0Ai, 
for λ Φ v and any i = 1, 2, ..., σλ9 and consider the set {ßl9 02, ·.., βσ} 
of all product elements ßj such that for (at least) one ve {1, 2, ..., k} we 
have ßje{ßvl9 ßv2,..., 0v,ffv}; then the product elements ßl9 02 , . . . , βσ 

are pairwise disjoint, namely {βί9 β29 ..., βσ} is an aggregate and defines 
an equivalence class 5 in 5, for which we have s = oci va 2 v . . . vock9 

because, obviously, av ^ s, for every v = 1, 2, ..., k9 and, if 3c e 3? with 
av < 3c, then s < 3c. 

1.6. Let now a j e S ç J , a 2 ef t ç 5 and let us apply the previous 
process for k = 2. Consider 

{ 0 i i , j S i 2 , . . . , / W ~ { a i } 

{021,022, ··, βΐ,σ2}~ Ml 

then the set theoretical difference 

{011. 012, ..·» ßucJ-ißlU 022, · · · , 02,<rJ = frl, ?2> . - .7»} . 

where for every i = 1, 2, ..., τ, 

^e{011, 012, ···, 0 i . , J 

but yt^{021,022, ...,02,σ2}, 

defines an aggregate {y1? y2, ···, 7τ)
 a n d the corresponding equivalence 

class 3 to this aggregate in 5 is obviously the difference ar— a2; i.e., we 
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have 3 = at — a2 in 3?. It is easy now to prove: 

(a) For every equivalent class s with {<xi9 oc2, ···> « J e s , we have 
s = αχ ν α2 ν ... v α„ in JÇ. 

(jS) If s e g and i e g with {α1? α2, ..., a j e s , {j?!, jS2, ..., ßk}et then 

s v / = a! v a 2 v . . . va„v /?! v/?2 v . . . v ßk. 

(y) There exists an element 3 e g such that 3 = s — t. Moreover it can 
easily be proved that 5 is a distributive lattice, hence 5 is a Boolean algebra. 
Obviously the smallest Boolean subalgebra of 5 containing ft is % itself 
and moreover we have ft+ = 5 where 4- is the addition of 5 considered 
as a Boolean ring. For every j el, there exists an isomorphic mapping of 
3I7· into JÇ, namely: for every a e 21,·, assign as image the product element 
a = P ateft g g with a.· = a and ßf = et for every ι Φ j , iel. Let now 

iel 

5,· be the image of 21,· in 5 by this isomorphic mapping; then the set 
theoretical union S = j j g,· generates g because we have S A = ft, 

j e t 

hence 6 A + = f t + = gf. The family $,·, j el, satisfies thus the conditions 
(1) and (2) of Section 1.1. It is easy to prove that the condition (3) is also 
satisfied. Let namely hj be a homomorphism of g,· into another Boolean 
algebra 23, j el; then the mapping h, which is defined as follows: 

(a) h(oc) = hj(oc) for every a e 5,·, j e I. 

(ß) h(ccjl Λα;·Λ...Λ <xJk) = /*,·, (a,,) Λ hj2((xj2) A ... Λ A,.k(ayJ 

for every α,^Λα^Λ... AOC^G S A = f t 

with a ; p e 5 y , P = 1,2, . . . ,£ . 

(V) A(ftt +J»* + -.. + / U = A(A1) + * (^ ) + -.+A(i»yJ 
for every ft, + ft2 + - + ftm

eSA+ = 5 
with ft* eft, Λ = 1 , 2 , ...,m, 

is a homomorphism of 5 into S and, moreover, a common extension of 
all homomorphisms hj9 j e I. It is, hence, proved that a cartesian product 
5 = P 21, exists. 

iel 

2. PRODUCT PROBABILITY ALGEBRAS 
2.1. Let (2If,/?,·), / eJ , be a family of pr algebras with |/| ^ 1; then the 
product algebra {y = P 21 f can be endowed with a probability π as 
follows: / e / 

(I) If a e ft, then a = P ah where ai = e( for every / e (/ — J) and J a 



2. PRODUCT PROBABILITY ALGEBRAS 41 

finite subset of/. We can hence define 

JeJ 

(II) Consider now any a e g ; then there exists a finite number of 
pairwise disjoint elements aveft £ g, v = 1, 2, ..., fc, such that 

a = a 1 va 2 v . . .va k . 
We can, hence, define: 

π(α) = π(α1) + π(α2)+...4-π(αΛ). 

In this way π is defined for every a e g and it is easy to prove that the 
value π(α) is uniquely determined for every a e g. We have 7i(e) = 1 
and π(0) = 0, and, moreover, π is strictly positive and additive, i.e., π is 
a probability on g. Thus (g, π) is a pr algebra which we shall call 
product pr algebra of the pr algebras (2If, /?f), i'eJ, and denote also by 

iel 

Note that every (fy, π) is a pr subalgebra of (g, π) isometric to 
(21,·, pj) and, if (9Iy, /?,·) is a pr σ-algebra, then (g,·, π) is a pr σ-subalgebra 
of (5, π) with g,· a σ-regular Boolean σ-subalgebra of g. 

2.2. Let now 
(5,π) = Ρ ( « , , Λ ) 

i e / 

be a product pr algebra; then we shall denote by 

(&π) = Ρ ( α ί > Λ ) 
i e / 

the σ-extension of (g, π) and we will call it a product pr σ-algebra of the 
pr algebras (21,·,/?,·), / eJ. Note that the product pr σ-algebra P (§t„p{)9 

iel 

where (S,·,/?,·) is the σ-extension of (2I„/>,·), /eJ, is isometric to the 
product pr σ-algebra P (9If, /?f). We shall hence write 

iel 

(§,π) = Ρ («„/»,) = ? (#,·,/>,)· 
1 6 / 1 6 / 

There exists, for every factor (21,.,/?;) respectively (®,·,/>4), an isometric 
image in (g, π), namely the pr subalgebra (gf, π) resp the pr σ-subalgebra 
(g/> π) of (g, π). The pr subalgebras (g,·, π) resp pr σ-subalgebras 
(g;> π)> * eA a r e π-independent in (5, π). (See for this concept Section 
5 below.) 
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2.3. Let (3U) = P (%,Pd 
iel 

be a product pr σ-algebra, in which every factor (2t£, pt) is a pr σ-algebra. 
Let the character cm. be ^K0 f°r every i e ^ i then the character c$ is also 
^ K0 and, moreover, if |/| ^ X0, then c§ = max ca<. If c^ = N0> f°r 

iel 

every ie / , and |/| *ξ K0, then c$ = K0. If |/| > N0>then t h e Boolean 
σ-algebra g is always atomless. The Boolean σ-algebra § can possess 
atoms if |/| ^ N0. 

Let now |/| = K0 and suppose a is an atom in g. We have § = R+Ô<r. 
An atom a e 5 must obviously belong to ft+<J; i.e., a may be represented 

00 

α = Λ av 
v = l 

where av|, and aveft+, i.e., av = avl vav2 v... vavk where avpeft, 
p = 1, 2, ..., kv and pairwise disjoint. We have thus 

00 

α = Λ KiVav2v...vaVpkv} (3) 
v = l 

where avpeft, p = 1, 2, ..., fcv, 

are pairwise disjoint and 
av = av lvav 2v.. .vaV ( k vi, 

i.e., a non-increasing sequence. We can obviously suppose that, for every 
av+1, p> there exists an element aVt t such that av+ lt p < aV( t and moreover 
we can suppose that av| is strictly decreasing, for the sequence av cannot 
be eventually constant; because if avo+fc = avo, fc=l,2, ..., then 
aVo = a e g and a an atom in g. This however is impossible; for, if 
any a e g is # 0 , then we have α = βγ ν β2 v ... v /?k with 0peft, 
/?p τ̂  0, p = 1, 2,..., fc, and pairwise disjoint; if a is, moreover, an atom, 
then we must have k = 1, i.e., a e ft. Let now a = P at; then there exist 

iel (a) an index i0 el such that aio = e/o and 
(/?) an element bio e 2ίίο such that 0io < bio < eio; 

consider now the element δ = P dh with dt = ah for i Φ z0, and d/o = bio; 
iel 

then we have δ < oc, i.e., a contradiction to the assumption " a is an atom ". 
Consider an arbitrary natural number v. Since 

α < α ν = αν1ναν2ν...ναν*ν 
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and a is an atom in §, there exists exactly one index tv with 1 ̂  iv < kv 

such that a ^ av f . From this inequality, it follows that: 

α = Λ av.fv· 
v = l 

On the other hand 

Therefore: 

Λ <*v. fV < Λ αν = α· 

a = Λ av.rv· 
v = l 

The sequence av>fv, v = 1, 2, ..., is decreasing, because of the assumption 
that, for every av+1(P, there exists aVft with av+1#p < av#t. Moreover, 
this sequence can be assumed to be strictly decreasing, since, as it has 
been proved above, it cannot be eventually constant. We proved thus: 

If 

iel 

is a product pr σ-algebra where each factor (2if, p() is a pr σ-algebra and 
|/| = No> then> if an element a e g is an atom, there exists a strictly 
decreasing sequence aveft, v = 1, 2, ..., such that 

00 

« = Λ av 
v = l 

Let now the index set J be enumerated, i.e., I = {ii9 i2, i3,...} or 
equivalently/ = {1, 2, 3, . . .}; then we can prove (see Kappos [8], Nr. 11.5) 

Theorem 2.1. 

(5 ,π)= Ρ (Kv9pv) 
v = l 

is a product pr σ-algebra, where each factor ($IV, pv) is a pr σ-algebra and 
if a is an atom in §, then there exists a uniquely determined sequence av e ft 
with oo 

av = P 0/v, 
i = i 

where aJV = es for all v φ j and the element ajS is an atom in the algebra 
Mpfor every j = 1, 2, ..., such that 

00 

a = Λ av 
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We have obviously: 
n 

an= A av = û i i x û 2 2 x - x ^ x e „ + 1 x e n + 2 x . . . 
v = l 

where anne 2In and ann an atom in Wn for every « = 1 , 2 , . . . . 
We shall denote it as follows: 

a = ö-lim an = ö-lim ( P avv x P ey I = P avv 
\ v = l v = n + l / v = l 

where avv is an atom in 9iv for every v = 1, 2, . . . . We will call 
00 

P avv 
v = l 

a product limit element. We have obviously: 
oo 

Φ) = Π />ν(0· 
v = l 

We can now conversely prove that if av is an atom in the algebra $lv 

for every v = 1, 2, ... and the infinite product 
00 

Π PvM 
v = l 

converges to a real number ζ φ 0, then there exists an atom a e %, such 
that 

00 
α = Λ an 

v = l 

where 
art = P av x P ev, 

v = l v > n + l 

i.e., such that «, 
a = P av, 

v = l 

and moreover we have π(α) = ξ. Hence the following theorem holds: 

Theorem 2.2. 

An element α Φ 0 0/ f/ie Boolean algebra §, wAere 
00 

( § , π ) = P (3IV)/>V) 
v = l 

w a product pr σ-algebra with (9IV, pv) pr σ-algebras, is an atom in § if 
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and only if every algebra 2lv possesses an atom av, v = 1, 2,..., such that 
oo 

a = P av. 
v = l 

Then we have ^ 
Π /\(*v) = π(α). 

v = l 

The following theorem can be proved (see author's [8], Nr. 11, Theorem 
6): 

Theorem 2.3. 

Let every Boolean σ-algebra 9IV be atomic and let {av0, avi, ...} be the 
set of all atoms of 9lv enumerated so that pv(ay0) ^ pv(avp), p = 1, 2,..., 
/or every v = 1, 2, — Then the following statements are equivalent: 

(I) The product pr σ-algebra 

(§ ,π)= P (9Iv,/0 
v = l 

is atomic, i.e., § is isomorphic to the Boolean algebra of all subsets of 
the set N = {1, 2, ...} of all natural numbers. 

(II) The double series 

converges to a real number. 

Corollary 2.1. 

A product pr σ-algebra 
00 

(§ ,π)= P (3IV)/>V) 
v = l 

where every 2IV is an atomic Boolean σ-algebra with a set {avp, p > 0} of 
atoms is either atomic or atomless (and in the latter case, isometric to the 
Lebesgue pr σ-algebra (3, μ)) according as the double series 

oo 

Σ Σ Pv(avp) 

converges to a real number or to +oo. 

Σ ΣΡΜΡ) 
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3. CLASSIFICATION OF PROBABILITY σ-ALGEBRAS 

3.1. In Section 4, Chapter II, the /^-separable pr σ-algebras are classified; 
we proved that there exist three types of separable pr σ-algebras, namely 
type III, atomic, type I, continuous, i.e. isometric to the Lebesgue pr 
σ-algebra, and type II, mixed. In the latter type, there exist atoms but 
the sum of the probabilities of all atoms is < 1 ; there exists, therefore, a 
continuous part in the pr algebra. The theory of product pr algebras 
allows us now to state a general classification of all pr σ-algebras, which 
was first investigated by Dorothy Maharam [1]. 

3.2. A Boolean σ-algebra 93 is said to be homogeneous, if and only if, 
for every b e 93, b φ 0, the character of the principal ideal 

693 = {xe93: x < b), 

considered as a Boolean σ-algebra with unit the element b, is equal to the 
character of 93, i.e., 

% = cb* f°r every b e 93, b φ 0. 
An example of a homogeneous Boolean σ-algebra is the Boolean σ-algebra 
3 of the linear Lebesgue pr σ-algebra (3, μ). The character of 3 is 
K0. The linear Lebesgue pr σ-algebra (3, μ) possesses the following 
property: 

for every b φ 0, b e 3, the pr σ-algebra (b% μ/μφ)) is isometric to 
the pr σ-algebra (3, μ). 

It is easy to prove that the Boolean σ-algebra 93y of the product pr 
σ-algebra 

(93y, ny) = P (3<, μξ) 

where ξ and y are ordinal numbers and (3$, μξ) = (3» μ\ i-e., equal to 
the linear Lebesgue pr σ-algebra, for every ξ e [0, cov), is also homo-
geneous and of character Ky = the power of the set W (ωγ) of all ordinal 
numbers < ωΥ. The pr σ-algebra (93y, πγ) possesses also the property: 

for every b e 93, b Φ 0, the pr σ-algebra (693, ny/ny(b)) is isometric 
to (93y, 7ry). 

We shall say a pr σ-algebra (93, p) is homogeneous if and only if the 
Boolean σ-algebra 93 is homogeneous. Moreover, if the character of 93 
is ttß, where ß is an ordinal number ^ 0, then we shall say the pr σ-algebra 
(93,/?) is ß-homogeneous. According to this definition the pr σ-algebra 
(3, μ) is 0-homogeneous and for every ordinal number y ^ 0 the product 
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pr σ-algebra (93y, ny) is y-homogeneous. Note that the product pr 
σ-algebra 

(®o, n0) = P (3€, μξ) 
Οζξ«ο0 

is 7r0-separable (with character K0) without atoms, hence isometric to 
(3, μ), i.e., O-homogeneous. Moreover, for every ordinal number η with 
ο)β < η < ωβ+ ! the product pr σ-algebra 

(3„π) = Ρ Οξ,μζ) 

is isometric to the product pr σ-algebra (93 ,̂ πβ), i.e., /^-homogeneous. 
Dorothy Maharam has proved [1] that every homogeneous pr σ-algebra 
of character ϋβ) β ^ 0, is isometric to the product pr σ-algebra (53 ,̂ πβ). 
Hence the following definition is equivalent to the definition of homo-
geneous pr σ-algebras given previously: a pr σ-algebra (95,/?) of character 
Wß, ß ^ 0, is homogeneous if and only if (33, p) is isometric to the product 
pr σ-algebra (93 ,̂ πβ). 

We shall consider every atomic pr σ-algebra also as homogeneous and 
that as minus one-homogeneous ((—l)-homogeneous). 

Now, it is easy to see that 

( » l f nt) = P (3€, μζ) 
0^ζ«οί 

satisfies 

( » 1 , π 1 ) = Ρ (95 0 ί ,π 0 ί)= Ρ (81 € , π^), 
0ζζ<ωι 0£ζ«οι 

where 
(930{, ποξ) = (930, π0) and (93κ, πίζ) = (93^ πχ) 

for every ξ. 
Generally, for every ordinal number β ^ 0, we have 

(» , , πβ) = P (93^, πβξ) with (93^, πβξ) = (» , , π,) 
0 < ξ < ωβ 

for every ξ. In general we have 

(Γ) ( » , , * , ) = P (93κ, πνί), 

Οζξ<ωβ 

where (33νξ, πνί) = (33y, 7ry) 

for every ξ, y being any ordinal number with 0 < y < β. 
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According to the previous statement, the following theorem is true: 

Theorem 3.1. 

Every ß-homogeneous pr σ-algebra with ß ^ 0 is universal for all y-
homogeneous pr σ-algebras with — 1 < y < /?, i.e., a y-homogeneous pr 
σ-algebra (23y, ny) can be embedded isometrically in the ß-homogeneous pr 
σ-algebra (23 ,̂ πβ). 

Proof. For y > 0 our assertion follows from (Γ) and from the proposi-
tion that every factor (23νξ, πγξ) is isometric to a pr σ-subalgebra of the 
product pr σ-algebra (23 ,̂ πβ). For y = — 1 we have some atomic σ-
algebra (21,/?). Let {av, v ^ 1} be the set of all the atoms of (81,/?); 
then we have 

Σ />(«,) = l. 

Since now (23 ,̂ πβ) is non-atomic, there exists an element bxefBß such 
that nfi(bty = p(ax) and an element b2 < bx

c such that nß(b2) = p(a2), 
and, generally, an element 

M(M42v...vVir=A*vc 

v = l 

such that np(bk) = p(ak); then él9 62> ··· a r e pairwise disjoint and 

Σ *β(Ρύ = 1, 

i.e., \l bk = eß = unit of S». 

The set {bu b2, ...} £ 23̂  σ-generates a Boolean σ-subalgebra 91* of 
©£ isomorphic to $1, i.e., (21*, πβ) is then a pr σ-subalgebra of (5^, πβ) 
isometric to (21, p). 

3.3. Let now (23,/?) be any pr σ-algebra with character X^ ^ X0. 
Assume, moreover, the Boolean σ-algebra 93 is atomless. For every 
b e 23, b Φ 0 , the character of the element b is by definition the same as 
the character of the principal ideal £23, and is denoted by c(b). Obviously 
there exists the 

min c(b) = m(23) 
be®, b*0 

and is equal to tfßi for a certain ordinal number βί 5* 0. Moreover 
there exist elements x e 8 , x # 0 , with c(x) = m(23). Let now 

at = \J{xe 23; x Φ 0 and c(x) = m(23) = üßl}; 
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then c(at) = tfßi and the pr σ-algebra (at 95, pjp{ax)) is obviously ßt-
homogeneous, because for every x < al9 x φ 0 , we have 

Ηβι = Φ ι ) = c(x) = cxm. 

If αγ = e then our pr σ-algebra is classified as a /^-homogeneous. 
Suppose Ö! 9t e and set Z>2 = e-ß^; then m(b2) = K/?2 with j?2 > ßt 

obviously. Let now 

ö2 = \/{xeb2 95; x Φ 0 and c(x) = Κ,2}; 

then we have c(a2) = X^ 

and the pr σ-algebra (a2 95, p/p(a2)) is obviously j82-homogeneous. If 
Ö1 v a2 = e then our process is finished and our pr σ-algebra (95, p) is 
decomposed in two homogeneous pr σ-algebras (ai 95,/?/Köi)) and 
(a2 95, p/p(a2)) such that the smallest Boolean σ-subalgebra of 95 con-
taining the principal ideals at 95 and a2 © is 35 itself. 

Suppose αίνα2Φ e; then our process may be continued, if we set 
b3 = e—(aiv a2\ until we have \]a} = e; but the number of steps needed 
to finish this decomposition process is always countable, for the elements 
au a2>... are pairwise disjoint and every set of pairwise disjoint elements 
in 95 is countable. The following theorem is thus proved: 

Theorem 3.2. 

If a pr σ-algebra (95, p) is atomless and with a character tfß ^ X0, then 
there exist, and are uniquely determined, 

(1) an ordinal number N with 1 < N < coi9 

(2) ordinal numbers ßv with 0 < βν < βν+ί, 

and (3) pairwise disjoint elements ave&9for all v with 1 < v < N, such that 

(a) we have e = \J av, 

and (β) for every v with 1 < v < N, the pr σ-algebra (av 95, p/p(av)) is 
β„-homogeneous. 

3.4. Assume now the pr σ-algebra (95, p) of Section 3.3 possesses atoms, 
and let {dl9 d2i ...} be the set of all atoms in 95 with p(\J dv) ^ 1. We 
set at = dtvd2v... and we consider the pr σ-algebra (a1fB,plp(ai))9 

which is atomic, i.e., (-l)-homogeneous. If ax = e, then (95,/>) is 
classified as a (—l)-homogeneous pr σ-algebra. Suppose αγ Φ e and 
set b2 = e-a±\ then the pr σ-algebra (b2 9$,plp(b2)) is atomless and with 
character Χ^ ^ K0. We can therefore apply the decomposition process 
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of Section 3.3 for this pr σ-algebra (b2&,plp(b2)). In this way a de-
composition for the pr σ-algebra (93,/?) can be obtained in which the 
first member is a (— l)-homogeneous pr σ-algebra. Theorem 3.2 can 
therefore be stated in its general form as follows: 

Theorem 3.3. (of D. Maharam). 

Let (©,/?) be any pr σ-algebra with character ttß ^ K0î ^en ^ere ex*st, 
and are uniquely determined, 

(1) an ordinal number N with 1 < N < œlt 

(2) ordinal numbers ßy with - 1 $ζ ßv < ßy+u for every v with 
1 < v < v+1 <N, 

and (3) pairwise disjoint elements ay, for every v with 1 < v < N, such that 

« - V «. 
and every principal ideal av 93, considered as a Boolean algebra 
with av as a unit, is ßv-homogeneous. 

Remark. Obviously, (a) the set-theoretical union (J av93 σ-generates 
the Boolean algebra 93; and (ß) sup ßv = ß. 1 < V < N 

l < v < J V 

We shall write, according to Theorem 3.3, 

and say that the pr σ-algebra (93, p) is decomposed into the homogeneous 
pr σ-algebras (av &,p/p(av)), 1 < v < N, which classify uniquely the pr 
σ-algebra (S , p). 

The following theorem can now be proved: 

Theorem 3.4. 

The ß~homogeneous pr σ-algebra (93^, πβ) is universal for every pr 
σ-algebra (93, p) with a character % < X^, i.e., every pr σ-algebra with a 
character c® ̂  K^ can be embedded isometrically in the ß-homogeneous pr 
σ-algebra (93^, πβ). 

Proof. Let (av^B,p/p(av)) be the /^-homogeneous pr σ-algebras with 
— 1 < βν < βν+ί, 1 < v < v+1 < N, into which (93,/?) is decomposed 
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according to Theorem 3.3. Then there exists a decomposition 

e,= V K 

of the unit eßG&ß in pairwise disjoint elements bu b2, ... such that we 

nß(bv) = p(av), 1 < v < N. 

We consider now the pr σ-algebra (bv 23 ,̂ nß/nß(bv)), which is ^-homo-
geneous. Since max ßv < ß, we have ßv < ß, i.e., the /?v-homogeneous 

l < v < J V 

pr σ-algebra (av9$,p/p(av)) can be embedded isometrically into the 
^-homogeneous pr σ-algebra (bv 83 ,̂ nß/nß(by)), 1 < v < N. Let now 9IV 

be the isometric image of av 95 into bv 23^ by this isometric mapping of 
av23 into bv&ß; then there exists a smallest Boolean σ-subalgebra 91 of 
S&ß containing all images 9IV, 1 ^ v < N. The pr σ-subalgebra (9Ϊ, πβ) of 
(95^, πβ) is now isometric to (33, p). Our theorem is proved. 

4. REPRESENTATION OF PR σ-ALGEBRAS BY 
PROBABILITY SPACES 

4.1. We proved in Section 3.4, Chapter II, Corollary 3.1, that, if a pr 
σ-algebra (S,/?) is separable, i.e., with a character cB ^ K0, then there 
exists a σ-field ft of subsets of the set Ω = {ξ e R: 0 < ξ < 1}, which is a 
σ-subfield of the linear Lebesgue σ-field such that the pr space (Ω, ft, m), 
where m is the Lebesgue measure, is a set-theoretical representation of 
the pr σ-algebra (33, /?); i.e., if 91 is the σ-ideal of all X e ft with m(X) = 0, 
then the quotient Boolean σ-algebra ft/9t(ft mod 9t) is isometric to 93, 
and, if we define p(A/9l) = m(A), for every class A/9t in ft/91 with 
A G A/% then (ft/51, p) is isometric to (33, p). Moreover, we can choose 
the σ-field ft so that it is m-complete, i.e., if X is any subset of Ω with 
X £ A9 where A G 9Ï, then X G 9t. We shall now prove that, for any pr 
σ-algebra, with arbitrary character % ^ K0, there exists a set-theoretical 
representation by a pr space. 

4.2. We shall first introduce some concepts from the classical measure 
theory. 

Let Ω« = P E* 
0^ξ<ωβ 

be the set-theoretical product, where every factor 

Et = {PGR: 0 < p ^ 1}, 

i.e., the set Ω^ of all families: ρξ, 0 < ξ < ωβ, where ρξ a real number 
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with 0 < ρξ *ξ 1. A subset Z g Ω^ is called a Lebesgue cylinder, if and 
only if there exists a representation of Z as a cartesian product, 

Z = P Ζξ 
0^ξ<ωβ 

where Ζξ = Εξ for all ξ except a finite set ξΐ9 ξ2, ..., ξΗ9 for which Ζξν is a 
Lebesgue-measurable subset of E = {peR: 0 ^ p ^ 1}, v = 1, 2, ..., «. 
Let now S be the set of all Lebesgue cylinders, 91^ be the smallest sub-
field of subsets of Ω^ containing 6 ; then we can define a measure (the 
so-called product measure) mß on 91^ as follows: 

mß(Z) = ηι(Ζξι) ηι(Ζξ2)... ηί(Ζξη) for every Z G S, 

where ηι(Ζξ]) is the Lebesgue measure of Ζξ], j — 1,2, . . . ,« . 
mß can be extended in a well-known way to 91^ and to $tß9 i.e., to the 

smallest σ-field $tß of subsets of Ω^ containing 91^. B^ is then the smallest 
σ-field of subsets of Ω^ containing $tß which satisfies the condition: 

I f l g Q ^ and X c A, where AeBß with mß{A) = 0, then X e Bß. 

Note that (Ω^, Β^, mß) is a pr space and obviously the ^-homogeneous 
pr σ-algebra (93^, πβ) can be represented set-theoretically by this pr 
space (Ω,, Β^, mß). 

4.3. Let now (93,/?) be any pr σ-algebra with character % = K .̂ Then 
(93,/?) can be embedded isometrically into the j8-homogeneous pr σ-
algebra (93^, πβ). There exists therefore a σ-subfield ft of B^ such that 
the pr subspace (Ω^, ft, mß) of the space (Ω^, Β^, mß) is a set-theoretical 
representation of the image of (93, p) in (93^, π^), hence also of (93, /?) 
itself. Moreover, we can choose ft so that the condition: 

(K) I f l g Q ^ and X s A, where A 6 ft with m/A) = 0, then X e ft, 
is satisfied. The following theorem is hence true: 

Theorem 4.1. 

U (®> />) w tf^ />r σ-algebra with the character % = ttß9 then there 
exists a pr space (Ωβ, ft, mß), where ft is a σ-subfield of the Lebesgue 
product σ-field Bß9 satisfying the condition (K), which represents (93,/?) 
set-theoretically; i.e., if 91 is the σ-ideal of all A e ft with mß(A) = 0, then 
the quotient σ-algebra Si/91 is isomorphic to 93 and if we define 

p(BW) = mß(B) 

for every B/91 e ft/91, then the pr σ-algebra (ft/91, p) is isometric to (93, p). 
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5. INDEPENDENCE IN PROBABILITY 

Related to the concept of product probability algebras is the concept 
of probability independence. The connection between these concepts 
will be stated here. Details one can find in the author's [8], Chapters 
IV and V. 

5.1. Let (93,/?) be any pr algebra and d^eS, iel, any family of events, 
ai Φ 0, i s / . Then the events ah iel, are said to be independent in 
(SB,/?) (briefly /?-independent), if and only if, for every finite subset 

p(h*u)= TÏP(aik). (1) 

Classes 2If of events, 21; £ 23, iel, are said to be /7-independent if and 
only if their events are /^-independent, exactly, if for every finite subset 
{iu i2, ...,/„} £ / and every arbitrarily selected aik e 2IIk, aik Φ 0, 
k = 1, 2, ..., n, we have (1). 

Clearly, if J ç / and 21/ ^ %p for every j e J, then the p-independence 
of 2If, iel, implies the /^-independence of 21/, je J. In other words: 
Subclasses of p-independent classes are p-independent. 

5.2. Let now (23,/?) be a pr algebra and 2If £ 23, iel, be a family of 
/^-independent and Λ-closed classes 2It·, each of which contains an 
element different from the unit and zero. Let ft(2If), resp 2I,denotes 
the smallest Boolean subalgebra of 95 containing 21,·, iel, respectively, 
the smallest Boolean subalgebra of (93,/?) containing the set-theoretical 
union S = (J 2If; then the following statements are true (see author's 

ie I 

[8] Chapter V, Theorems 3 and 4): 
(1) The Boolean subalgebras 6(2lf), iel, are/7-independent, 

(2) The probability algebra (21, ρ) is isometric to the product pr 
algebra 

(5 ,π )= Ρ (b(%),Pi) 
iel 

with/?f = /?, iel. 
Particularly, by this isometricity the image of every event of the form 

ahAai2A...AaiH with {iu i2, ...,/„} c J and aikeb(%k), aik Φ 0, is 
the product event P xt with xt = ai9 if i = ii9 i2, ..., in, and x{ = et = e9 

iel 
if ie ( / - {iui2, ..., *„}). 
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(3) If (95, p) is a pr σ-algebra and ^(Ulf) denotes the smallest Boolean 
σ-subalgebra of 95 containing %, iel, then the Boolean σ-subalgebras 
off(2tf), *el, are also ^-independent and the pr σ-subalgebra (6 (̂91), /?), 
where 6,(21) is the smallest Boolean σ-subalgebra of 23 containing 21, 
is isometric to the product pr σ-algebra 

(§ ,π)= Ρ (b(%),Pi) 
iel 

where/?f = p, iel. 

5.3. Let 
(&π) = Ρ (iBhPi) 

iel 

be a product pr algebra; then the class of product elements: 

fy = J <Xj = P xi9 where ^· = a} e 93y and 

H xf = eh for every zeJ, with / 

forms a Boolean subalgebra of $, which is isomorphic to the Boolean 
algebra 93,·, jel. Clearly the Boolean subalgebras %j9 jel, are ^inde-
pendent. 

It follows easily now that: 

5.3.1. If a pr algebra (95,/?) or a pr subalgebra (95*,/?) of (95,/?) is 
isometric to any product pr algebra 

( δ , π ) = Ρ ( » | ϊ Λ ) , 
ie i 

then and only then there are classes 2If ç 95, /eJ, which are ^-inde-
pendent. 

5.3.2. Every ^-homogeneous pr σ-algebra (95, p) always possesses classes 
91; Ç 25, iel, with |/| ^ tfß, which are /7-independent. However, it is 
impossible in this case, or generally if the character of (23, p) is ttß to 
exist classes % ç 95, iel, with |J| > K ,̂ which are ^-independent. 



IV 

STOCHASTIC SPACES 

1. EXPERIMENTS (TRIALS) IN PROBABILITY ALGEBRAS 

1.1. Let (93,/?) be a pr σ-algebra. An experiment (or trial) a in 93 
is a class a of pairwise disjoint and different from 0 events of 33, whose 
join \ / a{ is the sure event (unit) e. The events ai9 iel, are said to be the 

iel 

outcomes of the trial a. Because of the strict positivity of the pr p the 
class a defining an experiment is at most countable. Hence, we will 
denote an experiment a in 93, by its outcomes, as follows: 

a = {al9a2, ...9ak} or a = {al9 a2,...}, 

if a is a finite or an infinite experiment respectively. We shall denote 
by ^(33) the set of all experiments and by ^0(93) the set of all finite 
experiments in 33. Then we have: 

3TQ{S&) c iT(33). 

1.2. In ^(93) we can define an order relation, denoted by [, as follows: 
a [ b, read a finer than b, if and only if each outcome at e a is contain-
ed in some outcome bjeb. The relation [ is reflexive, antisymmetric 
and transitive. Moreover, there always exists the infimum aAb of 
two experiments a and b, namely the experiment: 

aAb = {ai Abj φ 0 , ^ e a , Ζτ,-eb}. 

The po-set («^"(93), D so defined satisfies the Moore-Smith condition, 
i.e., given a pair a, b of experiments, there always exists an experiment 
d finer than each of the given experiments. 

55 
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1.3. The norm of an experiment a = {aj9 j ^ l}e^"(23) is denoted by 
v(a) and is defined as the supremum of the probabilities p{aj) j > 1, 
i.e., v(a) = sup/Ko,.). 

It is easy to prove: 

Theorem 1.1. 
00 

Let a„ = {anjJ ^ 1}G«^(95), n = 1, 2, .... Then the infimum f\ a„ 
exists in ZT(S£>) if ana only if the smallest Boolean σ-subalgebra of S 
containing all the experiments a„, n = 1, 2, ..., is atomic. 

Theorem 1.2. 

Assumptions as in Theorem 1.1 and, moreover, that the experiments 
an, n = 1, 2, 3, ..., are p-independent, Le., for every 

{nun2, ...,/iJ s {1,2,3, ...} 
aw/ erery αΛί7ί G an., we Aaye 

/>fan yiΛ am h A ... Λ tf„k yk) = p(ani h) .p(ani h).. .p(a„k h). 

Then, if the outcomes of a„ are enumerated so that ρ(αηί) ^ p(anj), for 
oo 

every j ^ 2 0«d « = 1, 2, ..., iAe infimum /\ aM exista m ^" if and only if 

iAe double series Σ Σ />(#«/) converges to a positive number < +oo. 
n^lj>2 

1.4. Let (21, />) be a pr subalgebra of the pr σ-algebra (23, p) such that 
23 is σ-generated by 21. Then v(a), for all ae«^"0(2I) (i.e., for all finite 
experiments in 21), is a net (a directed family) of real numbers v(a) with 
respect to the order [, and, further, isotone and bounded, i.e., 

0 < v(aj < v(a2) if a! [a2; 
hence the lim v(a) exists and is ^ 0. If this limit is equal to zero, then 

ae^-0(Si) 

we can prove that the Boolean σ-algebra 23 is atomless. In fact, assume 23 
is not atomless; then an atom x exists in 23 and we have p(x) = δ > 0. 
Now, let ae«^0(2I); then an outcome at exists in a such that at ^ x, 
hence p(at) ^ δ and v(a) ^ δ for arbitrary ae«^"0(2I). This implies the 
contradiction lim v(a) ^ δ > 0. 

ae^-0(9I) 

1.5. We shall say a family of experiments af e &Ό(9ί), iel, is p-dense in 
23 if and only if, for every b e 23 and every positive real number ε > 0, 
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there exists an index i = i(e,b) and outcomes aitkl,aitk2,...,aitkp of 
the corresponding experiment af such that 

P(b + (aitklvai>k2v...vaitkp)) < ε. 

The following theorem is true: 

Theorem 1.3. 

If (®>/0 w an atomless pr σ-algebra and a„ = {anj, j ^ 1}G^"0(93), 
« = 1,2 a decreasing (Le., a„+1 [an, « = 1, 2, ...) sequence of finite 
experiments, which is p-dense in 25, then lim v(a„) = 0. 

n-*oo 

Proof. Suppose lim v(a„) = δ > 0; further let the outcomes of every 
, n-»oo 

experiment 
a« = {αηι>αη2, ..., tf„, Pn} 

be enumerated so that 
P(anj)>p(antj+l\ j = 1,2, . . . ,p„- l ; 

then there exists a greatest index j M < pn such that p(a„t jn) ^ <5, 
i.e., />(<*«, ,·) ^ δ, for j ^ ;„, and p(anj) < δ, for ; > jn. Obviously we have 

jn jn + 1 
Sn = V *«,/ ^ V an+l,j = Sn+U 

j = l J = l 

i . e . , 5*rt ^ ^ M + i , 

and every an+ip j < j n + l is contained in one an% t for an i ^jn; hence, 
there exists at least one sequence: airtl, a2t„2, .../with nk < 7k, & = 1, 2, ..., 
such that 

ak,nk ^ ak+i,«k + i> A: = 1 , 2 , . . . ; 

then we have 

i .e., 

/\ akftlk = sE93, but />(afct J ^ δ, 

lim p(akt J = /?(*) ;*<5; 

hence s ^ 0. The Boolean σ-algebra is assumed to be atomless, hence 
there exists an element b e B such that 0 < b < s and 0 < p(b) < p(s). 
Now we have b < akt nk and b/\akti = 0 for every i Φ nki 

k = 1, 2, .... It follows that if ε > 0 and ε < min {p(b\p(s)-p(b)}, 
then there exists no experiment afc such that there exist outcomes 
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aktjieak, i= 1,2, ..., p, with 

py>+ y^j) < ε · 

Since this contradicts the /̂ -density of the sequence aÄ, k = 1, 2, ..., in 
93, the proof of the theorem is complete. 

2. ELEMENTARY RANDOM VARIABLES 
(ELEMENTARY STOCHASTIC SPACE) 

2.1. Let (95,/?) be a pr σ-algebra and a = {ap j ^ 1} be an experiment 
in 95, i.e., ae . f (8) . We shall define an elementary random variable 
(briefly erv) in S as a real-valued function X on any experiment a e «̂ "(93), 
i.e., X is defined as a map: 

X: a3aj=>X(aj) = ^eR, j= 1,2,.... 

We shall denote by <f(93) or briefly by S the set of all erv's in 93. An 
erv defined on the experiment e = {e}9 i.e., X: eBe=>X(e) = <i;eR 
is said to be a constant rv and is denoted by its value ξ. An erv defined 
on an experiment of two outcomes {a, ac} and valued as follows: 

a=> 1 
X: 

ac=>0 

is said to be the indicator of a G S and is denoted by Ia. We shall denote 
by </(©) or briefly by β the set of all indicators Ja, ae 93. The constant 
rv's 1 and 0 will be considered as the indicators of e and 0 respectively, 
i.e., we consider Ie = 1 and I& — 0. An erv defined on a finite experiment 
a = {al9 a2, ..., ak} is said to be a simple rv (briefly srv). We shall denote 
by y (©) or briefly by Sf the set of all srv's. We have obviously 

2.2. We can define in ^(©) an order relation " ^ " as follows: Let 
Ze^(93)and Y e *(»), i.e., 

X : •3e / => j r (a i ) = { i 6 Ä , j> 1 

7 : b96f=> Y(è;) = ^eJR, ι > 1; 

then we define: 
z < y 
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if and only if, for every (j, i) with aj A b( Φ 0 , we have 

The relation " ^ " so defined is reflexive and transitive, and if we define 
equality in ê(95) by : X = 7, if and only if, for every (j, i") with aj A bt Φ 0 , 
we have ξ] = ηί9 then the relation " < " is antisymmetric, i.e., with 
respect to this relation, S(ß) is a/w-set. It is easy to prove that X AY and 
X v 7 (i.e., the infimum and supremum of two elements) always exist 
in S {SB) and we have 

XAY: a Λ b 3 a } Abi => min {X(a3), Y(bt)} 

for every (j, 0 with a3 A bf Φ 0 , 

X v Y : a Λ b 3 a} A bt => max {X{aj)y Y (bj} 

for every (J, 0 with a} A bt Φ 0 . Hence, (f (95) is a lattice and, moreover, 
we can prove that <̂ (95) is a distributive lattice. The map 

» 3 & = * ί > 6 / ( » ) (1) 

is a Boolean (i.e., with respect to v , Λ and complement) isomorphism 
of 93 onto </($). More specifically, we have 

and 
Iavlac= 1. 

The Boolean σ-algebra © is embedded by the map (1) completely regularly 
(invariantly) in ^(95). The image /(95) of 95 in ^(95) by the isomorphism 
(1) is also said to be the Boolean kernel of the lattice S(95). 

2.3. We can define in S(ß) the following operations: 

Addition X+Y: a Λ b 3 a } A b { => X{aj) + 7(0,·), 

for every a^Ab^ Φ 0 , j ^ 1, / ^ 1. 

Multiplication of X by a real number A: 

AX: 2L3aj^>kX{aj), j> 1. 

Multiplication XY: 2LAh3ajAbi=> X(aJ)7(2^), 

for every α,-Λύ,· # 0 , jf ^ 1, i ^ 1. 

It is easy to prove that the following properties hold in ^(95): 

(1) X+Y = Y + X. 
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(2) (X+Y)+Z = X + (Y + Z). 

(3) X(X+Y) = XX+XY. 

(4) (λ + μ)Χ = λΧ + μΧ. 

(5) Α(μΧ) = (Αμ)Χ. 

(6) There exists an element 70 = Oe^(S), such that X+J0 = X 
for every X e <?(©). 

(7) 1 .X = X for every X e <?(93). 

(8) For every Xe<?(©), ther exists an element -Xe<£(93) such that 
X + ( - X ) = J 0 . 

Hence (?(©) is, with respect to the operation X+Y and λΧ, Xe&ÇS), 
Y eS(?B), XeR, a linear (vector) space. 

We note some well-known, simple consequences of the previous 
statements (see R. Christescu [1] Chapter II): 

(a) O.X = / 0 = O. 

0?) (-1).X = - X . 

(y) IfA#0andAX = 0, then X = 0. 

(<5) If X Φ 0 and AX = XY, then X = Y. 

(ε) IfX#0andAX = 0, then A = 0. 

The order relation " < ", with respect to which <£(©) is a lattice, 
satisfies the conditions: 

(Oi) If X < Y, then X+Z < 7+Z. 

(02) If X < Γ and A a positive real number > 0, then AX < A Y. 

Hence <f(23) is an ordered vector space and specially a vector lattice. 
We note some simple consequences of this vector lattice structure of 
<f(93): 

(03) X «S Y if and only if Y-X > 0. 

(04) IfX^Oand Y 5*0, then X+Y Ss 0. 

(05) If X Ss 0 and A ̂  0, then AX > 0. 

(06) If X < Y and X' < Y,' then X+X' < Y+ Y'. 

(07) If X < Y and A «S 0, then XX > XY. 

(08) If A < μ and X 5= 0, then XX < μΧ. 
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(09) XAY=-[(-X)V(-Y)]. 

(01 0) (XvY)+Z=(X+Z)v(Y+Z), 

(XA Y)+Z = (X+Z)A(Y+Z), 

and if λ S* 0, then l ( I v Y) = λΧνλΥ. 

( O n ) ( J ï v y ) + ( Z A y ) = x + y . 

(01 2) I f X ^ O , Y ^ 0 , and Ζ ^ 0, then ( Z + y ) Λ Ζ ^ Χ Λ Ζ + y Λ Ζ . 

(013) If there exists / \ ΑΓ;, then there exists \f (—Χ,), and we have 
I E / 

/\Xt = -\/(-Xt), 
iel iel 

and dually. 

(014) If there exist \ / ^ a n d \ / Yj9 then there exists 
i e / j e J 

V (**+?,·), 
( i , i ) 6 / x j 

and we have 
V (xl+Yj) = \/x,+ \/Yj, 

(i,j)eI*J i e / j e J 

and dually. 
(015) If there exists V Xi9 and Λ. > 0 (or λ < 0), then there exists 

iel 

Vax;) (or/\(ixt)), 
iel iel 

and we have 

V(AX£) = A V *i (or Λ 0*i) = λ V *Λ 
i e / i e / iel iel 

and dually. 

(01 6) For every X φ 0, the sequence nX, n = 1,2, ..., is not 
bounded. 

2.4. The constant random variables are identified in ^(53) with their 
real values on e. The set of all constant rv's is isomorphic to the ordered 
field R of real numbers, i.e., R may be considered as a completely regular 
(invariant) vector sublattice of ^(©). It is easy to show that the Boolean 
kernel / ( » ) of <f(93) generates the vector sublattice 5^(93) of ^(35), 
i.e., y(93) is the smallest vector sublattice of ^(93) containing /(35). 
The vector lattice £(?&) is, with respect to the addition X+Y, the 
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multiplication 1 7 , and the multiplication XX, XeSÇB), Ye<?(93), 
ÀeR, a commutative (real) algebra, with unit 1 = Ie. In fact, we have 
XY = YX, X(YZ) = (XY)Z, (X+ Y)Z = XZ+ YZ, (λΧ) Y = λ(ΧΥ), 
and XIe = Ie X = X for every X e <?(»). 

Moreover, <f(33) possesses the so-called Freudenthal property, i.e., 

(F). There exists an element Ie = 1 (so-called weak unit) such that 
X Ale > 0 for every X > 0. 

Note that Ie is a strong unit for the vector sublattice 5^(93), i.e., if 
X e ^(93), then there exists a positive integer n such that A Je > X. <f(33) 
does not possess a strong unit in general. 

2.4.1. We define the positive part of X : X+ = XvO 
def 

rAe negative part of X : X ~ = ( — X)v0 

def 

fAe modulus (absolute value) οΐX : \X\ = X+ +X~. 

(1) We have X+ ^ 0, X " ^ 0, |X| ^ 0, and \X\ > X+ ^ X. 

(2) X = X+-X~. 

(3) Z + Λ Ι " = 0 . 

(4) \X\=Xv(-X). 
(5) The maps X=>X + , X => X~ and X => |Z | of <?(93) into itself 

possess the properties: 
(a) (x+Y)+ < X + + Y+, (x+y>- ^ x - + y-

| x + y | < l * l + |y|. 
Off) If A > 0, then (/IX) + = AX+, (AZ)" = AX" |AX| = λ\Χ\, 
and if A is any real number, then \λΧ\ = \λ\ \Χ\. 

(y) | x y | = | X | | y | . 
(6) XVY = Y + ( X - Y ) + , XAY = X-(X-Y)+. 

Definition. Two elements X e <f (93) and Y e <̂ (93) are said to be disjoint 
(or orthogonal) if and only if \X\ A\Y\ = 0. 

Property (F) implies: 
(7) The weak (Freudenthal) unit Ie of <f(93) is orthogonal (disjoint) 

only to the element 0. 

Exercise. Equivalent to the orthogonality condition | Χ | Λ | Υ | = 0 are 
the conditions 

| X | v | Y | = |X| + |Y|, and \X\ = {\X\-\ Y\}\ 

file://{/X/-/
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2.4.2. We note that <?(33) satisfies the Archimedean property, i.e., 

(A) ΙΐηΧ^ 7, n= 1,2, ..., then X ^0, 

and is a completely distributive lattice, i.e., 

(D) If there exists V Xh then there exists \J (XtA Y), and we have: 
iel iel 

\Ζ(Χ1ΛΥ)=(\/Χ\ΛΥ 
iel \iel / 

and dually. 

(D0) If XieR, iel, is upper, respectively lower, bounded and 
X e <f (93), with X ^ 0, then there exists V <λι χ)> r e s P Λ (λι χ)> a n d 

we have ieI ieI 

\/(λ,Χ)=(\/λ)χ, resp /\(X,X) = Ux) X. 
iel \iel ) iel \iel / 

In general for every X e S(95) and λ( eR,ie / , we have 

V (A, X) = ( V λ) Χ+-(/\ λ\ X-, resp, 
iel \iel ' \iel I 

/\(λίχ) = (/\λ\χ+-(\/λ\χ-. 
iel \iel I \iel / 

2.5. Let X be a srv, i.e., Z e y ( S ) ; then there always exist, first, a 
finite experiment a = {au a2, ..., an} and second, pairwise different 
real numbers ξί9ξ29 ···»{« such that 

(r) Χ = ξ1Ιαί+ξ2Ιαί + -+ξηΙα„-

This representation of X is uniquely determined and is said to be the 
reduced representation of X by indicators. 

Consider now an Xe<f(93) which is not a srv, i.e., X£^(93) ; then, 
obviously, there exist first, an infinite experiment a = {au a2, ...} and 
second, a countable sequence of pairwise different real numbers ξί9 ξ2, . . · , 
such that 

X: a 3 a} => X{aj) = ξρ j = 1, 2, . . . . 
We shall also write in this case 

(R) x = Σ t)i.P 

and shall call (R) the reduced representation of X by indicators; the 
representation (R) is also unique. We shall justify (R) by a limit process. 
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In fact, we remark: If b e 23, then Ib X is an erv, which may be defined as 
follows: 

Ib X: è Λ α,- => ξρ for every j with b A a} φ 0 , 
bc A ÜJ => 0, for every j with bc A cij Φ 0 . 

If the number of the j with b A α^,φ 0 is finite, then Ib X is a srv and may 
be represented as follows: 

hX^lAjh^b for all j with bAa^0. 

Now let sn = αγ va2 v ... van; we then have snAaj = a,· for all j ^ « 
and 5·η Aûj = 0 for all j > n; hence we have 

def 

for every « = 1, 2, ...; furthermore, we have 

o-\imXn = X in <?(S)t· 
n->oo 

In fact, we first have 

(95)ö-lim^ = (93) V <*« = *, 

hence 

(<f (»)) o-lim/,„ = (*(»)) V ISn = Ie= h 

because «/(S3) is a completely regular sublattice of <f(53). Now we have 

(£(»)) o-lim/SnX = ((*(»)) o- l im/J Jf = / e X = X. 

Hence, we have in (f(93): 
00 

X = o-lim « i Jei + ξ2 /fl2 +... + ξη IJ = Σξ„ /... 
Λ-+00 Π = 1 

We can, therefore, justify (R) by the order convergence in (̂ (93) of the 
series on the right to the erv X. Thus the following theorem is true: 

Theorem 2.1. 

Every X e ê(33), where (93, p) is a pr σ-algebra, possesses a uniquely 
reduced representation by indicators 

(I) X = Σ ξηΙβη, where a = {aH9 n > l } e ^ ( » ) , 

t About ^-convergence and properties of it compare below, Section 3. 
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and ξη, n ^ 1, pairwise different real numbers. The right-hand side of 
(I) will be regarded as an o-convergent series Σ ξηΙαη with limit X in 

o i 
(£(93), if the experiment a is infinite.^ 

Exercise. Prove: If bub2, ... are any pairwise disjoint events in 33 
00 

and ξί9 ξ29 ... any real numbers, then the series Σ £nhn ^-converges to 

an erv X in <£(©), i.e., there exists an element X in S (93) such that 

n = l 

2.6. Let Ze(f(93) and let 

be the reduced representation of X by indicators; we shall denote by 
93x the smallest Boolean-subalgebra of 23 containing all al9a2, ... and 
call (93x, /?) the distribution pr σ-algebra of X. The map 

Ιΐ3ξ^[Χ<ξ]= V *,e® 
defX(o,)<{ 

may be considered as an order preserving map of the chain T) of all 
intervals (— oo, ξ), ξ e R, into 93. Hence [X < ξ], — oo < ξ < + oo, 
is also a chain in the Boolean σ-algebra 93, the so-called spectral chain 
of X in 93 and possesses the following properties: 

(1) o-lim [Χ<ξ] = 0, o-lim [X < ξ] = e 
ξ-+ — oo ξ-+ + oo 

(2) If ξν î ξ, then o-lim [X < ξν] = [X < ξ], i.e. [X < ζ] considered 
V-»oo 

as a function of ξ is continuous from the left. We call the real-valued 
function 

(3) Φχ(ξ) = P([X < ξ]), - oo < ξ < + oo 
def 

the distribution function of X; obviously φχ is monotone, increasing, 
continuous from the left, and such that 

Φχ(-™) = Um φχ(ξ) = 0, φχ(+π) = lim φχ(ξ) = 1. 
£-► - o o £-► + oo 

The chain D = {(— oo, ξ), — oo < ξ-h oo} considered as a subset of the 
Boolean algebra ty(R) of all subsets of the real line R = (— oo, + oo) 

t About ^-convergence and properties of it compare below, Section 3. 
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σ-generates the Boolean σ-subalgebra (Borel σ-field) B of all Borel 
subsets of the real line R. Let now hx be the map 

(4) » 3 ( - ο ο , ξ ) = > Α χ ( ( - ο ο , 0 ) = [ Χ < ξ ] € ί Β ; 

hx is an order preserving map of I) into 23. It is easy to prove that this 
map hx can be extended to a σ-homomorphism hx of the Borel σ-field 
B into the Boolean σ-algebra 93. The image hx(B) of B in 23 by this 
σ-homomorphism hx is the Boolean σ-subalgebra 23* of 93, which was 
defined at the beginning of this section. We can define on B a quasi-
probability as follows 

px(K) = p(hx(K)) for every X e B ; 

then Px is σ-additive on B, i.e. (K, B, Px) is a Borel pr space, the so-called 
" distribution pr space " or " the sample pr space " of the erv X. 

Let 
it* = { ^ B : hx{A) = 0} = M e B : PX(A) = 0}; 

then 9Î* is a σ-ideal in B and the quotient Boolean σ-algebra B/91* is 
isomorphic to the Boolean σ-subalgebra 93* of 23. We may define a 
probability π on B/9lx as follows 

n(KWx) = PX(K) = p(hx(K))9 

for every class Kjyix e B/9lx; then the pr σ-algebra (B/9lx, π) is isometric 
to the pr σ-subalgebra (23*, p) of (23, p). 

We remark that the map (4), and, hence, the uniquely determined 
extension of it to a cr-homomorphism hx of B into 93, characterizes uniquely 
the erv X, i.e., [X < ξ] = [Y < ξ] for every <i;e# (which implies 
ίιχ(Κ) - hy(K) for every KeB)if and only if X = Y. 

2.7. In the previous sections, we proved that, to any pr σ-algebra (23, /?), 
there corresponds a vector lattice <f(23) which possesses a sublattice 
#(!&) isomorphic to 93, the so-called Boolean kernel of all indicators 
Ib, èe23; J(93) generates a vector sublattice <9̂ (23) of the vector lattice 
<f(23). We shall call S'^B) and 5^(93) the elementary stochastic space 
and the simple stochastic space over 93, respectively. In the definition 
of g(93), ^(93) and /(93), we did not use the concept of probability. 
To every X e <̂ (93) there corresponds a uniquely determined representation 

j > i J 

by indicators, with ξρ j ^ 1, pairwise different. 
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A family Xte<f(93), iel, is called a stochastic process. The index set 
J of a stochastic process is usually the set of all integer numbers, 

/ = {..., - 2 , - 1 , 0 , + 1 , +2, . . .} , 

or of all natural numbers, / = {0, 1, 2, . . .} , or a time interval, 

I = {ieR: a ^ i < + oo}, or I = {ieR: - o o < / < + oo}. 

In general, any set I or any net (directed system) I of indices may be 
used to define a stochastic process Xh iel. The different kinds of 
stochastic processes are characterized by the index set / and by other 
conditions. One is then interested in questions concerning convergence. 
There are several kinds of convergence in a stochastic space. We shall 
define below in <f(93) the more important kinds of convergence, and the 
elementary stochastic space #(3$) will be extended to a stochastic space 
which will be closed for all these convergences. 

2.8. Remark. Let (31,/?) be a pr algebra (not necessarily a pr σ-
algebra); then the class ^(31) of all simple random variables in 31 can be 
defined, and it is a vector lattice. The class <?(3l) of all elementary random 
variables in 31 can also be considered, i.e., for every infinite experiment 
a = {al9a2, ···} existing in 31, one can define erv's. Furthermore, we 
notice, if a and b are two infinite experiments existing in 31, then a Λ b 
exists also in 31; hence, operations can be defined in <f(3I), and < (̂3I) 
is a vector lattice containing the vector lattice «5̂ (31). Let now (31,/?) 
be a pr subalgebra of a pr σ-algebra (93,/?); then ^(31)<= ^(93) ç<?(©), 
but < (̂3l) is not always a subset of <f(93), because a = {au a2, ...} can be 
an experiment in 31 without also being an experiment in 33. In general, 
we have 

(31) V *ι = * > ( » ) V*i-
i = 1 f = 1 

S(31) is a subset of ^(93), and indeed a σ-regular vector sublattice of 
<f (93), if and only if 31 is a σ-regular Boolean subalgebra of 93, equiva-
lently if p is continuous on 31. Hence it is recommended in the general 
case, to consider only the vector lattice .9^(31). 

3. CONVERGENCE IN STOCHASTIC SPACES 

3.1. Let (93,/?) be a fixed (for this section) pr σ-algebra. We shall 
briefly denote by $ the elementary stochastic space over 93, by £f the 
simple stochastic space over 33, and by β the Boolean kernel of all 



68 IV. STOCHASTIC SPACES 

indicators of S in S. We shall introduce in ê the following kind of 
convergence: 

Order convergence, briefly o-convergence. 

We shall say the sequence XneS, n = 1, 2, ..., o-converges to l e ^ 
o 

and write Xn -► X, or ((f) ö-lim Xn = X, if and only if there exists a 
ê 

decreasing sequence U„e&, n = 1,2, ..., such that 
00 

n = l 

in S, and | X „ - * | ^Un,n = 1, 2, ... . 

One verifies easily the following statements: 

(1) l(Xn = XeS, n = 1, 2, 3, ..., then Xn Λ X. 

(2) If X„ Λ X and X„ Λ 7, then X = 7 

(3) If Z Ä n e^ , n—\,2, ..., is any subsequence of Z n e ^ , n = 1, 2, ..., 
then: 

If Xn->X, then X*n -* X. 

The following theorem is true: 

Theorem 3.1. 

The sequence XneS, n = 1, 2, ..., o-converges to XeS, if and only 
if there exists two sequences Dne$, Vn e S, n = 1,2, ..., such that 

Dn^Dn + 1, VH>VH+l9 Dn^Xn^Vn, « = 1 , 2 , . . . , 

and oo oo 
V Dn = Λ Vn = X in S. 

η=ί n = l 

Proof. (A) Let U„eS, U„ > U„+l, \Xn-X\ < Un, n = 1, 2, ..., and 
00 

Λ f. = o, 
n = l 

o 

i.e., Xn -* X; then we have 
-Un*ZXn-X^UH9 « = 1 , 2 , . . . ; 

hence 
Z)„ = Χ - ί / „ ^ X„ < X + l/„ = Kn, « = 1, 2, . . . . 
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Moreover, 
Dn<DH+l9 Vm>VM+1, « = 1 , 2 , . . . , 

and 

Λ = 1 W = l 

V D„ = v (*-f„) = *+ V (-^) = x- Aun = x 
n=1 n = l n = 1 

Λ κ„= Λ (*+ιυ = χ+ ]\Vn = x 
η=ί η=ί 

in«?. 

(B) Now let two sequences Dn < Dn + 1 , F„ ̂  Kn+1, « = 1, 2, ..., 
in £, such that 

Dn^Xn^ VH, /i = 1 , 2 , . . . , 
and 

V A, = Λ Vn = X in *; 
n = l n = l 

then we have 

Dn^XnAX9 I „ v i a „ , « = 1 , 2 , . . . ; 

hence 
|X„-X| = X„WX-X„AX ^ Vn-Dn = Un 

with 
UH>Un+l9 n= 1,2,..., 

and 
00 00 OO 00 00 00 

Λ u. = Λ (^-Α,) = Λ Κ+ A (-Dn) = Λ v„- V A, = o, 
n = l n = l n = l n = l n = l n = 1 

i.e., 
Λ l/B = 0 in β\ 

n=l 

hence 0 

Xn^X-
S 

It is easy to show that the following theorems are true: 

Theorem 3.2. 

If the sequence XneS, « = 1 , 2 , . . . , is increasing or decreasing 
respectively, then: 

Xn^X if and only if \J Xn = X or / \ Xn = X 
S n = 1 n = 1 
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in S respectively. We write in this case: 

o o 

X„ î X or Xn i X respectively, 
ê s 

Theorem 3.3. 

If XneS, n = 1, 2, ..., and 

Vn=\J XJ9 Dn = Λ Xj 
o 

exist in S, for every « = 1 , 2 , . . . , then X„ -► X if and only if 
s 

00 00 

Λ V Xj = V t\Xj = X in $■ 
n = 1 j^n n = 1 j^n 

3.1.1. For any XneS, n = 1, 2, ..., if 

V„ = V * ; and D„ = Λ *> 

exist in <f for every n = 1, 2, ... and, moreover, 

OO 00 

Λ V*,· and V Λ * ; 

exist in <f, we define 

(<f)o-lim sup Xn = / \ \/ Xj = X 
n = 1 j ^ n 

(^)o-liminfZ„= V / \ X,· s X. 
n = 1 j ^ n - ^ 

We have in this case: 

(^)o-liminf Xn < (<f)ö-lim sup X„, 

and (ê)o-\\m Xn = X if and only if X = X = X, 

Theorem 3.4. 
o o 

(Continuity of the operations). If Xn-* X and Y„ -► Y and if 
ê S 

XneR, n= 1,2, ..., 
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with lim λη = A, then 
π-*οο 

XnvYn^XvY, ΧηΛΥ„^ΧΛΥ 
δ 

Χ„±Υη^Χ±Υ, ΧηΥ„->ΧΥ 
δ δ 

ληχη^λχ, \χ„\^\χ\, χ„+ °-+χ\ χη-!*χ: 
δ S S δ 

Theorem 3.5. 

(1) \Xn\ ̂  0 if and only ifXn Λ 0. 
δ δ 

(2) Xn^Xifandonlyif\Xn-X\^0. 
δ δ 

Theorem 3.6. 

The simple stochatic space £f is o-dense in S, i.e., for every Xe S, there 
o 

exists a sequence Xn e Sf, n = 1, 2, ..., such that Xn -+ X, 
δ 

Proof, If X e ^ ç ê, then Xn = X, n = 1, 2, ..., satisfies our assertion. 
Let X e ê but X φ 9> and let 

x = Σ {,/., 

be the reduced representation of X by indicators. We write 

Χη = ξιΙαι+ξ2Ια2 + -+ξηΙαη, » = 1>2, ...; 

then Xn -► X, because Xn = ISn X, where sn = atva2v ...van, and 

J,n 4 Je = 1; hence, by Theorem 3.4, JSnX 4 IX = X, 
δ δ 

Theorem 3.6α. 

Let (51, p) be a pr subalgebra of (95, p), which σ-generates (©, p), i,e,9 

9Γ* = 95; then «̂ (91), i.e., the simple stochastic space over (%p), is 
o-dense in ^(95). 

Proof, LetXeS? (95) and let X = ξί Ιαι +... + ξη Ιαη be the reduced rep-
resentation of X by indicators; then since 91 is o-dense in 95, for every 
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o 

i = 1, 2, ..., n, there exists a sequence aike31, fc = 1, 2, ..., with aik -► tff. 

Hence, we have (by the complete regularity of / as a sublattice of S) 
o 

J«*-*7«·· We write 
^ = ^^ l k +^4 2 k + - + ^ W £=1,2, . . . ; 

then we have (see Theorem 3.4) 

The reader can prove that Theorems 3.6 and 3.6a imply: 

Theorem 3.6)5. 

Any simple stochastic space «9̂ (31) in which 31 is a Boolean subalgebra 
of 93 with W* = 93 is o-dense in S = <f(93). 

3.2. For any l e ^ w e shall write ^(ξ) = [X < £], or briefly 

5© =[Χ<ξ] 

without the subscript X, if the same erv X is meant throughout and there 
is no possibility of confusion. We shall call sxfë) the lower spectral 
chain of X in 9J. The upper spectral chain of X in © is defined as follows: 

*x(o = [x<a=: v «/. 

j > i J 

is the reduced representation of X by indicators, for every ξ with 

- 0 0 < ξ < + 0 0 . 

We shall also need the complementary chains of sx and tx, i.e., 

' / ( Ö = for(0)e = [* > f] and / / ( 0 = (ίχ(ξ)Υ =[Χ> ξ], 

- o o < £ < +00. 

Obviously, the smallest Boolean σ-subalgebra of 33 containing one of 
the four chains contains also all others and is identical with the Boolean 
σ-subalgebra 93x of 93, which is σ-generated by the set {au a2, ...} (see 
Section 2.6). We note that the definition of the functions sx and tx is 
independent of the representation of X by indicators. To define sx and 
tx we may use not only the reduced but also any representation of X 
by pairwise disjoint indicators. The chains s and t are increasing functions 
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in the real variable ξ, the first of them continuous from the left and the 
second continuous from the right. Moreover, 

(s— oo) = t(— oo) = 0 and s(+ oo) = t(+ oo) = e. 

The complement chains sc and f are decreasing functions in the real 
variable ξ, the first continuous from the left and the second continuous 
from the right; they satisfy 

sc(- oo) = f(- oo) = e, sc(+ oo) = f(+ oo) = 0 . 

3.3. The following relations are valid between the four spectral chains, 
s9 t, sc

9 f: 

(a) If ζ < η, then 

m < Κξ) < sfyj) < ί(η)9 *'(ξ) > ί\ξ) > scW > f{n). 

(b) For every ξ e R, we have 

φ = ΐ(ξ+0) = *(ξ+0) > j ( 0 ; ηξ) = ί"«+0) = *°<ξ+0) < 5\ξ). 

ί(ξ) > ί(ξ-θ) = j ß - 0 ) = 5(0; ι"(© < *"«-<>) = ^ « - 0 ) = 3<{ξ). 

Remark, ·?(£+()) = o-lim^rç), .?(£ —0) = 0-lim.s(rç); 
ni« »/Κ 

analogously we define ί(ξ+0)9 ί(ξ—0). 

(c) Let σ(ξ) be an increasing function defined for every ξεR with 
values in 5? which satisfies the condition sfê) < σ(ξ) < ί(ξ), for every 
ξeR; then we have σ(ξ-0) = j(Q and σ(ξ+0) = f(Q. 

(d) If Xe*9 YsS9 then X = Y if and only if sx& = 5y(0, or 
equivalently ίχ{ξ) = iy(£), for every ξ e R. 

(e) If X e S9 Y e g9 then X < 7 if and only if sx& ^ sY(£)9 or dually 
*/(£) < ^{ξ)9 or equivalently /*«) > ίγ(ξ)9 or dually f/(£) < ίγ\ξ\ 
for every ξ e K. 

The reader can prove that the following theorem is true: 

Theorem 3.7. 

Let XiSS, iel, be a bounded family in S\ i.e., let two elements LeS 
and U e S exist such that 

L^Xt^U9 iel; 
then: 

(1) Λ 'x.(0 - <0 > '*(©. '■'■. V (1,(0 < *"«)· 
i e / def iel 
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(2) τ(ξ) is increasing, continuous from the right and τ(— οο) = 0 , 
τ(+οο) = e. 

(3) / / V Xt exists and is equal toXeê, then τ(ξ) = ίχ(ξ), ξ e R. 
iel 

(4) Λ ' * « ) = <® > sa(0, for every ξ e R. 
iel def 

(5) σ(ξ) is increasing and σ{— oo) = 0 , σ(4- oo) = e; if s(J;) = σ(ξ — 0), 
then sfâ is continuous from the left, 

d is equal ι 

σ(ξ-0) = s® = sx(£), 

def 

(6) If\fXi exists and is equal to X in ê, then 
iel 

for every ξ e R. 

(7) V ίχ,ίί) = A(0 < i J O , for every ξ e R. 
iel def 

(8) λ(ξ) is increasing, and A(— oo) = 0 , Λ,(+οο) = e; furthermore, if 
ί(ξ) = Α(ξ + 0), fAe/z ί(ξ) is continuous from the right. 

def 

(9) If f\ X( exists and is equal to Y eê, then 
ie I 

λ(ξ+0) = «ξ) = ίγ(ξ) for every ξeR. 

(10) \ Λ χ . ® = p ( ö < ' L ( Ö for every ξeR. 
iel def 

(11) ρ(ξ) is increasing, continuous from the left and p( — oo) = 0 , 
p(+oo) = e. 

(12) If f\Xi exists and is equal to Y eê, then 
iel 

P(0 = sY(0> M every ξeR. 

3.4. The spectral chains of a constant variable and of an indicator 
are given as follows: 

(1) For the constant rv 0, we have 

(0, ξ<0 le, ξ<0 

Ό«) = 
(0, ξ<0 (e, ξ^Ο 

(e, ξ>0 10, ξ>0 
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(2) For any constant rv X = λ e R, we have 

[0, ξ<λ le, ξ<λ 
h® = , r/«) = 

\e, ξ>λ [0, ξ^λ 
{0, ξ<λ le, ξ^λ 

U, £>λ 10, ξ>λ 

(3) For any indicator Ia with a e 95, we have 

(0, ξ<0 (e, ξ<0 
ί/.(0= Κ, 0<£<1 , /f.(ö= β, 0<£<1 

U Κξ \0, Κί 
(0, £<0 fe, ξ < 0 

*/.«) = 0e. 0 < ξ < 1 , tf.(ö= α, 0 < ξ < 1 
U ι < { [0, ι<ξ 

3.5. The following theorems are immediate consequences of Theorem 3.7. 

Theorem 3.8. 

IfXJ a«d 

V Xn = A" in ί, 
n = l 

V S.«) = *x'(0, A tx„(0 = '*©. 
n = l n = l 

/or erery £ e R, and dually ifXni and 

Λ *„ = y w *, 
n = l 

/ör ei?ery £ e R. 

Theorem 3.9. 

IfXneS, n = 1,2, ..., wftA 

then 

then 
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then 

ίχ%ξ)= V 1 / ί ) . h(£)= Λ '* .« ) . for every ξβΐΐ. 
η = ί 

if 

η = ί 

Α*η=Υ in ι 

and 

Λ s/ö = *(«> 
n = 1 def 

ί/(ξ) = λ « + 0). 

Theorem 3·10. 

IfXn->Xand 
s 

and 

Λ V */ö = A«) 
π = 1 j ^ n def 

n = l j > n def 

then λ(ξ + 0) = λ*(ξ + 0) = ίχ'(ξ)9 

4. 0-CONVERGENCE IN β WITH RESPECT TO A VECTOR 
SUBLATTICE OF 8 

The o-convergence can be generalized first for nets instead of sequences 
and moreover to an o-convergence in S relative to a vector sublattice of 
&9 for example, the vector sublattice R of all constant rv's or the vector 
sublattice of all srv's. These generalizations will briefly be stated in this 
section. 

4.1. A set / of indices is said to be directed if and only if a reflexive and 
transitive relation " > " is defined in /, having the so-called Moore-
Smith property: 

given ^ e / , i2^h there is some i3el such that i3 > it and i3 > i2. 
A family Xfe<f, iel9 in which / directed, is called a directed family or 
briefly a net Xt e Sy i e L 

The set N = {1, 2, ...} of the natural numbers with the relation " ^ " 
is directed and a sequence Xn e ê, n e N, can be considered as a net. 

then 

for every ξ eR. 
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The cartesian product N x N can be directed by the so-called cartesian 
ordering, i.e., (nl9 n2) > (« / , n2) if and only if n1 ^ n2 and n2 ^ n2. 

A net X^eS, iel, is decreasing or increasing, denoted by X([ or Xfi, 
if and only if i > j implies Xt < Xj or Xt ^ X} respectively. 

4.2. Let SF be any vector sublattice of S, for example SF = R or Sf\ 
then we say: 

A net XteS, iel, SF-o-converges (or o-converges with respect to SF) 
t o X e ^ , denoted 

^-o-lim ΑΊ = X or Xt -> X in <f, 
ieJ, > ^ 

if and only if there is a decreasing net l/£ e ^ , ι e / , such that 

Ι Χ , - Χ Κ Ι / , , i e / , and ( ^ ) / \ L/. = 0. 
i e / 

The following theorem is true: 

Theorem 4.1. 

SF-o-limits of nets (resp of sequences) are unique in ê if and only if SF 
is regular (resp σ-regular) in S. 

Remark. SF is regular (resp σ-regular) in S if and only if, for every 
decreasing net XteSF, iel, with 

(SF)f\Xi = 0 
iel 

I resp for every decreasing sequence Xn e !F, n e N, with (&) Λ Xn = 01 , 
\ neN / 

we have (£) /\Xt = 0 (resp (S) /\XU = 0). 
iel \ neN / 

Pröö/. Let the J^-ö-limits of nets be unique and let a decreasing net 
Xt e & with (&) /\ Xt = 0. Suppose that y is not regular; then there is 

iel 
an Y e ^ such that Xt ^ Y > 0, for every iel, i.e., (£) f\ Xt > 0 or 

iel 
f\ Xi does not exist in S\ then we have 

\Xi-Y\ = Xi-Y <Xi9 iel, 

with (SF) /\Xi = 0, 
iel 

hence ^-o-lim (A^- 7) = 0 in S, 
iel 
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i.e., «^-tf-lim Xt = Y > 0 
iel 

but {&) /\Xi = 0 and X, decreasing imply J^-ö-lim Xf = 0; in other 
iel iel 

words in this case the J^-ö-limit is not unique (contradiction!). 
Let now !F be regular in ê, and J^-o-lim X; = X for the net Xi9 iel. 

iel 

Suppose also J^-o-lim Xt = Y; then there are decreasing nets 1/; e «F 
i e / 

and V{e^, iel, with |Χ;-ΛΠ < Ut and | X 4 - Y| < Vh iel, and 

(0r)/\Ut = O and ( ^ ) / \ K, = 0. 
iel iel 

Then 

I * - Y| = 1 * - * , + * , - Y| ^ ΙΧ,-ΧΙ + Ι ^ - Y\ < Ι/,+ Κ,, i e / ; 
but (*■) Λ (i/,+^) = w Λ Ι Λ + W Λ ^ = o, 

iel iel iel 

hence \X-Y\ = 0, i.e., X = Y. 

The proof in the case of sequences is analogous. 

4.3. We note that in the case 3F is regular (resp σ-regular) in S, in 
which the uniqueness of the «^-o-limits is secured, the following state-
ments are true: 

F-o-WmX^X and J^-o-lim Y, = Y 
iel, > jej, > 

(resp in the case I = J = N), imply 

^-o-lim (Xj+ Y) = Jf + 7,t 
( i , j)eI*J 

&-o-\im (Xi v Y}) = (X v Y) and dually, 
(i,j)elxj 

/ -o-l im (-JSff) = - X , ^-o-lim ΙΧ,-Ι = |X|. 
i e / , > i e / , > 

If Xi e R, iel, with lim Xt = 2, then J^-ö-lim A£ Xf = AX. 
iel > iel, > 

t As to the product Xt Yh (/,/), one cannot always show ^-o-lim Xt Yj = XY, but 
always (<f)-o-lim X( 10 = ΛΎ. 
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If J = J, then 
^-o-lim (Χι+Υύ = Χ+Υ, 

iel, > 

éf-o-lim (XivYi) = XvY and dually. 
iel, > 

4.4. The set R of all real numbers, considered as a vector sublattice of 
S, is regular in S, hence jR-o-limits of nets are unique. It is easy to 
prove that R-o-convergence in S is essentially equivalent to the so-called 
uniform convergence, briefly, u-convergence in S. We say: 

a net Zf e S, iel, w-converges to X in S if and only if, for every ε > 0 
there is an index i0(ß)el such that \Xt — X\ < ε, for every i > ί0(ε), 
iel. 

We note that $f is also a regular vector sublattice of ê. In fact, if 
Xt e£f, iel, is a decreasing net with 

(sr)/\xt = o9 
iel 

then (*) /\ Xt = 0; 
iel 

for, if there is a Z G <£, Z £ «5̂ , i.e., 

i = l 

with Z > 0 and Xf ^ Z > 0, for every iel, then there is a c,· ^ 0 with 
fj > 0, hence CtICt > 0, and CJ^e^, with Xj^Z > £4 JC|, J G J , which 
is a contradiction to 

iel 

Hence ^-ö-limits of nets are also unique. 

4.5. ^^-fundamental nets resp sequences. Let & be any vector sub-
lattice of ê. A net Xt e ê, iel, is «^"-o-fundamental if and only if 

^-o-lim (Xi-Xj) = 0 (resp ^-o-lim (Xn-XJ = 0). 
(i, J ) e I x J (n.m)eNxJV 

Here Ixl (resp N x N) is directed by the cartesian (co-ordinatewise) 
ordering. In view of Theorem 4.1, we assume that 3F is regular (resp 
σ-regular) in S\ then it is easy to prove that, if X{eS, iel, and Y^eS, 
jeJ, are two ^-o-fundamental nets, then Xi+Yj, Χ ,ΛΥ,- , XtvYp 
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(i,j)eIx.J, -Xi9 \Xi\, ie / f a r e a l s o «^-^-fundamental nets. Particu-
larly, that is true if / = J = N, i.e., if the two nets are sequences. More-
over, if J = J, then Xt+ Yh Xtv Yi5 XtA Yh iel, are J^-o-fundamental 
nets. 

4.6. We now restrict our study to ^"-o-convergent and ^-o-fundamental 
sequences, and assume that 3F is σ-regular in ê. The following proposi-
tions are true: 

4.6.1. A sequence Xne£, « = 1, 2, ..., is ^-o-fundamental, if and only 
if there is a decreasing sequence l/„e«f, « = 1,2,..., such that 

(&)/\Un = 0 and \Xn-Xn+k\^Un, « = 1 , 2 , . . . , fc = 1, 2, .... 
71 = 1 

Proof Let XneS, n = 1, 2, ..., be ^-o-fundamental; then there is a 
decreasing double sequence U„t ke^9 («, k) e N x N with 

W Λ Untk = 0 and \Xm-Xk\<Um§k 
( n , k ) e N x N 

for every («, fe)eNxN. We set Un = U„t„,«=1,2,...; then 

\Xn-Xn+k\ < Un,n+k < £/„,„ = l/B, « = 1,2, ... 
and obviously œ 

(JO Λ f . = o· 
n = l 

Conversely, let 

\Xn-XH+h\^UH9 «=1 ,2 , . . . , A: =1,2 , . . . , 

with i /„e#\ « = 1, 2, ..., decreasing, and 

GF) Λ l>» = 0. 
« = 1 

We set U„t k = (7min(n> k); then L/n> fc is decreasing with 

(?) Λ f..* = o 
(«, Jfe)eNxN 

and |*„-X„+ k | <l/B i k , «=1 ,2 , . . . , A: =1 ,2 , .... 

t As to the product Jf, Γ,, (/,/') e IxJ, one cannot always show that it is ^"-̂ -funda-
mental, but it is always ^-^-fundamental. 
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Hence Xne£, n = 1, 2, ..., is «^-o-fundamental. 
Now it is obvious that the two following propositions are true: 

4.6.2. J^-ö-lim Xn = X in S implies ^-ö-lim Xn = X in δ.\ 

4.6.3. If Xneê is 3F-o-fundamental, then it is also $-o-fundamental. 

4.6.4. If Xne£, n = 1, 2, ..., S-oA\mXn = Xe£, and Xn9 n = 1, 2, ..., 
is ^-o-fundamental, then ^"-o-lim Z„ = X, 

Proof. Let ^4„e <f, « = 1, 2, ..., be decreasing with 

W Ä 4 = 0 and | I „ - I | ^ 4 «=1 ,2 , . . . , 
n = l 

and, moreover, let Un eSF9 n = 1, 2, ..., be also decreasing with 

(*) Λ ^ = o, 
n = l 

and l-ar„ —-̂M+ikl < Un9 « = 1 , 2 , . . . , fc=l,2, ...; 
then, for every « = 1 , 2 , ..., 

\x„-x\ < \xn-xn+k\+\xn+k-x\ <s i/„+4,+fc; 
hence „ M 

\Xn-X\ < (*) Λ (Un + An+k) = t/„ + (*) Λ An+k = I/. 
fc = l fc = l 

i.e., \Xn-X\^UH9 « = 1 , 2 , . . . , i.e., 
J^-ö-lim X„ = X. 

4.6.5. IfXneg9 « = 1, 2, ..., a«d J^-o-limZ„ = X, r«e« Xn9 « = 1, 2, ..., 
w gp-o-fundamental. 

Proof. Let l/ne J^, « = 1, 2, ..., be decreasing with 
(30 

(iF) Λ ^ » = 0 and \X.-X\ < l/„, n = 1, 2, ...; 
n = 1 

then 
\Xn-Xn+k\ < |Z n -X | + |Z-Xn+fc | ^ l/. + l W ^ UH + Un = 2Un. 

But 2Un is decreasing with 
00 

Λ 2C/„ = 0, 
/l = l 

i.e., Xn, « = 1, 2, ..., is «^-o-fundamental. 

t It is obvious that &-o-\im X„ = Zin X coincides with Xn -> X defined in Section 3.1. 
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The following fundamental Lemma is true: 

Lemma 4.1. 

A sequence XneS, « = 1, 2, ..., is !F -o-fundamental, if and only if there 
are two sequences Yne$ andZneS, n = 1, 2, ..., such that Yn, n = 1, 2, ..., 
is increasing, Zn, n = 1,2, ..., w decreasing, with Yn ̂  Xn^ Zn, 
« = 1 , 2 , . . . , a«d J^-ö-lim (Z„ — Y„) = 0. /« to case Yn and Z„, « = 1, 2, ..., 
are α/sö ^-o-fundamental, and, ifXm n = \,2, ..., is ^-o-convergent, then 
they are also ^-o-convergent. 

Proof. Suppose there is a decreasing sequence ϋηβ^, « = 1 , 2 , . . . , 
such that 

\Xn — Xn+k\ ^ Un, n = 1, 2, ..., A: = 1, 2, ..., 

and 
(#■) /\Un = 0; 

n = l 

then ZM-(7n ^ Z m < Z„ + l/M for all « < m, 

i.e., for « = 1 , 2 , ..., m. We set 
m m 

ym= V (*„-iu zm= Λ (χ„+ιυ. 
w = l « = 1 

Clearly, 

* M - l / m * S Y m ^ X m ^ Z w ^ * m + l/m, m = 1 , 2 , . . . , 

which implies 

Z m - Ym < (Xm + l / J - ( Z m - l / m ) = 2L/W, 

i.e., J^-tf-lim ( Z m - 7 J = 0. 

The rest of the proof is obvious. 
Thus an J^-ö-fundamental sequence is of the same nature as an &-o-

convergent, except that it may lack a limit. 

Lemma 4.2. 

If XneS, « = 1,2, ..., is tF-o-fundamental then so is the sequence 
Xu X1 vX2, Xi vX2 v l 3 , ..., and its dual, also. 

Proof. Suppose there is a decreasing sequence Uns^ such that 

\Xn-XH+k\<Un, « = 1 , 2 , . . . , and {&) / \ Un = 0. 
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We set Yn = XlvX2v...vXn9 

then 

\Yn-Yn+k\ = \(X,vX2v...vXn)vXn 

- ( I 1 v I 2 v . . . v I „ ) v ( I „ + 1 v . . . v I „ + k ) | , 

and according to (13) of Appendix II, Section 1, 

^ \Xu-(Xu+lv... vXn+k)\ < \Xn+i-Xn\v...v\Xn+k-Xn\ ^ Un 

i.e., \Yn-Yn+k\<Un, « = 1 , 2 , . . . , k = 1 , 2 , . . . . 

Theorem 4.2. 

£uery lF-o-fundamental sequence is bounded in $. 

Proof. Suppose there is a decreasing sequence Une^9 « = 1 , 2 , . . . , 

with \Xn-Xn+k\ ^ U„ n = 1, 2, ...; 

then I X i - Z J ^ l / i , « = 1 , 2 , . . . ; 

hence Xi-Ul ^ζ Xn ^ X^U^ « = 1 , 2 , . . . , 

with X1-Uie£, X1 + Ule£; i.e., X„, « = 1,2, ..., is bounded in S. 

Theorem 3.7 and the previous theorems imply the following three 
theorems: 

Theorem 4.3. 

If the sequence Xne£, « = 1, 2, ..., is bounded in S, i.e., if L and U 
exist in S, such that 

L^Xn^U, « = 1,2,..., 
and œ m 

Λ V * / « = *«), V Λ * /© = **«)■ £etf, 
7t = l J^ / i def n = l j^M def 

then λ(ξ+0) > λ*(ξ+0), 

for every ξ e R, Α(ξ) and Α*(ξ) are decreasing with 

I f - oo) = A*(- oo) = e, λ{+ oo) = A*(+ oo) = 0 , 

and, moreover, 
λ(ξ+0) = λ*(£+0) 

i/and only if X„eS, n = \,2, ..., is an S-o-fundamental sequence. 
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Theorem 4.4. 

Let Xn e <f, n = 1, 2, ..., X e ê, and write 
00 

σ(ξ)= A V4x,-x|(£)> ieR> 
w = 1 j ^ n 

o 

then Xn -> X if and only if 
s (e for ξ < 0 

σ(ξ-0) = 

or if and only if 

for every ξ > 0. ' 

10 for ξ>0 

A V4*,-*i«) = 0 

Theorem 4.5. 

Let Xne$, n = 1, 2, ..., be an S-o-fundamental sequence in $, and write 
00 

<K0 = Λ V 4X--ÄI(0. 

/or erery ^ e R. Then σ(ξ) = 0 , for every ξ > 0. 

4.7. In this section the <f-o-convergence, ^-o-convergence and R-o-
convergence will be compared. In the following, we will say o-con-
vergence instead of ^-^-convergence and uniform convergence briefly 

o 

«-convergence instead of R-o-convergence, and it will be written Xn-> X, 

or Xn-+ X9 or Xn -+ X9 if the sequence XneS, n = 1, 2, ..., o- or w-
s s 

or «^"-0-converges to X in S respectively. 
Analogously, we will say ^-fundamental, w-fundamental instead of 

^-ö-fundamental, jR-o-fundamental respectively. Clearly, w-convergence 
resp w-fundamentality implies ^-ö-convergence, resp ^-w-fundamentality, 
and this implies ö-convergence, resp o-fundamentality. Conversely, an 
o-convergent, resp ^-fundamental sequence does not always w-con verge; 
for example, if a = {au a2, ...} is a infinite experiment, and we set 

Xn = Σ */.k, x = Σ ki^ 
k = l k = l 

o 

then we have Xn -► X, but Xni n = 1, 2, ..., does not w-converge to X. 



4. 0-CONVERGENCE IN £ 85 

The following theorem is true: 

Theorem 4.6. 

If a sequence Xn e Sf, n = 1, 2, ..., is u-fundamental, then there is a positive 
number δ such that \Xn\ < δ, n = 1, 2, ..., i.e., any u-fundamental sequence 
of simple random variables is always bounded by a constant. 

Proof. There is a decreasing sequence of positive numbers δη, n = 1, 2, ..., 
such that 

\Xn-XH+k\^S„ π = 1 , 2 , . . . ; 

hence Xx— ôt < Xn < Χ1+δΐ9 

for every n = 1, 2, ..., and 

i.e., there is a finite experiment 

a = {aua2, . . . , a j 
such that 

y = Σ «ι/βι 

i= 1 with 5j ^ 0; we set δ = max {^, £2» ···> O e ^ > t n e n 

0 < | Z „ | ^ y < 5 for every n = l , 2 , . . . . 

4.8. Two sequences Z n e ^ , 7„e^ , n = 1, 2, ..., are said to be o-equiva-
o u 

lent or «-equivalent in S if and only if Xn—Yn-+0 or Xn — 7„->0 

respectively; then we shall write 

{Xn}*{Yn} or {Xn}*{Yn} respectively. 

In general, the previous sequences are said to be ^-o-equivalent in 

<?, if and only if Xn — Yn -» 0; we shall then write 
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Theorem 4.7. 

Let Xn, Xn*, Yn, Yn*9 n = 1,2, ..., be any sequence in S\ then, if 

{Xn}^{Yn} and {Xn*f£{Yn*}9 

we have 

{xn±x„*f~ {Y„±y„*}, { i„v i /AV„v γη*}, 
and dually, 

{λχ/χ{λΥη}, {\Xn\f~ {\Yn\}; 

The product {XnXn*} is o-equivalent, but not always &-o-equivalent, 
if & φ£. 

The reader can prove 

Theorem 4.8. 

(1) Let 
Xneê, n = 1,2, ..., 

and œ 

V Α*χΜ) = λ(ξ), 
Λ V ^ ( 0 = p(0. te*-

n = 1 j ^ n 

Then Xn, n = 1, 2, ..., is o-fundamental, if and only if λ(ξ — 0) = ρ(ξ — 0), 
for every ξβΙΙ, and moreover, the sequence Xn, n = 1, 2, ..., is bounded 
in S, or, equivalently, p(— oo) = 0 and λ(+ oo) = e; in that case we define 

W Ö = λ « - 0 ) = ρ(ξ-Ο). 

(2) TWO o-fundamental sequences {Xn} and {Yn} are o-equivalent if 
and only if 

S{Xn)(& = s{Yn)(0> f°r eveyy teR-

Theorem 4.9. 
sr-o 

If {X„} « {Yn} and one of the given sequences is ^-o-fundamental, then 
the other is also 3P-o-fundamental. 
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Now we shall prove the following: 

Fundamental Theorem 4.10. 

IfXneS is an o-fundarnental sequence in ê, and.'F is a σ-regular vector 
sublattice of & such that i ? g f , then there exists an &'-o-fundamental 
sequence Yne$, n = 1, 2, ..., such that 

{*„} ~ {YJ in df. 

Proof. It is sufficient to prove the theorem if 3F — R, i.e., for a u-
fundamental sequence; then every u-fundamental sequence is also a 2F~o~ 
fundamental sequence. We may assume Xn f and Xn ^ 0 without any 
loss of generality, for Lemma 4.1 implies the existence in S of an o-funda-
mental increasing sequence, which is ö-equivalent to the given o-
fundamental sequence Xw n = 1, 2, ...,. We write 

σ(ξ)= ]\sXntf)
 a n d *(ξ) = σ(ξ-0), ξβΙΙ; 

η = ί 

then ^(ξ) is increasing and continuous from the left, with s(— oo) = 0 , 
s(+oo) = e. Now we define 

im = 0, 1,2, ... (m+l\ r(m\ (m = 0 ,1 ,2 , . . . 

- (—Μτ)· L-ut.. ■ 
and we have e = a0n v aln v ... 
with αίπ Λ ajn = 0 , i # ; . 

Hence a„ = {fl0(,,fli„, ...} 
is, for every n = 0, 1, 2, ..., an experiment. We define the following 
erv's: m 

Yn- *n3amn=>— = Yn(amn)eR, 

~ m-\-1 ~ 

Obviously, we have 

£-r . = -£r> " = ι?2, 
i.e., {YJ and {YJ are w-equivalent. We shall prove that Ynf, Y„j, and 
both are «-fundamental. We have 

k m_ 
Υη+ί- Yn: KA*n+l3am,nAak,n+l => ~ ^ + Γ "" ~^Γ > 
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for all 

But 'f _±_ _ IL· 
9/1 + 1 y1 < 

i.e., k < 2m, then 

In fact, since k < 2m, we have 

2" + 1 ^ 2" ' 
1 , e · ' k k + l m m+1 

9*1+1 9 / I + I "^ 9M " ΛΠ 

hence, since s is increasing, we have 

and j m \ I m+\ \ / w + l \ / #2 \ 
e - = * I F ) Λ , Γ ^ ~ ) = *v?~) " ( F ) 

Thus, amn and afc, «+1 a r e disjoint. If 

we always have 
k m 

>0; 9*1+1 9/1 

hence Yn+i — Yn^0, i.e., y„f. Similarly it can be proved Ϋη[. Now, 
y.T, ΫΛ, and 

1 y - Y = — 

implies that both sequences Yn, Yn are w-fundamental. 
We shall prove now that both sequences Yn, Yn, « = 1 , 2 , . . . , are 

o-equivalent to the sequence Xn, n = 1,2, . . . . In fact, Xn], Yn]\ hence 
sxn(i)l> *γη(ξ)1> Moreover, 

Λ sxSO = °(0 
w = l 
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and Λ ^Β(ί) = ««) = σ(ξ-0); 
n = l 

hence, by Theorem 4.8 0 u 

{X„}*{Y„} *{?„}. 

The following theorem is also true: 

Theorem 4.11. 
If XneS, n = 1, 2, ..., is an o-fundamental sequence in <?, then there 

o 

exists an o-fundamental sequence Yn e £f, n = 1, 2, ..., such that {Xn} « {Y„}. 

5. EXTENSION OF THE ELEMENTARY STOCHASTIC SPACE 

5.1. The vector lattice S of all erv's over a pr σ-algebra (93, /?), considered 
as a lattice, is conditionally complete (with respect to the lattice opera-
tions), hence closed with respect to the o-convergence and w-convergence, 
if and only if the Boolean σ-algebra 93 is atomic. If the Boolean σ-algebra 
33 is not atomic, then S is not conditionally complete. We shall call a 
vector lattice se a σ-extension of <f, if and only if (1) se is conditionally 
σ-complete, considered as a lattice, and (2) the vector lattice S can be 
embedded cr-regularly (σ-invariantly) in se. Let se be a σ-extension of S 
and £* an isomorphic and σ-regular (σ-invariant) image of S into st\ 
then the σ-extension se is said to be a minimal σ-extension, if and only if 
the smallest vector σ-sublattice of se containing $* is se itself. We shall 
prove that a σ-extension of ê can always be defined, which, considered 
as a lattice, is even conditionally complete, hence closed with respect to 
the o-convergence and w-convergence, and moreover closed with respect 
to the convergence in probability and almost uniform convergence, which 
will be defined in Section 7. 

5.2. Let «^, Jf, and Ji be the set of all ö-fundamental, all o-convergent, 
and all ö-null sequences in 3F respectively. Then we have 

We define in 3F the following operations: 

Let {Xn} e & and { Y„} G #"; then we define 

{Xn} + {Yn} = {Xn + y j , {Xn}{Yn} = {Xn Yn} 

λ{Χη} = {λΧη} 

{Xn}v{Yn} = {XnvYn} 

{Χη}Λ{Υη} = {ΧηΛΥη}. 
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It is easy to prove that $F is a vector lattice with respect to these 
operations, Jf* is a vector sublattice of «^, and Jf is an /-ideal in Jf. 
The map 

ê3X=>{Xn}e^ with X„ = X, « = 1 , 2 , . . . , (1) 

embeds the vector lattice S isomorphically with respect to all operations 
and completely regularly (invariantly) with respect to the lattice operations 
in J*, i.e., if X = (ê) \J Xh where / any set of indices then 

iel 

{X„} = (iF)V*,„ 
ϊ ε ί 

and dually, where Xn = X, and Xin = Xh n = 1, 2, ..., iel. 
It is easy to prove this statement, if one notices that {YJ ^ {Zn} in 

& if and only if Yn < Z„ in <f, n = 1, 2, ... . The sets &{Jf and X\JT 
{& mod Jf and Jf mod Jf) of all classes {-YJ/^T, {Xn} e &, and { YH}/rf, 
{Yn} e Jf, constitute respectively a vector lattice if = # 7 ^ and a ve.ctor 
sublattice $* = JfjJf of if. Note that a multiplication of two elements 
of if if defined in if, and τΓ is, with respect to addition and this multi-
plication, an algebra with unit. The map 

e3X=>{Yn}jJi, where Y„ = X, « = 1 , 2 , . . . , (2) 

embeds the vector lattice S isomorphically and completely regularly 
(invariantly) in Ψ'. The vector sublattice <̂ * is the image of ê under this 
map. Hence, the vector lattice if may be considered as an extension of 
the vector lattice S. We shall prove that Y is a minimal σ-extension of 
S. The image of XeS in ê* will be denoted by X. In general, a class 
{X^\Jf eif will be denoted by [{Xn}]. We shall prove the following: 

Theorem 5.1. 

/ / {Xn}e^, then o-\\mXn = [{Xn}] in if\ i.e., the vector lattice g9 

identified with its image ê* and in this way regarded as a vector sublattice 
of if, is o-dense in Y'. 

Proof. Lemma 4.1 implies the existence of two ö-fundamental monotone 
sequences An | , Bn [ in ê such that An ^ Xn < Bn, « = 1 , 2 , . . . , and 

Bn-An 4 0; then An Î, Bn J, An ^ Xn ^ Bn9 « = 1 , 2 , ..., and 
s 

Bn-Âa^0 

in r . Obviously [{Jf,}] > Àk,k = 1, 2, . . . . Let [{Y„}] ^ Äk, k = 1, 2, . . . . 
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We can suppose that Yn[; then Yk ^ Ak9 k = 1, 2, ...; i.e., 

[{Yk}]>[{Ak}]=[{Xk}]. 

Hence we have 

[{*„}] = V \ = Λ Bk in r , 

and o-lim Xk = [{Xn}] in τΤ. 
k-*ao 

The following theorem is true: 

Theorem 5.2. 

The vector lattice Y is closed with respect to the o-convergence, i.e., 
every o-fundamental sequence in Ϋ" o-converges in "Γ. 

Proofs In order to prove this theorem we can prove, as in Theorem 
4.10, that to every o-fundamental sequence in Y* there corresponds 
a w-fundamental sequence in τΓ, which is o-equivalent to it. Hence, it 
suffices to prove that τΓ is closed with respect to the w-convergence. 

Let [{Xnk}]eY, k = 1, 2, ..., be a w-fundamental sequence, where the 
sequence Xnk, n = 1, 2, ..., is a w-fundamental sequence in S, for every 
k — 1, 2, ...; then we have 

w-limX„, = [{*„,}], fc=l,2,.... 
n-*ao 

Let ek9 k = 1, 2, ..., be a monotone null sequence of positive numbers. 
Then, for every k, there exists an index nk such that 

\Xnk,k~[{Xnk}]\<ek, * = 1 , 2 , . . . . 

^«k,fc» fc= 1,2, ..., is a w-fundamental sequence in ê*\ hence -Y„fc)fc, 
£ = 1, 2, ..., is a w-fundamental sequence in &, which defines a class 
[{X„kt fc}] e ^ . This class is the w-limit of the sequence X„kt k, k = 1, 2, ..., 
in f . But the sequence [{Xn>JJ], k = 1, 2, ..., is w-equivalent to J?Wk>fc, 
A: = 1, 2, . . . . Hence, we have 

«-lim [{*„,*}] =[{X„fc,J] in r . 
k-*co 

t A different proof, dealing with the general case of an abelian lattice-group, is given 
in Papangelou [2], Corollary 4.5. See also Theorem 3.2, Chapter VII. 
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The Theorems 4.1 and 4.2 and the property 4.6.4 formulated for if 
instead of S imply: 

Corollary 5.1. 

If $ is any vector sublattice of Ψ* and regular in if {for example, R, 
£f, S, considered as vector sublattices of if are regular in if), then if is 
closed with respect to the ^-o-convergence, i.e., every &-o-fundamental 
sequence in if is ^-o-convergent in if, hence also if-o-convergent = 
o-convergent in if. The vector lattice S considered as a vector sublattice 
of if is ^-o-dense in if. 

5.3. We shall call the vector lattice if the stochastic space over (23, p) 
and shall regard the elementary and simple stochastic spaces ê and Sf 
respectively as vector sublattices of if, i.e.,if ç ê ç if. We will denote 
the elements of if by capital letters X, Y, Z, ... and will call them random 
variables, briefly rv's. We proved in the preceding section that & is 
ö-dense and w-dense in if. Since if is o-dense, exactly <f-ö-dense, in ê, 
we can prove that if is ^-ö-dense in if and therefore ö-dense = if-o-
dense. Obviously ^ is not w-dense in if\ because every w-fundamental 
sequence in «9* is always bounded by a constant (see Theorem 4.6); hence 
it w-converges to an element in if, which is bounded by a constant, 
whereas there exist elements in if, which are not bounded by a constant. 
For every rv X e if, there exist sequences Xn e S and Yn eif respectively, 
such that 

w-lim Xn = X and ö-lim Yn = X in if. 
n-*co 

Then we can prove that 

o-lim sup sXntf) = σ(ξ) 

and tf-lim inf sXnfâ = σ(ξ) 

exist and we have 

σ(ξ-0) = σ(ξ-0) = σ(ξ); 

the function σ(ξ) is increasing, continuous from the left, and such that 
σ(— οο) = 0 , cr(+ oo) = e; it is independent of the choice of the sequence 
Xn with w-lim Xn = X. Moreover, every sequence Yn e & or if with 

n->oo 

o-lim Yn = X defines by the foregoing the same function σ(ξ). Thus 
we write 

[X < ζ] = sx(Q = σ(ξ) = â t f -O) = σ(ξ-Ο), - oo < ξ < + oo. 
def def ~ 
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There also exist 

o-lim sup ίΧη(ξ) = τ(ξ) and o-lim inf ίΧη{ξ) = τ(ξ), 

and we have: 

τ(ξ) = τ(ξ + 0) = τ « + 0), for every ξβΙΙ, 
def 

independently, of the choice of the sequence Xn e ê with w-lim Xn = X 
or o-lim Xn = X in "T. Hence we write 

[* < ξ] = ίχ(ξ) = τ(ξ) = τ(ξ + 0) = τ(ξ + 0), for every ξeR. 
def def 

The function ίχ(ξ) is monotone, increasing, continuous from the right, 
and such that r x ( -oo) = 0 , ix(+oo) = e. Now, we define 

[Χ>ξ] = * / « ) and [X > {] = ί/(ξ), - o o < ξ < + oo. 

The chain [Z < ξ] = ,sx(£) or [X ^ ξ] = ίχ(ξ) characterizes uniquely the 
rv X, i.e., sxfâ = ^(ξ) , for every ξ e R, if and only if X = Y in "T. 
Conversely, if s(£), — ο ο < ξ < + ο ο , is any monotone, increasing, 
continuous from the left function in ξ with s(— oo) = 0 , s(+oo) = e, 
then there exists a r v l e f such that s(£) = ^ (ξ ) , for every ξeR. 

5.4. Let X^'V, iel, be a bounded family in ir\ then 

/\*χΧξ) = σ(ξ) 

exists for every £ e # . We write σ(£ — 0) = £(£), £ e R ; Λ·(ξ) is increasing, con-
tinuous from the left, with s(— oo) = 0 , s (+ oo) = e. Hence, there exists 
a rv X e y such that 5·χ(ξ) = ^(ξ). It is easy to prove that X = V X£. 

i e l 
Moreover, \ / 5Xi(0 = ρ(ξ) exists for every ξeR and is increasing, 

iel 

continuous from the left, with p(— oo) = 0 , p(+oo) = e. Hence there 
exists a rv Y eY such that ρ(ξ) = 5γ(ξ) for every ξ e R. It is easy to prove 
that Y = / \ Z,·. Thus the following theorem is true: 

Theorem 5.3. 

The stochastic space i^, considered as a lattice, is conditionally complete, 
i.e., for any bounded family Xh iel, in "K, there exist \J Xt and f\ Xt 

respectively in ΊΓ. ieI ieI 

5.5. Let B be the σ-field of all Borel subsets of the real line R; then 
the set Ί) of all intervals (— οο,ξ) = ιξ, ξeR, is a chain in B, which 
σ-generates B, i.e., B is the smallest σ-field of subsets of JR containing D. 
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The map 

def 

can be extended from D to B so that the extension hx so obtained is a 
σ-homomorphism of the σ-field B into the Boolean σ-algebra 95. We 
have hx(A) = fiY(A), for every AeB, if and only if X = Y. Moreover, 
if φ is any σ-homomorphism of B into 93, then the restriction φ(ιξ), / ξ ε Ϊ ) , 
defines a chain: 5·(ξ) = </>(/,*) e 93, ξεΙΙ, in 93, which is increasing, con-
tinuous from the left, with s(— oo) = 0 , s(+oo) = e. Hence there 
exists a r v l e f such that sxfê) = δ(ξ) for every ^e i? . In this way, 
a one-to-one correspondence between the set of all σ-homomorphisms 
of B into 33 and the set ΤΓ of all rv's is defined. 

Now, since the function: 

PX(A) = ρ(ίιχ(Α)Χ for every AeB9 

is a quasi-probability on 33, we can assign to X a uniquely defined pr 
space, the so-called " distribution pr space " or the " sample pr space " 
of X: OR, B, Px). The chain ·?*(<!;), — °° < ζ < + °°, σ-generates a 
Boolean σ-subalgebra 93x of the Boolean σ-algebra 93; then (93x, p) is the 
distribution pr σ-algebra of X. Thus to every r v l e f , there correspond 
uniquely a pr space (P, B, Px) and a pr σ-algebra (33x, /?). Let 5RX be the 
σ-ideal of all X e B with PX(K) = 0; then B/9lx is a Boolean σ-algebra 
isomorphic to 93*, and, if we define 

n(K/9lx) = PX(K) = p{hx(K% 

for every class K/$lx e B/9lx, then (B/91*, π) is a pr σ-algebra isometric 
to the pr σ-algebra (33*,/?). 

5.6. Let (Ω, ft, P) be a pr space, which represents set-theoretically the 
pr (7-algebra (33, p). Let, moreover, 91 be the σ-ideal of all A e 5 with 
P(^4) = 0; then there exists an isomorphism φ of the quotient Boolean 
σ-algebra ft/91 onto the Boolean σ-algebra 93. A real-valued point 
function / defined on Ω is said to be measurable (ft) if and only if 
/~1(Κ)Ε^9 for every KeB; / _ 1 is, obviously, a Boolean σ-homomor-
phism of the σ-field B of all Borel subsets of the real line R into the σ-
field ft, i.e., φ(Κ) =f~1(K)/9l is a Boolean σ-homomorphism from 
B into the quotient Boolean σ-algebra ft/91. We write 

Ιι(Κ) = φ(φ(Κ)) = φ(/-ί(Κ)/9ϊ)Ε^, for every K e B ; 

then h is a Boolean σ-homomorphism of B into 93 induced by the 
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measurable (g) function/; obviously, if another measurable (5) function 
g is almost everywhere equal to / , then g induces, by the foregoing, the 
same Boolean σ-homomorphism h of B into 95. A class of almost every-
where equal measurable (g) functions defines uniquely a Boolean σ-
homomorphism h of B into 95. Now a r v l e f corresponds uniquely 
to this σ-homomorphism h. Conversely, R. Sikorski [1] has proved 
that for each Boolean σ-homomorphism h of B into 85, there exists a 
measurable ($) function / defined on Ω, such that / induces, in the same 
manner as above, the given Boolean σ-homomorphism of B into 93. 
Now, if X is a rv in "Γ, then there exists a Boolean σ-homomorphism 
hx of B into 95, such that hx{i£) = [X < ξ], ιξ e D. To this Boolean 
σ-homomorphism corresponds a measurable (5) function / defined on 
Ω such that / induces hx. The function / belongs to a class of almost 
everywhere equal measurable (JÇ) functions and each of them induces 
the given Boolean σ-homomorphism. In this way, we have a one-to-one 
correspondence between the rv's of the stochastic space Y and the classes 
of almost everywhere equal measurable (JÇ) functions defined on Ω. 
The following theorem is true: 

Theorem 5.4. 

Let (95,/?) be a pr σ-algebra and (Ω, 5, P) be any pr space, which repre-
sents set-theoretically the pr σ-algebra (93, p). Let Y be the stochastic 
space over (95,/?) and Ji the set of all measurable (5) real-valued functions 
defined on Ω. Then every rv XeY is uniquely characterized by a class 
of almost everywhere equal elements of J(, or by a Boolean σ-homomorphism 
hxofB( = the σ-field of all Borel subsets of the real line R) into 95, or by 
an increasing, continuous from the left, chain sx(£), — oo < ξ + ο ο , with 
sx(—oo) = 0 and sx(+co) = e. To every XeY there corresponds a 
real-valued function φχ(ξ) = p([X < ξ]), — oo < ξ+οο, the so-called 
distribution function of X, which is increasing, continuous from the left, 
with φχ(—οο) = 0, φχ(+°°) = 1. 

5.7. Note that is is possible for different rv's X and Y to have equal 
distribution functions φχ and φγ. Two rv's X and Y are said to be 
equimeasurable if and only if φχ(ξ) = φγ(ξ) for every ξ e R. The rv's of a 
family X^Y, iel, are said to be p-independent, if and only if the 
Boolean σ-algebras 95*., iel, are /^-independent (see this concept, 
Section 5, Chapter III). 

Let now Xh iel, be a family of not constant rv's in the stochastic 
space Y(©,/?) over any pr σ-algebra (95,/?); then the following problem 
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can be set: Is there in Ϋ"(&,ρ) a family Yh iel, of ^-independent rv's, 
such that every rv Xt is equimeasurable to Yh i.e., φΧί(ξ) — φγΧζ), *eJ? 
Section 5 Chapter III implies an answer to this question: there is in 
1T(93,/?) a family Yh iel, of/^-independent not constant rv's if and only 
if there exists a pr σ-subalgebra (21,/?) of (95,/?) isometric to the product 
σ-algebra (§ , π) = P (93*,.,/?,·), wherept =/?, iel. 

iel 

6. THE STOCHASTIC SPACE OF ALL BOUNDED RANDOM 
VARIABLES [rv's] 

6.1. A rv l e f is said to be bounded if and only if there exists a 
constant η such that \X\ < η. Now let M be the set of all bounded rv's 
in f ; then Ji is obviously, a vector sublattice of f , the so-called 
stochastic space of all bounded rv's. Obviously, the stochastic space 
9* of all simple rv's is contained in M and, moreover, is w-dense in Jt, 
i.e., for every XeM there exists a sequence Xneif, n = 1, 2, ..., such 

u 

that Xn -► X. In fact, there exists two constants a and ß such that 

a < X < β. Let ε„ J, 0, εη e R; then there exists a finite set of real numbers 
a = £„o < 6,1 < ··· £„, *n = j8 such that ξΠ> ί +1 -£„, < < ε„ for every 
i = 0, 1, 2, ..., fcrt— 1. We obviously have [X < ξη> 0] = 0 and 

[X<£„>fcJ = e, n = 1,2,.. . . 
Now, if we write 

*», i = **(£*, ι + ι ) - ^ ( ξ » . i) ' = 0, 1, 2, ..., fcn-l, 

then e = aw> 0
 v <*n, ι v ··· v an, kn-1· We consider the simple rv's: 

%n = Σ Çn,ilan,i> 72=1,2,...', 

; = o then |X„ -X | < ε„, « = 1, 2, ..., i.e., X„ -► X. 
M 

6.2. It is easy to prove that M is closed with respect to the w-convergence. 
In fact, if XneJ(, n = 1,2, ..., is a w-fundamental sequence, then 

u 

Xn-+ Xef and X is bounded, i.e., XeJt. The stochastic space «^ 
of all bounded rv's can be endowed with a norm, namely: we define 
for every XeM, X^O: \\X\\ = ϊηΐη, for all ηeR with X < η. Then 
we have 

0 ) II0||= 0; 
(2) I f X > 0 , then |[X|| > 0; 
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(3) I f O < X < y , t h e n O ^ | | X | | ^ | | y | | ; 

(4) If X > 0 and ξ> 0, then ||{JT|| = £||X||; 

(5) If X > 0 and Y ^ 0, then | |X+ Y|| < ||X|| + || Y||. 

For arbitrary I G J we define ||X|| = || \X\ ||; then ||X|| is a norm 
on Jt. We can easily prove that the convergence which is defined in Jt by 

II II 
this norm, i.e.; Xn -> X if and only if \\Xn-X\\ -» 0, is equivalent to the 
w-convergence. Hence M is closed with respect to the || ||-convergence, 
i.e., M is actually a Banach space (Banach lattice) with respect to this 
norm. 

7. CONVERGENCE IN PROBABILITY AND ALMOST UNIFORM 
CONVERGENCE 

7.1. (PJ . A sequence X^/V, n = 1, 2, ..., is said to be convergent in 
probability (briefly p-convergent) t o l e f , if and only if for every ε > 0, 
we have 

p([\XH-X\ > e]) - 0, or equivalent^ p([\Xn-X\ < ε]) -* 1. 

We shall then write Xn -^ X in 1T. 

(P2) A sequence XneTT, ;I = 1, 2, ..., is said to be fundamental in 
probability (briefly p-fundamental), if and only if, for every ε > 0, we 
have p([\Xn-Xk\ ^ ε]) -> 0 or equivalent^ p([\Xn-Xk\ < ε]) -> 1. 

(Ui) A sequence XneTT, w = 1, 2, ..., is said to be almost uniformly 
convergent (briefly au-convergent) to Xei^, if and only if, for every 
ε > 0, there exists an element αε e 93 such that ρ(αε

€) < ε, where 
u 

ae
c = e-ae, and Iac Xn -» /fle Z in τΤ. 
(U2) A sequence XneV, n = 1, 2, ..., is said to be almost uniformly 

fundamental (briefly au-fundamentaï) if and only if for every ε > 0 
there exists an element αε e © such that ρ(αε

α) < ε and Iae Xn e "Γ, 
n = 1, 2, ..., is a w-fundamental sequence. 

Theorem 7.1. 
σ au 

*„ -* X in -T if and only ifXn-*X in r . 
au o ou 

Proof (a) If Xn -> X in f , then X„ -► X in 1T. Since X„ -► X in f , 
for every \/k > 0, fc=l,2, ..., there exists an element &fce© with 
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p(bk
c) < l/k and IbkX„ -+ΙΗΧ. Setting 

* = 1 

we have x 

xc = Λ bk^bn
c, n = 1,2,..., 

* = i 

i.e., ! 
p(xc) < />(*/) < — , A: = 1 , 2 , . . . ; 

00 

this implies p{xc) = 0 and xc = 0 , i.e., x = e. Hence, we have e = \ / èfc. 
fc= 1 

We shall prove: there exists \J \Xn-X\ in 1T. In fact, \J Ibk\Xn-X\ 
n=1 u n- 1 

exists in τΓ, for every k = 1, 2, ..., since J6JXn — X| -> 0, Ä: = 1, 2, ..., 
i.e., the sequence Ibk\Xn — X\, « = 1 , 2 , ..., is bounded and, moreover, 
bounded by a real number r\k, for fc = 1, 2, . . . . We write 

0! = 6j, ...,ak = bk-(blvb2v . . . v V i ) , & = 2, 3, ...; 
00 

then α!,α2, ... are pairwise disjoint with e = \J ak. We consider the 
erv * = 1 

7: αΛ=^ ^ + 1/2 + . . .+^k ; 
then we have 

Ibk\Xn-X\^ 7, fc=l,2,...; 
but 

\J ibk = ie=U 
k = l 

hence, l * „ - X | < Y, « = 1 , 2 , ..., 
00 M 

i.e., bounded, and \J\Xn — X\ exists in τΓ. Now IbkXn^> IbkX, i.e., 
n = l 

for ε > 0, there exists an index p(fc) such that 

Ibk\Xn-X\<-^, n>p(k); 

hence, we have 

V hk\Xn-X\ < ε and ί V hk\Xn~X\ < e] = e > bk. 

Since the indicator Ibk is equal to 1 on bk, we also have 

[ V \Xn-X\<*\ >bk 
In^p(k) J 
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and 

[ Λ V \*n-X\ < e] > \ V l*»-*l <e\>bk, k= 1, 2, ..., 
Lp = l n^p J Ln^P(fc) J 

i.e. 
[ / \ V \Xn~X\ <ε]> \J bk = e, for every ε > 0. 
LP=I «>P J *=I 

We write œ 

z= A Vl*n-*l> 
p = 1 n ^ p 

then Z ^ 0 and, moreover, 

^z(£) = [Z < ε] = e, for every ε > 0, 

i.e., sz(e) = s0(e), ε > 0. 
Hence, Z = 0. Thus 

o - l imsupl^-ZI = 0 , 
n-*oo 

i.e., |Ζ„-Α: |^ ·0 and *„ Λ X. 

o au 
(b) If Xn -* X, then Xn -» X in f . 

Since X„ -► X, i.e., |X„ —AT| -> 0, we have 

Λ V l ^ n - ^ l = 0 , and \/ \Xn-X\=Yp\o. 

p = 1 n ^ p n ^ p We write 
apk=[g\Xn-X\<±\, 

then apJk Î e9 for every A: = 1, 2, ..., i.e., p(apk) f 1; hence, given ε > 0, 
there exists for every k = 1, 2, ..., and index ρΛ such that 

£ 

We write œ 
b = Λ «*<,*. 

i.e., » 

fc = l 

then m 

/>(*c) < Σ -7Γ = ε· 
k = i 2 * 
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u 

We shall prove: IbXn -+IbX. In fact, we have 
00 

* = Λ ap*.k< apk,u> k=l,2, ..., i.e., 
k = l 

b<\\J \χΗ-χ\<±-] < \\Jib\xn-x\<±], 

since the indicator Ib is equal to 1 on b; thus, 

6 < f V \ibX„-hX\ <■]-]■ 

Now, since Ib Xn equals 0 on bc, we also have 

bc^ [ v \hx„-i„x\ <-]-]; 
In^Pk K J 

e = bvb<^ [ V \I„Xn-IbX\<^-}, 
hence, 

i.e., ! 
\IbX„-IbX\<—, n>pk, k=l,2,..., 

k 

and 
IbXn-*lbX. 

Hence, we have proved: 
au 

Xn^X in iT. 

The following theorem is true: 

Theorem 7.2. 

(a) / / Xn ^ Xin *K9 then Xn^X in V. 

u au 

(b) IfXn - X in r , then Xn-+X in r . 

(c) IfXn Λ X in iT, then Xn^X in Ψ*. 

p 

(d) If Xn-* X in "Γ, then there exists a subsequence Xkn, n 
o 

such that Xkn -+ X in Y. 

au o 

(e) Xn -> X in r if and only if Xn -* X in r . 
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p 
(f) / / Xn -+ X, then there exists a subsequence Xkn, n = 1, 2, ..., such 

au 

that Xkn -+ X in 1T. 

Proof. Obviously (a) and (b) are true; (e) is proved by Theorem 7.1; 
(f) is implied by (d) and (e). Hence we shall prove (c) and (d). 

Proof of (c). Since Xn -» X in 1T, i.e., 

\Xn-X\%0 in r9 

we have 

ö-lim5|Xn_X|(6) = ö-lim [|Xn —X| < ε] = e, for every ε > 0; 
n-*co n-*co 

i.e., limp(l\Xn-X\<8U = l 
n-»oo 

or equivalently limp([\Xn — X\ > e]) = 0, 
n-*ao 

i.e., p 

Xn-+X inf. 
p 

Proof of (d). Since Xn-> X in f , the sequence Xn, n = 1, 2, ..., is 
/^-fundamental. Hence, for any index k, an index n*{k) exists, such that 
if n ^ w*(fc) and m > JZ*(Ä:); then 

We write ni = H*(1), 

n2 = max{«*(2), «i + l}, ..., 

nk = max {>**(&), w ^ + l}, fc = 1, 2, ...; 

then nx <n2 < n3 <. . . , and Z„k, k = 1,2, ..., is a subsequence of Xn, 
n = 1,2, .. . . 

Now we write 

a*= l*nk-*nk+1l ^ ~ ^ r j a n d bk
e = akvak+1v...9 

i.e., ^ = a f c
c A^ + 1 A. . . . 

If fc ̂  i =ζ j , then 
1 1 1 _ 

i.e., 1 
/*Α-*,,,Ι<^7ΓΓ, for k<i<j. 
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Hence, for every k = 1, 2, ..., the sequence IhkXnp 7 = 1, 2, ..., is w-
fundamental with 

1 1 1 

Thus, the sequence X„., j = 1,2, ... is aw-fundamental and, by (e), o-
fundamental. Hence, an element Ye'V exists such that ö-lim Xn. = Y. 

./-►oo 

By (c), we then have p-lim Xn. = Y. Since /?-lim Xn = X, the element 
j -> oo 0 n -♦ oo 

7 must be equal to X, hence Xn. -► X in τΓ. 
The following theorem is true: 

Theorem 7.3. 

/ / a sequence Xn, n = 1, 2, ..., is p-fundamental, then there exists an 
p 

element X in Y such that Xn -> X in f . 

Proof. Just as in the proof of Theorem 7.2 (d), one can prove the 
existence of an ö-fundamental subsequence Xjn, « = 1 , 2 , . . . , of Xn, 

o 

n = 1, 2, ...; then there exists an element X in Ψ* such that Xjn - ^ l o r 
au 

equivalently xjn -+X'\xvV. We remark that, for every ε > 0, 

pr . -χ ΐ^βκ [|xn-x,.j^ ε 

2 

Since {Xn} is /^-fundamental and jn ^ n, 

Since o-lim IX^-XI = 0, p-lim |X,„-X| = 0, i.e., 

\Xj.-x\ > y 

s4 M > î] ) - f t 

then we have 
\imp([\X„-X\>E)) = 0, 
n-+oo 

Xn^X in f . 
i.e., 
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The previous theorems imply: 

Theorem 7.4. 

The stochastic space "Γ is closed for o-convergence, u-convergence, 
au-convergence and p-convergence. 

8. GENERATORS OF THE STOCHASTIC SPACE 

8.1. Let (©,/>) be a pr σ-algebra and 31 a Boolean subalgebra of 93, 
which σ-genrates 93, i.e., 2Fa = <Άδσ = 93. Then we have 

/ (9 I ) <= /(93), ^(91) ç= ^(93) <Ξ ^*(93). 

For every element X e 5^(21) there exists a reduced representation 

Χ = ξίΙΧί+ξ2ΙΧ2 + ...+ξΗΙΧΗ, 

where XjE% j = 1, 2, ..., k. We write Se0{S&) = {XeS?(S8) with 
X = ί ι ^ + ^ J*2+ ··· +ZJXk> where ξ1? £2, ..., ξκ are rational numbers}. 
where ξΐ9ξ2, • · , ^ are rational numbers}. 

The following theorem is true: 

Theorem 8.1. 

The space ^ 0 W w o-dense in ^(93), i.e., /ör m?ry I e f ( » ) , iAere 

exists a sequence XneSf0(S&), n = 1, 2, ..., swcA ί/ζαί Z„ »*» X. 

We shall first prove the following fundamental lemma: 

Lemma (Fréchet) 8.1. 
au 

If Xneir and Χ„^β^, n= 1, 2, ..., k = 1, 2, ..., swcA f/?a/ Xn -► X 
au 

a«d Zn> k -+ Xn, n = 1, 2, ..., i.e., // 

(aw)-lim ((aw)-lim ΖΛ fc) = X9 
n-*co k-*co 

then there exists a simple subsequence X„vtkv, v = 1, 2, ... of the double 
au 

sequence X„fk, (n, fc) e N x N, such that X„vtkv -> X. 

Remark. Since aw-convergence is equivalent to the 0-convergence, this 
lemma is also true, if the aw-convergence is replaced by the ö-convergence. 
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Proof of the lemma. Let εν and <5V be positive real numbers, v = 1, 2, ..., 
such that εν -► 0 and 

Σ δν < +00. 
v = l 

au 
Since Xn -> X, for every <5V there exists an element bv e S , such that 

p(bv
c)<^ and IbvXn ^ IbvX; 

thus there exists an index nv with 

\IbvX^-IbvX\<^- and ^ ( V ) < y · 0 ) 

Since, obviously, we have 

au 
fc-+oo 

for every (5V > 0 there exists an element 6V* ^ bv9 bv* e 93, such that 

p(bv-bv*)<^ and I*vXnvtk ^ IIX^ v = l , 2 , . . . ; 

thus there exists an index kv with 

IC*nv,*v-/»*v*,J<y and P(bv-bv*)<^. (2) 

Since bv* < όν and bv
cv (bv-bv*) = 6V*C, the relations (1) and (2) imply 

\It X„v-It X\<^- and | /£ X „ v > t v - / £ X J < h.. 

This implies 
ΚΧ*ν,κ-ιΙΧ\<**, with Ρφ*<)<Κ 

Now consider any ε > 0; then there exists an index m such that 

We write ^ 

«. = Λ V; 
then, for every j ^ m we have 

|/afi *„ , ,* , - / Λ ε Χ|<ε , · 
and since w 

«.· = v -̂*c. 
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we have 

PW) < <5m+<5m+1 + ..., i.e., pÇa/) < ε. 
This implies: for any ε > 0 there exists an element αε with p{at

c) < ε 
and 

v-»oo v->oo 

Proof of Theorem 8.1. (A) By Theorem 7.2(e), it suffices to prove that 
^ 0 (2 l ) is tfw-dense in -)T(93). We write briefly: 

V ) = ^ ^ ( 3 0 = ^ i , &(P) = Sr29 * (» ) = ^ 3 , ^ (93 )=<^ 4 , 

and we shall prove first that if XeSfp then there exists a sequence 
au 

XneSfj_l9 n = 1, 2, ... such that Z„ -► Z for every j = 1, 2, 3, 4. 

(1) For j = 1, (A) is obvious, because if X e^lf then 

Χ = ξιΙΧι+ ... +{k/»k with ^ e « , ^ e K . 

Now let lirnpin = £* 
n-*oo 

with pin rational numbers, « = 1 , 2 , . . . ; then, if we write 

we have 
u au 

Xn-+X, i.e., Xn-+X with XneSf0, « = 1 , 2 , . . . . 
(2) For j = 2: Let X e Sf

2

. Then 

Χ = ξίΙΧί+ξ2ΙΧ2+ - +ZJXk 

with xfe93, ξ,θ/ί , / = 1, 2, ..., k. Since 91 is o-dense in 93, for every 
/ = 1, 2, ... fc, there exists a sequence 

*i» -> *i w i t h * m G 81» « = 1 , 2 , . . . . 

We write 
Χη = ξιιΧίη+ξ2ιΧ2η+...+ξ1ίιχ1<η; 

o au 

then I „ - > I o r equivalent^ Xn -* X with Xn e Sf2 = «^(21). 
(3) For 7 = 3: Let X e Sfz. Then 

* = Σ £ Λ , w i t h * ; G 9 3 > ■/> L 
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We write n 

Xn = Σ £/**/> 
j = l 

o au 

then Xn -> Z, or equivalently Xn -> X with X „ G « ^ 2 = «^(93). 
(4) For ; = 4: Let Ι ε ^ 4 . Then, by Section 5, £fz is ö-dense or 

equivalently aw-dense in ^ 4 ; i.e., there exists a sequence XneSf3, 
au 

« = 1 , 2 , ..., such that Xn -► X in τΤ. 
Now, the Fréchet Lemma and (A) imply the truth of Theorem 8.1. 

8.2. Section 8.1 implies: If the Boolean σ-algebra © of a pr σ-algebra 
(23,/?) is separable, then V is, with respect to o-convergence, au-con-
vergence, and ^-convergence, separable. In general, if 33 possesses a 
σ-generating basis 31 of cardinality |2l| = Κ ,̂ β ^ 0, then ^(93) also 
possesses a stochastic subspace of the same cardinality, which is ö-dense, 
tfw-dense and /7-dense in ^(93). Hence, if we define the character of 
iT(93) as the min \jtf\ for all stochastic subspaces se of τΓ(93) which are 
ö-dense in f (33), then the character of iT(33) is equal to the character 
of » , if |SB| >K 0 . 

9. OTHER CONVERGENCES IN THE STOCHASTIC SPACE 

9.1. Let (95, p) be a pr σ-algebra and f (93, /?), briefly τΓ, be the stochas-
tic space over (33, /?). In Section 7, the convergence in probability and 
the almost uniform convergence are defined and compared with the 
order and uniform convergence. In the present section, it will be said 
on other kinds of convergences, which can be defined in the stochastic 
space y. It is well known that a fundamental property of a sequential 
convergence with respect to a topology is the following: a sequence of 
points in a topological space converges to a point of this space if and 
only if every subsequence of the given sequence has a subsequence that 
converges to the same point. This property of convergence is the so-called 
star property. Unfortunately, order convergence does not always possess 
this property. On account ofthat, we introduce the following definition: 

A sequence X„eir
9 n = 1, 2, ..., order star converges (briefly o*-

converges) to X e y if and only if every subsequence of Xn, n = 1, 2, ..., 
contains a subsequence that order converges to X. 

This kind of convergence will be denoted by 

Xn " X or o*-limX„ = X in 1T 
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It is clear that Xn -> X implies Xn -> X in -V. In Section 6 it has been 
o p p 

proved that Xn -* X implies Xn -» X in τΓ; conversely if ΧΛ -► X, then 
o 

we do not always have Xn -» X, but there always exists a subsequence 
o 

Xkn, n = 1, 2, ..., such that Xfcn -» X. On the other hand it is easy to 
verify that the /^-convergence is equivalent to the o*-convergence, i.e., 
/^-convergence has the star property. Since /^-convergence does not 
imply ö-convergence, we conclude that ö-convergence does not have the 
star property. The following example shows that /^-convergence does not 
imply o-convergence: 
Example. Let ($t, m) be the interval algebra of Section 4.5, Chapter I, 
and (23, p) = (51, m) = (3, μ), i.e., the so-called linear Lebesgue pr 
σ-algebra (Section 3, Chapter II). Consider 91 embedded in the Boolean 
σ-algebra 3 , and the events (intervals): 

0„, j = , — I , i= 1,2, . . . ,« , n = 1,2, ..., 
L n n I 

as elements of 3· Let now X„t f be the indicator of the element a„ f i.e., 

xn)i = /f ln ier(3); 
then the sequence 

^ 1 , 15 - ^ 2 , 1 5 Λ 2 ( 2> - ^ 3 , 1 » ^ 3 , 2> ^ 3 , 3> · · ·> ^n, 1> ^ n , 2? · · ·» ^ η , η> · · · 

« = 1,2,... 

converges in probability m = p to X = 0 in ^ ( 3 ) , but fails to ö-converge 
to an element of T T Q ) (cf. Halmos [2], p. 94). 

9.2. Another type of convergence is also determined by the ordering 
in τΓ, the so-called relative uniform convergence (see G. Birkhoff [1] p. 
243). 

We shall say that a sequence Xn^Y, n = 1, 2, ..., converges relatively 
ru 

uniformly to an element X 6 f , briefly X„ -> X in f or ru-lim X„ = X 
in τΓ, if and only if, for some 1/GTT and A„, « = 1, 2, ..., a decreasing 
sequence of real numbers with λη -> 0 we have 

| X M - X | ^ n l / . 

The relative uniform star convergence, denoted by 
ru* 

Xn-+X or rw*-lim Xn = X in 1T, 
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can also be defined, i.e., Xn -> X if and only if every subsequence of Xn9 

n = 1, 2, ..., contains a subsequence that is ru-convergent to X. Clearly 
ru o 

(A) Xn -> X implies X„ -► X in iT, 

for A„ (7 = Un e "V* is a decreasing sequence such that 

/ \ υη = ο-\ΐπϊληυ = 0.U = 0. 
n = 1 n->oo 

We shall prove that conversely: 

o ru (B) X„ -» X implies X„ -► X in 1T. 

Now (A) and (B) imply: 

Theorem 9.1. 

Relative uniform convergence and o-convergence are equivalent in *V. 

We first notice that V possesses the following property: 
o 

(C) If Un e τΓ, « = 1, 2, ..., is a decreasing sequence such that l/„ -* 0, 
then there exists a subsequence C/„v, v = 1, 2, ..., of £/„, n = 1, 2, ..., 
such that 

v. 17, Λ 0. 
v-^oo 

Proo/ o/ (C). Let us set 
Xn,k = kU„ ( M ) e N x N ; (1) 

then obviously, 

Xn,k -> ** = 0 for every k=l,2, ... and X* -^ 0; 
«-♦oo fc-*0 

since Fréchet Lemma of Section 8 is true also for o-convergence, there 
exists a subsequence 

Xnv, kv
 = ^v ^nv> V = l , 2 , . . . , 

such that 0 

V-+0O 

and since wv, v = 1, 2, ..., can be chosen strictly increasing, when, obvi-
ously, v < Arv, v = 1, 2, ..., we have 

vUnv \ 0. 
v-*oo 
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Proof of (B). Let ( / „ e f , n = 1, 2, ..., be a decreasing sequence such 
that 

l / n ->0 and \Xn-X\^Un; 

then by (C) there exists a subsequence l/„v, v = 1, 2, ..., with vl/„v -> 0; 
for every n = 1, 2, ..., there exists an index v such that «v ^ n < nv+l; 
we set pn = v; then we have, obviously, 

p„ Un -► 0 with p„ -► oo. 

Let now i/ be an upper bound of the sequence pn Un, then we have 

pn\Xn-X\^pnUn^U 
and j 

\Χη-Χ\*ζληυ where A„ = ► 0, « = 1 , 2 , . . . , 
Pn 

ru 

i.e., Xn - X. 

Corollary 9.1. 

The concepts: o-convergence, au-convergence and ru-convergence are 
equivalent in Ψ*. Moreover, each of the concepts o*-convergence, au*-
convergence and ru*-convergence is equivalent to p-convergence. 

10. CLOSURE OPERATOR IN THE STOCHASTIC SPACE 

10.1. Let Φ 0 Ο be the set of all subsets of τΓ; then the mapping 

defined by 

(1) J = {XeτΤ: there is a sequence I „ e J such that X = 0-limXJ 
is a closure operator on "Γ; because, obviously, we have 

(a) 0 = 0 . 

(b) J ç l , for every J> e <β(τΤ). 

Furthermore, we can prove 

(c) J = ^. 

Proof Let l e i ; then there is a sequence Xne$, n = 1, 2, ..., such 
that o-lim Xn = X; since now Xn e $, there is a sequence X„fc, fc = 1, 2, ..., 

n->oo 

such that o-lim Xnk = Xn; Fréchet Lemma 8.1 implies now the existence 
fc->oo 
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of a sequence X„vt fcv, v = 1, 2, ..., such that ö-lim X„vt kv = X, i.e., X e i 
V->00_ 

hence J ç J ; however (b) implies J = J , i.e., J = ä. 
The following property is also true 

(d) 1 ^ ^ 2 = 1 ^ ^ 2 . 

The properties (a), (b), (c) and (d) imply that the mapping (1) is a closure 
operator. 

The following theorem is true; 

Theorem 10.1. 

Let % be the unique topology on Ψ' determined by this closure operator·; 
then a sequence ΧηΕ^ converges for X to X in Ψ* if and only if 

o*-\\mXn = X in ΊΤ. 

Proof. Suppose ^ „ e ^ , « = 1 , 2 , . . . , is X-convergent to X, without 
being ö*-convergent to X; then there is a subsequence X„v, v = 1, 2, ... 
such that no subsequence of X„v, v = 1,2, ..., 0-converges to X, i.e., 
ΧφJ, where J = { 7 G f : there is nv with Y = ΧΛν}. Therefore, the 
Mc is a neighbourhood of X and for every index k, we have X„k φ Mc. 
Hence, Xn, n = 1, 2, ..., does not ^-converge to X (contradiction). 

Conversely, if Xn, n = 1,2,..., is o*-convergent to X without being 
ï-convergent to X, then there is an open neighbourhood % of X and a 
subsequence X„v, v = 1, 2, ..., of Xn, « = 1 , 2 , . . . , such that for all nv9 

Χ„νφ$/. The limit of any subsequence of X„v, v = 1,2, ..., that o-
converges must be in the complement ^ll0 by definition of the closure 
operator determining X; hence no subsequence of X„v, v = 1, 2, ..., 
0-converges to X. Thus, o*-convergence coincides with ^-convergence 
i n f . 

11. SERIES CONVERGENCE 

11.1. Let Σ Xt be a series with Xis'fr
9 i = 1, 2, . . . . We shall say 

i = l 
00 

the series Σ %i is order convergent to X e V and write 
i = l 

(I) (o)- ΣΧ, = Χ in r , 
i = l 

if and only if o-lim (Xl+X2 + ...+Xn) = X ini^. 
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Analogously, one can define: 

(Π) 

(t/)- Σ Xi = X, (au)- ΣΧι = Χ 
i = 1 i = 1 

(/>)- Σ Xi = X, (ru)- ΣΧ, = Χ 
i = i i = l 

i n f . 

One can easily prove: 

(1) (o)- Σ X> = X in f implies Xt -> 0. 
i = l 

(2) (o)- Σ Xi = X and (o)- Σ ^ ί = ^ in ^ imply 

(ρ)-Σ(*Χι + βΥυ = *Χ + βΥ in f . 
i = l 

(l) and (2) are also true for the other kinds (II) of convergence. 

Theorem 11.1. 
oo 

Let the series Σ \Xi\ with X-^'V be o-convergent and Yi9 i = 1, 2, ..., 
i=l 

be a sequence in f , such that \Yt\ ^ \Xt\, i = 1, 2, ...; then the series 
00 

Σ Yi o-converges and we have 
i = l 

(Hi) \(o)- Σ Y\ < (o)- Σ l*,l-

Proo/. Let 

U„=Yi+Y2 + ...+ Yn, V„ = \Xt\ + \X2\ + ... + \X„\, « = 1,2,...; 

then we have 

\U„+k-Un\ = \Yn+1 + ...+ Yn+k\ 

<|Xn + 1 | + ... + |X„+ik| 

= vn+k-vn 
o = ^ π , Jt> A: = 1 , 2 , 

But A„ k -» 0; hence 
o l i m | l / n + f c - l / n | = 0 , 

n, fc-*oo 
oo 

i.e., the series Σ Yi ^-converges. 
Now i = l 

ΐ η + ^ + . . .+ yj < IXJ + IXzl + .-. + IXJ implies (III). 



112 IV. STOCHASTIC SPACES 

Theorem 11.1 implies: 
00 00 

If the series Σ |Xf| ö-converges, then the series Σ %i 0-converges. 
i = 1 oo i = 1 

Hence we define: A series Σ ^* is absolutely o-convergent if and only 
oo i = l 

if the series Σ |Z t | is ö-convergent. It is easy to prove that if the 
oo « = 1 

series Σ Xiis absolutely ö-convergent, then the series 
i = l 

Σ Xt
+ and Σ ΧΓ 

i = 1 i = 1 

respectively are ö-convergent and we have 

(«)- Σ *( = (<>)- £ * / - ( * ) - ΣΧΓ-
i=l i=i i=l 

Theorem 11.2. 

Let Xn9 n = 1,2, ..., be a sequence in y such that \X^f\\X\ = 0, 
for every ( j , / ) e N x N with j φ /, i.e., the terms Xn, n = 1,2, ..., are 

00 

pair wise orthogonal; then the series Σ Xn ™ absolutely o-convergent. 

Proof. Since 

| Z y | A | ^ | = 0 , ( M ) e N x N , I V J , 

there exists a sequence #„, n = 1, 2, ..., of pairwise disjoint elements of S 
oo 

such that \J an = e and Xn = / ^ ^ „ , for every « = 1, 2, . . . . But, for 
H = l 

every n = 1, 2, ..., there exists an erv 7 „ e ^ ç f such that \Xn\ ^ Y„; 
hence, we have 

\Xn\=Ian\Xn\<Ia„Ya; 

and, since an, n = 1, 2, ..., are pairwise disjoint, there exists 

w = l 

and is an erv. In fact, let: 

then 
an*bnj^nnj 

hn Yn· 

<*nC*l>nj->0 

I Y = Y 

7 > 1, n = 1,2, ...; 

j > 1, n = 1,2, . . . . 

Obviously, all elements: 

(E) anAbnJ¥=0, ; > ! , « = 1,2, 
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are pairwise disjoint, and the union of all of them is equal to e, i.e., the 
elements (E) define an experiment in 23. Hence, we can define: 

Y: an Abnj -> ηηρ for all an Abnj ^ 0 , ; ^ 1, n = 1, 2, . . . . 

According to Section 2.5, we have: 

Y = (o)- Σ nnjianAbnj 
J, n^ 1 

and Ja„ y„ = (o)- Σ rinjhn,tnJ, n = 1, 2, . . . . 

It is easy now to prove that: 

Y = (0> Σ hn Yn-
n = l 

It follows from the above that: 

|XJ < / . „ y, < Γ, for every « = 1 , 2 , . . . . 

But, then, since \Xn\, n = 1, 2, ..., are pairwise orthogonal, we have 

\Xx\ + \X2\ + ... + \XH\ = Ι ^ Ι ν Ι Χ , Ι ν . , . ν ^ Ι ^ y. 

Hence, there exists: 

V ( Σ \Xt\) = o-lim Σ \XA = (<>)- Σ \XA in ^ . 
n = 1 \ i = 1 / n -► oo / = 1 i = 1 

Remark. Theorem 11.2 may be proved without using Section 2.5, if 
the assumption is made that the sequence Xj is bounded. In fact, if 
y > \Xj\, j = 1,2, . .„then 

Σ \Xj\ = V \Xj\ < y ; 

hence there exists „ 
o-lim Σ \Xj\ in 1T. 

n-*ao j — 1 

Theorem 11.3. 
00 

Let Σ Xi be an o-convergent series in Y such thai the terms X{ are 
i=l 

pairwise orthogonal; then 
00 00 00 (0> ΣΧι= ν^ + - V*r-

i = 1 i = 1 i = 1 

Proof. According to (I) we have o-lim Xn = 0, i.e., the sequence Xi9 
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/ = 1, 2, ..., and therefore the sequences Xt
+ and X^, i = 1, 2, ..., are 

bounded in V. Hence there exist 

V Xi+ and V xi~ i n r -
i = 1 i = 1 

Now we have œ „ 
(*)- Σ * i = ö-lim Σ Xt 

i = 1 n->oo ί = 1 

= 0 - l im(Ê^ + - Σ * Γ ) 
«-►oo \ i = 1 i = 1 / 

= o-lim(\/Zi
+- \ / X r ) 

n->oo \ i = l i = l / 

00 00 

i = l i = 1 
Corollary 11.1. 

Lei X èe a« elementary random variable (see Section 2) defined by 

X: *3aj=>X(aj) = ^eR9 7 = 1,2,..., 

where a = {ap j ^ 1} w a« experiment; then 

X = (py Σ £Λ, in ^ · 
j = i ' 

Proofs In fact, we have ^jIaj\^\X\, 7 = 1,2, ..., and the terms 
ξ;/^. are pairwise orthogonal; furthermore, if the real numbers £f ^ 0 for 
every / e / ç N and ί7· ^ 0 for every je J = N—J, then there exist 

V««/., and V ( ~ W in*", 
i e / j e J 

and we have 

Χ + = \ / £ Λ , . and Z - = V ( - ^ · ^ ) i n ^ · 
iel jeJ 

Hence (according to Theorem 11.3): 

X = X+-X- = V ίι/..- V (~ W = (o)- Σ iy/v 
i e / jeJ j = 1 

11.2. Let now correspond to every integer v a r v l v e f and suppose 
that the two series œ ^ 

Σ Xv and Σ X-y 
v = l v = 0 

t Compare this proof with that of Section 2.5, Chapter 4. 
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o-converge in τΓ; then we define 

(o)- Σ Xv = (o)- Σ Xv+(o> Σ * _ v in r . 
— oo v = l v = 0 

It is easy to verify that 

(py ΣΧν = (o)- Σ Χν + (ο> Σ Xk-V in f 
— oo v = fc v = l 

for every integer k. 

11.3. In Section 5.3 we defined a chain 

[X <ξ)=3χ(ξ), - 0 0 < £ < +00 

of events ,sx(£)eS, which characterizes uniquely a r v l e f ; %(£)> as a 
function of ξ e R with values in 35, is monotone, increasing, and con-
tinuous from the left with 

o-lim sxfê) = e and o-lim 8χ{ξ) = 0 . 
ξ-+ + οο ξ->·-οο 

Conversely, if £(£), — o o < { < + o o i s any chain in 93 which is monotone, 
increasing, and continuous from the left with 

o-lim s{£) = e and ö-lim ^(ζ) = 0 , 
ξ-+ + oo ξ-> — oo 

then there exists exactly a rv I in f such that s(Ç) = sxfë), for every 
ξβΙΙ. 

Every such chain s(<!;), — oo < ξ < + oo determines a chain of indicators 
Ι5(ξ), ξΕΚ'ιχνν, which is also monotone, increasing, and continuous from 
the left with 

o-lim Ι5(ξ) = 1 and o-lim Ι5(ξ) = 0, 
ξ-> + oo ξ-> — oo 

i.e., a so-called spectrum in τΓ. | 

11.4. A partition δ of the real line # is defined as a family ξν e R, 
v = 0, ± 1 , ±2 , ..., w i t h ^ . i < ξν, v = 0, ± 1 , ±2 , .. . ,andsupfv = + oo, 
inf £v = — oo, and denoted by 

(P) δ = {...< ξ_2 < ξ_χ <ξ0<ξ1<ξ2 <..·}· 
Let Δ be the set of all partitions δ of the real line R; then Δ can be 

directed with respect to the norm 

Ν(δ) = $\>ρ{ξν-ξν-1, ν = 0, ± 1 , ±2 , ...} 

t Or a resolution of the weak unit 1 (see Birkhoff [1], p. 251). 
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or with respect to the inclusion relation, i.e., δ > δ' if and only if 
Ν(δ) ^ Ν(δ') or δ 3 δ' if and only if δ as a set of points contains the set 
δ'. 

11.5. Let X be any rv in f, then 

is said to be the spectrum of X in Y. To every partition (5 of the real line, 
there corresponds the chain 

. . . — * ς _ 2 — ς - ι — 4o — *ςι — ζ2 — · · · ι · 

Obviously, the terms (differences) 

J ^ - Z ^ e f , v = 0, ±1, ±2, ..., 

are pair wise orthogonal. Now pick out any family 

Γ: yveR, v = 0, ±1, ±2, ..., 

with £v_! < yv <£v, v = 0, ±1, ±2, ...; 
then the series 

(Δ) Σ ν,ί/«.-/«.-,) 
v = — oo 

o-converges. In order to prove it, we notice that the union of all differences 

(E) dv = ^ (W-J j rßv-Oe» , v = 0, +1, - 1 , ... 

is equal to e in 95 and the non-zero elements of (E) are pairwise disjoint, 
hence the sequence (E) defines an experiment in 95. The erv which 
corresponds to the experiment (E) by the mapping 

(m) dv=>yveK, v = 0 ,+1 , - 1 , +2, - 2 , ... 

will be denoted by Xôf y. One can easily prove, as in Section 2.5, that the 
series (Δ) o-converges to this erv Xôf y in S. However S is a regular vector 
sublattice τΓ, hence the o-convergence of the series (Δ) to Xôt y holds also 
in τΓ; we have also 

(Z) (o> Σ 7^1^-1^) = Xâ,y inf. 
v = — oo 

t We write in this section instead of /*(£) also Ιζ as far as X remains the same. 
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Without using Section 2.5, we can prove directly: 

Theorem 11.4. 

The series (Δ) o-conveges to an elementary random variable Xôt y in Ψ* 
for every partition δ e Δ and every 

γ = (γν, ν = 0, ± 1 , ±2 , ...) 

with £v_x < y v ^ £ v , v = 0, ± 1 , ± 2 , . . . . 

The family Xôt y e Υ, δ e Δ, directed with respect to > or ^ u-converges 
(i.e., also o-converges) to the rv X in V. 

Proof. In order to prove this theorem, we notice that 

(o)- Σ σίν-/ίν.,) = i in r. 
v = — oo 

In fact, the terms (differences) Ι(ξν)— Ι(ζν-ι) of this series are pairwise 
orthogonal and bounded by 1, hence the series ö-converges. Now we 
have 

Σ (/«.-/«„.,) = /«,.-/«-*-.. 
v = -k 

This implies 

(o)- Σ ( / ί ν - / ί ν . , ) = o-lim (o-lim Σ (/<.-/<._,)) 
v = — oo n-* + ao \fc-» + oo v = - k / 

= o - l im(o- l im( / ? n - / i . k . , ) ) 
ft-> + oo \n-+ + 00 / 

= ö-lim L· — ö-lim L· u , 
Çn S - k- 1 

n-+ + oo fc-+ + oo 

= 1-0 = 1. 
Obviously, we have now 

X = (o). +f (/<,-/«._,) X. 
v = — oo 

The relation ^v_ t < γν ^ ξν, implies 

£v-yv ^ ^ν-ξν- ι < sup « , - £ , - ! , v = 0, ± 1 , ±2 , ...} = JV(<5), 

and furthermore 

and K / i , - / « . . . ) ^ - ^ « . - ^ - , ) ! <^(<5).1; 
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all these imply 

v = — k v =— k 
^Ν(δ)Λ 

for every n > 0 and À: ̂  0. 
However, there exists 

v = —oo 

In fact, let us consider the experiment (E) and the erv: 

Y: 93 9</v=>|yv|, v = 0, ± 1 , ± 2 , . . . . 

Then we have: 
lyv(/iv-V.)l < r· 

That is, the terms of the above series are absolutely bounded by Y. More-
over, they are pairwise orthogonal. Hence, according to the Remark, 
Section 11.1, the series converges absolutely. 

Let us denote 

v = — oo 

then, we have 

(R) \X-XêJ*ZN{S)A=N(S), 

independently of the choice of the γν, with 

ξν., <γν^ξν, ν = 0, ± 1 , ±2 , . . . . 

Since the family Ν(δ) eR, δε Δ, directed by > or ^ converges to zero, 
(R) implies that the family Xôf y, δ e Δ, directed by > or 3 «-converges 
to X, hence it also o-converges to X, independently of the choice of 
the yv with 

fv-! <γν<ξ„ ν = 0, ± 1 , ± 2 , . . . . 

Hence Theorem 11.4 is proved. 

Remark. Especially, we have for yv = ξν_ x or yv = ξν, v = 0, ± 1 , ±2 , ... 

or (*)- Σ ξχι^-i^^Xs, 

t It can be easily proved that Xôt v is an elementary random variable. 
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respectively, and then: 

(p) Χδ^Χδ>γ^Χδ and Χδ < X ^ Χδ. 

Obviously, we furthermore have 

(s) X = V X* = A X* = o-limXôtr 
ôeA ~ SeA δεΑ 

We define the limit on the right side to be signified by the symbol 
+ 00 

{ ξαΐ\ξ), 
— oo 

i.e., for every l e f we have, using its spectrum Ιχ(ξ), — oo < ξ < + oo, 
the so-called integral (spectral) representation: 

+ 00 

X= j ξάΙχ(ξ). 
~ 00 

11.6. Let 5·(ξ), — ο ο < ξ < + ο ο , be a chain in 95, which is monotone, 
increasing, continuous from the left, with 

tf-lim $(<!;) = e, ö-lim ,?(<!;) = 0 , 
ξ-+ + oo ξ-> - oo 

and let us consider the corresponding spectrum 

Ι(ξ) = Ι5(ξ), - ο ο < £ < + ο ο in r . 

We shall say there exists the (spectral) integral 
+ 00 

— oo 

if and only if there i s a r v l e f such that Ιχ(ξ) = Ι(ξ), for every ξeR; 
we then shall say, the spectrum Ι(ξ), — oo < ξ < +oo, defines the rv X. 
In order to symbolize briefly this statement, we shall write 

+ 00 

(Σ) Χ= \ ξάΙ(ξ). 
— oo 

In Section 11.3 (respectively in 5.3) we asserted, but we did not prove, 
that there exists exactly a rv X e "Γ, such that $(<!;) = 5χ(ξ) and accordingly 

/* (£ )= / ({ ) for every £ e £ , 

i.e., every spectrum Ι(ξ), - o o < ξ < + o o , defines exactly a rv XeV. 
Now it is not difficult, following the steps used to prove Theorem 11.4, 
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to prove also the existence of a rv X such that (Σ) is true. Namely, the 
properties generally of a spectrum in τΓ, and not especially, the spectrum 
of a rv X e V imply, that the series (Δ) o-converges to an elementary 
random variable defined on the experiment (E) by the mapping (compare 
Section 11.5) denoted by Xôt7. Just so the existence of the erv's Χδ 

and Xb is secured; the first relation of (p), namely ~ 

Χδ ^ X ôj y ^ X g 

is also obvious, as, further, the relation 

Χδ-Χδ^Ν(δ)Λ; 

this relation secures the existence of a rv I such that the relation (s) 
(of Section 11.5) is true and (s) implies 

+ 00 

Z = j ξάΙ(ξ). 
— oo 

12. COMPOSITION OF RANDOM VARIABLES 

Let φ(ξί, ξ2, ..·> ζ„) be a real-valued function of n real variables which 
is defined for every point (ξΐ9 ξ29 ..., ξη) of the «-dimensional space Rn. 
Furthermore, let us consider the erv's 

XuX29...,Xn9 in ê^r\ 

then there exist at least an experiment a = {au a2, ...} such that every 
Xj is defined on a, i.e., 

Xjitsai^Xjiai) = £^εΑ, ι = 1,2, ..., 

for every 7 = 1,2,...,«. Now, we can define the following erv 

Υ = φ(Χΐ9Χ29...9Χ1: 

^Βαί^φ(Χ1(αι)9 X2(ad, . · · , Xn(ßif) = 4>Œu, tu* ···» ind = meR. 

The erv Y = φ(Χΐ9 Χ2,..., Xn) is said to be the composition of the 
erv's Xl9 X29 ...9Xn with respect to the function φ. 

Let now 
X\* ^2> ···> Xn 

be any rv's in τΓ; then for every Xj9 there exists a sequence Xjveß9 

v = 1, 2, ..., such that 
o 

Xjv ~* Xp J = 19 2 , ... ; 
v->oo 
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then a sequence 

Yv = <p(Alv, X2V, ···> Xn\)> v = i> 2, ... 

is also defined in ê. We shall say the composition φ(Χί9Χ2, .-,X„) 
can be defined, where Xl9 Xl9 >·,Χη are any rv's in "Γ, if and only 
if the sequence 

Yv = φ(Χίν, X2v, ··., Xnv)> v = 1, 2, ..., 

is o-fundamental and, furthermore, the ö-limit 

Y = o-lim^(Ilv, X2v, ..., Xnv) in ΊΤ 
v->oo 

is the same for every choice of sequences XJve&9 v = 1,2, ..., with 

Xjv^Xj'mSJ = 1,2, ...,w. 
We then define: 

φ(Χΐ9 Χ2, ..., Xn) = ο-Ιϊτηφ(Χίν9 Χ2ν, ..., Xnv). 
v-^oo 

The reader can prove that, if the function φ is continuous throughout 
the space Rn

9 then there exists the composition φ(Χί9 Χ2, ..., Xn) for any 
XieY9 j1 = 1, 2, ..., n. (see a proof of this statement in a more general 
case, in C. Carathéodory [6], Chapter IV, Section 113). 

In the special case φ(ξ) = βξ
9 φ(ξ) = ξρ

9 ξ ^ 0, ρ > 0, and generally 
φ(ξ) continuous in R9 the proof is easier. 



V 

EXPECTATION OF RANDOM 
VARIABLES 

1. EXPECTATION OF ELEMENTARY RANDOM VARIABLES 

1.1. Let (©,/?) be a pr σ-algebra. We shall briefly denote by V the 
complete stochastic space over (93,/>), by S and Sf the elementary and 
simple stochastic space over (©,/?), respectively. We shall consider ê 
and $f as stochastic subspaces of τΓ, i.e., as identical with the isomorphic 
images ^* and Sf * of them in iT. Now let X e ê and let 

* = Σ tjiaj 
j>l J 

be the reduced repiesentation of X by indicators. We shall say: the 
erv X possesses an expectation E(X) if and only if the series Σ ijP(aj) 
is absolutely convergent; i.e., J>1 

Σ Kj\p{aj)< + <x>. 

We then define 

E(X) = Σ W -

It is easy to prove: If 

X = Σ Λ//Λ, 
i ^ i J 

is another representation of X by indicators, where èl9 b2, ..., are pair-

122 
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wise disjoint, then 

i.e. the expectation of X is independent of the particular representation 
of X by indicators. We shall denote by Jf =^f(95,/?) the set of all 
Xeê, which possess an expectation E(X). Obviously we have Sf ^ Jf. 
The following theorems are true: 

Theorem 1.1. 

Let XeS, with Χφ&, and 

J = I 

be the reduced representation of X by indicators; further, let Δ be the set 
of all finite subsets of the set N = {1, 2, ...} and define 

°δ = Σ ijPfaj), M every Se A. 
jeâ 

Then σδ, δβΑ, is a directed family with respect to the inclusion relation 
c in A and the following statement holds: 

X eJf if and only if \ϊτασδ exists in R and 
δεΑ 

Ε(Χ) = \ϊτησδ. 
ôeA 

Proof Obvious, for lim σδ exists in R if and only if 

Σ \ij\piflj) < +00 and Σ tjP(aj) = Km**· 
j = l j=l ί ε Δ 

Theorem 1.2. 

The set Jf forms a vector sublattice of the vector lattice S and the 
expectation E(X) is linear and strictly monotone. 

Proof Let X and Y be elements in Jf with the reduced representations 
by indicators 

X= ΣξιΙ« and Y = Yljlbj 

respectively. 

file:///ij/piflj
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Then 

0 ) ΣΟ^ + ^ / ) / ^ · A bj) converges absolutely and we have 

Ε(Χ+Υ)= Σ (ξ, + ηΜα,Λ bj) 
i, j&l 

= Σ ξιΡθ^ A bj)+ Σ rjjpiüi A bj) 

= Σ {, Σ P(at A bj)+ Σ rjj Σ P(at A bj) 

= Σ ξ,ρ(α,)+ Σ rijpib,) = E(X) + E(Y). 

(2) X λξίρ(αί), where A is a real number, converges absolutely 

and we have 

£(AX) = Σ KiPißit = λ Σ ξ,ρίαυ = MQQ. 

(3) Obviously, 

Σ (ξι Λ ty)p(at A bj) and Σ (£,· ν */,·)/>(>; Λ fy) 
i, J ^ 1 i, i ^ 1 

converge absolutely; i.e., X A Y and X v Y belong to Jf; hence 
Jf is a vector sublattice of S and E is linear. 

(4) E(X) is strictly monotone. In fact, if X ^ Y then 

£ ( * ) - £ ( Y ) = £ ( X - Y ) = Σ (ξί-η])ρ(αίΑ^)>09 
i, j^l 

because {,-fy > 0 for all A, Λ fy # 0 , hence E(X) ^ £( Y); if X > Y, 
then there exists, at least, a pair (i,j) such that ξί — η]>0 and 
a\ A bj Φ 0 ; thus E(X)-E(Y) > 0; hence E(X) > E(Y). 

Theorem 1.3. 

If Xeê and X is absolutely bounded by a constant, i.e., \X\ ^ η, 
then XeJf and \E(X)\ < η, i.e., S n M s X. 

Proof. Let 

be the reduced representation of X by indicators; then 

Σ \ξι\ρ(αυ<η Σρ(αυ = ", 

i-e-> Σ \£i\p(ad converges and 

\E(X)\*Z Σ Ιί,Ι/»(β,)<»». 
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1.2. We define \\Χ\\Χ = E(\X\) for every Xetf. Then || \\x is a norm 
on Jf. In fact, we have 

(a) HOU! = 0 and H*^ > 0, for any X Φ 0, XeJf. 

<β) WX+Yh^WXh + WYh. 

(y) \\XX\\t = lAI-IIZUi for any XeJf and any real number λ. 

Now, we define the distance 

δ(Χ9 Y) = \\X-Y\\U XeJT, Yetf. 

This distance induces i n J i a metric convergence, which we shall call 
norm convergence (briefly N ^convergence) and denote by 

i.e., we define * 

Xn-1 X if and only if | |X„-X|L - 0. 

A sequence Xneff, n = 1,2,..., is said to be N ^fundamental if and 
only if the double sequence \Xn — XA\ converges to zero. 

1.3. The normed vector lattice Jf so defined, is not Nt -complete, if 
the Boolean σ-algebra is not atomic. We shall extend Jf, in Section 2, 
to an ^-complete vector sublattice of V. We shall first prove some 
theorems: 

Theorem 1.4. 

If XeJf, YeX with X ^ Y and any Zee satisfies the condition 
X ^ Ζ ^ 7, then ZeX. 

Proof. Obvious. 

Theorem 1.5. 

For any XeJf, YeJT, we have 

\E(X)-E(Y)\ ^E(\X-Y\) = \\X-Y\W ^ llXIU + liyili. 

Proof Obvious. 

Theorem 1.6. 

/ / XneJf, n = 1, 2, ..., and Xn - ^ ε ί , then XeJT and 
s 

E(X„) - E(X). 

file:////X-Y/W


126 V. EXPECTATION OF RANDOM VARIABLES 

Proof. We have, for ε = 1, an index n0 such that Xno— 1 < X < X„0+ 1. 
But Xno-l and Xno+\ belong to Jf, hence, by Theorem 1.4, XeX. 
Now, for any ε > 0, there exists an index n(e) such that \Xn — X\ < ε 
for all n ^ η(ε); then 

\E(Xn)-E(X)\ ^ E(\Xn-X\) < Ε(ε) = ε, η > η(ε), 

i.e., Ε(Χη) -+ Ε(Χ). 

Theorem 1.7. 

If XneJf, n = 1, 2, ..., /s # u-fundamental sequence in S, then E(Xn) 
is a fundamental sequence of real numbers, i.e., E(Xn) converges to a 
real number. 

Proof. For any ε > 0, an index η(ε) exists such that \Xn — Xk\ < ε, for 
all n ^ η(ε), k ^ η(ε); then 

\E(X„)-E(Xk)\ < E(\X„-Xk\) < Ε(έ) = ε; 

i.e., the lim E(Xn) exists in R. 
n-*oo 

Theorem 1.8. 

Let XneCff and YneC^, n = 1, 2, ..., be two u-equivalent u-fundamental 
sequences in ê, then 

\im E(Xn) = Urn E(Yn). 
H-+00 Π-+00 

u 

Proof. Since Xn— Yn-+0, we have by Theorem 1.6, 

E(Xn)-E(Yn) = E(Xn-Yn)->0, 

i.e., lim £ ( * „ ) = 1πη£(Υ„). 
n-*ao n-* oo 

Theorem 1.9. 

IfXnetf, n= 1,2,..., and Xn > Xn + l, n= 1,2,..., with j \ Xn = 0 

in S, i.e., Xn \ 0, then E(Xn) j 0. 

Proof. (A). We shall first prove the theorem with 

X„eSrçjr, n = 1,2, .... 
Let λη 

Xn = Σ ζηίΐαηΐ 
i = 1 

be the reduced representation of Xn by indicators, « = 1, 2, ..., in which 
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the indices / are enumerated in such a way that 

Now, let ε be > 0; then an index kn ^ λη exists, such that ξηί > ε for all 
/ ^ kn and ξηί =ζ ε for all i > kn, n = 1, 2, .... We set 

η = Μζχ{ξη,ξί29 . . . , ξ 1 ι λ ι } ; 

then 0 ^ Xn ^ η, 

hence 0 ^ E(X„) ̂  η. 

We write 
bn = flnl v fl„2 v ... vankn; 

then bn ^ bn+i9 n = 1,2, ..., 
and 

Λ *. = 0. 
n = l 

hence /?(&„) [ 0, i.e., there exists an index η(ε) such that p(bn) < ε/η, for 
all n ^ «(ε). Now, for n ^ «(ε), we have 

E(Xn)= Σξηίρ(αηί)+ Σ {B^(flBi) 
i = l i = kn+l 

^η Σρ&ηο+ε Σ ρ(βΒί) 
1 = 1 ï = ^ n + 1 

^ *IP(bH) + e < ε + ε 

= 2ε. 

i.e., 0 ^ E(Xn) < 2ε, « ^ «(ε), hence £pf„) -> 0. 

Another proof. Let Xne£f and X„ J, 0; then there exists a constant rç 

such that 0 ^ Χη*ζη9 for every « = 1, 2, ...; but o-convergence is 
au 

equivalent to aw-convergence, i.e., Xn -> 0. Hence for any ε > 0, an 
u 

element bc exists in 93 such that p(be") < ε/η and Ibc X„ -» 0; then by 
Theorem 1.6, we have EÇbeXn) -*0. Now, since 

i.e. 0 < E(X„) 

= E(IbtXn) + E(IbiXn) < E(IbcX„) + -jj-.i, 

= £(/6£Χ„) + ε, 
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we have 0 ^ lim sup E(Xn) < ε; 

hence lim E(Xn) = 0. 
n-»oo 

(B) Now, let Xn be any element in Jf and let 

be the reduced representation of Xn by indicators, n = 1, 2, . . . . Then 

E(Xn) = Σ tnjp{anj). 

Hence, for any ε > 0 and ε/2* > 0, there exists an index kn = kn(e) such 
that 

We write 

and 

0 < Σ ξη]ΡΚ)<^, " = 1 , 2 , 
j > kn L 

kn 

Zn
 = Σ Ç>njhnj 

J = l 

&n = Xn~ Zn = Σ Çnjlanj* 

then Z „ e ^ ç ^ , ÄnGJf, 

and 
0 ^ £(*„) = E(Zn) + E(Rn) < £(Z„) + γ , 

i.e., 

(0) 0 ^ ( I n ) < £ ( Z „ ) + ^ , 1 1 = 1 , 2 , . . . . 

o 

Now, we have ZneSf, 0 ^ Zn < X„, hence Z„ -> 0, and 

(1) £(*„) - γ < £(Z„) < £(*„), « = 1 , 2 , .. . . 

Note that Z„, « = 1, 2, ..., is not in general decreasing. We take instead 

Zj , Zj Λ Ζ2, Zj Λ Ζ2 Λ Ζ3, . . . . 
o 

Since Zi Λ Ζ2 Λ ... Λ Zn = Une Sf and £/„|0, we have, according to 
ê 

(A), £(l/n)J,0. We now prove, by induction 

(Π) £(Z„) < £ ( ! / . ) + ( y + ψ + . . · + ^ ϊ ) β < £(1/.) + ! 
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Obviously (II) is true for n = 1. Now we havej 

(Zt Λ Ζ 2 Λ ... Λ Ζ „ ) + Ζ Π + 1 

= Zt ΛΖ2 Λ ... Λ ΖΠ+1 + (Ζ! Λ Ζ2 Λ ... Λ Ζ „ ) ν Ζ Β + 1 , 
i.e. 

1/„+Ζ„+Ι = [/„+1 + ί / , ν Ζ η + 1 . 

Now £(Ζ„+1) = £([/„+!)+£((/„ ν Zn+i)-E(Un) 

and [/„ ν Ζπ+1 < Ζ„ ν ΖΜ+1 ^Χην Χη+ι = Χ„; 

from this, (I), and (II), the following relation follows: 

£(ZB+1) *S E(Un+1) + E(Xn)-E(Zn)+(±- + ± + . . . + φ ^ ε, 

i.e., £(Z„+1) < E(.Un+1) + [— + ^5 + . . . + — , + — ) ε, 

i.e., E(Zn+1)<E(U„+1) + e. 

Hence the relation (II) is true for every « = 1,2 , . . . . The relations 
(II) and (0) imply 

0 < E(Xn) < E(Zn)+ -L < E(Un)+ -^+ε, η= 1, 2, ..., 

hence 

0 ^ lim sup£(X„) < lim E(Un) + s *ζ ε, i.e., \imE(Xn) = 0. 
n->oo n-»oo n-*oo 

1.4. Note the following properties of the expectation, which are conse-
quences of the previous theorems: 

(a) £ ( * + Y) = E(X) + E(Y) for any XeJT, YeJf. 

(b) Ε(λΧ) = λΕ(Χ) for any XeJT and XeR. 

(c) If X ^ 0, then £(X) ^ 0 and, moreover, E(X) > 0 if X > 0, 
l e / . 

(c*) If X ^ 7, then £(Z) ^ £ ( 7 ) and, moreover, if X > Y then 
E(X) > E(Y), XeJf , YeJf. 

(d) If XneJf, « = 1 , 2 , . . . , and Χη\θ, then £(ZW)|0, i.e., the 
â 

expectation is a linear, strictly monotone, and order-continuous functional 
on Jf. 

t We apply the relation A+B = AhB+AvB, which is true in every vector lattice. 
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Now, let X e Jf ; then IbXe$f for every b e 93. Hence we may define 

φχφ) = E(JbX) for every £e93. 
Then 

(1) φχ is an additive real-valued function defined on 33. In fact, if 
a and b are disjoint elements of £, then 

φχ(α vb) = E(IavbX) = E(IaX) + E(IbX) = φχ(α)+φχψ). 
o 

(2) φχ is ^-continuous, i.e., if 0Me93, n = 1, 2, ..., with 0 „ | 0 , then 

Ψχ(αη) -► 0. In fact, if X ^ 0, then Jfln X 1 7 0 X = 0, and, according 
to (d), φχ(αη) = Ε(ΙαηΧ) 10. 

Let X be any element of Jf; then 

x = x+ -jsr, x+ ^o, X' ^ o. 
B*> / α η Ζ = 7 α η Χ + - / Λ η Χ - , 

where ιΑχ+ΟΟ i 0 and φχ-(αη) J, 0, hence φχ(αη) -> 0. 

(3) ^ x is cr-additive. In fact, if X > 0, then φχ(μ)Ιφχ(έ), Ö G S , is 
non-negative, additive and continuous, i.e., a continuous quasi-proba-
bility on 33, hence σ-additive. Thus φχ is σ-additive. For any XeX, 
the σ-additivity follows from the σ-additivity οΐφχ+ and φχ-, 

We shall denote by \φχ\ the sum of ^rx+ and φχ-, i.e., 

def 

for every ae33. Note that by \φχ{α)\ is denoted the absolute value of 
φχ(ά), for every ae33, i.e., \φχ\(ά) is in general different from \φχ(ά)\. 

The properties (1), (2), (or (1), (3)) characterize φχ as a signed measure 
on 93 (see Section 3.1). φχ+, φχ-9 and \φχ\ are (non-negative) finite 
measures on 93. We will also call φχφ), 6e93, the indefinite integral 
of X. 

2. THE SPACE &x OF ALL RV'S WITH EXPECTATION 

2.1. We shall say that an element l e f possesses an expectation 
E(X)eR if and only if a sequence X„eJf, « = 1, 2, ..., exists such that 

Xn -> X. We then define 

E(X) = lim £(*„). 
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Note that by Theorems 1.7 and 1.8, lim E(Xn) always exists in R and 
n-*oo 

E(X) is independent of the choice of the sequence XneX, n = 1, 2, ..., 
which w-converges to X, i.e., E(X) is, by the previous definition, uniquely 
determined. 

We shall denote by ££ γ = J2\(93, p) the set of all X e Ψ* which possess 
an expectation E{X) e R; then i f ! is a vector sublattice of Ψ* containing 
X (proof easy). 

The following theorems are true: 

Theorem 2.1. 

Proof. Sf is w-dense in M (see Section 6, Chapter 4) and Sf Ç X, 
hence by the previous definition every XeJt belongs to «2^. 

Theorem 2.2. 

If Xe*r, then XeS£± if and only if there exist two elements Y and Z 
in X such that Y^X *ζΖ. 

Proof If XeS£u then there exists a sequence XneX, n = 1, 2, ..., 

with X„ -► X; hence there exists an index n0 such that 

Xno-KXn<Xno+L 

We write 7 = Xno -1 and Z = Xno -f1 ; then the condition of the theorem 
is satisfied, for YeX and ZeX and Y ^ X ^ Z . 

Now let Xe-T with Y ^ X < Z, where 7eJ f and ZeX. Since <? 
is «-dense in τ̂ ", there exists a sequence Xneê, n = 1, 2, ..., such that 

u 

Xn -> X and this sequence can be so determined that 7—1 < Xn < Z+1. 
Since Y—leX and Z + l e J f , the elements Xn must (according to 
Theorem 1.4) belong to X, n = 1, 2, ..., i.e., Xe£?v 

Theorem 2.3. 

The vector lattice S£γ is closed for the u-convergence, i.e., every 
u-fundamental sequence XneS£ly n = 1, 2, ..., u-converges to an element 
XeSev 

Proof. For every n = 1, 2, ..., let us determine an element YneX such 
that \Xn- Yn\ < ε„, where ε„ JO; then Y„, w = 1, 2, ..., w-converges to 
an element l e f and obviously this element X belongs to S£x. But 

u 

Xn, n = 1, 2, ..., is «-equivalent to Yn, n = 1,2, ..., hence Xn -► X. 
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Theorem 2.4. 

The vector lattice S£\ is (conditionally) complete with respect to the 
lattice operations. 

Proof If Xj-eJS?!, iel, is any family of elements in J5fl5 bounded in 
S£x, i.e., 7 ^ Xt < Z , iel, with Ye&l9 Ze£fu then U = \J Xt and 

iel 
D = /\ X. exist in f and Y ^ D ^ U ^ Z; hence D e Sex and U e $£\. 

iel 
2.2. The reader can easily prove: 

Theorem 2.5. 

The expectation E(X), XeS£u is a finite, linear, strictly monotone, 
real-valued function on ££\ with £(1) = 1, £(0) = 0. Furthermore, if we 
define \X\X = E(\X\) for every XeS£u then the function || || ^ is a norm 
on &u i.e., is a normed vector lattice with respect to || l^. 

We shall prove that the expectation E is ö-continuous, i.e., 

Theorem 2.6. 
o 

If'XneS£\,n— 1,2,..., is a monotone decreasing sequence with Xn J, 0, 
then E(Xn) J, 0. 
Proof. Since Jf is w-dense in .£?

 l9
 there exists a sequence Y

nk
, k = 1, 2, ..., 

u 

in X with Ynk -► Xn, n = 1, 2, . . . . The sequence YnkeX, k = 1, 2, ..., 
may be assumed decreasing, i.e., 

*nfc ^ Yft, k + 1 > ^

 =

 15 2 , . . . . 

Now, if we write 

Z/i = Yin A y2„ Λ ... Λ Ynn, n = 1,2, ..., 
then obviously 

Z„ ^ Λ„, Z„ ^ Zn+1, n = 1, 2, ...; 
hence 

(a) o-\imZn exists and is ^ o-limZn = 0. 

If m is any fixed index, then Ymn ^ Zn for all n^m; therefore 

Xm = w-lim Ymn = o-lim Ymn ^ o-limZ,, ^ 0 
Λ-+00 n-+oo n-*oo 

for any fixed m; thus 

0 = o-lim Xm ^ o-lim Zn ^ 0, i.e., ö-lim Zn = 0. 
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From this, with ZH[ and Z„eJf, it follows that £ ( Z n ) | 0 and, since 
Zn ^ Xn ^ 0, we also have E(Xn) [ 0. Hence the continuity of E on 
J27! is proved. 

Theorem 2.7. (Lebesgue's theorem on monotone sequences). 

IfXne&1 with 
Xn ^ ^π+Ι» « = 1, 2, ..., 

y X„ = XeXu 

n = l 

Xn ^ ^ I I + 1 > n = 1> 2 , . . . , 

n = l 

rAe« £(*„) Î £(X) or E(Xn) J, £(X) respectively. 
O 

Proof of the case Xn\\ Since X-XneS£± and X - X n J , 0 , we have 

E(X)-E(Xn) = E(X-Xn)iO, 

i.e., £(X„)Î£(X). 
The proof of the case Xn J, is analogous. 

Lemma 2.1. 

/ / Xne&» Yne&» / 2 = 1 , 2 , . . . , 
oo oo 

with o < x„r, o < y„t, V *„, y Y„mr 
n = l w = l 

fl«d oo oo 

V *» < V n> 
n = l n = l 

fAe« lim E(Xn) ^ lim £( Y„), 
«-+00 H-»00 

w/We lim£(Zn) <z«d lim£(Y„) may be finite or +oo. 

Proof Since 

n-*oo n = 1 

for every fc = 1, 2, ..., and Χ * Λ YMÎ, we have (see Theorem 2.7) 

l i m % A 7 „ ) = £ ( I , ) , fc=l,2, . . . . 
n-»oo 

Now, since 
Yn>XkAYn, « = 1 , 2 , . . . , 

and 

or with 

and 
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we have 

lim E(Y„) ^ lim E(Xk A Y„) = E(Xk), k = 1, 2, .... 
n-*oo n-+oo 

Hence lim E( Y„) > lim E(X„). 
n-+oo n-»oo 

Lemma 2.2 (Fatou). 

If XneSeu « = 1 , 2 , ..., with 0 < Xn < Y, YeJ£?l5 « = 1 , 2 , ..., then 
ö-liminfZ„ exists in <£γ and we have 

n-*co 

E(o-lim inf Xn) < lim inf E(Xn). 
n-»oo n-»oo 

Proo/. Since Dn = / \ Z k exists in Ĵ ft for every « = 1,2, ..., with 

Dn \ and is bounded by Ye&u we have 
oo 

o-liminfXn = V Dn*&i> 
n-»oo n = l 

hence E(o-lim inf X„) = lim £(D„). (1) 
n-»oo n-*oo 

Now, since Dn ^ <Yn, we have 

E(Dn) ^ E(Xn), « = 1 , 2 , . . . , 
so that 

lim E(Dn)^ Urn inf E(Xn). 

n-*ao n-*ao 

From this and (1), it follows: 

£(o-lim inf Xn) < lim inf E(Xn). 

n-+ao n-+co 

Theorem 2.8 (Lebesgue's theorem on term by term integration). 

IfXne&u n = 1, 2, ..., and bounded in &l9 i.e., \Xn\ ^ Y with YeS£u 

n — 1, 2, ..., then o-liminf Xn and o-limsup Xn exist in <g± and we have 
n-*ao 

(R) 
lim inf £(Χ„) ^ £(o-lim inf X„) and 

n-*oo n-»oo 

lim sup £(Xn) < E(o-\im sup Xn). 
n-*ao 

\ 

If further, Xn^Xei^9 thenXeS£Y and 

(S) lim E(Xn) = E(X). 
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Proof Let 

X = tf-lim inf Xn and X = o-lim sup Xn; 
Λ-+00 n->oo 

then \X\ < 7 and \X\ ^ 7, hence Xe^t and Xe&v Since 
y±X„ ^ 0 and y + J ^ e J ^ , Λ = 1, 2, ..., and moreover Y±Xn, 
n = 1, 2, ..., is bounded in S?u we have, from Fatou's lemma, 

liminfECY+Z,,) > E(Y+X) 
n-*ao 

and lim inf E(Y-Xn) ^ £ ( Υ - Χ ) , 
n-»oo 

which gives at once the relation (R). Further, if 

o-\\mXn = X = X=X, 
n-*ao 

then XeS£x, so that by (R) 

lim inf E(Xn) ^ E(X) ^ lim sup £(*„), 
n-+oo n-*ao 

which gives the equality (S). 

2.3. We shall prove the following theorem: 

Theorem 2.9. 

If XneSel with 0 < Xn < Xn + 1 , n = 1, 2, ..., and tf-lim X„ = Xe'T, 
n-»oo 

fAe« ΧΕ&Χ if and only if \imE(X„) < +oo. We then have 

E(X) = lim E(Xn). 
n-»oo 

In order to prove this theorem, we shall extend the function E from 
&χ

+ to i^+. We know that Sf is o-dense in τΓ, therefore y + is tf-dense 
in τ^ + . Hence, every I e f + may be represented in the form 

X = tf-lim Xn, 
n-» oo 

where 0 < * „ e ^ , i.e., I „ G ^ + , « = 1,2, ..., and Ζ „ ^ Χ Π + 1 , 
« = 1, 2, . . . . We then have E(Xn) < £(Z n + 1 ) , n = 1, 2, . . . . Hence 
lim E(Xn) exists and is either a non-negative real number or +oo. If 
l t->00 

another sequence 0 ^ Y„eSf+, Yn <, Yn+1, n = 1, 2, ..., tf-converges to 
Xei^ + , then according to Lemma 2.1, 

l i m £ ( y n ) = l i m £ ( X n ) . 
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If Xe&S, then MmE(Xn) = E(X). 
n-+oo 

Now, we define 
E*(X) = lim E(Xn); 

n-+oo 

then £* is defined for every Xei^+ and the value E*(X) is uniquely 
determined and 0 < E*(X) ̂  +00; if Xe&S then E*(X) = E(X); 
therefore E* may be considered as an extension of E from SPy* to ir+. 
We obviously have: 

if X ^ 7 then E*(X) < £*(Y) 
E*(X+ Y) = £*(*) +Ε*(Υ), £*0UQ = λΕ*(Χ), λ^Ο. 

Further, the following lemma is true: 

Lemma 2.3. 

/ / Xner+ with Xn < Xn+U n = 1, 2, ..., and 
Z = ö-limXwer+, 

n-*oo 

then E*(X) = \im.E*{X„). 
n-*oo 

Proof. Let us write 
Xn = ö-limZnk with XnkeSf and X„fc < X„,k+u k=l,2, .... 

Λ->αο 

Further, let 
U„ = XlnvX2nv...vXnn, « = 1 , 2 , . . . ; 

then UneSf, Un ̂  Xw and Un^Un+u n = 1, 2, ...; therefore, the 
o-limi/„ exists in τ^+ and is ^ ö-limX„ = X, i.e., 

w->oo n-*oo 

o-lim U„ = X. 
w-»oo 

We can prove 
o-lim Un ^ X, 

«-♦oo 

i.e., o-lim Un = X. 
n->oo 

In fact, for any fixed index /, we have 
Xik<Uk if / < * ; (2) 

therefore, 
Xj = o-lim Xik < o-lim l/fc, i = 1, 2, ...; 

fc-*00 Α~*00 
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hence X — o-lim Xf < o-lim Uk; 
i-*ao k-*ao 

thus X = o-lim Un 
n->oo 

and, according to the definition of £*, we have 

E*(X) = lim E(Un).
 (3) 

n-*ao 

We shall prove: 
lim E(Un) = lim £*(*„). 

n->oo n-*ao 

In order to prove it, we note that since Un ^ Xn, we have 

lim E(Un) < lim £(*„). (4) 

Since (2) is true, we have E(Xin) < E(Un), if ι < n, hence 

£*(*,) = lim E(Xin) < lim £(1/π), ι = 1, 2, ...; 
FI-+00 Π-*00 

thus lim £*(Xi) =ζ lim E(U„). (5) 

Now (3), (4) and (5) imply 

lim E*(Xn) = £*(Z). 
n-*co 

Proof of Theorem 2.9. If Z e ^ / , then 

lim E(JQ = £pf) < + oo (see Theorem 2.7). 
n-*oo 

Suppose lim £(XW) < +oo; since every Xne&t
+ £ ^ + , we have 

n-*oo 

£*(*„) = E(X„), « = 1 , 2 , . . . , 

and by Lemma 2.3, 

£*(*) = lim £(X„) < +00, i.e., E*(X) < +00. 

Suppose Xeir+ -^^\ since i + is w-dense in τ^+ there exists a repre-
sentation 

X = w-limy„ with Y„^Yn+l9 Yne£+, « = 1 , 2 , . . . . 
n-»oo 

The elements Y„, n = 1, 2, ..., do not belong to Jf+, for every n S* 
a certain index n0, for, if a subsequence Yn belongs to Jf+, then by the 
w-convergence of this sequence, we have XeSf^, which contradicts 
the assumption Xeir+-£fi

 + . Now, let n be an index with 
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Y„eS+-jf+ and let 
Υη = ΣξίΙ„ι 

be the reduced representation of Yn by indicators; then 

Σίι/>(*ι)=+<Χ> 

and o-iim Σ «,/», = n 
fc->oo i = l 

with k 

i = l 

hence k 

£*(y„) = Urn ΣξίΡΦΰ= +00. 
fc->oo i = l 

On the other hand, Y„ < Z , so that £*(7n) < £*(X) = +00, which 
contradicts the assumption E*(X) < +00, 

Exercise 1. Prove: if ZnGJ5f1
+, n = 1, 2, ..., and 

liminf£(Xn) < +00, 
n-*oo 

then o-liminf^eJS?!"1" 
n-*oo 

and £(ö-lim inf Xn) ^ lim inf E(Xn). 
n-+co 

Exercise 2. Prove: if 

Xne&i+ and limsup£(Zn) < +00, 

w-*oo 

then o-lim inf Xn e 5£ x
 + . 

n->oo 

and 

£(o-lim inf Xn) ^ lim inf E(Xn) ^ lim sup E(Xn) ^ £(ö-lim sup Xn), 
n-Kx> n-*co *t-*oo n-*co 

if o-lim sup Xn e S£ t
 +. 

3. SIGNED MEASURES 

3.1. Let 93 be a Boolean σ-algebra; then a finite real-valued function 
ψ on 93, which is σ-additive, i.e., for which 

ΣΨ(απ)=ψ(\/ an), 
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if al9 a2,..., are pairwise disjoint, is said to be a signed measure φ on 93. 
If (93, p) is a pr σ-algebra and l a r v over 93, with X e <£Ί(93), then the 
indefinite integral φφ) = E(IbX), b e 93, is a signed measure on 93 (see 
Section 1.4). If ψί and φ2

 a r e signed measures on 93, then 

Ψ = λίφί+λ2φ2 

where λγ and,A2 are real numbers, is also a signed measure, i.e., the 
signed measures on 93 form a vector space ^(93). Obviously every 
signed measure φεΜ{?&) is continuous, i.e., if tf„e93, n = 1,2, ..., with 
a„l0, then φ(αη)^0. 

3.2. An element a e 93 is said to be positive with respect to a signed 
measure φ e Ji{S&) if and only if, for every x e ® , φ(χ A a) ^ 0. Similarly, 
an element a e 93 is said to be negative with respect to ^ if and only if, 
for every xe93, φ(χΛα) ^ 0. The zero element 0 is both positive and 
negative in this sense. We do not assert that there necessarily exists 
any other, non-trivial, positive element or negative element with respect 
to a signed measure φ. But the following theorem is true: 

Theorem 3.1. 

/ / φ is a signed measure on a Boolean σ-algebra 93, then there exist 
two disjoint elements a G 93, b e S such that avb = e and a is positive 
and b is negative with respect to ψ. We shall then say that the elements 
a and b form a Hahn-decomposition of the unit e e ® with respect to 

Proof. The set of all negative elements of S with respect to φ is non-
empty, for 0 belongs to this set. It is easy to see that a countable join 
of negative elements is also a negative element. We write 

ξ = ϊηΐψ(χ) 

for all negative elements xe93; then there exists a sequence bn, 
n = 1, 2, ..., of negative elements in 93 such that 

^ = l i m ^ „ ) . 
n-*oo 

We write ^ 
b=\j bn. 

n = l 

Then b is a negative element in 93 such that φφ) < φ(χ), for every 
negative element x in 93. We shall prove that the element a = bc = e — b 
is a positive element. In order to prove it, we suppose that, on the 
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contrary, a is not positive. Then there exists an element x0 in 95, such 
that x0 < a and φ(χ0) < 0. The element x0 cannot be a negative element 
in 93, for then bvx0 would be a negative element with 

φψνχ0) = φφ)+φ(χ0)<φψΙ 

which is impossible. Let kt be the smallest positive integer with the 
property that x0 contains an element xi in 95 for which φ(χί) ^ 1/^i-f 
Since 

ψ(χ0-Χι) = Ψ{χ0)-ψ(Χι) < Ψ(Χο)-(1/^ι) < 0, 
and moreover xQ — xY ^ a, the argument just applied to x0 is applicable 
to the element x0 — jq. Let k2 be the smallest positive integer with the 
property that x 0 ~ * i contains an element x2 with \l/(x2) ^ \\k2 and 
so on. We have, obviously, lim \jkn = 0. It follows that, for every 
ye® with 

00 

y<y0 = x0- V x*> 
n = l 

we have φ(γ) < 0, i.e., y0 is a negative element. Since y0 is disjoint 
from & and since 

Ψϋο) = Ψ(χο)- Σ iK*J < Μ*ο) < ο, 
η = ί 

i.e., ιΚ^ο) ^ 0, this contradicts the minimality of b (for φ(γ0νύ) < φ(ο) 
and j>ov^ is negative) and we conclude that the assumption φ(χ0) < 0 
is untenable, hence the elements <z e 93 and b e 95 form a Hahn decomposi-
tion of e with respect to φ. 

3.3. One can easily construct examples to show that a Hahn-decom-
position of e with respect to φ is not unique. But, if e = at ν ^ and 
e = a2vb2 are two Hahn decompositions of e with respect to ψ, then 
one can prove that φ(αί+α2) = 0 and φ(bί+b2) = 0. 

In fact, we observe that al—a2^o1, so that φ(αΐ—α2)'^0 and 
a1—a2^b2, so that φ(αι— α2)^0. Hence φ(αί—α2) = 0 and, by 
symmetry, φ(μ2 — αί) = 0. Hence, if we define, for every xe33, 
φ + (χ) = Φ(ΧΛΟ) and *A~(x) = —φ(χΛο), where e = avb, is any Hahn 
decomposition of e with respect to φ, then t/̂ + and φ~ are two uniquely 
determined functions on ©, called the upper variation and the lower 
variation of ^, respectively. The function \φ\, defined by 

\φ\(χ) = φ + (χ)+φ-(χ), XG93, 

t Since *0 is not negative, there exist such elements. 
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is called the total variation οΐφ (observe that \φ\(χ) and \φ(χ)\ are distinct 
notations). 

Obviously, the functions φ + , φ~, \φ\ are non-negative measures on 
93 and we have φ = φ+ — φ~, i.e., every signed measure ψ ο η δ can be 
uniquely represented as the diffeience of its upper and lower variation. 
We call φ = φ+ — φ~ the Jordan decomposition of φ. For the signed 
measure φΧ9 which corresponds to a r v l e ^ (see Section 1.4), φχ+ 
and φχ- are the upper and lower variations of φχ respectively, i.e., 
Φχ — Φχ+^Φχ- is the Jordan decomposition of φχ. 

3.4. Let (S , p) be a pr σ-algebra and .#(93) the set of all signed measures 
on 93; then pe^(95). Let φ, φ be two signed measures on 93; then 
we shall say that φ is absolutely continuous with respect to φ, in symbols 
φ <ζ φ if and only if φ(χ) = 0 for every x with \φ\(χ) = 0. 

Theorem 3.2. 

Let φ e ^#(93), φ e ^(93). Then the following statements are equivalent: 

(a) φ^φ 

(b) φ+ <ξφ and φ~ <ζφ 

(c) \Φ\<\Φ\ 

(d) for every ε > 0, ί/zere exists a positive number δ(ε) such that 

\φ\(χ) < e,for every x for which \φ\(χ) < δ(ε). 

Proof. It is easy to see that, if (a) is valid, then (b) is also valid. In 
fact, we have \j/(x) = 0, whenever \φ\(χ) = 0. If e = avb is a Hahn 
decomposition with respect to φ, then we have, whenever \φ\(χ) = 0, 

0^\φ\(χΑα)^\φ\(χ) = 0 

and 0 ^ \Φ\(ΧΛΟ) < \φ\(χ) = 0, 

and therefore φ + (χ) = φ(χ Λ a) = 0 

and Φ~(Χ) = -$(xAb) = 0; 

this proves the validity of (b). The fact that (b) implies (c), and (c) 
implies (a) follows from the relations 

\φ\(χ) = φ+(χ)+φ'(χ) and 0 < | i f ( x ) | ^ | ^ | ( x ) , 
respectively. 
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That (d) implies (a) is obvious; we shall prove that (a) implies (d): 

Suppose the relation (d) is not true. Then it is possible, for some 
ε > 0, to find a sequence xn, n = 1, 2, ..., such that 

\ψ\(χη) < Y ai ld l#K*«) > £> H = *> 2 > · ' · · 

We write 
x = ö-limn sup xn, 

then oo j 
\Ψ\(χ)< Σ\Ψ\(χη)<τ^[, « = ΐ , 2 , . . . , 

and therefore \ψ\(χ) = 0. 

On the other hand, 

\φ\(χ) = lim \φ\(χηνχη+ίν ...) ί* lim sup \φ\(χη) > ε. 
n-*oo n 

But this contradicts (a). Hence if (a), then (d). 
The relation <̂  in Jt{$S) is reflexive and transitive. We shall call 

two signed measures φ and φ equivalent in symbols φ = ψ if and only 
if ψ <ζ φ and ψ -4 φ. The following theorem is true: 

Theorem 3.3. 

For every X e S£ί9 φχ 4, p and, moreover, for every ψ e MÇ8), φ ^ p. 

Proof We have p(x) = 0 if and only if x = 0 , and ψ(0) = 0, for 
every ^ G ^ ( 3 3 ) . 

4. THE RADON-NIKODYM THEOREM 

4.1. Let (33, p) be a pr σ-algebra and ^(95) the set of all signed measures 
on 93; then the indefinite integral φχφ) = E(IbX), fee93, for any rv 
l e i f j , belongs to .^(33). We shall prove that, conversely, every 
signed measure \j/eJÎ{^) is the indefinite integral of a rv XeS£v In 
order to prove this we need the following lemmas: 

Lemma 4.1. 

If\j) and ψ are non-negative elements in Jt{S&) such that φ <| φ and φ is 
not identically zero, then there exists a positive number ε and an element 
« G ÜB such that ψ(α) > 0 and such that a is a positive element in 33 for the 
signed measure φ — εψ. 
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Proof. Let e = an v bn be a Hahn decomposition with respect to the 
signed measure φ — (\/ή)ιΙ/9 n = 1, 2, . . . . We write 

oo oo 

<*o = V *π> *ο = Λ 6*; 
n = l n = l 

then, since b0 < £„, we have 0 < φφ0) < (l/n)^(£0), n = 1, 2, ..., and 
consequently $(60) = 0. It follows that $(a0) > 0 anc* therefore, by 
φ <ψ, that iKtf0) > *̂ Hence we must have φ(αη) > 0, for at least 
one value of n; if, for such a value of n, we write a = an and ε = 1/«, 
the requirements of the theorem are all satisfied. 

Lemma 4.2. 

Let φ be any non-negative element of Jt{$&)\ then there exists a uniquely 
determined rv XeS£x such that \j/(b) = \j/x(b) = E(IbX) for every be Si. 

Proof. Let &* be the class of all non-negative rv's XeZ£x such that 
\j/x(b) = E{IbX) < ^(6), for every b e 93. The class !F is non-empty, 
for the element 0 belongs to !F. We write ξ = sup i//x(e) = sup E(X), 
for all l e f ; then there exists a sequence Xne^, n = 1, 2, ..., such 
that 

Let 

lim φΧη (e) = lim £(*„) = ξ < ^(e) < + oo. 

Xn* = V **> 
* = 1 

so that 0 < X„* ̂  Z*+ 1 , Λ = 1, 2, ..., 

and 0 β 

x„* ^ x = V **; 
7 1 = 1 

then Xn* e ££\ and X e J2\ and since £(*„*) < £(X) ^ £, we have 
Xn*e^9 l e ^ , and 

ξ = E(X) = lim E(Xn). 
n->oo 

We assert that φχφ) = E(IbX) = φψ) for every 6 G 93. Suppose that 
ijj(b) is not equal to ij/x(b) for every b G 93, i.e., φ = φ — ψχ is not identically 
zero; then, since ψ <ζ p,by Lemma 4.1, there exists a positive number ε 
and an element a e S such that p(a) > 0, i.e., a Φ 0 and such that 

0 ^ ερ(χ Λ Α ) < $(χ Λ a) = φ(χ A α)—φχ(χ A a) 
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for every j c e 8 . Now we write Υ=Χ + εΙα; then 

φγ(χ) = E(IX Y) 

= Ε(ΙχΧ) + ερ(χΛά) 

*ζΕ(Ιχ.αΧ)+ψ(χΛα) 

< \Ι/(χ—α)+ψ(χΛα) 

= φ(χ) 

for every x e 8 , i.e., Ye$F. Moreover, we have 

Ε(Υ) = Ε(Χ) + ερ(α)>ξ, 

i.e., E(Y) > ξ9 and this contradicts Y e # \ Hence, the assertion 
Ψχ(β) = φφ) for every b e S is true. 

Now, the following theorem (known as the Radom-Nikodym theorem) 
is true: 

Theorem 4.1. 

If (®> P) w ö />r σ-algebra and φ is any signed measure on 93, then there 
exists arv Xe&i such that 

φφ) = φχφ) = E(Ib X) for every b e 93. 

TAe π; X is uniquely determined. 

Proof. Let φ — φ+ —φ~ be the Jordan decomposition of φ; since 
φ+ and ^ " are non-negative, there exist XYeS£x and X 2

e « ^ ι s u c h that 
φ+φ) = φΧίφ) and φ~φ) = φχ2φ) for every ôe93; then we have for 
every o e © , 

(K6) = *A+(*)-r(*) 
= * * ( * ) - *x a (6 ) 

= £ ( / 6 ( X 1 - Z 2 ) ) 
= E(IbX), 

i.e., i/f(è) = ^ ( 6 ) where X = Xx-X2. 

Obviously, X e S£x is uniquely determined, for, if Ye S£γ and φφ) = φγφ), 
then φχφ) = φγ(ΰ) for every Z>e93, i.e., Z = 7. 

5. REMARKS 

5.1. Let (33, /?) be a pr σ-algebra and τΓ (93) the stochastic space of all 
rv's over 93. In Section 2.3, we defined, for each Χβ"Γ+ = τΓ+ί93), 
£*(ΛΓ) as an extension of the expectation E from S£x* to f+ . Now, 
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let XeY", i.e., XeT with X < 0; then - X e l T + and we may define 
E*(X) = — £*(—X). The most general class of rv's X for which it 
is convenient to define E*(X) is the class of all rv's X for which X+ or 
Z~ belongs to -Sfx. We then define: 

£*(X) = E*(X+)-£*(*-) . 
£* is unambiguously defined on the set JSf* of all Xe-f for which 
E*(X+) or £*(J>T) is finite and if Xs&x £ if* then £*(*) = £(X). 
It is easy to prove that: 

(1) If Xe<e*, Ye Se* and X+Ye&* then 
£*(*+ y) = E*(X)+E*(Y). 

(2) If 0 < Xn Î A:, then 
E*(X„)TE*(X). 

00 

(3) If XneiT+ and Σ ^ n = -X" in the sense of 0-convergence then 
n = l 

E*(X) = Σ £*(*■)· 
n = l 

(4) \î XeSe* and £*(X) is finite, then 
lim £*(/JX|) = 0.t 

p(«)-o 

4.2. Let XeJ&f*. Then the function 
tx(b) = E*(IbX), be® 

( 00 

i.e., \îa = \J an 

where a1} a2,... are pairwise disjoint, then 

Φχ(α) = Σ <Ax(*„)). 
n = l / 

Now we may consider signed measures with values in the extended 
real line R* = [—00, +00]. An extended signed measure φ on 93 is 
a σ-additive function defined on 93 and valued in R*, such that ^(0) = 0 
and such that φ assumes at most one of the values +00 and —00. If 
\jf{b) ^ 0, for every be®, then ψ is called simply "measure on 93"; 
if 0 ^φφ) < +00, then ψ is called "finite measure on 23"; and if 
there exists a partition e = fl1vö2v..., with αΐ9 α2, ... pairwise disjoint, 
and 0 ^ ψ(αη)< + οο9 for every « = 1, 2, ..., then φ is called " σ-finite 

t See Loève [1], Section 7.2. 
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measure on 95 ". It is easy to prove that φχ with X e if* is an extended 
signed measure, and if X ^ 0 then φχ is a σ-finite measure on 95. We 
have, for every X e i ? * , φχ = φχ+ — φχ-, and both φχ+ and φχ- are 
σ-finite measures and at least one is always finite; \φχ\ = φχ++φχ-
is also a σ-finite measure. 

There exists a Hahn decomposition e = avb with respect to an extended 
signed measure and φ can be represented as the difference of its upper 
and lower variations, φ is called a σ-finite signed measure if both its 
lower and upper variations are σ-finite measures on 95. 

5.2. Let μ be a measure on 95; then we can define the concept of the 

integral \Χάμ of a non-negative srv XeSf + (%>) with respect to μ by 

/ Χάμ^Σ^μ^) 

where n 

x = Σ t,i„ 
is the reduced representation of X by indicators. The integral | X άμ 

of a non-negative rv I e f + with respect to μ is defined by 

j X άμ = lim Γ Χ„ άμ, 

where Xn, n = 1,2, ..., is a non-decreasing sequence of non-negative 
simple rv's which ö-converges to X. Now we say that a rv Z e f 

possesses an integral | X άμ with respect to the measure μ if one of the 

integrals \Χ+άμ and j X~ άμ is < -f oo; then we define 

J Χάμ = j Χ+αμ- ( Χ~ άμ. 

Let ΧεΨ* possess an integral; then φχ,μφ)= (^Χάμ is defined 

for every b e © and is a signed measure on 95. The following generaliza-
tions of the Radom-Nikodym theorem can be proved {cf. P. Halmos [2]): 

Theorem 5.1. 

Let φ be a σ-finite signed measure on 95. Then there exists arv Xe£f* 
such that φφ) = φχ(ο) for every be^B. 

Theorem 5.2. 

Let μ be a σ-finite measure on © and φ a σ-finite signed measure on 95 
which is absolutely continuous with respect to μ, i.e., φ(χ) = 0 for every 
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xe93 with μ(χ) = 0. Then there exists a rv Xef wA/cA possesses an 

integral \Χάμ with respect to μ such that 

φφ) = \lbXdß for every b e 95. 

Theorem 5.1 can be proved by an easy modification of the proof of the 
corresponding Theorem B, p. 128, of Halmos [2]. In order to prove 
Theorem 5.2, observe that φ and μ are comparable in the sense of 
Carathéodory [6], page 208, and Carathéodory's Theorem 2 of this page 
can be applied. 



VI 

MOMENTS, SPACES Sf, 

1. POWERS OF RV'S 

1.1. Let (3?, p) be a pr σ-algebra and X be an erv with 

as its reduced representation by indicators. Then, for every q = 1, 2, ..., 
we define 

* · = Σ « / / . , (i) 

as the #-th power of X. Obviously Xq is an erv. If X ^ 0, then we can 
define by (1) the q-th power for every real number q > 0. Hence \X\q is 
defined for every real number q > 0 and for every erv X. Now let X 
be any rv in T̂ *(95); then there always exists a sequence A„e#(3$), 

H = 1, 2, ..., suchthatXn -► X. It is easy to see that, for every q = 1,2,..., 
the sequence Xn

q, n = 1, 2, ..., is then defined in <f(33) and ö-converges 
to a rv in ^(33), which we denote by Xq and call the q-th power of X. 
This definition is independent of the choice of the ö-convergent sequence 
Xn, n = 1, 2, ..., to X. In the same way, if X ^ 0, Ι ε ΐ Γ ( ΰ ) , since 

there exists a sequence ^„ e <i(©), Xn > 0, « = 1, 2, ..., such that X„ -> X 
and X / , n = 1, 2, ..., is o-convergent, we can define for every real number 
q > 0, the <7-th power Xq of X as the o-limit of the sequence Xn

q, 
n= 1,2,. . . . 

148 



2. MOMENTS OF A RANDOM VARIABLE 149 

2. MOMENTS OF A RANDOM VARIABLE 

2.1. Expectations of powers of a rv X e ^ ( S ) , if they exist, are called 
moments. More precisely, if, for any positive integer k = 1,2,..., 
Xke^l(^B), then we shall call the expectation E(Xk) the &-th moment 
of X. If, for any positive number q, \X\qe5£Ί(53), then we shall call 
EQX\q) the q-th absolute moment of X. 

Theorem 2.1. 

If \X\qeSeu for some l e f and q > 0, then \X\q'eSe1 for every q' 
with 0 <q' <*q, and, if k is any positive integer with k ^ q, then XkeJ£i. 

Proof We have 
\X\q' ^ l + \X\q; 

hence \X\q' eS^l and if & is a positive integer then, since 

\Xk\ = \X\ke<?l, 
we have XkeS£\ 

2.2. It is easy to see that the following inequality is true 

where a and β are real numbers, q a real number with q > 0, and yq = 1, 
ifq^ 1 andyq = 2q-l,ifq'& 1. 

This inequality implies 

Theorem 2.2. 

If Xe-T, Ye-T with \X\qeSe^ and \Y\qeSex for some q > 0, then 
\X + Y\q e $£! and moreover 

EQX+ Y\q) ^ yqE(\X\«) + yqE(\Y\q), (1) 

where yq = 1 or 2q~l according as q < 1 or q ^ 1. 

The following elementary inequality 

I«JS| < — + — , with q > 1 and — + — = 1, 
q s q s 

is true for any two real numbers a and ß so that we have 

Theorem 2.3. 

IfXer, Y e f with \X\qeS£x, |Y | s e J2 \ where q > 1 and 

•U-î-ι. 
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then X Y e <£ γ and the so-called Holder inequality holds 

E(\XY\) *S {E(\X\*))l'*.{E(\Y\>)y'°. (2) 

Inequality (2) yields the so-called Minkowski inequality: 

(E(\x+z\'))i/q ^ (E(\xny/q+(E(\zny^ (3) 
for every q ^ 1 with \X\q e <£\ and \Z\q e &γ. 

Proof (see Loève [1], p. 156. See also Theorems 6.4 and 6.6, Chapter VII, 
where proofs in more general cases are given. 

Holder's inequality with q = 2, s = 2 is called the Schwarz inequality 

(£ ( |XY| ) ) 2 ^E( |X | 2 )£ ( |Y | 2 ) . (4) 

The following theorem is true: 

Theorem 2.4. 

Let Xe'V with \X\qe^t for any q > 0 and let ξ be a positive real 
number. Then 

If sup \X\q = +00, then the left-hand side is zero. The inequality on the 
right in (5) is called the Markov inequality and for q = 2 it reduces to the 
Tchebichev inequality 

P([\X\ > fl) < E(]*P , ξ>0. (5a) 

Proof Let a = [\X\ ^ ξ]; then from the obvious relations: 

E(\X\->) = E(Ia\X\") + E(IaC\X\") 

and \ξ\"ρ(μ) *S E{Ia\X\<) < sup \X\" ./»(e), 

0 < E{IaC\X\q) «Ξ lil«, 
it follows that 

\ξ\"ρ(α) < E(\X\") < sup \X\<p(o) + ffl. 

This proves the inequality. 

t The sup Y, where Ye Ψ~, is defined as the infimum of all real numbers η with Y ^ η. 
If the set of all real numbers η with Y < η is empty, then sup Y— + oo. 

(5) 
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3. THE SPACES S£q 

3.1. We shall denote by <£q = J^(93) the set of all X e <T with \X\q eS£u 

for every real number q > 0. Then <£q is a vector sublattice of if. It 
will be convenient to introduce two extreme cases. The first is the trivial 
space i f 0 of all rv's X, i.e., J^0 = f , since 

£(|X|°) = £(1) = 1 

for every XeY*. The second is the space S£^ of all bounded rv's, i.e., 
S£^ = M. Since 

lim E(\X\q) < + oo 
q-+oo 

if and only if \X\ ^ 1, it seems that only the set 5£'«/ of all rv's with 
\X\ < 1 ought to be introduced. However, we have 

lim(E(\X\*)y = sup\X\. (6) 
q-*ao 

Therefore 
| | X | L = lim(E(\X\*)y'*< + «> 

q-+co 

if and only if XeJ(, i.e., there exists a constant η such that \X\ ^ rç. 
In order to prove (6), we have 

sup |ΑΊ > (£ ( |Xn) 1 / f ^ (E(\X\*Jim>dy > ξ(ρ([\Χ\ > ξ]))11« 

for every ξ with 0 > ξ—sup |Z| , and the right-hand side converges to 
ξ as # -*> + oo. Letting £ | sup \X\ we infer (6). 

Theroem 2.1 implies 

Theorem 3.1. 
/r = &0^&q^&s^&o0 = Jt^ Sej9 if 0 < ? < s s; H-OO; more-

over S£^ 2 ^ . 
The following theorem is true: 

Theorem 3.2. 

For every q with 0 < q < 1, f/ze space 5£q is a linear metric space with 
metric defined by p(X, Y) = E(\X- Y\q). For every q with 1 < q < + oo 
the space S£q is a normed linear space with norm defined by 

11*11, = (Ε(\Χ\"))ι">, IIXIL = sup\X\ = lim ||X||r 
q-*co 
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Proof. By the inequality (1), we can prove, for every q, with 0 < q < 1, 
the inequality: 

p(X,Z)^p(X,Y) + p(Y,Z) 
and, by the inequality (3), we can prove for every q with 1 < q < + oo 
the inequality: 

\\x+ Y ιι,^ιι*ιι,+ιι y\\r 
If q = +00, then 

p n L = s u p | X | = l im| |X | | r 
q-*co 

Hence lim \\X+ Y\\q < lim ||X||,+lim || Y||t; 

i.e., i ix+yiL^i ixiL + nyiL. 
It is obvious that the other properties of the metric and the norm are true. 

3.2. We first introduce the convergence in the q-th mean. We shall 
say that the sequence XneJ?q9 « = 1 , 2 , . . . , converges to Xe&q in 

the q-th mean and write Xn -> X if and only if E(\Xn — X\q) -> 0, when 
0 < q < +00, and if and only if ||Xn —XH^ -+ 0, when q = +oo. 

The following theorems are true: 

Theorem 3.3. 

/ / Xn Λ X, then Ε(\Χη\η^ E(\X\*), 0<q< + oo. 

q 
Proof. Let Xn -+ X. If q ^ 1, then it follows from inequality (1), that 

E(\Xn\«)-E(\Xn^E(\Xn-Xn 

i.e., £(|Χ„|*) - £(|X|*). 

If q > 1, then it follows from inequality (3), that 

I ll^.llf-IWIfl <II^-Jf||r 

i.e., ||XJ|f - \\X\\q, 

hence E(\Xn\*) - E(\X\<). 

Theorem 3.4. 

4 P 

/ / Xn -> X, then Xn ^> X, 0 < q ^ + co, i.e. convergence in the q-th 
mean implies convergence in probability. 
Proof. By applying the inequality of Markov (on the right of (5)). 
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Theorem 3.5. 
p q 

If Xn^> X and the sequence Xn is bounded by a constant, then Xn -> X, 

0 < q < + oo. 

Proof. By applying the inequality on the left of (5). 

Exercise. Prove that 

-"■»-40) 
defines a metric in y and convergence in this metric is equivalent to 
convergence in probability. 

It is easy to prove: 

Theorem 3.6. 

Convergence in the distance p, if 0 < q < 1, and norm convergence, 
if 1 ̂  q ^ + oo, respectively, are equivalent to convergence in the q-th 
mean in 3?q. 

We are now in a position to prove that the space <£q is closed relative 
to convergence in the q-th mean. More precisely, the following theorem 
is true: 

Theorem 3.7. 

A sequence Xne£?q, n = 1, 2, ..., converges in the q-th mean to arv X 
in ££q if and only if Xn, n = 1,2,..., is a fundamental sequence in the 

q 
q-th mean, i.e., (Xm — Xk) -► 0, 0 < q ^ + oo. 

q q 

Proof. Let q < + oo, and let Xn -* X; then Xm — Xk -► 0, since, by the 
inequality (1), 

E(\Xm-Xk\") < y,£(|Xm-.Y|«) + yf £( |Χ-Χ4 |«) . 

Conversely, if Xm — Χ*->0 then, by the Markov inequality, for every 
ε > 0, 

p([\Xm-Xk\ > ε]) ̂  \E(\Xm-Xk\% 
p 

so that Xm — Xk-^ 0. Therefore, there exists a subsequence Χηλ, 
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λ=\,2,..., which ö-converges to some XeY*, i.e., I = o-limI„A, 
in Y. 

o 

For every fixed m, we have Xm — Χηλ -+ Xm — X in y. Since 
EQXM-Xmx\*)->09 

it follows, by the Fatou-Lebesgue theorem and the hypothesis, that 
\immsupE(\Xm-X\«) < limmsup (l im„>f £ ( | X m - * M / ) ) = 0. 

q 
Hence Zm -► X. 

In the case # = +00, the theorem is true, because 00-convergence 
in if a, is equivalent to uniform convergence. 

4. CONVERGENCE IN MEAN AND EQUI-INTEGRABILITY 

4.1. A family X f e JSfi, iel, is said to be equi-integrable if and only if 

sup£(/ [ | j r i | > a | Jr , | ) iO as £ î + o ) . 

It is easy to prove: 
A family xt e &u iel, is equirintegrable if and only if, for every ε > 0, 

there exists a <5(ε) > 0, independent of 1, such that 

E(!iW>Q\Xt\)<e, 

for every ξ > δ(ε) and iel, i.e., if and only if 

Ε(ΙίΙΧί1>ζ1\ΧΑ)-+0 

uniformly in i, as ξ -► + oo. 

Theorem 4.1. 

If the family X%eS^x, iel, is absolutely bounded by a rv XeS£\, i.e., 
\Xi\ ^ X, iel, then it is equi-integrable. In particular, any finite family 
in £?! is always equi-integrable. 

Proof. Since the function φχ(α) = E(Ia X), a e 95, is a measure on S , 
hence σ-additive and non-negative, i.e., continuous, we have 

UmE(IiX>aX) = 0. 
{-»oo 

Since \X,\ < X, iel, we have 

Eaux,\>a\Xt\)*EVix>aX), iel, 

i.e., sapE(IUXll>a\XJ)iO. 
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If I is finite, then obviously the family is absolutely bounded and the 
hypothesis of the theorem is satisfied. 

4.2. A family Xte££u iel, is said to be equi-continuous if 

sup E(Ia\X,1)^0, as p(a)^0, 
I 

i.e., for every ε > 0 there exists a δ(ε) > 0 such that 

supE(Ia\Xt\)<e 

for every ae^B with p(a) <δ(έ). 

Theorem 4.2. 

A family X{e^u iel, is equi-integrable if, and only if, it satisfies the 
following two conditions: 

(a) The family Xi9 iel, is equi-continuous. 

(b) sup£( |X f | )< + oo. 

Proof Let Xi9 iel, be equi-integrable; then, since, for ξ ^ 0 and any 
ae% 

i.e., E(Ia\Xt\) < ξρ(α) + Ε(Ιί^>ξ,\Χί\), 

we have 
supECIJXJ) < ξρ(α) + $ιιρΕ(ΙηχΛ>ζ1\Χι\). (1) 

But, for every ε > 0, there exists a ξε > 0 such that 

supßC/cij^wl^il) < y 

Now we write 

then, if a G © with p(a) < δ(ε), we have 

supE(Ia\Xi\)<e; 
I 

thus Xh iel, is equi-continuous. 
We set in (1) a = e; then 

sup EQXt\) < ξ + sup Eilux^^Xti, 
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i.e., supBdXjl) < + oo. 

Thus the family Xi9 iel satisfies the two conditions (a) and (b). 
Conversely, let the family Xh iel, satisfy conditions (a) and (b); then 

the obvious inequality 

E(\Xt\) > Ed^^XA) > frdlXA > {]), ξ > 0, 
implies i 

*ΜΡρ([\Χ^ξ])*ί— supE(\Xt\). 
I ξ I 

Since, moreover, by condition (b), sup£(|Z,|) < +00, we have, 

supp([\Xt\ > il) -> 0, as ξ -> + oo. (2) 

By condition (a), for every ε > 0, there exists δ(έ) > 0 such that, if a e 23 
with p(a) < <5(ε), then 

sup£( / e |X, | )<6 . 

From (2), it follows that there exists η(ε) > 0, such that 

p([\Xt\ > ξ]) < <5(ε), 

if ξ > η(ε); then we have 
supE(Iim>Q\Xi\) < ε . 

Thus the family Xi9 iel, is equi-integrable. 
Theorems 4.1 and 4.2 imply: 

Theorem 4.3. 

If a family X{eS£ x, iel, is absolutely bounded by arv XeZ£ x, then it is 
equi-continuous; in particular every finite family is equi-continuous. 

The following theorem is true: 

Theorem 4.4. 

A sequence Xn e ££i9 n = 1, 2, ..., converges in the mean {the first mean) 
to a rv XeS£\ if and only if E(IaX„) -* E(IaX) uniformly in a e93, as 
n -> 00 ; in particular, if Xn converges in the mean to X and 

p-\im an = a in 93, 

then \im E(IanXn) = E(IaX), 
n-*oo 
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i.e., Ψχη(αη) -* Ψχ(α). 

Proof. From the obvious inequality 

\E(IaXn)-E(IaX)\ ^ E(\IaXn-IaX\) < E(\XH-X\) 

for every a e 93, it follows that, if Xn converges in the mean to X, then 
E(Ia Xn) converges to E(Ia X) uniformly in a. Conversely, the equality 

E(\Xn-X\) = (E(IbnXn)-E(IbnX))-(E(IbnCXn)-E(IbnCX)), 

where b„ = [Xn > X], implies that if E(Ia Xn) converges to E(Ia X) 
uniformly in #, then Xn converges in the mean to X. Now if Xn converges 
in the mean to X and pAim an = a in © then, since 

«-►00 

\E(IanX„)-E(IaX)\ ^ \E(IanXn)-E(IanX)\ + \E(IanX)-E(IaX)\ 

and the right-hand side converges to zero, as n -> oo, we have 

E(IanXn)-+E(IaX). 

Now we shall prove the following theorem. 

Theorem 4.5. 

Let Xn e S£ l9 n = 1, 2, ..., and X e i^\ then the following two statements 
are equivalent: 

p 

(a) The sequence Xn e S£u n = 1, 2, ..., is equi-integrable and Xn -► X. 

(b) XeS£^ and Xn converges in the mean to X. 

Proof. Let (b) be true; then the sequence Xn, n = 1, 2, ..., is funda-
mental in the mean; i.e., for every ε > 0, there exists an index nt such 
that 

E(\Xm-Xk\)<Y if m>n„ k > ηε. (1) 

The obvious inequality 

E(Ia\Xk\) < E(Ia\Xm\) + E(\Xk-Xm\), a e » , (2) 

and (1) imply that, for every ae93, 

sup E(Ia\Xk\) < sup E(Ia\XJ)+ - ^ ; (3) 

since the finite family Xm, m = 1, 2, ..., «e, is, by Theorem 4.1, equi-
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integrable, we have by Theorem 4.2 that 

s u p £ ( | X J ) < + oo, 
m^nE 

and that the sequence Xm, m = 1, 2, ..., n, is equi-continuous; i.e., there 
exists δ(ε) > 0 such that 

sup£(JJXJ)^4' 
if ae% with p(a) <δ(ε). 

These and the inequality (3) imply: 

sup£OYk|)< + oo, (4) 
k 

and supE(Ia\Xk\) <£, (5) 
k 

for every a with p(a) < <5(ε); i.e., that the sequence Xk, k = 1,2,..., is 
equi-continuous. Conditions (4) and (5) imply by Theorem 4.2 that the 
sequence Xk, fc = 1, 2, ..., is equi-integrable. Furthermore, we shall 
prove that the sequence Xn, n = 1, 2, ..., converges in probability to X. 
In fact, by Theorem 2.4 we have the inequality 

ρ([\Χη-Χ\^ε])^—Ε(\Χη-Χ\) for every ε > 0. 
ε 

Since E(\Xn-X\) -> 0, we have p([\Xn-X\ ^ ε]) -> 0 as n -► oo and for 
every ε > 0, i.e., the sequence Xn, n = 1, 2, ..., converges in probability 
t o Z . 

Now, let (a) be true; then we shall prove that (b) is true. 
P 

Since Xn -> X, there exists a subsequence X„k, /: = 1,2, ..., such that 
X„k o-converges to X, as k -+ oo, i.e., \X„k\ also o-converges to |X|. 
Since the sequence Xn, « = 1 , 2 , . . . , is equi-integrable, we have, by 
Theorem 4.2, supE(\Xn\) < +oo, i.e., 

lim, inf E(\Xnk\) ^ sup E(\X„k\) < + oo. 
k 

By Exercise 1, Section 2.3, Chapter V, 

o-liminf|X„J = o-lim \X„k\ = | * | e J 2 \ ; 
k-*co k-*<x> 

i.e., XeSex. 

We shall prove E{\Xn — X\) -+ 0, i.e., Xn converges in the mean to X. 
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In fact, we have 

E(\X„-X\) = E(IÜXn_x^E]\Xn-X\) + E(IÜXn_xi>e]\Xn-X\) 

^e + E(IÜXn_xi>cl\Xn\) + E(IÜXn_xi>e]\X\). 

Since 
limp([\Xn-X\>s]) = 0, 

for every ε > 0, we have 

£ ( W x i > . ] | * J ) - > 0 

and Ε(ΙίΙΧη_Χ\>ε1\Χ\)^0 

for every ε > 0, 

i.e., E(\Xn-X\)^0. 

Theorem 4.5 yields the following theorem: 

Theorem 4.6. 

Let Xne$£q, « = 1 , 2 , . . . , with 0 < # < + oo and Xe"K\ then the 
following two conditions are equivalent: 

(a) The sequence \Xn\q, n = 1,2, ..., is equi-integrable and the sequence 
Xn, n = 1, 2, ..., converges in probability to X, 

(b) XeSeqandXn^X, 

Proof. The proof is analogous to that of Theorem 4.5, which deals with 
the special case q = 1. It suffices to replace everywhere in that proof 
| 71 by \Y\q and to apply instead of the inequality 

\X+Y\*Z\X\ + \Y\ 

the inequality 
\X+Y\*^yq(\X\* + \Y\*). 

Theorems 3.6 and 3.7 and the fact that the space S£^ is identical 
with the space Ji = {X e V : there exists a constant ηχ such that \X\ ^ ηχ} 
imply the following: 

Theorem 4.7. 

For every q with 1 < q ^ + oo the space $£q is, with respect to the 
norm \\ X\\q, a complete normed vector lattice; Le., a Banach lattice. For 
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every q with 0 < q < I, the space S£q is a metrically complete vector lattice. 

Furthermore, we obviously have 

Theorem 4.8. 

For every q with 0 < q < + oo the vector lattice S£q is (conditionally) 
complete with respect to the lattice operations. 

Proof. Obviously, if X1e&q and X2zS£v then X1vX2e&q and 
X1AX2e£eq. Moreover, if Xe V and Y zS£q with 0 ^ X ^ 7, then 
X e S£q\ i.e., if Xx e <£q with 0 < Xt < 7, iel, and 7 e 2V then 

\jx^seq. 
iel 

Corollary 4.1. 

The space Z£2 *s a Hubert space with <X, 7> = E(XY) as scalar 
product. 

Exercises. Prove that: 
« q' 

1. X„ -► X implies X„ -* X, for <?' < #. 

2. If sup EflZJ*) < + oo and Xn converges in probability to X, then 

Xn
q-+X for q' < q. 

3. If \Xn\ < 7, « = 1,2, ..., with Ye&q and if Jf„ converges in 

probability to Jf, then I „ - > I e i ? 4 , 0 < q < + oo. 



νπ 

GENERALIZED RANDOM VARIABLES 
(Random variables having values in any space) 

1. PRELIMINARIES 

1.1. Let 'V be the stochastic space (space of all real-valued random 
variables) over a probability σ-algebra (95,/?). Further, let B be the σ-field 
(Boolean σ-algebra) of all Borel subsets of the real line R. Then the set Î) 
of all open intervals ιξ = ( — oo, ξ), ξ e R, is a chain in B, which σ-generates 
B. According to Section 5.6 Chap. IV, if X is a rv in f, then there exists 
a uniquely determined Boolean σ-homomorphism hx of B into 93 such 
that h* (ιξ) = [ Ζ < ξ ] G 93, ξ e R, With the help of this σ-homomorphism 
hx, a quasi-probability: 

Px{A)=p{hx{A)\ AeB, 

can be defined on B. Then (R, B, Px) is the so-called "sample probability 
space of X". Conversely, if h is any Boolean σ-homomorphism of B into 
SJ, then there always exists exactly a real-valued random variable l e ' f 
such that: 

h(A) = hx (A) for every A e B. 

Under consideration of this connection between the concepts of real-
valued rv's over (95,/?) and Boolean σ-homomorphisms of B into S , 
one could define a real-valued rv over (93,/?) as a Boolean σ-homomo-
phism of B into 33. The algebraic and topological structure of the space 
of all these σ-homomorphisms, considered as real-valued rv's, could 
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also be studied directly according to this definition (see Olmsted [1]). 
In an analogous way, the concept of random variables over (93, p) with 
values in any topological or in general in any abstract space Σ, respectively, 
may also be introduced in the probability theory (see Segal [1], Dubins 
[Ί]). In fact, let B be the Boolean σ-algebra of all Borel subset of Σ, 
if it is a topological space, or let B be any Boolean σ-subalgebra of the 
Boolean algebra ^Ρ(Σ) of all subsets of Σ, if Σ is any abstract space. 
Then a suitable Boolean σ-homomorphism h of B into 93 defines also a 
quasi-probability: 

P(A) = p(h(A))9 AeB. 

Hence, the pr space (Σ, B, P) can replace the concept of a sample pr 
space, corresponding to a certain rv having values in Σ. However, an 
important problem in the probability theory is the definition and study of 
an algebraic and topological structure in the space of all rv's over ($3, p) 
with values in Σ with the help of the algebraic and topological structure 
existing in the space Σ. For this reason, the Boolean σ-homomorphisms 
of B into 93 are not always suitable (see Kappos [13], Dubins [1], Nedoma 
[1]). However, this question can be studied in a way which is analogous 
to that of Chapter IV. Furthermore, by this method, all problems 
related to the study of the algebraic and topological structure of the space 
of all rv's with values in any space Σ may be established more naturally 
and simply. 

2. GENERALIZED ELEMENTARY RANDOM VARIABLES 

2.1. Let (93,/?) be a pr σ-algebra and Σ be any space. A function X 
defined on an experiment ae«^(93) and having values in Σ, i.e., a map 

Χ:^3^^Χ(α^ = ξ]ΕΣ9 j> 1, 

is said to be a generalized elementary random variable (erv) over 33 with 
respect to Σ. The set of all generalized erv's over ® with respect to Σ 
will be denoted by ^(93, Σ) and called a generalized elementary stochastic 
space over S with respect to Σ. If Σ = R, i.e., the field of the real numbers, 
then we have the elementary stochastic space <i(93) over 93 which we 
studied in Section 2, Chapter IV. By ^(93, Σ) we will denote the 
generalized simple stochastic space over 93 with respect to Σ. Let 

Χ:*3^=>Χ(α^ = ξ]ΕΣ9 j>\ 

Y :b3bi=> Υφύ^η^Σ, i> 1 
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be two erv's of <f(93, Σ); then an equality X = Y will be defined if and 
only if, for every pair (j,i) with ^ Λ ^ Φ 0 , we have ξ] = η( in Σ. 
Furthermore, any relation r, resp any operation ®, defined in Σ induces 
a relation r, resp an operation ®, in <ί(93, Σ) defined as follows: 

(1) Xr Y in £ ( » , Σ) if and only if, for every pair (j, i) with as A bi Φ 0 , 
we have ξ] r ηί in Σ, resp, 

(2) X ® 7 = 2 : iAb3f l y Ai ( =>Ζ(α,.Λ^) = X(aj)®Y(bd = ξ ;®^ 
in Σ, for every pair (/, /) with ^ Λ bt Φ 0 . 

If a multiplication of a scalar λ and an element £ e Σ, i.e., A£ G Σ, 
is defined in Σ, then a multiplication XX is induced also in <f (93, Σ) 
defined as follows: 

XX = Z l a a a ^ Z ^ . ) = ΑΧ(α,) = A^e Σ, ; ^ 1. 

2.2. Let Σ be equipped with an algebraic, resp a topological, structure; 
then a corresponding algebraic, resp topological, structure can be induced 
in <ί(93, Σ) with the help of the definitions of Sections 2.1. Particularly, 
if Σ is equipped with a vector lattice or norm structure, then order and 
other convergences can be induced in ^(©, Σ) and a completion process 
with respect to these convergences can be applied on S(©, Σ) such that 
the corresponding extended generalized stochatic space 1^(95, Σ) will 
be complete with respect to all convergences which are considered as 
important in the probability theory. In the following sections the above 
mentioned algebraic and topological questions will be discussed in the 
case in which Σ is a lattice group, resp vector lattice or normed space. 

3. COMPLETION WITH RESPECT TO O-CONVERGENCE 

3.1. Let Σ be a σ-saturated (i.e. conditionally σ-complete with respect 
to the lattice operations) lattice group; then for every sequence 
ξηΕ Σ, n = 1, 2, ..., which is bounded from above (resp from below) 

00 00 

there exists the supremum \ / ξ„, resp the infimum / \ ξη in Σ. Further-

more, a σ-saturated /-group is always archimedean, and every archi-
medean /-group is commutative. It is easy to prove that the elementary 
stochastic space (f(93, Σ) is also a lattice group, but not always σ-saturated 
unless the Boolean σ-algebra © is atomic. The lattice group Σ can be 
considered as the lattice subgroup of all constant erv's. Obviously, Σ 
is then a regular lattice subgroup of S = <f (93, Σ). Moreover, S is an 
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archimedean /-group. In fact, let X eS, Y eS with nY ^ X, n = 1, 2, ...; 
we can assume that X and Y are defined on the same experiment, i.e., 

X :*3α]=>ξ]ΕΣ, j ^ 1 

7 : a3dj => η]e Σ, j > I; 

then nY ^ X is equivalent to «rç,· ^ ^ · , j ^ 1, n = I, 2, . . . . But ηη ^ £,·, 
« = 1,2,..., implies r\s < 0, and this holds for every j ^ 1 ; hence Y < 0. 
(Here 0 is the zero of Σ and $). 

3.2. For a real-valued erv X, i.e., 

Χ:β9α,=>Χ(α,) = £6Α, j > 1 

we have used a representation by a series: 

* = Σ £,·/„,·. 

That is possible here also in the following way: 

We denote by ξΙα for every ξ e Σ and a e 93 the erv 
(α=>ξ 

ζΙα\ , „ where 0 the zero of Σ. 
\ac =>0 

Particularly we define: 0Ja = 0, £J0 = 0, i.e., the constant erv 0; and 
ζ!β = ζ> i-e-> the constant erv ξ. Let now Z be an erv having values in 
Σ, i.e., 

Χ:Λ3α]=>Χ(α} = ξίΕΣ, j> 1; 

then we put Χ=Σ £ Λ · . 
j>i J 

It is easily verified here also that: 

X = o-lim Σ tih, 
n-*oo j = l 

If Σ is a vector lattice and a commutative multiplication ξη is defined 
in it, i.e., Σ is a lattice algebra over a scalar field F, and 1 denotes the 
neutral element of the multiplication, the so-called unit of Σ, then the 
set of all 1 · / β = Je, ae95, may be considered as the Boolean kernel 
/ 0 B ) of all indicators in £ ( » , Σ) (c/. Section 2, Chapter IV). 

3.3. We remark that the space #(©, Σ), considered as an archimedean 
/-group, may always be embedded regularly in a saturated /-group, which 
may be constructed in a way that is analogous to that of the construction 
of the real numbers by Dedekind cuts of the rational numbers. MacNeille 
[1] has proved that this Dedekind process can be applied to embed 
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regularly every partially ordered set into a saturated partially ordered set. 
Everett [1], Banaschewski [1], and others (see also Kantorovic, Vulikh and 
Pinsker [1]) have proved that the fact that an /-group is archimedean is 
not only sufficient but also necessary for assuming that the minimal 
saturated MacNeille extension in which it may be embedded regularly 
is also an /-group. In the general case this extension is a lattice-ordered 
semigroup. Let S = (?(23, Σ) be the MacNeille minimal saturated 
extension of S = S(©, Σ). We then can consider ê as a regular lattice-
subgroup of i . 

3.4. In the /-group S an ö-convergence and the concept of ^-fundamental 
sequences may be defined as in Section 2, Chapter IV; then theorems 
3.1-3.3, 3.5, part of Theorem 3.4, Sections 4.1-4.5, and part of Section 
4.6, Chapter VII, are also true here. An ö-fundamental sequence in S is 
not always o-convergent, i.e., S is not always o-complete (i.e., complete 
with respect to the ö-convergence). Obviously the extension ê of S, 
as a saturated /-group, is also ö-complete, i.e., for every ^-fundamental 
sequence in ê there exists in S an element to which the fundamental 
sequence ö-converges. ê is moreover complete with respect to the o-
convergence of nets. Papangelou [1, 2] (see also Everett and Ulam [1]), 
has established another process to complete directly a commutative 
/-group with respect to the ö-convergence of sequences. This process is 
hence applicable to complete S and leads, if some additional conditions 
are fulfilled, to the minimal saturated extension ê of S. This happens, for 
example, in the case Σ = R (see Chapter IV, Section 5). The process 
which we have stated in the mentioned Section 5, Chapter IV, to define 
the extension space of (f (23, R) is analogous to that of Papangelou. But 
the proofs given there are based on special properties of R as a linearly 
ordered /-group. On account ofthat, we shall state now briefly the process 
of Papangelou with the more general establishments of him. The extension 
space of Papangelou has the advantage that every element of it can be 
expressed as an o-limit of a sequence of erv's. 

3.5. Let Jt be the set of all ö-fundamental sequences in ê. If {Xn} and 
{ Y„} are ö-fundamental sequences of Jt> we define the following operations 
in Ji\ 

{Xn} + {Yn} = {Xn+Yn} 

-{Xn} = {-Xn} 

{Xn}v{Yn} = {XnvYn} and dually. 
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If ê is, moreover, a vector lattice, then we define: 

λ{Χη} = {λΧη}, λβΙΙ. 

3.6. It is easy to verify that M is a lattice group with respect to these 
operations, resp a vector lattice, if S is a vector lattice. Let {X} denote 
the constant o-fundamental sequence Xn = Xe$, n = 1,2,...; then the 
map: 

embeds S isomorphically and regularly in Jt. The set Jf of all o-null 
sequences, i.e., sequences which o-converge to the zero element Θ in ê, 
forms a lattice ideal in M. Let Ψ* = ΊΓ(93, Σ) denote the quotient lattice 
group M\Jf (of the /-group M modulo the /-ideal Jf} and X the class 
{Xn}/jreJt/jr. The map 

£3X=>{X}IJTeJtlJf 

embeds, obviously, ê isomorphically and regularly in 'V = Jt\Jf. 
Hence, ê can be considered as a regular lattice subgroup of V and 
the class {X)\Jf can be identified with the element Xeê. 

We shall call f (©, Σ) the stochastic space of all rv's with values in Σ 
over the pr σ-algebra (©, p) and we shall regard ${$$, Σ) as the stochastic 
subspace of ιΓ(95, Σ) consisting of all erv's. 

3.7. A sequence ΧηΕ"Γ, n = 1, 2, ..., is said to be $~o-convergent to 
Xei^ if there exists a decreasing sequence YneS, n — 1, 2, ..., such that: 

\Xn-X\^Yn, « = 1 , 2 , ..., and (*) / \ ^ = «· 
« = i 

A sequence ΧηΕ"Γ, n = 1, 2, ..., is said to be <f-ö-fundamental in τΓ, 
if and only if there is a decreasing sequence Yn e S, n = 1, 2, ..., such that: 

l *„ + f c -* J < n , equivalent^ Xn- Yn < l„ + f c ^ Xn+ Y„ 

n = 1, 2, ..., * = 1, 2, ..., and (*) J\ Yn = fl.f 

An analogous theorem to Theorem 5.1, Chapter IV, is also true here, 
i.e., 

t For these definitions compare also Section 4.5., Chapter IV. 
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Theorem 3.1. 

If XneS, n= 1,2, ..., is an o fundamental sequence in S {hence 
X = {Xn}/jV* an element in y \ then the sequence X„, « = 1 , 2 , . . . , 
considered as a sequence in y , is S-o-convergent to X in y, i.e., ê is 
S-o-dense in y. 

Proof. Since Xne£, « = 1 , 2 , . . . , is o-fundamental in &, there a re | 
two sequences, an increasing Yneé, « = 1 , 2 , . . . , and a decreasing 
Zne$, « = 1, 2, ..., such that: 

Yn^Xn^Zn, « = 1,2,..., 
and 

Λ(Ζ„-Υ„)=0 in *, 
n = l 

i.e., ö-lim (Z„- Yn) = Θ in S. 

Since S is regular in y , we have also 

Λ ( Ζ „ - Υ „ ) = 0 in y. 
it = l 

We have to prove: 

or> V n = en /\zn = x, © 
n = l n = l 

Obviously, we have X ^ Y„, « = 1, 2, . . . . Let {Xn*}IJT = X* be 
another upper bound of Y„, « = 1, 2, ...; the sequence Xn*, n = 1, 2, ..., 
can be chosen to be decreasing. Then Xn* ^ Yn, « = 1, 2, ...; hence 

i.e., * * ^ X. 

Hence œ 

CO V ^ = *; 
w = l 

the dual can be established similarly. This shows that in y , we have: 

X = (yy 0-\im Yn = (y)-o-\\mZn = (y)-o-\\mXn (II) 

and since X„, n = 1, 2, ..., is ^-fundamental , we conclude 

(f-o-lim X„ = X. 

t see Lemma 4.1., Chapter IV. 
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The lattice group if is, therefore, the ^-o-closure of the lattice subgroup 
S in if, Moreover, (I) implies: 

Corollary 3.1. 

Every X e f , can be expressed as an S-o-limit {hence, also as an if-o-
limit) of an increasing resp descreasing sequence of erv's. 

We can now prove: 

Theorem 3.2. 

The l-group if is S-o-complete, i.e., complete with respect to the $-o-
convergence in if. 

We shall prove first: 

Lemma 3.1. 

If Xneif, n = 1,2, ... is decreasing, then there exists a decreasing 
sequence YneS, n = 1, 2, ..., with Xn ^ Yn, n = 1, 2, ..., and such that 
Xn, n = 1,2, ..., and Y„, « = 1 , 2 , ..., have the same lower bounds in ê\ 
if, moreover, Xn, n = 1, 2, ..., is S-o-fundamental, then Yn, n = 1, 2, ..., 
can be chosen to be (S)-o-equivalent to the sequence Xn, n = 1,2, ... 
(i.e., such that (<f)-ö-lim (Xn— Y„) = Θ), hence {Syo-fundamental.^ 

Proof of Lemma 3.1. By Corollary 3.1, for each Χ„Ε^, there is a 
decreasing sequence 

Yn i^S, i = 1, 2, ..., 

with Ynt f > Xn 

and (<f)-o-lim Y„f £ = Xn; 

hence there is a decreasing sequence 

Z/i, i£$, i= 1 , 2 , . . . , 
such that ^ 

{g) Az„fi = e 

and \Yn,i-Xn\ <Z„ih / = 1,2 « = 1 , 2 , . . . . We put 

Yn= YUnAY2tnA...AYn>n, n= 1,2,...; 

clearly y B e i , « = 1,2, ..., 

t A dual lemma is also true. 
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is decreasing and Xn ^ Y„, since 

for all k = 1, 2, ..., «. Let now VeS with K < Υπ, n = 1, 2, ; then 
V ^ 7fcn for all A: and « with k ^ n; hence 

n = l 

for every k=l,2, . . . . This shows that X„, AI = 1 , 2 , . . . , and Yn, 
JZ = 1, 2, ..., have the same lower bounds in S. Assume now that Xn, 
n = 1, 2, ..., is (<f)-ö-fundamental, i.e., 

Xn~Xn + k ^ */ι> W = IJ 2, ..., Ä: = 1,2, ..., 

with K.e(f, A2 = 1,2, ..., 

and 
(£) /\Vn = 9; 

n = l 

then 

Yn~ Xn = ^1,ηΛ ^2,πΛ· · · Λ ^ Ι , Ι Ι - -̂ η 

= (7 1 ,„ -Χ π )Λ(7 2 ) „ -1 ( Ι )Λ. . .Λ(7 Π ( Π -^„) 

= { ( η ) Β - ^ ι ) + ( ^ ι - ^ „ ) } Λ { ( 7 2 , „ - 1 2 ) + (Χ2-Χη)}Λ. . . 

Λ{(Υ„,η-Χη) + (Χ„-Χ„)} 

^(ZUn+V1)A(Z2i„+V2)A...A(Z„,n+V„)=Wn, « = 1 ,2 , . . . . 

It is easy to verify that 

W„eê, n = l , 2 , . . . , 
is decreasing with 

(<?) J\wn = e. 
n = l 

In fact, let Z e ^ with 
Z^Wn9 n= 1,2,. . .; 

then Z^Zk>n+Vk 

for all Ä: and n with n ^ k9 hence, for all k and « (since Zkt „, « = 1, 2, ..., 
is decreasing); i.e., 

00 00 

z < of) Λ (zk,n+ vk) = o?) Λ z*...+ F* = ö + F*> hence z < F*> 
fc=l,2, ...; 
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this implies 

Thus we have 
z ^ ( f l A ^ = Θ. 

\Yn-X„\^Wn, « = 1,2,..., 

with W„eS, « = 1 , 2 , . . . , 
decreasing, and œ 

(ê) f\wn = e, 
n = l 

i.e., the sequence 
Y„e<f, / i = 1,2,... 

is (<^)-0-equivalent to the sequence 
Xner, n= 1,2,...; 

hence Yne$, n=l,2, ..., 
is (<f)-o-fundamental. 

Proof of Theorem 3.2. According to Theorem 3.1, we have: 

(£)-o-\im Yn=Y ={Yn}/JT in 1T\ 

hence, we have also: 
{S)-o-\\mXn= Y in r . 

This implies that Theorem 3.2 is true. 

3.8. It is easily verified that in τΓ, ((f)-ö-convergence and ( ^ ) - Ö -
convergence are equivalent; moreover, (<f)-ö-fundamentality and (τΓ)-ο-
fundamentality are equivalent in y. In fact, (^-convergence, resp 
^-o-fundamentality, implies (^-o-convergence, resp (^)-ö-fundamenta-
lity, for ê is regular in V. In order to prove that (^T)-o-convergence, resp 
(^)-o-fundamentality, implies ((f)-ö-convergence, resp (^)-ö-fundamenta-
lity, it suffices to prove: If Vn£y, n = l, 2, ..., is decreasing with 

on λ γη = β, 
n = l 

then there is a decreasing sequence 

Z„e<f, n = 1,2, ... 
with 

it) /\Ζη = θ 
n = l 

and Ρ ; ^ Ζ „ , ι ι = 1 , 2 , .... 

That the latter is true follows by Lemma 3.1. 
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3.9. The lattice group Y= M\Jf is the minimal, with respect to the 
o-convergence, complete regular extension of ê. Hence f* can be 
embedded regularly in the MacNeille minimal saturated regular extension 
ê of ê. One might suspect that τΓ is at least σ-saturated. This is true in 
the case Σ = R = the field of the real numbers; moreover, in this case Y 
is saturated, hence isomorphic to Ê. In the general case this question 
is open. Papangelou [1, 2] has proved that: 

A necessary and sufficient condition that the minimal with respect 
to the o-convergence regular completion ^ of an archimedean lattice 
group ^ is σ-saturated is the following: 

(P) If Xne&, n= 1,2,..., is an increasing bounded sequence, then 
there is a decreasing sequence 

Yne<Z, /i = 1 , 2 , . . . , 

with Xn *ζ Yn, n= 1,2, ..., 
and 

(9) /\(Υη-Χη)=θ. 
η = ί 

Susan Papadopoulou has, moreover, proved that: 

Theorem 3.3. 

A necessary and sufficient condition that the Papangelou completion 
y^ is saturated, i.e., isomorphic to the MacNeille extension &, is the 
following: 

(SP) For every subset &ofy which is upper bounded in <$, there is a 
sequence Xne&, n = 1,2,..., such that this sequence and $ have the same 
upper bounds in <&. 

Proof Since we do not use the particular structure of S in the application 
of the extension process of Papangelou, in order to prove Theorem 3.3, 
we can put ^ = ê\ then ^ = τΤ. 

(1) The condition is necessary: Let, namely, Ψ* be saturated and $ 
be any subset of S upper bounded in S\ then there is \j {X : I e J } = Z 
in y-9 then, by Corollary 3.1, there is an increasing sequence XneS, 
n = 1, 2, ..., such that: 

z = (T) V x„; 
n = i 

this sequence possesses the same upper bounds in ê with $&. 
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(2) The condition is sufficient: Let $ be upper bounded in ê and 
consider ê as a lattice subgroup of the MacNeille extension £; then 
there is 

{ê)\J{X\Xe@} = Zeê. 

Let now Xne$, n = 1, 2, ..., be the sequence which possesses the same 
upper bounds in S with 08. Then we have: 

z = d) v x.. 

The sequence Xn can be supposed to be increasing, for, otherwise, we 
can consider the sequence: Xi9 Χγ v X2, Xi v X2 v X3, .... Then 

(i)-oAim Xn = Z. 

In the same way it can be proved that there is a decreasing sequence 

Yne£, n= 1,2,..., 
such that œ 

z = (i) Λ n-
I This is derived from the fact that an increasing sequence 

Zneë, n= 1,2,..., 

exists such that: (£) \ / Zn = -Z I. Hence we have: 
n = l / 

\Z-Xn\=Z-Xn< Yn-Xn. 

But 

(*) Λ (Yn-Xn) = (*) Λ y . - ( * ) V * - = Z - Z = Ö. 
n = l n = l n = l 

Hence also ^ 

n = l 

and moreover, Yn - Xn s S, « = 1 , 2 , . . . 

is decreasing. This means that 

^-ö-lim Xn = Z. 

Consider now f as a regular lattice subgroup of i; then we have 
also 

(r)-o-\imXn = Z 
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and, since Ψ* is complete with respect to the o-convergence, we have 
Z G f ; hence if is saturated and, since it is a lattice subgroup of È, equal 
t o ^ . 

3.10. In the particular case in which the range Σ of ê = <ί(93, Σ) is a 
real archimeadean vector lattice, Susan Papadopoulou has given a 
sufficient condition that f (©, Σ) be saturated, namely: 

(SP*) If for a subset Ξ of positive elements of Σ (i.e., Ξ ^ Σ+) there is 
an element a e Σ such that for every finite subset {ξΐ9 ξ2,..., ζ^ £Ξ Ξ we have 

then Ξ is at most countable. 

This condition for Σ implies the same for the < (̂93, Σ). Moreover, 
condition (SP*) formulated for any archimedean lattice group ^ implies 
condition (SP), so that the Papangelou extension of ^ is saturated. 
In the following, this statement will be established. We notice first of all, 
that the set R of all real numbers, as also every archimedean vector lattice, 
which is finite-dimensional, satisfies condition (SP*). The following 
lemma is true: 

Lemma 3.2. 

Let <S be an archimedean lattice group satisfying the condition (SP*); 
then <& satisfies also the condition (SP). 

Proof In fact, let \sé, &] be a non-void cut in ^ , that is, let se and $ be 
non-void and let se be the set of all lower bounds of $ and $ the set of 
all upper bounds of se. We can suppose that b > Θ, for every b e $ 
(for, otherwise, we may consider the cut \sé — a, $ — a], where a es/ 
and aφ(%). There is, hence, a n f l e j / with a > Θ. For, otherwise, we 
would have Θ = (^)f\{b :be&}, thereforeΘΕ0$. By transfinite induction 
we can define a family xt e s/, iel, with xt > Θ, iel, and such that if 

Ξ* = {x^ + Λ^ + . . .+χ^: ikel, k = 1,2, . . . ,«, and ikl φ ik2i^k1 Φ k2}, 

then Ξ* c se, 

and there is no x e ^ with x > Θ and χ + Ξ* ç se. By (SP*), the set of 
the values of the above family is at most countable; and since ^ is 
archimedean, each value can appear in the family finitely many times. 
So I is also at most countable, hence so is Ξ*. Since E * ç i , the elements 
of $ are upper bounds of Ξ*. We assert that every bound of Ξ* belongs 
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to $ In fact, let x be such a bound, and let us suppose that x does not 
belong to ÛS; then there is a e se such that a < x is not true, i.e., 

(a-x) + >θ. 

Let y be an arbitrary element of Ξ*; then we have 

(a-x)++y= [(a-x)v0]+y 

= (a-x+y)v(ß+y) 

= [a-(x-y)]vy. 

Since x ^ y, we have a — (x — y) ^ a. Therefore: (a — (x — y)) e se. 
And, since y esé, we have [a — (x—y)] v y e se. Hence (a — x)+ + Ξ* ç j ^ , 
which is a contraction to the properties of Ξ*. Hence Ξ* and se have 
the same upper bounds, and since Ξ* is at most countable, (SP) is 
fulfilled. 

It can now be proved: 

Theorem 3.4. 

If Σ is a real vector lattice satisfying condition (SP*), then the stochastic 
spce <£(95, Σ) of all erv's on 95 with values in Σ satisfies also condition 
(SP*). 

Proof Let ^(95, Σ) be the space of all simple random variables in 95 
with values in Σ; then for every X e «^(93, Σ) we have a representation of 
the form: 

n 

X = Σ iiht> w h e r e a = {<*u <*2> · · ·> « „ } 
i = 1 

is a finite experiment in 93 and £,·e Σ, i = 1, 2, ..., n. To every X e (93, Σ) 
we can now correspond a value 

i = l 

By this correspondence, a linear and strictly increasing function E(X) 
is defined on «^(95, Σ). Let Ξ ç^(95, Σ) and Ξ such that X > Θ for 
every XeE. Then to every XeE there corresponds a representation 
of the form: 

X = Σ ί χ . ι / . , , , with ^ , f > 0 , / = 1,2, . . . . 



3. COMPLETION WITH RESPECT TO Ö-CONVERGENCE 175 

Suppose, there is an erv 
00 

■ ^ Ο = . Σ SO, i ^αο, i 

where a0; £ Λ a0f j = 0 , i # j , 

which is an upper bound of all finite sums of pairwise different elements 
of Ξ. Now let us suppose that Ξ is uncountable; then there is an index i0 

and an uncountable subset Et of Ξ such that: for every 7 ε Ξ „ there 
is an index i(Y) such that aYf i ( y ) Λ α 0 io Φ 0 . We consider the family 

Χγ = s y, i(Y)^fly, , ( Υ )
 Λ flo, ίο' ^ e û i · 

We have XY > 0, for every Y eEl9 and all finite sums of pairwise 
different terms of this family are bounded by ξ0> ioIa0t io. Hence, moreover, 
all finite sums of pairwise different terms of the family E(XY), YeEu 

are bounded by p(a0t io) ξ0> fo. Furthermore, we have E(XY) > Θ 
for every Y eElt But Σ satisfies (SP*) and is archimedean. In fact, 
if it is not archimeadean, there exists an x > Θ and a j e l such that: 
nx ^ y, for every « = 1 , 2 , . . . . But then the set {λχ, λ e R} is uncountable 
and all finite sums of pairwise different elements of it are bounded by 
y, which is a contradiction to the property (SP*). Thus, as it was proved 
in the proof of Lemma 3.2, Ξχ must be at most countable, which is a 
contradiction. Hence the theorem is true. 

3.11. A lattice group Σ is said to be of the countable type if and only 
if every bounded set of pairwise orthogonal elements is at most countable. 
The following theorem is true: 

Theorem 3.5. 

/ / Σ is a lattice group of the countable type, then the stochastic space 
< (̂93, Σ) of all erv*s over 95 with values in Σ is also a lattice group of the 
countable type. 

We shall prove first the following lemmas: 

Lemma 3.3. 

Let 51 be a subset of the Boolean σ-algebra 95 with |9l| > X0; then there 
is a subset 9ί0 — 8Ϊ such that |5I0| > K0 and a1Aa2¥

:0 for every pair 
at e 3ί, a2e 9l0. 
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Proof, Since |9l| > K0 and the probability is strictly positive, there 
is a natural number n0 and a subset 9^ £ 91 with I9IJ > N0 and 
p(a) > l/n0 for every a e 91^ Obviously the set 2lx satisfies the condition: 

(Cj) Among any n0 elements al9 al9 ..., tf„0 in 91 x there are at least 
two which are not disjoint. 

We shall now prove: 

(C2) There is a subset 9I0 £ 911 such that |9I0| > K0
 a n d f°r every 

pair at e 9I0, a2 e 9I0 we have αίΑα2 Φ 0 . 
We notice that, if n0 = 2, then condition (C2) follows immediately 

from condition (Cx) with 9I0 = 91^ In the general case n0 ^ 3, condition 
(Cj) implies the existence at least of two elements al9 a2 in 9I1 with 
aiAa2 Φ 0 . If there is not a third element a3e9I — {al9 a2) such that 
al9 al9 a3 are pairwise not disjoint, we put 9I2 = {al9 a2}. In the opposite 
case, we consider three elements ai9 al9 a3 in 9ΙΧ, that are pairwise not 
disjoint and carry on this process to define 9l2, in the following way: 
we define 9I2 = {al9 al9 a3} if there is not a fourth element 

a4eSai-{ai9a29a3} 

such that al9 al9 a39 a4 are pairwise not disjoint, otherwise the process to 
define 9I2 will be carried on. In this way after a finite or transfinite 
number of steps a subset 9I2 £ 91 ! will be defined, which must satisfy 
the following two conditions: 

(I) for every pair a1e9I2, a2e9I2, we have α1Λα2Φ 09 -i.e.9 the 
elements of 91 are pairwise not disjoint. 

(II) there is not an element a e 91 ! — 9I2 such that the set 9I2 u {a} £ 91 j 
satisfies also condition (I), i.e., 9I2 is a maximal subset of 2ΙΧ satisfying 
condition (I). 

Assume now that |9ί2| > K0; then (C2) is true with 9I0 = 9I2. If 
|3I2| < K0, i.e., 91 = {al9al9 . . .}, then condition (II) implies that: for 
every a e S ^ — 9I2 there is at least an tf„e9l2 such that an A a = 0 ; 
thus if we define 

93„ = {beS&i :bAan = 0} for every « = 1 , 2 , . . . , 

then, fcr every αβ(Άί — 9t2, there is at least one 8„ such that <ze93„, 
hence 

91,-91, £ U <B„. 
Since 

| 9 I 1 |>K 0 and |9r 2 |<K 0 , 
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we have I (J 93n| > K0; 

hence there exists at least an index nx such that |95nJ > X0. Now, we shall 
prove that (C2) is true for a subset 2I0 ç 23Π1. Let first be n0 = 3, and 
consider any two elements bl9b2e 95ni and the element ani ; then condition 
(Ci) implies that for the three elements bl9 bl9 ani in 5^ two of them are 
not disjoint; , but biAai = 0 and b2Aax = 0 ; hence bi9 b2 ought 
not to be disjoint. Thus (C2) is true if n0 = 3 with 2I0 = 93ni. 

Assume now (C2) is true if n0 =/? ^ 3; then we shall prove: (C2) 
is true if n0 = p+\ with a subset 2I0 ç S n i . In order to prove it, let 
bi9 bl9..., bp bp any elements in 93ni; then condition (Cj), with n0 = p + 1 , 
implies that among the p + 1 elements bi9b2, ...9bp,ani there are two 
not disjoint elements; but, according to the definition of 93ni, we have 
αηι Λ bj = 0 , j = 1,2,...,/?; hence the two not disjoint elements ought 
to be among the elements bl9b2 . . · ,£ρ; thus the set 95ni instead of 21^ 
satisfies also, with n0 = p, condition (Cx) and we have assumed that, 
if n0 = p, condition (Cx) implies condition (C2); hence there exists a 
subset 2I09ISW1 with |3I0| > N0

 s u c h that the elements of 3I0 are pair-
wise not disjoint. Thus the Lemma 3.3 is true. 

Obviously, the following lemma is true: 

Lemma 3.4. 

Let tffeS, iel9 with \I\ > K0 and at φ 0 , iel. Then there is a subset 
J £ J with | J\ > K0 such that the members a} of the subfamily aj9 jeJ, 
are pairwise not disjoint. 

Proof of Theorem 3.5. Let XteS(ß9 Σ) with Χ^θ, iel, be any 
bounded family of pairwise orthogonal erv's. It can be assumed that 
Xi > Θ, iel (for otherwise we can consider the family \Xt\9 iel); then 
for every iel, there is an element ξ^Υ,, ξι > Θ and an element «»-es, 
at Φ 0 , such that {,/β| ^ Xt. We put Yf = & Jei. Then the family 
Y; e <f(©, Σ), iel, is bounded with pairwise orthogonal members. Assume 
that |/| > K0 and consider the family a{e 93, i e / ; then Lemma 3.4 implies 
the existence of a subset J £ I with |J | > K0

 a n d s u c h t h a t t h e members 
aj of the subfamily α,-e ©, ye J, are pairwise not disjoint. But then, for 
every ix e J, i2 e J9 with ix φ il9 Yh A Yh = 0 and ah A ai2 φ 0 imply 
tn Λ ξί2 = 0. 
Let now 

Y:a^aj=>ηjeΣ9 - j > \9 
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be an upper bound of Yi9 iel, in £($S, Σ). Then there exists a j 0 ^ 1, 
and a J j Ç j with \JX\ > K0, such that: α;·0Λΰ(· Φ 0 for every ieJ^ 
Then, obviously, the family ξ] eΣ,jeJί, is bounded by η]ο and the elements 
ξ] are pairwise disjoint, i.e., \JX\ cannot be > K0 (contradiction!). The 
theorem is hence true. 

3.12. R. Cristescu ([I], Chapter III, Theorem 2.43, compare also Vulikh 
[1], Theorem VI 2.2) has proved: 

(C) If a vector lattice Σ is saturated and of the countable type, then 
every upper bounded (resp lower bounded) subset of Σ has a countable 
subset A' such that sup A' = sup A (resp inM' = infA). 

From this theorem, the following theorem can be derived: 

Theorem 3.6. 

If Σ is an archimedean vector lattice of the countable type, ΣΣ the 
Papangelou extension of Σ, then Σ is saturated, i.e., ΣΣ is isomorphic to 
the MacNeille extension £ of Σ. 

Proof. We notice that the MacNeille extension £ of Σ is also of the 
countable type. In fact, let T be a bounded subset of Ê with pairwise 
orthogonal elements. Then, for every ξ e T with ξ Φ Θ, there exists an 
ηξβΣ with θ < ηξ ^ \ξ\. The set Γ = {ηe Σ: η = ηξ, ξe T} is a bounded 
subset of Σ with pairwise orthogonal elements; hence Γ is at most 
countable and the same is true for T. Thus the previous theorem of 
Cristescu can be applied to Î and it follows that Σ satisfies the condition 
(SP); therefore ΣΣ is saturated, i.e., isomorphic to Ê. 

The following theorem is now true: 

Theorem 3.7. 

Let Σ be an archimedean vector lattice of the countable type; then the 
Papangelou extension of the vector lattice ê(S, Σ) of all erv's over S 
with values in Σ, is a saturated vector lattice. 

Proof. Since Σ is of the countable type, the vector lattice S (S3, Σ) 
is also of the countable type. Therefore its Papangelou extension is 
saturated. 
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4. COMPLETION WITH RESPECT TO A NORM 
4.1. Let Σ be a normed vector space over a scalar field Ff. The norm in 
Σ will be denoted by \\ξ\\, ξβΣ, and possesses the usual properties: 

Nl e ||£|| > 0, and \\ξ\\ = 0 if and only if ξ = 0, 

N2. \\λξ\\ = \λ\ \\ξ\\, where \λ\ denotes the absolute value of the scalar A, 

N3. Ili + ifll<llill + l|ifl|. 
Then d(x, y) = \\ξ — η\\ defines a metric in Σ. If Σ is complete in the 
resulting by this metric topology, then Σ is said to be a Banach space, 
B-space for short. From these properties it follows that the norm ||£||, 
as a real function defined on Σ, is continuous. If a commutative multi-
plication ξη is defined in Σ with the usual properties: 

(1) (ξη)ζ = ξ(ηζ), 

(2) ξ(η + ζ) = ξη + ξζ, 

(3) λιξ1.λ2ξ2 = (λ1λ2)ξ1ξ2, 

(4) there exists a unit 1 e Σ such that 1. ξ = ξ for all ξ e Σ, 

then Σ is said to be a normed commutative algebra with unit; then the 
norm ought to possess moreover the properties: 

N4. | |^ | |<. | |£ | | | |q | | , 
N5. | |1| | = 1. 

If, moreover, Σ as a normed vector space is a ß-space, then Σ is said 
to be a B-algebra. 

It is easy to see that ξ + η and ξη as functions of both variables together 
are metrically continuous. In particular, ξ + η is uniformly continuous. 
The most known examples of ß-spaces are also vector lattices. In a normed 
vector lattice we shall assume that the ordering and the norm are related 
by the following condition: 

(Pi) \ξ\ ^ \η\ implies ||ξ|| ^ \\η\\, where \ξ\ denotes the absolute value 
o f { , i . e . , | £ | = £ + + r . 

The B-space will be called in this case a B-lattice. It is easy to see that: 

(02) ||Ç|| = | | | ^ | | | f o r a l U e I , 
and moreover that the operations ξ Α η and ξνη, as functions of both 
variables together, are metrically uniformly continuous. In any Banach 

t Fis considered as the field R of the real numbers or the field C of the complex numbers. 
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lattice, metric convergence is equivalent to the rw*-convergence.| In 
fact, we need only consider convergence to 0. Now, if \ξη\ < ληη with 
λη 10 in R, then clearly 

\\ξη\\^ηηη\\ = \λη\\\η\\^0. 

Hence rw*-convergence implies metric *-convergence and so metric 
convergence. Conversely, if \\ξη\\ -► 0, we can choose a subsequence 
n(k) so that 

ll€-(*)H < -fi > 

and then define 

n = Σ mm\, 
k = l 

where the series convergence is metric convergence; then 

.* . l 

i.e., the subsequence ξη(1ί), k = 1, 2, ..., converges relatively uniformly to 
zero. Hence metric convergence implies n/*-convergence. 

But rw*-convergence implies o*-convergence. Hence, in any ß-lattice, 
if a sequence ξη9 n — 1, 2, . . . , metric-converges to ξ, then there exists a 
subsequence which ö-converges to ξ. 

A normed vector lattice is always archimedean. In fact, it is sufficient 
o 

to prove (l/v)£ -► Θ. But obviously, we have 1/v \\ξ\\ -> 0, and this implies 
o 

(1/ν)ξ -► Θ. For, more generally, we have: 

(I) i n e l , « = 1 , 2 , . . . , and monotone decreasing with \\ξη\\ -> 0 
00 O 

implies always the existence of /\ξ„ = Θ, i.e., ξη[θ in Σ. Because the 

two other possibilities: there not exists /\ξη in Σ or there exists in Σ 

and is # Θ, lead to the contradiction that inf \\ξη\\ > 0. Therefore we 
define: 

A normed vector lattice Σ is called continuous if and only if: 
oo 

(C) £„€Σ, Λ = 1, 2, ..., and monotone decreasing with /\ξη = θ 
implies H U - 0 . W = 1 

t About this convergence see Section 9.2., Chapter IV. 
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Order-boundedness in a normed vector lattice clearly implies metric 
boundedness. The converse is not however usually true. A σ-saturated 
normed and continuous vector lattice Σ is said to be a K-B-lattice if and 
only if Σ satisfies the following condition: 

(K) if ξηG Σ, η = 1,2,..., is increasing and there is an a e R such that 
||ξη\\ ^ a, then the sequence ξη is bounded in Σ. 

It is easy to prove that a X-lMattice is always a ^-lattice. But there 
are Banach lattices which are not σ-saturated; for example the Banach 
lattice of all continuous real functions defined on the closed interval 
[α, β] with respect to the norm | | / | | = sup |/(JC)|. We shall prove now: 

xe[a, β] 

Theorem 4.1. 

A σ-saturated normed and continuous vector lattice Σ is of the countable 
type. 

Proof. Let T be a bounded subset of Σ with pairwise orthogonal non-
zero elements. We put 

T„= {£ 6 T: | |€ | |> i - ) · 

Obviously 

T = U τ„. 

Let |T | > K0; then there is an index n0, such that |ΤΠ0| ̂  K0. Then 
oo 

there is a subset of Tno of the form: {τΐ5 τ 2 , . . . } ; but then the series Σ τη 

o-converges, and this implies τη -> Θ; the continuity of Σ implies then 
| |T J -► 0, i.e., a contradiction; for ||τ„|| > l/«0, n = 1,2,.... Hence 
every Tn is finite and then T is countable. 

Theorem 4.2. 

In a K-B-lattice Σ the following statements are equivalent: 

(I) o-lim ξη = Θ in Σ, 

(II) lim | | ΐ α ν | ξ π + 1 | ν . . . ν | α ΐ 1 = 0 . 
n, m-*oo 
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Proof. Suppose ξη->θ; then 

In = sup \ξκ\ 

is decreasing and 
o-lim ηη = 0, 

hence \\ηη\\ -> 0. 

But since the norm is monotone we have 

\\\ξη\ν\ξη+ί\ν...ν\ξ„\\\^\\ηη\\, 

hence (II) is true. Conversely, if (II) is satisfied, then for any ε > 0 there 
is an index NE such that for n ^ Νε, we have 

\\\ξη\ν\ξη+1\ν...ν\ξ„\\\<ε 

for every m ^ n; hence, by condition (K), it follows that ηη exists; since 
the norm is continuous with respect to «^-convergence, it follows that 

o 

\\ηη\\ =ζ ε for n ^ NE. Thus \\ηη\\ -► 0. But r\n \ ö-limsup \ξη\ and therefore 
by the monotony of the norm we have 

0-limsup |<î;n| = 0, 

i.e., ο~Χ\ναξη = 0. 

4.2. Let Σ be a Banach space over the scalar field F; then the space 
S = <£(©, Σ) of all erv's over 95 with values in Σ is a vector space. To 
every element Z e ^ i . e . , 

there corresponds a non-negative real-valued erv: 

φ(Χ) :a3fl;.=> ||Χ(α,·)ΙΙ = IIÉJ eÄ, j ^ 1, 

called norm-valuation of X in < (̂33, £). 
Obviously, we have: 

(I) φ(Χ) > 0, and φ(Χ) = 0 if and only if X = 0, 

(II) < K ^ ) = |A|<H*),ifAeF, 

(III) φ ( Χ + Υ ) < 0 ( Χ ) + φ ( Υ ) . 

If Σ is a ß-algebra, then ^(©, Σ) is an algebra over the scalar field F 
and we have: 

(IV) φ(ΧΥ)<φ(Χ)φ(Υ). 
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If Σ is a 5-lattice, then <f (S3, Σ) is a vector lattice and an absolute 
value X = X+ +X~ can be defined for every XeéifB, Σ); then the 
norm valuation and the ordering relation ^ are related by the following 
condition: 

(V) |* | < 171 implies φ(Χ) ^ φ(Υ). 

Moreover we have 

(VI) φ(Χ) = φ(\Χ\), 

(VII) φ(ΧνΥ)*ζφ(Χ) + φ(Υ). 

4.3. The so-called norm o-convergence (briefly «-^-convergence) may be 
introduced in ${$S, Σ) with the aid of the norm valuation: 

A sequence Xne£(%S, Σ), « = 1 , 2 , . . . , is called n-o-convergent to 
X in ^(93, Σ), denoted by 

Xn ™ X if and only if φ(Χη-Χ) ^ 0. 

A sequence Z n e^(93, Σ), « = 1 , 2 , . . . , is called n~o-fundamental if 
and only if 

φ(Χη-Χ,) ^ 0. 
£(», R) 

4.4. We may now establish with the aid of the «-^-convergence a 
completion process similar to that of Section 3, leading to a space of 
rv's f *(33, Σ), which is complete with respect to all convergences used 
in the probability theory. In order to do it, let Ji, CÜ, Ji be the set of all 
«-^-fundamental, all «-0-convergent and all sequences which n-o-
converge to the zero element of <ί(23, Σ) respectively; then we have 
M ^ Jf ^ Ji. Let now {Xn} and {Yn) belong to Ji or Jf or Ji 
respectively; then {Xn+Yn}, {λΧη} with XeF, and if Σ is a Banach 
algebra {Xn Yn} belong to Ji, or Jf, or Ji respectively. Moreover, if Σ 
is a Banach algebra and only one of {Xn} and {Yn} belongs to Ji, then 
{Xn Yn} belongs also to Ji\ hence we can define the following operations: 

{Xn} + {Yn} = {Xn+Yn}, λ{Χη} = {λΧη}, 

if Σ a Banach space, moreover 

{Xn}{Yn} = {XnYn}, 
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if Σ is a Banach algebra, and prove that Ji is a vector space, moreover 
an algebra respectively. Jf is a vector subspace and Jf is an ideal in M 
and in X. The quotient space iT*(», Σ) = M\Ji of all classes {Xn}/^V 
constitutes a vector space or an algebra, over the scalar field F. Ctf\Jf 
is then a vector subspace of Ji\Jf and can be identified with <?(S, Σ). 
We shall call f *(23, Σ) the stochastic space of all rv's valued in Σ over 
the pr σ-algebra (93,/?) and we shall regard <f(23, Σ) as the stochastic 
subspace of f*(93, Σ) consisting of all erv's. We shall denote the 
elements of τΓ*(93, Σ) also by capital letters X, Y,Z, . . . . 

The norm valuation φ can be extended from (ί(93, Σ) on ^*(93, Σ). 
Namely, since the inequality 

\φ(Χ)-φ(Υ)\^φ(Χ-Υ) 

is true in $(β, Σ), it can be proved that, if {Xn}eJf, then φ(Χη)9 

n = 1,2, ..., is an ^-fundamental sequence in £(%$, R) and defines a 
real valued rv in τΓ(©, JR). If, moreover, {Yn}e{Xn}/*V, i.e., 

n-o 

Xn-Yn -> Θ, 

then ο-\\πίφ{Χη) = οΛ\ναφ(Υη) in τΤ(®, Κ). 

Hence we can correspond to every class {Xn}/jV a uniquely defined by 

φ({Χη}/^) = ο-\πηφ(Χη) 

norm valuation, which is an extension of the norm valuation φ from 
<?(», Σ) on τΤ*(®, Σ) and preserves all properties (I)-(VII) of Section 
4.2. Hence, we can define an «-^-convergence in τΓ*(95, Σ) and prove 
that τΓ*(23, Σ) is then closed (complete) with respect to it, i.e., every 
Λ-0-fundamental sequence in iT*(3i, Σ) is «-o-convergent. The stochastic 
subspace ê(93, Σ) is w-o-dense in f *(53, Σ). The inequality 

\φ(Χ)-φ(Υ)\*ζφ(Χ-Υ), 

which is also true in ιΓ*(93, Σ) implies: if 

Xn ™ X in ^ * ( S , Σ) 
then 0 

ψ(Χη) - ψ(Χ). 

4.5. We may now introduce in τΓ*(23, Σ) the following kinds of 
convergence: 

(u) Norm uniform convergence (n-u-convergence for short): We say 
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the sequence Xn9 n = 1,2, ..., «-w-converges to X in f *(93, Σ) and 
denote it by 

Xn™X in TT* 
if and only if 

φ(Χη-Χ)"-+0 in Ή<Β,£). 

(p) Norm probability convergence (n-p-convergence for short): We 
say the sequence Xn, « = 1 , 2 , . . . , «-/7-converges to I in f * and 
denote by 

Xn
n^X in r* 

if and only if 

φ(Χη-Χ)^0 in f ( S , Ä ) . 

(a) Norm almost uniform convergence (n-au-convergence for short): 
We say the sequence X„, « = 1, 2, ..., «-«w-converges to X in ^ * and 
denote it by 

n-au 

Xn-+X in TT* 
if and only if 

au 

(£(*„-*)-► 0 in ^(93, K). 

(r) iVorra relative uniform convergence (n-ru-convergence for short): 
We say the sequence Xn, n = 1, 2, ..., w-rw-converges to Jf in f * and 
denote it by 

n-ru 

Xn -> X in TT* 
if and only if 

φ(Χη-Χ)η~™0 in -Τ(93,Κ). 

In the usual way, we may now define for all these types of convergence, 
the correspondent so-called star convergence, i.e., n-o^-convergence, 
w-w*-convergence, «-/?*-convergence, «-aw*-convergence and n-rw*-
convergence. 

On can prove in an analogous way as in Section 7, Chapter IV, that the 
previous types of convergence are related as follows: 

(1) The w-ö-con vergence is equivalent to the w-aw-convergence and 
implies the w-/?-convergence. 
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(2) The w-/?-convergence does not imply n-o-convergence; however, 
n-p 

if Xn -> X, then there exists a subsequence Xkn, n = 1, 2, ... such that 

n-o 

It is easy to prove that the set <^(93, Σ) of all simple rv's with values 
in Σ is w-ö-dense in τΓ*(93, Σ) but not always «-w-dense in ΐΓ*(93, Σ). 

4.6. If the space Σ of the values is a Banach lattice, in which case 
(ί(93, Σ) is a vector lattice, then an ö-convergence can be introduced 
in ^(93, Σ). Assume that the scalar field F is the field R of real numbers, 
and let η > Θ be an element of Σ with \\η\\ = 1; then the set 

K i j s { £ e l : { = ;ifj, λeR} 

is a Banach sublattice of Σ and moreover regular with respect to the 
ordering relation; obviously Rr\ is isomorphic to R. Hence (f (93, Ity) 
is isomorphic to the stochastic space S (93, R) of all real valued erv's 
over (93,/?) and even a regular, with respect to the ordering relation, 
vector sublattice of ^(93, Σ). Hence the vector lattice <f(93, R) may be 
embedded regularly in $(β, Σ) and be considered as a vector sublattice 
of <ί(93, Σ). In this case, we can complete <f(93, Σ) with respect to the 
ö-convergence and define its completion ^(93, Σ) (see Section 3.5). If 
the norm in Σ is continuous and Σ is σ-saturated, then Σ is of the countable 
type (see Theorem 4.1); moreover Σ is archimedean, hence (see Theorem 
3.7) τΓ(93, Σ) is a saturated vector lattice. 

A comparison of the «-ö-convergence with the ö-convergence in 
^(93, Σ), if Σ is a Banach lattice, and the discovery of a relation between 
the two completion processes of ^(©, Σ) with respect to these two 
convergences must be an interesting problem but seem to be still open. 
A completion process of < (̂93, Σ) in the general case in which Σ is a 
topological vector space could also be stated here. But to this purpose, 
we need advanced knowledge of general topology and the theory of 
topological vector spaces. Moieover, a comparison of such a completion 
to the completion with respect to the ö-convergence, when Σ is a topo-
logical vector lattice, seems also to be an open problem. In the following 
sections we shall be restricted to the introduction of the concepts of 
expectation and moments of rv's with values in a Banach space with the 
help of the Bochner integration theory. 
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5. EXPECTATION OF RV'S WITH VALUES IN A BANACH 
SPACE 

5.1. The theory of expectation and moments of real-valued rv's, that is 
stated in Chapters V and VI, may be generalized on rv's with values in a 
Banach space. Let (93,/?) be a pr σ-algebra and Σ a Banach space. 
Let <f(95, Σ) be the stochastic space of all erv'e over 23 with values in Σ 
and 1Γ*(33, Σ) the completion of ^(S, Σ) with respect to the 77-0-con-
veigence. «^(S, Σ) will denote the stochastic space of all simple rv's 
over 95 with values in Σ. We shall consider ^(95, Σ) and <?(95, Σ) as 
vector subspaces of 1T*(», Σ). «9̂ (95, R) resp <f(95, R) resp τΓ(95, R) 
will denote the stochastic spaces of the real-valued simple resp elementary 
resp all rv's over 95. In order to define the expectation and the moments, 
we shall follow the Bochner integration theory; the theory stated in 
Chapters V and VI is then a particular case of this general theory. 
5.2. Let Z b e a simple rv, i.e., 

X G ^(95, Σ) and X= £ €|/«, 
i = 1 

be a representation of X by indicators (see Section 3.2); then we shall call 
expectation E(X) of X in Σ the element of Σ defined by the equality 

E(X)= Σρ(αί)ξ, 
ί = 1 

It is easy to prove that the so defined expectation of X in Σ is independent 
of the particular representation of X by indicators. 

According to this definition, we have 
(I) Ε(ξΙα)=ρ(ά)ξ, for every a G 95 and {eZ. 
The following properties may easily be proved: 
1. The expectation £ is a linear mapping of 5 (̂23, Σ) into Σ, i.e., we 

have 
Ε(*Χ + βΥ) = <χΕ{Χ) + βΕ(Υ) 

with a and β scalars and X e ^(95, Σ), Y e ^(95, Σ). 
2. If Σ is a Banach lattice, hence ^(95, Σ) is a vector lattice, then E 

is strictly monotone, i.e., if X > Y, then E{X) > E(Y). 

3. For every 

Xe^(95, Σ) with X= £ ξίΙαι9 
i = l 
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we have 

Φ(Χ)= Σ | | { , | | / β ί 6 ^ ( » , Α + ) , 
f = l 

hence k 

Ε(Φ{Χ))= Tp(ddUi\\eR+, 
i = l 

and obviously we have: 

(II) \\E(X)\\ < Ε(φ(Χ)). 

5.3. We define: 

(III) || X || ! = Ε(φ(Χ)\ for every Xe^(iß, Σ). 

Then || || x is a norm on 5^(93, Σ). In fact we have 

(a) ll-YII ! ^ 0, and || JT|| 1 = 0 if and only if X = 0. 

(ß) wx+YU^wxiu + WYiu. 

(y) UX\\t = |A| 11*111, 
and if Σ is a Banach lattice then 

(δ) uxii^imu if \X\Z\Y\. 

The inequality (II) can now be written as follows: 

(H) ||£(Z)|| < IIZIU. 

The norm || || t defines a distance 

δ(Χ, Y) = \\X-Y\\l9 I G ^ ( 8 , Σ), 7 e ^ ( » , Σ), 

which induces in 5^(33, Σ) a metric convergence, i.e., a topology, called 
the topology of the convergence in mean. Instead of convergence in 
mean, we shall say also norm ̂ convergence (briefly N ^convergence) 
and denote by 

Xn-^X in ^(93, Σ); 
in other words we define 

Xn-^X in ^(93, Σ) 

if and only if \\Xn-X\\l -> 0. 

The inequality (II) implies: 

(IV) The expectation E(X), X e <^(93, Σ), is continuous for the con-
vergence in mean. 

file:///x/z/y/
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5.4. A sequence Xne^(93, Σ), n = 1, 2, ..., is A^-fundamental if and 
only if the double sequence \\Xn — Xm\\i converges to zero, i.e., if 

lim Ε(φ(Χη-Χ„)) = 0. 
(n, m)-+(ao, oo) 

Theorem 5.1. 

If the sequence Xne ^(33, Σ), n = 1, 2, ..., is N ^fundamental, then 

(1) the sequence φ(Χ„) e £^(93, Σ), n = 1,2,..., is N ^fundamental, 

(2) the sequence E(Xn)e Σ, n = 1, 2, ..., is fundamental with respect 
to the norm convergence in Σ. 

Proof We have 
\φ(Χη)-φ(Χηι)\^φ(Χη-Χηί), 

hence 
|| \φ{Χ„)-φ{Χη)\ H, < E(<KXm-Xj) = l l ^ - Z J I , . 

This inequality implies (1). From 

\\E(Xn)-E(XJ\\ = \\E(Xn-Xm)\\ < Ε(φ(Χ„-Χη)) = ΙΙΧ,,-^IU 

follows then (2). 

5.5. Let 

*e<^(23, Σ) and * = £ «*/*, 
i = l 

be a representation of X by indicators; then ΧΓα is defined by the equality 

XIa= Îtihi.a for every a e S . 
i = 1 

For every X e «^(23, Σ) we may define: 

φχ(α) = E(XIa), a e B . 

It is easy to prove that: 

(V) The function φχ(α) is additive, i.e., 

φχ(α v b) = φχ(α) + ̂ A-(6) if tf Λ b = 0 . 

Theorem 5.2. 

If XneSf(?&, Σ), n = 1, 2, ..., wa« N ^fundamental sequence then 

(1) T/ze sequence XnIa, n= 1,2,..., w N^fundamental for every 
ae®, 
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(2) The sequence φΧη(α), n = 1, 2, ..., is a fundamental sequence with 
respect to the norm convergence in Σ and defines by: 

ψ(α) = \Ίίη.φΧη(α), for every ae95, an additive function φ on 93 with 
values in Σ. 

Proof We have 

<KxHia-xmia) = cK(xn-xm)ia) ^ <KxH-xmy, 
hence 

\\(XnIa-XmIa)h ^ E(é{Xn-Xm)) = \\Xn-Xm\W. 

This inequality implies (1). From (1) of this theorem and (2) of 
Theorem 5.1, it follows that φΧη(α), « = 1 , 2 , ..., is norm-fundamental; 
hence there exists 

lim φΧη(α) = φ(α)βΣ 

for every ae33, and we have for a, be23, with aAb = 0: 

φ(αν b) = lim φΧη(α v b) 
n-*co 

= \\ιη{φΧη(α)+ψΧηφ)} 
n-* oo 

= >K«)+<K6); 
i.e., (2) is also true. 

Theorem 5.3. 

For every ^ 6 ^ ( 2 3 , Σ) the function φχ(α) = E(XIa), ae23, is σ-
additive, i.e., for every sequence of pairwise disjoint elements ^ 6 2 3 , 
i = 1, 2, ..., we have 

Proof. Let 

x = Σ t,h, 
j = l J 

be a representation of X by indicators and put 

00 

a = V * « ; 
i = l 

then k 

XIa — Σ £j hj Λ α 
J = l J 
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and, for every i — 1, 2, ..., we have 
k 

XIαι = Σ ÇjhjAai'i 

therefore 
i = i 

φχ(α) = Ε(ΧΙα)= ΣιΡ(αΑ^)ξ] 

x(a) 

k 00 

= Σ Σ P(at 
j=l i=l 

oo fc 

= Σ Σ /*«, 
• = 1 J = l 

= Σ £ W 
i = l 

= Σ ΨχΜ, 
ί = 1 

= Σ ^(α,). 
i = i 

A*y)Îy 

A*y)Îy 

i.e., 

5.6· A σ-additive function i/f defined on the Boolean σ-algebra 93 and 
with values in a Banach space Σ is said to be a measure (or signed measure) 
φ on © with values in Σ (compare, for the case of real-valued measures 
on 95, Section 3, Chapter V). 

Theorem 5.3 implies: 

Corollary 5.1. 

For every X e Sf\f8, Σ) the function φχ is a measure on S with values in Σ. 

The following theorem is true: 
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Theorem 5.4. 

/ / XneSf(&, Σ), « = 1 , 2 , . . . , 

is an N ^fundamental sequence, then the function 

ψ(α) = lim φΧη(α) 
n->oo 

for every a e 93 is a measure in S with values in Σ. 

Proof. Let ah i = 1, 2, ..., be a sequence of pairwise disjoint elements. 
We put 

a = V aù 
i = l 

then for ε > 0 there exists a natural number η0(ε) such that, for a fixed 
n ^ «ο(ε), we have 

11*0 e)-iM«)ll < 4 a n d k ( V *ι) -Φχη ( V «ί) < 4"> 
J II \i = l / \i = l / | | 3 

for every k = 1,2,.... The additivity of every φΧη, « = 1 , 2 , . . . , and * 
implies 

Σ 4>(ad- Σ ^„(α,) 
ϊ = 1 i = 1 

For the fixed number w, we have (Theorem 5.3) 

Φχη(μ) = Σ Φχη(αύ. 
i = l 

This implies the existence of a natural number k0(e) such that for 
fc ^ &0(ε) we have: 

Wx, i = 1 Γ"3 
Then for k ^ Α:0(ε), we have 

U(a)- Σ «K«,·) 
II i=1 1 

< Φ(ά)~φΧη(α)\ 

+ 
therefore we have 

+ \φχΜ- Σ ιΜ*ι) 
i = 1 | 

1 Σ *xH("d- Σ <K«,·) 
| i = 1 i = 1 | 

1 ε ε ε 

ψ(α) = lim Σ *(«,) = Σ «Κ«,·), 
fc-+oo i = l ί = 1 

i.e., the σ-additivity of φ. 
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Theorem 5.5. 

Let XneSf{S&^ Σ), n = 1, 2, ..., be an N ^fundamental sequence; then 
for every ε > 0 there exists a δ(ε) > 0, such that 

ψφ{Χη)(α) = Ε(φ(ΧηΙα)) = \\XnIa\W < ε, 

for every n = 1,2, ..., and every a e S with p(a) < <5(ε), i.e., the real-
valued measures Φψ(Χη), n = 1, 2, ..., defined on 3} are uniformly, relative 
to n = 1, 2, ..., absolutely continuous with respect to the probability p. 

Proof. Since Xn, n = 1, 2, ..., is .^-fundamental, for every ε > 0, there 
is a natural number n0 = Η0(ε) such that 

Let 

Ε(φ(Χη-Χη))<γ for n^n0, m>n0. 

i = i 

be a representation of Xn by indicators, n = 1, 2, ..., and put 

j„ = sup ||£Πί.||; 

choose then <5(ε) > 0 such that 
g 

^ ( e ) - ^ < Y for H^rto-

Namely, if .?„ = 0, for every n *ζ n0, we choose <5(ε) = 1, and if sn Φ 0 for 
some w < n0, we put 

<5(ε) = inf I — : sn Φ 0, « < w0 I · 

Let now a e 95 with p(a) < δ(έ); then for n ^ «0 we have 

Ε(φ(ΧηΙα)) < *„/>(*) < sn.ô(e) < y < ε, 

and for « > n0 we have 

Ε(φ(Χ„Ια)) < £(^(ΧΒ-ΖΠ 0)/α)+£(ψ(^Π 0/α)) < y + y = ε. 

Hence we have 
ψφ{Χη)(α) = Ε(φ(ΧηΙα))<ε 

for every a withp(a) < δ(ε) and every « = 1 , 2 , . . . . 
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Theorem 5.6. 

Let Ι „ ε « ^ ( 8 , Σ), n = 1,2, ..., be an N ^-fundamental sequence. Then 
there is a subsequence Xnke£fÇB, Σ), k = 1, 2, ..., which is n-o-funda-
mental. 

Proof. Since «-^-convergence is equivalent to w-aw-convergence, it is 
enough to prove the existence of a «-aw-fundamental subsequence of 
X„ Λ = 1 , 2 , . . . . 

Let ε be any number with 0 < ε < 1. Then we put 

(cf. Section 3.2, Chapter IV). Obviously, we have 

(1) E(cKXn-Xm))>E.p{bm,„(e))-

Since Xn, n = 1,2, ..., is iV^-fundamental, there is a natural number 
Ν(ε) such that 

(2) Ε(φ(Χη-Χ„))<ε2 < ε , for n ^ N(e), m>N(e). 

Relations (1) and (2) imply: 

P(bm, «(e)) < ε> for n ^ Ν(ε), m ^ Ν(έ). 
For 

1 
2 

p £ — 1 ? 
G ^ , /V 1 , ^, , . . . , 

we obtain in the previous way a sequence of natural numbers 

Nx = N(l/2), JV2 = N(l/22), ..., Nk = N(l/2fc), ... 

with the property 

Ε{φ{Χη-ΧΜ))<^ and p(bmtn(l/2
k)) < ± 

for every n ^ JVfc, m ^ Nk. Put now 

«l = # 1 , «2 = max{«1 + l ,N2}, ..., nfc = m a x K ^ + 1, Nk}, ..., 

and consider the subsequence Xni, Xni, ..., X„k, . . . . Put moreover for 
every k: 

àk = bnky^i(ll2
k)ei&, A: = 1 , 2 , . . . 

and 

dt«= V M S , A: =1,2,. . . . 
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For / ^ k, we have, obviously, 

<t>(Xnt-Xni+l)Idk<^r, i>k; 

then, for every j > i > k, we have 

φ(Χπ-Χ„)Ιά, < {φ(Χη-Χηί^)+...+φ(Χ„^-Χη])}Ι^ 

1 1 1 1 1 
< 2> "*" 2 , + 1 "*"" 2 J _ 1 < 2 ' - 1 2*_ 1 ' 

Let now any δ > 0; choose fc such that 

1 . 

and put a / = dk
c; then for 5 > 0 there is aà = e — aô

ceS& such that 
/?(α/) < δ and φ{Χη. — Χη^Ια6 w-converges to zero, i.e., the subsequence 

Xnkea>(iB9 Σ), fc=l,2,..., 

is H-tfw-fundamental. 

Theorem 5.7. 

Let Xne^^B, Σ), n = 1, 2, ..., èe an N ^fundamental sequence which 
n-o-converges to zero; then Xm n = 1, 2, ..., converges to zero in mean, 
i.e.ylim\\Xn\\x=0. 

η-κχ) 

Proof. We shall prove first that 

\ϊπιψφ(Χη)(α) = \ϊπιΕ(φ(Χη)Ια) = 0 for every a e » . 
Π-Κ30 Π-+00 

According to Theorem 5.5, for every ε > 0, hence for 

ε* = < J\ i > °> /?(a) 4-1 

there exists (5 = <5(ε*) > such that 

(L) O 0 m © = £ ( ^ „ / 5 ) ) < £ * 

for every be& with /?(6) < δ. Since X„, n = 1, 2, ..., is n-ö-convergent 
to zero, it is also n-aw-convergent to zero, i.e., for δ > 0 there is a0e9$ 
such that /?(#/) < δ and 

<E(XnJJ-^0. 
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Hence for ε* > 0 there is an Ν(ε) = Ν(ε*) such that 
0^φ(ΧΙί)Ιαδ = φ(ΧΙίΙαδ)<ε" for every k > N(a). 

For each k with k ^ Ν(ε) we put 

h = [φ(Χύ > «*]. 
Then bk ^ αδ°, hence p(bk) < <5; according to (L), we have: 

Ψ«χΜ = EW(XkIhk)) < e*. 
Now we have for every Ä: ^ Ν(ε) 

^(xk)(a) < Ψφ(χ*)(α-1>ά+Ψφ(χ*)Ψυ ^ e*.p(a-bj + a* < ε*./?(α) + ε* = ε. 
Thus 

limψφ^χ^α) = 0 for every a e S . 
But 

^ ( * > ) = Ε(φ(Χπ)) = l l * J i . 
Hence 

lim iA(Xn)(e) = lim IIXJU =0 , 
n-+oo π-»·οο 

i.e., the sequence Xn, «=1 ,2 , . . . , converges in mean to zero. 

Theorem 5.8. 

If Xn and y„e«5 (̂95, Σ), « = 1, 2, ..., are two N ̂ fundamental sequences 
which n-o-converge to the same X in ^ * ( S , Σ), then we have 

lim £(*„) = lim £(7„). 
n-+oo n-*co 

Proof Obviously Xn— Yn, n = 1, 2, ..., is an Nl-fundamental sequence 
and «-ö-converges to zero, hence it converges to zero in mean. Then 
\im E(Xn-Yn) = 0, hence 

\imE(Xn) = lim£(yn). 
n-*oo n-*oo 

5.7. We can now define an expectation for certain rv's XeY~*(?89 Σ). 
We shall say a rv ΧΕ"Γ*(%5, Σ) possesses an expectation in Σ if and 
only if there exists an Ni-fundamental sequence 

X„e^(93, Σ), H =1,2 , ..., 

H-0-converging to X. The expectation of X is then the element E(X) e Σ 
defined by 

E(X) = lim E(Xn). 
n-»oo 
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According to Theorem 5.8, the expectation is independent of the particu-
lar N^fundamental sequence Xne£f(ß, Σ), « = 1 , 2 , ..., which n-o-
converges to X. The set of all rv's Χ€"Γ*($ί, Σ), which possess an 
expectation E(X) e Σ will be denoted by « ^ ( S , Σ). Obviously «^(93, Σ) 
is a subset of - ^ ( S , Σ). The set of all real-valued rv's possessing an 
expectation defined as above in the particular case Σ = R will be denoted 
by JSfii», R).~ We shall prove below that J2\(93, R) is isometric to S£± 
defined in Section 2, Chapter V. 

It is now easy to prove that «£\(93, Σ) is a vector subspace of 1^*(93, Σ) 
and the properties (1) and (2) of Section 5.2 are valid for the expectation 
E defined on ^ ( 9 3 , Σ), i.e., E is linear and if Σ is a iMattice then E is 
strictly monotone on the vector lattice i f ^ S , Σ). Moreover, we have 
here: 

If X e Xt(p, Σ), then φ(Χ) e &x(&9 R) and 

(II*) ||£(Z)|| < Ε(φ(Χ)); 

and, if we define 

(III*) 11*11 ! = Ε(φ(Χ))9 for every X e ^ ( 9 3 , Σ), 

then || \\t is a norm on the vector space JS?i(B, Σ); i.e., properties (a), 
(/?), (y) and (<5) of Section 5.3 are also valid for the expectation E on 
•2Ί (93, Σ). The norm || 1̂  defines a distance, which induces a metric 
convergence in mean and denoted by 

Xn^X in «^(93, Σ). 

The inequality (II*) can be written as follows: 

(Π*) ||£(Z)|| < ||X||lf 

which implies that the expectation E is continuous for the convergence 
in mean. The concept of an #!-fundamental sequence can be also 
defined in «2^(93, Σ) and the following theorem is true. 

Theorem 5.9. 

If'Xne«9^(93, Σ), n = 1,2,..., is N ^fundamental and n-o-converging to 
arv Xe^(93, Σ), then Xn, n = 1,2,..., converges in mean to X, i.e., 

Ni 

Xn^X. 
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Proof. For every ε > 0 there is a natural number Ν(ε) such that, for 
n ^ Ν(ε), m ^ Ν(ε), we have 

\\Χη-Χ^\ι=Ε(φ(Χη-Χηι))<ε; (1) 

for fixed η^Ν(ε), the sequence Xn — Xm, m= 1,2,..., is ^-funda-
mental and «-o-converging to X„ — A^ hence <K^M — ̂ m )> w = 1,2, . . . , isan 
N! -fundamental sequence of positive real-valued rv's in <^(33, R) o-
converging to φ(Χη — Χ); thus, according to (1), we have 

Ε(φ(Χη-Χ)) = lim Ε(φ(Χη-Χηι)) ^ ε 
m-* oo 

i.e., \\Xn — X\\x ^ ε for n ^ Ν(ε), hence Χ„, /ι = 1, 2, ..., converges in 
mean to Jf. 

Corollary 5.2. 

The space «9̂ (33, Σ) is, with respect to the convergence in mean, dense 
in JS^CB, Σ). 

Exercise. Let 91 be any Boolean subalgebra of 33, which σ-generates 
93, and consider the space S?(% Σ); then to, every Z 6 ^ ( 9 3 , Σ) there 
exists an AT !-fundamental sequence Xn e ^(91, Σ) «-0-converging to X. 

Theorem 5.10. 

The normed vector space ^ ( 3 3 , Σ) is complete with respect to the 
N ̂ convergence, i.e., $£1(23, Σ) is a Banach space. 

Proof. Let 
X„ 6 ^ ( 3 3 , Σ), « = 1 , 2 , . . . , 

be a Cauchy sequence, i.e., let the double sequence 

\\Χη-Χηι\\ι = Ε{φ{Χη-Χη)) 

converge to zero. For every n there exists a rv Yn e SfÇB, Σ) such that 

\\Χη-Υη\\=Ε(φ(Χη-Υ„))<—. 
n 

But 
l ir.-rjli < lin-^Oi + l l^ -x j l i + l l ^ -y j l i ; 

hence the double sequence || Y„- Ym\\ t converges to zero; i.e., the sequence 

y„e^(93, Σ), « = 1 , 2 , . . . , 
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is Nl-fundamental. Hence, by Theorem 5.6, it contains a subsequence 
Ynk, k = 1,2,..., «-ö-converging t o a r v l e y *(93, Σ), which by definition 
belongs to =£\(23, Σ). According to Theorem 5.9, 

hence also 
Ni 

i.e., II^-XII^O. 
Then we have 

\\XH-X\\x<\\Xn-Yài + \\Yn-X\\u 

hence \\Xn~X\W -> 0, 
i.e., 

X „ ^ X in ^ ( 9 3 , Σ). 

5.8. Let Z e ^ ^ , Σ); then there is an Nl-fundamental sequence 

Y„ 6^(93, Σ), #1=1,2 , . . . , 

«-^-converging to Z ; then for every a e S , the sequence Y„Jae «5̂ (93, Σ) 
is also AT !-fundamental and w-ö-converges to a rv in £έΊ(93, Σ), which we 
denote by XIa; obviously this definition of XIa does not depend on the 
choice of the sequence Y„, n = 1, 2, . . . . Hence we can define for any 
X e J S ^ i » , Σ) a function 

ψχ{α) = E(XIa)9 ae® 

on S with values in Σ. 

Theorem 5.11. 

For every X e ^ ^ , Σ) the function 

φχ(α) = Ε(ΧΙαΙ ae93, 

is a measure on 93 with values in Σ. 

Proof. Let 
Y „ E ^ ( 9 3 , Σ), /i = 1 , 2 , . . . , 

be Λ/\-fundamental and »o-converging to J£; then for every a e 93, we have 

E(XIa) = lim E(YnIa) = lim ^ η ( β ) . 
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According to Theorem 5.4, the function φχ(α) defined by 

lim φΥη(α) = φχ(α) = E(XIa), a e 23, 
n-*oo 

is a measure in 23 with values in Σ. 

5.9. Let Z e i f j t S , R) and ξβ Σ; then there exists an JVt-fundamental 
sequence Y„ 6^(23, #), « = 1, 2, ..., ö-converging to X. Let 

^ η = Σ A„ihni 
i = 1 

be a representation of X„e «9̂ (23, #) by indicators; then kni is a real 
number, hence λπ / .ξe Σ, and we can define 

*„« = Σ ληί.ξ.ι„ηί. 

i = 1 
Obviously ΧηξΕ#>(<Β, Σ), « = 1, 2, ..., and 

E(XBi) = £(*„)& /i = 1 , 2 , . . . . 

The sequence Χηξ, n = 1,2,..., is Nt-fundamental and «-o-converges 
to a rv in J5? t(23, Σ), which we denote by X£. This definition does not 
depend on the choice of the sequence Y„, « = 1 , 2 , . . . , in £^(23, R). 
Obviously we have 

Ε(Χξ) = ξΕ(Χ). 

Exercise. Let Σ and T be Banach spaces and v : Σ -> T be any con-
tinuous linear operator of Σ into T. Let Ze«if1(23, Σ); define 

v o j r e J 2 \ ( S , T) 
and prove 

£ ( v o I ) = vo£(X). 

5.10. Theorem 5.6 possesses the following analogous in £Ί@Β, Σ): 

Theorem 5.12. 

If the sequence XwGif1(23, Σ), « = 1 , 2 , . . . , converges in mean to 
X G «£?X(S, Σ), i/ze« /Aere w a subsequence X„k, k = 1, 2, ..., n-o-converging 
toX. 

Proof. For every Ä: = 1, 2, ..., there exists a natural number «Λ such that 

\\X»-Xh=EMX^-X))<±. 
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We put 

then 

hence 

We put 

then 

**=[^nk-^4]e8; 

> E((t>(Xnk-X)) > E(<KXnk-X)IJ > ^p(ak)9 

P(ak) < -k . 
1 

bk = V αΐ> 
i = k 

φ(Χπ-Χ)Ι„:<±. for i&k; 

hence the sequence Χ„,Ιιξ, / = 1, 2 , . . . , w-w-converges to XIb
c
k. We put 

* = Λ **; 
k = l 

then œ j 
p(b) < p{bk) «S Σ P("i) < Zj^l for every k = 1, 2, ..., 

i.e., />(£) = 0, hence b — 0 ; 
Now for every ε > 0 there exists a natural number k(s) such that, if we 
put b£ = bm, we have 

p(bE)<s and XnJbi-> XI& 

i.e., the sequence XWi, / = 1, 2, ..., «-aw-converges to X and that is equiva-
lent to the «-^-convergence of X„., i = 1, 2, ..., to X. 

Theorem 5.5 possesses the following analogous in 3?^©, Σ). 

Theorem 5.13. 

/ / ^„eJ^ii^B, Σ), « = 1 , 2 , . . . , w N^fundamental, then, for every 
ε > 0, there exists a number δ(ε) such that 

Ε(φ(Χη)Ια)=ψφ(Χη)(α)<ε 

for every « = 1 , 2 , . . . , and every a e 93 with p(a) < δ(ε). 
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Proof. Let ε > 0; since 5^(33, Σ) is dense with respect to the convergence 
in mean in J^OB, Σ), for every n there exists a YneSf(95, Σ) such that 

\\Χη-Υη\\ί=Ε(φ(Χη-Υη))<^; 

then we have for every a e 93 

Ε(φ(Χη-Υη)Ια)<-^. 

Thus for every a e 95 we have 
ε 

Ε(φ(Χη)Ια)<Ε(φ(Υη)Ια)+ 2η 

i.e., 

ΨΦ{χη)(<*)<Φ<ΚΥη)(α)+ γη- (2) 

But we have the inequality 

Ε{φ{Υη- Ym)) ^ EW(Yn-Xn)) + EW(Xn-Xm)) + E((KXm- YJ); 

i.e., the sequence Yn, n= 1,2,..., is iVx-fundamental. Theorem 5.5 
implies now the existence of a number δ(ε) such that 

ε 
Ψ<ΗΥη)(α) < γ , for every « = 1 , 2 , . . . , 

and every a e 93 with p(a) < δ(ε). 
The inequality (2) implies 

6 6 
Ψφ(χη)(α) <Ύ + ^η<ε> f o r e v e r y n= \,29... 

and every a e S withp(a) < δ(ε). 

5.11. The following theorem shows that, if we consider «£Ί(33, Σ) as 
start space and try to apply the process of Section 5.7 to extend the 
expectation to other rv's in τ^*(93, Σ), we do not obtain new rv's. 

Theorem 5.14. 

If Xne&i(®, Σ), « = 1 , 2 , . . . , 
is Nfundamental and n-o-converging to a rv Z e y * ( 9 3 , Σ), then 
X e ^ x ( S , Σ). Moreover in this case we have 

E(X) = lim E(Xn). 
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Proof. Since J5fx(95, Σ) is complete with respect to the convergence in 
mean, there exists a Y eJ^CS, Σ) such that Xn -> Y. Theorem 5.12 
implies the existence of a subsequence X„k, A: = 1,2,..., such that 

X„k -► Y; this and the assumption X„ -» Z imply X = Y e . ^ ( S , Σ). 
Obviously, we have moreover 

JE(J0 = Hm E(Xn). 
«-►oo 

5.12. Let Σ be the set R of all real numbers, considered as a Banach 
space; then the norm \\ζ\\ is equal to the absolute value \ξ\ of ξ and the 
«-a-convergence is equivalent to the o-convergence. Moreover, the 
«-«-convergence is equivalent to the w-convergence. In Chapter V, we 
followed another process in order to define the concept of an expectation 
for certain real-valued rv's. One can prove that this process is equivalent 
to the one given here in the particular case Σ = R. The process of 
Chapter V may be applied also for rv's with values in any Banach space 
Σ, as follows: An erv X e ̂ (95, Σ) with a representation 

by indicators possesses an expectation if and only if the series 

is absolutely convergent, i.e., 

Σ/>(*,·)ΙΙ£,·ΙΙ<+οο; 

then the series 
Σ/W; 

converges in Σ and defines the expectation 

It is easy to prove that the sequence 

Xn= Σ^Λ,ε^ΟΒ, Σ>> "=1,2,. . . , 
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Λ-0-converges to X and, moreover, Xn, n = 1,2, ..., is ^-fundamental, 
i.e., X e i f ^ S , Σ). Since 

lim Z/>W,= ZMKi in Σ> 
n-*co j = 1 j ^ 1 

we conclude that both definitions lead to the same value of expectation 
E(X) in Σ. Let now denote by Jf (93, Σ) the set of all erv's in <f(93, Σ), 
which possess an expectation; then 

Jf (93, Σ) s J2\(93, Σ). 
Let 

*„eJf(33, Σ), « = 1 , 2 , . . . , 

be an «-«-fundamental sequence; then the double sequence 

0 ( * . - X J 6 JT(8,Ä) 

«-converges to zero and obviously Ε(φ(Χη—Χη)) converges also to zero 
in R (compare Theoiem 1.6, Chapter V). We have 

\\E{XJ-E(XJ\\ = \\E(Xn-Xm)\\^E((KXn-Xm)); 

hence Ε(Χη)βΣ, n = 1, 2, ..., is a fundamental sequence with respect 
to the norm in Σ, i.e., there exists 

lim E(Xn) e Σ. 
n-*co 

Thus we can define, analogously to the Chapter V, Section 2: an element 
Xeir*(i!B, Σ) possesses an expectation in Σ if and only if there exists 
a sequence 

* n e J f ( » , Σ), I I = 1 , 2 , . . . , 

which «-«-converges to X; then there exists 

lim E(Xn) e Σ 
n-*co 

and can be defined as the expectation E(X) of X. It is easy to prove that 
this sequence 

X„eJf(®, Σ) s jSf^a, Σ), « = 1,2, ..., 

isΛ^-fundamental and obviously «-ö-converges to X, hence X e J?i($5, Σ). 
Let Jf (93, Σ) denote the set of all rv's in f *(93, Σ) which possess an 
expectation according to the last definition; then j f (93, Σ) ç «£\(93, Σ). 
Since, moreover, the two definitions of the expectation coincide on 
j f (93, Σ), in order to prove the equivalence of the two definitions, it is 
sufficient to show that every X e J2\(93, Σ) belongs to Jf (93, Σ). 
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We shall use the following: 

Lemma 5.1. 

IfX e <£, ( 8 , Σ) and Y e £ ( S , Σ) with φ(Χ-Υ)<ε, then Y e j f ( » , Σ). 

Proof. Let 

be a representation of Y by indicators, where af Λ ÜJ = 0 , / φ j ; we put 

dk = V *«; 
i = 1 

then 
( ψ ( Υ ) - ψ ( Ι ) ) / 4 < ψ ( 7 - Ι ) / ^ ψ ( 7 - Ι ) < ε . 

Hence 
φ ( Υ ) / ^ < ε + φ ί Χ ) / ^ * = 1,2,.... 

From this it follows that: 

Σ Ρ(α,)\ξι\ = £ ( * ( y ) / J < s + E(fKX)Iék) ^ ε + Ε(φ(Χ)) 
i = 1 

for every k = 1, 2, ... ; hence 

ΣΜ)Ιί ( |α(^))+ε<+α), 

which implies 7 e Jf (93, Σ). 

In order to prove now that 

JS?,(», l ) ç J?(93, Σ), 
which implies 

J ? , (» , Σ) = J ? ( » , Σ), 

we first remark that for every 

XeJSf,(®, Σ)η<£(», Σ), 

the assumptions of the Lemma 5.1, with X = Y, are satisfied. Hence 
Ύ e Jf(93, Σ). Let now X be any element of JSfjO, Σ). We shall prove: 
there exists 

X,te<?(93, Σ), « = 1 , 2 , . . . , such that Χη"-+"χ. 

In fact, there exists a sequence 

Y„e^(93, Σ), /i = 1 , 2 , . . . , 
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/7-ö-converging to X, equivalently w-tfw-converging to X. Let ε > 0; 
then, for every k = 1,2, ..., there exist a natural number nk and an 
element bk e 33 such that 

P(bk
c)<~ and <K(Ynk-X)Ibk)<e. 

^(Λ V ) <^Γ' *=1'2'-' 
Obviously, we have 

, i A h Λ ^ ^ 

(Äv)-o, 

/ \ V = 0 and \J bk = e, 

hence 

i.e., 

* = i 

We put 

and 

then 

n. — i 

C\ = *i» ^ = h- V *i> * = 2, 3, 

Λ = 1 

* ε e S(93, Σ) and φ(Χε - X) < ε. 
Thus, for every 

1 i o ε = — , n = 1,2, ..., 

there exists an Xn e ^(93, Σ) such that 

φ(Χη-Χ)<—, η= 1 ,2 , . . . . (1) 
n 

This implies 
/ I - M 

X„ - X. 

Moreover, according to the Lemma 5.1, the inequality (1) implies 

X„e JT(93, Σ). w = l , 2 , ...; 

hence X e j f (93, Σ), 

i.e., jSf,(93, Σ)<= Jf(93, Σ). 
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5.13. Lebesgue's theorem on term by term integration, which we proved 
in Chapter V, Section 2, possesses an analogous theorem in the general 
case of rv's with values in any Banach space Σ. 

Theorem 5.15. (Lebesgue's theorem on term by term integration.) 

Let 

XHeSex(S&% Σ), n= 1,2,..., 

be an n-o-convergent sequence to a rv X e f *(S, Σ). / / there exists a 
positive real-valued rv Y e J^C©, R) such that 

φ(Χη)^ Y, n= 1,2,..., 
then the limit rv 

X = n-o-lim Xn belongs to J2 \ (» , Σ) 
n-*oo 

and we have 
E(X) = lim E(Xn) in Σ. 

n-* oo 

Proof. Since Xn, n = 1, 2, ..., is w-o-fundamental, the double sequence 

φ(Χη-Χ») G Se,(93,/*), n= 1,2,..., m= 1,2,..., 

0-converges to zero, hence 

ö-lim sup φ(Χη — Χτη) = 0. 
(n, m)-*( + oo, + oo) 

Theorem 2.8, Chapter V (which is also true for double sequences), implies: 

lim sup Ε(φ(Χη-Χ„)) ^ E(\\m sup φ(Χη-Χ„)) = 0. 
(n,m)->( + oo, + 00) (n .m)-»( + oo, +00) 

It follows that Xn, « = 1 , 2 , . . . , is an Nt-fundamental sequence in 
J2\(93, Σ), hence the limit 

X = n-o-\imXne&i(<B, Σ) 
n-* oo 

and E(X) = lim E(Xn) 
n-*co 

(see Theorem 5.14). 

Theorem 5.16. 

If M a rv Xer*(<B, Σ) 

there exists a positive real-valued rv 

Ye <e,(33,/?) 
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such that φ(Χ) < Y, 

then Xe^l®, Σ). 

Proof. Since 
Xer * (93 , Σ) 

and ^(33, Σ) is w-o-dense in f *(33, Σ), there exists a sequence 

X„e^(93, Σ), n= 1,2, ..., 
n-o 

such that X„ -> X in τΓ*(Β, Σ); moreover the sequence Xn, « = 1, 2, ..., 
may be chosen so that 

Φ(Χη) < ^; 
then by Lebesgue's theorem 

XeJSfii», Σ). 

Theorem 5.17. 

A rv 
Jief*(35, Σ) 

belongs to J^OB, Σ) if and only if 

4>iX)e&l(&9 R). 
Proof If 

XeJS?,(», Σ), 
then 0(X)eJ2\(®, Ä) 

(see Section 5.7). Conversely, if 

Xe-r*(93, Σ) 

and 0 (X)eJ2 \ (S , Σ), 

then from the previous theorem with 7 = φ(Χ), we deduce that 

I e ^ ( 9 3 , Σ). 

5.14. Remark. An expectation of certain rv's with values in a Banach 
space Σ may be defined with the help of the Pettis integiation theory. 
By this theory, the so-called conjugate space Σ* of Σ plays an important 
role. We shall state here briefly this theory. Let Σ be a Banach space 
with R as scalar field. A mapping ξ* of Σ into R is said to be a linear 
functional if and only if 

ξ*(λξ + μη) = λξ*(ξ) + μξ*(η), 
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for all λ, μ e R and ξ,ηβΣ. A linear functional ξ* is said to be bounded 
if and only if there exists a real number δ > 0 such that 

\ξ*(ξ)\ ^ δ\\ξ\\ for all { 6 Σ . (1) 

It is easy to prove that a linear functional is bounded if and only if it is 
continuous. In fact, the inequality (1) implies 

\ξ*(ξ)-ξ*(ξο)\^δ\\ξ-ξο\\> ^ Σ , ξ0€Σ, 

and this proves the continuity of ξ* at the point ξ0εΣ. Conversely, 
the continuity at the point zero of Σ implies that for 1 > 0, there exists 
a real number \/δ > 0 such that \ξ*(ξ)\ ^ 1 for every ξε Σ with 

IlilKy· 

Let us now consider any η e Σ, η Φ 0, and put 

δ\\η\\ 

then j 
I I É I I ^ y , 

Ηη\\ 

this implies \ξ*(η)\ ^ δ\\η\\ 

for any η e Σ, i.e., the boundedness of ξ*. 
Let now Σ* be the set of all bounded linear functional on Σ; then, if 

ÀiER and ^ * e l * , / = 1,2, we have λ1ξι* + λ2ξ2*ΕΣ*9 i.e., Σ* is 
also a vector space. The zero element of Σ* is the functional which 
vanishes for all ξ e Σ. 

A norm may be introduced in Σ* as follows: 

| | { * | | = s u p { | i * ( o | : { e Z , | | Ç | | ^ l } . 

It is easy to prove that Σ* is complete in this normed topology. Hence 
Σ* is again a Banach space, called the conjugate or adjoint space of 
Σ. Let us now define: 

£*(?) = « ,£*>, ξ*Σ, £*εΣ* ; 

hence 
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then the so defined function on Σ χ Σ* with values in R, can be con-
sidered as a continuous bilinear functional. In fact, we have 

< « + W , i * > = A<i,{*> + ^<ij,{*> (2) 

<£, λξ* + W * > = λ <{, ξ*> + μ <iy, £*>, (3) 

and moreover we have 
l«,€*>I^IIÊIIII£*ll. (4) 

The adjoint space Σ*, considered as a Banach space, also possesses an 
adjoint space Σ**. This consists of all bounded linear functionals 
defined on Σ*. Formulas (3) and (4) show that, for fixed ξ0 e Σ, 

«o .£*>=£o**«*) . 
for all <!;* e Σ*, is a bounded linear functional on Σ*, i.e., this functional 
ξ0** = <£0, .> e Σ**. By formula (4) we have ||ξ0**|| ^ ||£0||. More-
over it may be proved that the equality ||£0**H = Hi oil m u s t hold.f In 
this way a mapping ξ0** : Σ -> Σ** of Σ into Σ** can be defined, the so-
called natural mapping of Σ into Σ**, which is an isometric isomorphism 
of Σ on a subset Σ0** of Σ**. Hence Σ can be considered as a Banach 
subspace of Σ**. In the case Σ = Σ**, the Banach space Σ is called 
regular or reflexive. 

5.15. Let now 
X e ^ ( » , Σ) and X = Σ £ Λ 

be a representation of X by indicators; then, for every ζ* e Σ*, we have 

«*(*) = Σ «*««)/.,= Σ <^*>/fl,e«?(<B,R). 

It is easy to prove: If the sequence 

X„e<£(©, Σ), n= 1,2,..., 

is rt-0-fundamental (resp n-w-fundamental), then 

£*(*„) e<W*) 
is ö-fundamental (resp «-fundamental) for every ξ* e Σ*. Since now 
every Xef**(23, Σ) is the o-limit of an o-convergent sequence 

X„e<£(93, Σ) 
and then for every ξ* e Σ*, the sequence 

£*(*„) e<f (93, K), «=1 ,2 , . . . , 

t see Hille-Phillips [1], p. 33. 
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is 0-fundamental, i.e., o-convergent in ^ ( © , β), we may define 

ξ*{Χ) = o-lim ξ*(ΧΗ). 
n-* oo 

It is easy to prove that thie correspondence of an element ξ*(Χ) e TT(S, R) 
to any X e ^*(93, Σ), for every ξ* e Σ*, is well-defined, i.e., independent 
of the choice of the sequence 

XneS{^ Σ), * = 1,2,..., 

with o-lim *„ = X in 1Γ(», Σ). 

The following theorem is true (see Hille—Phillips [1], p. 77, Theorem 
3.7.1.). 

Theorem 5.18. 

Let ^ 6 f * ( 9 , I ) with {*(^)6JSf,(«, Ä) /or m r y ^ e l * ; //?c« 
fAere e.rwfs αξ**6Σ** swcA rAutf 

£**(£*) = Etf*(X)),for every ξ* e Σ*. 
Proo/*. We put 

/ ({*) = Ε(ξ*(Χ)) for every £* e Σ*· 

Obviously, / is a linear functional on Σ*. It remains to prove that / is 
bounded. In order to prove that, one may consider the mapping 

Φ({*) = { * ( ^ ) € ^ , ( » , Λ ) for all { * e l * , 

which is linear as a mapping of the Banach space Σ* into the Banach 
space J^OB, R); it is easy to verify that Φ is bounded; then we have 

| / ({*) | = \Ε(ξ*(Χ))\ = |£(Φ«*))| < £(|Φ(ξ*)|) ^ ||Φ|Ι ||{*||; 

hence |/(ξ*)Ι < δ\\ξ*\\ 

for every ξ*e Σ, i.e.,/is bounded on Σ*; thus 

According to the above theorem one may define for every rv 

XeiT*(B, Σ), 

with { * ( J 0 G J ? 1 ( » , Ä ) 

for all i * e l * , the element £** £ Σ** which exists and is uniquely 
determined such that 

ξ**(ξ*) = Ε(ξ*(Χ))9 
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as an expectation EP(X) = ξ** in Σ**; when, moreover ξ** belongs to the 
range Σ0** of Σ in Σ** by the natural mapping of Σ into Σ**, then 
EP(X) can be replaced by an element of Σ and can be considered as an 
expectation of X in Σ. If the Banach space Σ is reflexive, i.e., Σ = Σ**, 
then for any rv X e f * ( 8 , Σ) the previously defined EP(X) exists in Σ 
if and only if ξ*(Χ) e JSf^S, R) for all ξ* e Σ*. For more details about 
this definition of expectation, the reader can consult Chapter III of the 
book by Hille—Phillips. We only notice that it may be proved that for 
every X e i f ^ S , Σ) there exists also the expectation EP(X) and is equal 
to the Bochner expectation E(X). 

The topology defined in a Banach space with respect to the norm is 
often called the strong topology. In addition to the strong topology, 
another topology, called the weak topology is used in Banach spaces. 
A sequence ξ„^Σ, η = 1,2,..., is said to be weakly convergent to an 
element ξβ Σ if and only if, for every £* e Σ*, the sequence ξ*(ξη) con-
verges to ξ*(ξ) in R. Both these kinds of convergence defined in Σ 
induce a kind of convergence in τΓ*(©, Σ), the strong convergence, 
which is equivalent to the n-ö-convergence and the weak convergence 
defined as follows: 

A sequence x„er*(<8, Σ ) , « = 1 , 2 , . . . , 

is said to be weakly convergent to a rv 
* e i T * ( S , Σ) 

if and only if for every ξ* e Σ* the sequence 

{*(*„) eTT(»,Ä), n= 1,2,..., 

o-converges to the rv ξ*(Χ) e ^ ( B , R). 

It is easy to prove that strong convergence implies weak convergence 
and a strongly fundamental sequence is always a weakly fundamental 
sequence. 

6. THE SPACES <£q OF RV'S HAVING VALUES IN A 
BANACH SPACE. MOMENTS. 

6.1. Let q be any real positive number > 0; then we denote by 

the set of all rv's X e f * ( » , I ) such that φ ( Χ ) ε · ^ , ( » , Κ), i.e. 
(<l>(X))qG S£χ(©, jR).f The positive real number Ε((φ(Χ))Α is then said 

t See Chapter VI. 
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to be the q-th absolute moment of X; we put 

Nq{X) = \\X\\q = {Ε((Φ(Χ))')Υ' for every I e ^ ( 8 , Σ). 

The case Σ = R is stated in Chapter VI. In case q = 1, from Section 5, 
Theorem 5.17, it follows that the space . ^ ( S , Σ) defined here is equal 
to the space of all rv's X G T T * ( S , Σ), which possess an expectation in 
Σ defined in Section 5. 

The following theorems are true: 

Theorem 6.1. 

The set ^ ( 9 3 , Σ) is a vector space. 

Proof. Let JfeJS%(», Σ) and XeF; 

then (Φ(λΧ)Υ = \λ\« (φ(Χ)γβ <?!(%, R)9 

hence λΧ e J^(93, Σ). 

If X, yeJS%(S,Z), 

then (φ(Χ)Υ ν (φ( Y))' e <?,(», R). 

From the inequality 
(a + /0*<2*sup(o«, j8«), 

which is true for real numbers a ^ 0, /? ^ 0, q > 0, it follows that 

(φ(Χ+ Υ)Υ ^ (φ(Χ)+φ( Y))q ^ 2q {(φ(Χ)Υν (φ( Υ)Υ). 

But 2q{{φ(Χ)Υ v (φ( Y)Y) e &x (93, R), 

hence (Theorem 5.16) 
( φ ^ + Υ ) ) ^ ^ » , « ) , 

i.e., J f+yeJSf , (» , Σ). 

Theorem 6.2. 

X G J^(93, Σ) //fl/id o/i/y ΐ/φ(Χ) e J&^(», K), ΟΤ?</ r/?e/i H* /wwe 

11X11, = \\φ(Χ)\\9. 
The proof is obvious. 

Theorem 6.3. 

Let X e f * (8 , Σ); if there exists a positive real-valued rv Y e JSP,(93, K) 
such that φ(Χ) ^ Y then X e ί?β(93, Σ). 
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Proof. We have 
(φ(Χ)Υ < Y«. 

Since moreover 
y «e se ,(»,/*), 

we deduce that 

i.e., X e J ^ ( S , Σ). 
Obviously, we have 

^(95, Σ) c j£?q(93, Σ) for every ? with 0 < q < +oo. 

6.2. Let # and s be two real numbers with q > \, s > 1 and 

then we say that # and s are conjugate to each other. In Chapter VI, 
Section 2, we have proved for real-valued rv's the so-called Holder's 
and Minkowski's inequalities. Both inequalities may be generalized here: 

6.2.1. Let Σί9 Σ2, Σ3 be three Banach spaces and let 

Ηξ1,ξ2) = ξιξ2 

be a bilinear mapping of Σ! χ Σ2 into Σ3 such that 

ΙΙίι«2ΐΚΙΙ{ιΙΙΙΙ{2ΐΙ· 

This mapping induces a bilinear mapping 

b{XuX2) = XxX2 

of 1T*(93, Σ Ο χ ^ ί » , Σ2) 

into ^ * ( S , Σ3) 
in the following way: 

Let first 
* ι = Σ ίι,/«„ and X2 = Σ £ 2 Λ , , 

be representations by indicators of two rv's 

*!€<?(», Σ,) and *26<i'(S, Σ2); 
then we define 

b(XuX2) = XiX2 = Σ iutiihu^-
i > ! . j Z 1 J 

It is easy to see that 

(1) φ(Χ1,Χ,)^φ(Χί)φ(Χ2). 



6. THE SPACES J2% OF RV'S. MOMENTS 215 

Since the mapping b(£l9 ξ2) is continuous, we have: if 

Xisr+W^d and Zifl e <£(», Σ,·), n = l , 2 , . . . , 

with Xifl X° Xi9 i = 1,2, 

then the sequence XlnX2„, « = 1 , 2 , . . . , n-o-converges in 1Γ*(<Β, Σ3) 
and defines independently of the choice of the sequences 

XineS{SB, Σ,), AZ= 1,2,..., / = 1,2, 

a rv X3 = H-o-lim Z l n Z2„ 
n-*oo 

in f *(23, Σ3), which we put equal to 

b(Xl9 X2) = Xi X2. 
Obviously, we have 

(2) φ(Χι Χ2) ^ φ(Χ1)φ(Χ2)9 for all X, 6 ^ * ( » , Σ,), i = 1, 2. 

Now the following theorem may be proved: 

Theorem 6.4. 

Let Σί9 Σ2, Σ3 6e iAree Banach spaces, 

fee a bilinear mapping of ΣιχΣ2 into Σ3 MCA ί/ζαί 

IIÉ1É2IKIIÉ1IIIIÉ2II 

öAirf #, s be real numbers conjugate to each other; then 

Xx e JS%(», Σ,) and X2 e J?s(», Σ2) 

imply b(Xl9X2) = X1X2e&1(&9 Σ3) 

and the inequality 
\\E{XlX2)\\<t\\Xx\\q\\X2\\M9 

i.e., the so-called generalized Holder's inequality is true. 

Proof. We have 

φ(Χι)€^9{99Κ) and 0(*2)eJS?Ä(»,Ä); 

hence (Theorem 2.3, Chapter VI) 
φ(Χι)φ(Χ2)Ε^^9Κ). 
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This and the inequality (2) imply 

<f>(XlX2)eXl(X,R), 

i.e., XlX2e&lW, Σ). 

Furthermore, we have 

(3) \\E(X, X2)\\ < Ε(φ{Χ1 X2)) < £(<«*,)<K*2))· 
Holder's inequality (Theorem 2.3, Chapter VI) gives now 

(4) Ε{φ{Χι) φ(Χ2)) = Ε{\φ{Χι) φ{Χ2)\) 

^(Ε((φ(Χι))ήΥ\Ε(φ(Χ2))')
1" 

= ll*illfll*2ll,· 
The inequalities (3) and (4) imply 

\\E(XlX2)\\^\\Xl\\q\\X2\\s. 

6.2.2. Remark. Let I j = R, Σ2 = Σ = any Banach space and Σ3 = Σ; 
then the multiplication λξ, λ e R, ξ e Σ, is a bilinear mapping 

RxΣ^(λ,ξ)=>λξeΣ with \\λξ\\ = ||A|| ||{||; 

hence a mapping 

^(93, R) x ^*(93, Σ) 9 (X, Y) => X 7 e f * ( » , Σ) 

may be defined, the so-called multiplication of a real-valued rv X and a 
rv 7 G τΤ*(», Σ). From Theorem 6.4 it follows then 

Corollary 6.1. 

/ / X e ^ ( 8 , K) awd Y e i ? s ( S , Σ), fAe/i Χ 7 6^,(1Β,Σ) W fAe 

ll£(xy)II^II.Y|lj|y|ls, 
/$ true. 

Theorem 6.5. 

Let q and s be real numbers conjugate to each other; then 

(1) X 6 J^(93, Σ) im/rffej (φ(*))«"1 e J?f(S, K), 

(2) XeJ^(93 , Σ)ΐ/αηάοη^ΐ/(φ(Χ))9'ιΧΕ^ι(99 Σ). 

Proof. (1) We have 
(WW)«-1)*-^))^^»,«), 
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hence (Φ(Χ))9'1 eJ^s(93, R). 

(2) From XeJS%(8, Σ) 

it follows (ψ(Ι))9"1 G J^$(93, K). 
By Corollary 6.1 we have 

(φ(Χ)Υ~ίΧΕ^ι(^ Σ). 
Conversely, if 

(φ(Χ))*-1* G if , ( » , ! ) , 
then (φ(Χ)γ = ^((φίΧ))«-1 x J e J ^ i » , R), 
hence Z G J^(93, Σ). 
6.2.3. Minkowski's inequality may also be generalized. 

Theorem 6.6. 
Let q be a real number with 1 < q < +oo. If X and Y eS£€(93, Σ), 

then the inequality 

lix+i%<ll*ll,+ lli% 
is true. 

Proof. For q = 1', we have 

n * + i i i < i i * i i i + i m i i 
(cf. Section 5.3, inequality (/?)). Let us consider the case 1 < q < +oo 
and the real number s > 0 such that 

i + J-.i. 
q s 

We have 
(1) (φ(Χ+ Y))- = (φ(Χ+ Υ)Υ~1φ(Χ+ Y) 

< (φ{Χ+ Υ))«-1 φ(Χ)+(φ(Χ+Υ))"-1 φ(Υ). 

Since X+ V 6 ^ , ( » , Σ), 
we have (φ(Χ + Y))"-ι ε JSP,(», R) 
and φ(Χ) e # , ( » , Κ), 4>( Χ) 6 JS?,(8, R), 
hence (by Theorem 2.3, Chapter VI) 

(φ(Χ+Υ)γ-ιφ{Χ)εΧι&,Κ) 

and (ψ(Ζ+7)) , ' - 1 φ(7)ε^ 1 (» ,Κ) . 
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From (1) it follows now 
Ε((φ(Χ+ Υ))ή < Ε(φ(Χ)(φ(Χ+ Υ))"-1) + Ε{φ(Υ)(φ(Χ+ Y))"-1). 

Using Holder's inequality, we have 
Ε(φ(Χ)(φ(Χ+ Y)Y~l) < ||X||, (ε((φ(Χ+ Y))')}1'* 

ε(φ(Υ)(φα+ Y))"-1) < ιιyu, (Ε((Φ(Χ+ y))«))1"' 

hence Ε((φ(Χ + Y))") *S {||X||,+ || Y\\t} (Ε((Φ(Χ+ Y))9)^^ 

Since (Ε((Φ(Χ+ Υ))ή^'^= (Ε((Φ(Χ + Υ))4))1* = \\Χ+ YΙΙ,, 

we deduce | | *+ΠΙ , < ΡΠΙ, + ΙΙΙΊΙ,. 

6.3. It is easy to see now that, for every q with 1 < q < + oo, the function 
||X\\q, X e i?,(S, Σ) is a norm on -S?,(93, Σ); for we have obviously: 

(1) HATH, ^ 0, and || Jf ||f = 0 if and only if X = 0, 
(2) i ix+y| i ,<imi,+ iiy|i,, 
(3) μχιι, = μι ιιζιι,. 
The topology defined on if ,(S, Σ) by the norm || ||, will be called 

the topology of the convergence in mean of order q or briefly Nq-convergence. 

The following theorems are true: 

Theorem 6.7. 

/ / the sequence 

XneSfq(<8, Σ), I I = 1 , 2 , ..., 
N^converges to Xe&q(&, Σ), then 

(l) lim ||X„||, = ||X||,. 
n-* oo 

In fact the inequality 

\\\Xn\\q-\\X\\q\*i\\Xn-X\\q 
implies (I). 

Theorem 6.8. 
(Lebesgue's theorem on term by term integration.) Let 

Xn e^(<B, Σ), n= 1,2,..., 
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with 

Let 

such that 

then 

and 

Y ^ 0 and 

n-o-lim X„ = X. 
n-»oo 

Ys&qC$>,R) 

φ(Χ„) <Y, « = 

*eJS?f(8,I) 

Nq-\\m Xn = X. 
n-*ao 

= 1,2,. 

Protf/. Obviously the sequence 

(φ(Χη))", «=1 ,2 , . . . , 

rt-0-converges to \(j)(X)\q and 

(φ(Χη))" ^ Y", » = 1.2,...; 

since y'eJSf.i», Ä), 

from Lebesgue's theorem for ·2Ί(93, R) we deduce that 

(*(*))'e Jär,(»,R), 

and then X e JS?,(93, Σ). 

The inequality 

<KX„) < Y, «=1 ,2 , . . . , 

implies also that 

Φ(Χ) < K 

Therefore we have 

φ(Χ„-Χ)ζφ(Χ.)+φ{Χ)*2Υ, 
hence (φ(ΧΒ-Χ))" < 2" Y". 

n-o 

Since moreover Xn — X -► 0, we deduce again, from Lebesgue's theorem 
for ^(93, R\ that 

(ψί*,-*))«, « = 1 , 2 , ..., 
Nconverges to zero, i.e., 

lim(£(0(Xw-X))«)=O; 

hence 
lim ||^Π-Χ||, = 0, 
n-»oo 

i.e., N,-lim X„ = X. 
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6.4. Exercises. Let X„eJS?,(93, Σ), n = 1, 2, ..., be such that 

Σ ||XJt<+oo. 
n = l 

Then: 
00 

1. The series Σ *« is absolutely w-o-convergent. 
n = l 

00 

2. The rv X = Σ *« defined by the «-ö-convergence of the series 
n = i 

belongs to J^(23, Σ) and we have 

11*11, *ί Σ l l *J r 
n = 1 

oo 

3. The series Σ X„ converges to X also in mean of order q. 
n = l 

6.5. We can prove that J^(2J, Σ) is a Banach space for every q with 
1 ^ q < +00. We shall prove first: 

Theorem 6.9. 

/ / X „ e ^ ( S , Σ), π = 1 , 2 , ..., 

is ÎÏ/I N^fundamental sequence, then there exists a subsequence X„k, 
k = 1, 2, ..., WÄ/C/J n-O'Converges and N^converges to a rv I e ^ ( S , Σ). 

Proof. Let ε be a positive number; then there exists a natural number 
n0 such that ||ΛΓη — A^m||e < ε for all n ^ n0 and m ^ fl0. We can now 
find by induction a strictly increasing sequence n{, n2, ..., in {1,2, ...} 
such that 

ll**t,-*JI,<^r. k=\,2,.... 

Then œ 
Σ IUf*+ I-JfJf<+oo. 

fc = 1 

By the exercises of Section 6.4, the series 
00 

Σ (Xnk+t — Xnk) k= ί 
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JVg-converges to a rv Ye«£^(33, Σ). Since 
k- 1 

i = 1 

X„k — X„l9 k = 1,2, ..., Λ^-converges to Y; therefore the sequence ^nfc, 
k = 1, 2, ..., Ng-converges to X = Y + Xni. 

From this theorem it follows easily: 

Theorem 6.10. 

The vector space S£qif&, Σ) is with respect to the norm || \\q complete, 
i.e., a Banach space. 

Proof. In fact, if 

XHe#q(*9 Σ), n= 1,2,..., 

is Ng-fundamental, then there exists a subsequence X„k, k = 1,2,..., 
which W-Ö- and N^-converges to a rv X e ifq(33, Σ). Since the N€-funda-
mental sequence Xn, « = 1 , 2 , . . . , contains a subsequence converging to 
X 6 J ? , ( 8 , I ) , it follows that X,,, A? = 1,2,..., itself JV^-converges to 
XeJ?q(<B, Σ). 

The following theorems which we give as exercises are also true. 

Theorem 6.11. 

If Xn6JS?,(S, Σ), / != 1,2,..., 

N^converges to X e ϊέ\{^&, Σ), f//e« ///ere ^v/ste α subsequence X„k, 
k = 1,2, ..., n-o-converging to X. 

Theorem 6.12. 

/ / Xne<£q{?&, Σ), n = 1,2, ..., /s 0/2 N ̂ fundamental sequence n-o-
converging to a rv Xei^^^B, Σ), then Xe££q(?&, Σ) and the sequence 
Xn, n = 1, 2, ..., N^converges to X. 

Theorem 6.13. 

The vector space <Ŝ ($3, Σ) is n-o- and Nq-dense in i^(33, Σ), i.e., for 
every X e i^fl(33, Σ) there exists a sequence Xn e 5^(33, Σ) such that 

n-o Nq 

Xn -> X and Xn -> X. 
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Theorem 6.14. 

/ / ^ „ 6 ^ ( 8 , Σ), n= 1,2,..., 
n-u-converges to 

X e f *(», Σ), 

then X e JS%(», Σ) 

fl/irf N,-lim Xn = X. 

6.6. Exercises. (1) Let 

* = ΣΕΛ,^ίβ,Σ) 
/> 1 

and y * = Σ ΐ 7 / * / ^ € ί ( » , Σ*), 

where Σ is a Banach space and Σ* the conjugate space of Σ; then we 
dehne 

Let now 
X e 1T*(», Σ) and y * e ΐΓ*(93, Σ*) 

and let any sequence 

X„e<f(S, Σ), resp Y„*e i (» , Σ*), « = 1,2, .... 

such that 
X = A2-ö-lim X„, resp Y* = «-o-lim y„*; 

then there exists 
tf-lim <*„, y„*> in Ή ® , *) 

and is independent of the choice of the sequences Xny Yn*, n = 1, 2, . . . . 
Thus we may define 

<*, Y*) = o4\m(Xn, y„*>. 

Prove: If # and s are real numbers with 1 < # < +oo, 1 < s < +oo and 

-U-L-i. 
q s then for any 

X e o^(93, Σ) and y * e # , ( » , Σ*) 

we have <X, y *> e S£,(93, R) 

and 
|£«*, y*»| < £(|<x, y*>|) < H*H€ || y*n, 
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(2) Let Σ, and Σ2 be two Banach spaces and υ : Σ, -* Σ2 a con-
tinuous linear mapping. If 

Xe&t(ß, Σ,), 

then i>oXejSf,(<B, Σ2) 

and ll»o*|| f<||o|| ΡΠΙ,. 



VIII 

COMPLEMENTS 

1. THE RADON-NIKODYM THEOREM FOR THE 
BOCHNER INTEGRAL 

1.1. In Chapter V, Section 4, Theorem 4.1, the so-called Radon-
Nikodym theorem was formulated and proved in the case of real-valued 
rv's. This theorem may be formulated and proved in different directions 
in the case of rv's having values in a Banach space. Recently, a formula-
tion of this theorem was given by M. A. Rieffel [1] with respect to the 
Bochner integral theory, which seems to be general and suitable for 
applications in probability theory. In the following, we shall state 
RieffePs results without proofs and under the assumption that the 
measure space is a pr σ-algebra. 

1.2. Let (33,/?) be a pr σ-algebra and Σ be a real Banach space. A 
function φ defined on 93 and having values in Σ is said to be a Σ-valued 
measure (or signed measure) on 33 if and only if it is σ-additive, i.e., 

( 00 \ 00 

V « . = Σ Φ(αΛ) 
n = \ ) « = 1 

if ύτ,, α2, ... are pairwise disjoint. 
Let ~//(33, Σ) be the set of all Σ-valued measures on 33; then it is 

easy to prove that Ji(S&, Σ) is a vector space. It may be proved that, 
for every \\/eJi{$$, Σ), we have sup||^(jr)|| < +oo, i.e., a Σ-valued 
measure on 33 is always bounded. 

224 
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We first notice that it is true for Σ = R, for a real-valued measure 
(signed measure) φ e M(!$>, R) can be represented as the difference of 
its upper and lower variations (cf. Chapter V, Section 3.3), i.e., 
φ = φ+ —φ~, where φ+ and φ~ are non-negative measures on 95, hence 
bounded. 

Now, for any φ eJi{S&, Σ), if Σ* is the conjugate space of Σ, we have: 
£*(ΨΦ))* ̂ Β , is a real-valued measure on 33, hence bounded, and this 
is true for every ξ*β Σ*. This implies that φφ), 6e33, is also bounded 
(cf. Dunford-Schwartz [1] Part I, p. 66, Theorem 20). 

1.3. Let ^e«/#(33, Σ); then for every £e93 the total variation of φ on 
b, denoted by ν(φ, b) is defined as 

*#,*>) = sup £ \\φφ,)\\ 
i = 1 

where the supremum is taken over all finite sequences bx,b2, .·.,&„ of 
pairwise disjoint elements in 95 with bt ^ b, i = 1,2, ...,w. 

It is easy to prove that: 

the total variation 
vW,b) = $(b)9 beiß, 

considered as an extended-real-valued | function on 33, is an extended 
non-negative measure on S ; if 

$(b) = ν(φ^) < +00, 

then we say that φ is with finite variation. A measure φ e ^ ( 9 3 , Σ) is 
said to be p-continuous if and only if for every ε > 0 there exists a 
δ > 0 such that \φ(χ)\ < ε, for all xe33 with p(x) < δ. Since φ is 
bounded and σ-additive if φ is with finite variation, in this case this 
definition is equivalent to the property φ(0) = 0. Hence every 
^e t / / (53 , Σ; with finite variation is /^-continuous. 

1.4. We can now formulate the Radon-Nikodym theorem as follows: 

Theorem. 1.1. 

Let (93, p) be a pr σ-algebra and Σ be a Banach space. Let φ e ^//(93, Σ); 
then there exists a rv X e !£,(53, Σ) such that φψ) = E(XIb) for every 

t i.e., having values in the interval (— oo, -foe]. 
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be$5 if and only if 

(1) φ is with finite variation, i.e., the total variation $ of φ is a finite 
measure on 93, 

(2) locally φ somewhere has a compact average range, i.e., given b φ 0 
there exists an element a ^ b such that a Φ 0 and 

Αα(φ)^ Ι^ιχ^α,χϊΘ] 
\p(x) ) 

is relatively (norm) compact, or equivalently 

(2*) locally φ somewhere has compact direction, i.e., given 6 e 93, b Φ 0, 
there exists an a < b and a compact subset K Ç Σ not containing Θ, such 
that a Φ 0 and φ(χ) is contained in the cone generated by K for all x ^ a. 

We notice that for any XeJS?,(S, Σ) the function φχφ) = E(XIb), 
b e 93, is a Σ-valued measure, i.e., φχβΛ/($5, Σ). 

We notice that condition (2*) is satisfied for every real-valued signed 
measure φ eJ/(^B, R), i.e., Rieffel's theorem contains the Theorem 4.1 
of Chapter V. 

2. CONDITIONAL PROBABILITY 

2.1. Let (93,/?) be a pr σ-algebra. For any # e33, a Φ 0, the ratio 
p(aAb)/p(a) is called the conditional probability of 6e33 given a, or 
simply, probability of b given a and is denoted by 

pM'^f, be®-
Obviously we have 

p(aAb) = p{a)pa(b). 

By induction we obtain the multiplication rule: 
If tfj6 93, / = 1, 2, ..., n, with ax Aa2 A ... Λαη φ 0, then 

ρ{αΛΑα2Α...Ααη) = ρ(α{)ραχ(α2)ρα{ Λα2(α3) ...ραι*α2κ...*αη-χ (*„). 

Let a Φ 0 be fixed; then pa(b) for all b e 23 is a function pa on 93, called 
the conditional probability given a on 93. The function pa is normed, 
non-negative and σ-additive on 93, i.e., a <x-additive quasi-probability 
on 23. Therefore (93, pa) is a quasi-probability σ-algebra. 
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2.2. Let 
a*B = {.ve93; x ^ a], αφ 0 ; 

then pa(x), for all xeaïï, is a probability on the Boolean σ-algebra A©, 
i.e., (tf93,/?fl) is a pr σ-algebra. If 9ΐΛ is the σ-ideal of all x e 8 such that 
pa(x) = 0, then the pr σ-algebra (#93, ρα) is isometric to the quotient 
pr σ-algebra (93/9ifl, /O· We notice that if the pr σ-algebra is homo-
geneous, then (#93, pa) is isometric to (93,/?) for every a Φ 0 , a G 93. 
The pr σ-algebra (a93, />„) is called the pr σ-algebra given A. 

2.3. Let a = {tfj, ff2> ···} be an experiment in (93,/?); then for every 
6e93 the erv 

Σ /> . , (Α) /α ,^ (8 ,Λ) 

is said to be the conditional probability of b given the experiment a and 
will be denoted by 

PM= Σ Α4(*)/βι-

Let a,· = {an, ai2, . . .} , / = 1, 2, ..., k, 

be experiments in (93,/?) and consider the experiments 

a1 Aa2 Λ ... Aa„„ m = 1, 2, . . . , / : . 

Prove: the experiments a1? a2, ...,afc are /?-independent if and only if 

Λ», Λ a2 Λ ... Λ Um - , (^mj) = Piflmj) 

for all m = 2, 3, ..., A- and all j . 
The sequence of experiments 

*i = {*ί1>*ί2» —} 

constitutes a Markov's chain if and only if 

* ai Λβ2 Λ. . . Λ » „ - \\Pnq) *an-x\f*nq) 

for all n = 2, 3, ... and (7 = 1,2,.... 

Exercise. Let 91 = {ört, a2, ...} be a countable subset of 93, with 
a{, Φ 0 , / = 1, 2, ...; then the events of 91 are /^-independent if and only 
if, for every finite subset {i\, /2, ..., /„} of indices, 

Ρ α Ι 1 Λ β ΐ 2 Λ . . . Λ α Ι η _ 1 ( « ϋ = / > ( * / „ ) · 

file:////Pnq
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3. CONDITIONAL EXPECTATION 

3.1. Let now Σ be a Banach space and 

a rv in ^(93, Σ); then, for any a Φ 0 , the equality 

i = l /?(tf) i = l 

defines the so-called expectation of X given a. Let now X e < (̂93, Σ) and 

be a representation of X by indicators; assume E(X) exists in Σ; then the 
series 

jzi p{a) j>\ J 

converges and defines the conditional expectation of X given a φ 0. 

S i n c e / . Χ - Σ ί Λ , Λ , . 

we have j 
£„(*) = — £(/ eX), 

i.e., p(a)Ea(X) = E(IaX). 

3.2. Let now X e J 2 \ ( S , Σ); then /e*eJS?,(93, Σ) and the equality 

defines the expectation of X given a. 
In general, if for any X e f * ( 8 , Σ) and ae93, a # 0 , we have 

/a-YeJSP,(95, Σ), then we can define 

Consider J£\(a93, Σ) for any a e93, a Φ 0\ then the set 

{ A ' e ^ * ( » , l ) : / e ^ e J S f I ( » , Z ) } , 

if we define X = y if and only if Ia X = /e 7, is isomorphic to J2\(Û93, Σ). 
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Let X be any rv in JSf j(95, Σ), and a = {al9 a2, ...} be an experiment; 
then Ia. XeS?^, Σ), hence there exists Ea.(X) and 

Σ £e i(X)/e i = Em(X)e * ( » , ! ) ; 

this erv ΕΛ(Χ) is said to be the conditional expectation of X given the 
experiment a. Obviously we have 

£.(*)= Σ (^E(iaix))iai9 
&i \P(ad I 

and for the conditional probability ΡΛ(ο) of beSQ given the experiment a 
we have 

PJb) = £.(/»). 

3.3. Let now 91 be the smallest Boolean σ-subalgebra of 93 σ-generated 
by a = {au a2, . . . } ; then for every aeSH, a Φ 0 , there exists a subset 
{tffl, ai2, ...} of a such that a = \ / Λ, . Obviously, we have 

P(a) p(a) j>i 
EaW = — E(Ia X) = — Σ E(L· X) 

^£p(aij)Eaij(X), 

i.e., p(a) Ea(X) = E{la X) = Σ p{atj) E (X); 

then we have 
Σρ(α>)Ε (Χ) = Ε(ΙαΕΛ(Χ)), 

j > i J J 

hence E(IaX) = £(/f l£a(X)) for all ae<&. 

Let us now put E^(X) instead of ΕΛ(Χ); then we have 

E(IaX) = E(IaE*(X)); 

i.e., given any rv XeS£x{$b, Σ) and a Boolean σ-subalgebra 51 of 33 
σ-generated by the experiment a = {αΐ5 UT2, . . .} , there exists a rv 

Y=Ev(X)eJ?l(% Σ) 
such that 

£(/flX) = £(/fl Y) for all aeS&. 

We may also consider Y as the conditional expectation of X e J£\(93, Σ) 
given the Boolean σ-subalgebra 91 of 93. This leads to the following 
definition. 
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3.4. Let (95,/?) be any pr σ-algebra and (31, p) any pr σ-subalgebra of 
(95, p). Then, given any X e ^ ( 9 5 , Σ), then any Ye J2\(3l, Σ) for which 
E(Ia Y) = E(Ia X) for all a e 31 is said to be the conditional expectation 
ofX given 31. 

Let us now put 
ψχφ) = Ε(Ι>Χ), be®, 

and consider ψχ restricted on 31 ç 93 as a measure on 31 having values 
in Σ; then if this measure fulfills all the assumptions of the Radon-
Nikodym theorem, the rv X possesses a conditional expectation of X 
given 31 and it will be denoted by E® X. 

3.5. We can prove that for any real-valued rv Xe&x($&9 R) and any 
pr σ-subalgebra 31 of 95, the conditional expectation E& X always exists 
in &t(% R). 

Proof. Obviously the stochastic space ^ (31 , R) of all real-valued rv's 
over (31,/?) may be mapped isomorphically into the stochastic space 
τΓ(95, R) of all real-valued rv's over (95,/?), so that J^t(3i, R) is mapped 
into the subspace ^^(95,/^) of τΓ(95, R), and if X* is the image of 
XeJSf^SI, R) by this mapping, then we have 

E(IaX*) = E(IaX) for all a e 31. 

Hence JSf t(9I, K) can be considered as a subspace of J£\(95, R). Let 
now X6^(95,/*); then, for every ae% we have JflX 6 ^ ( 9 5 , R\ 
hence ψχ(α) = E{la X) is defined for all a e 31 and is a real (signed) 
measure on 31. Moreover, φχ is finite and absolutely continuous with 
respect to the probability p on 31; hence, according to Theorem 4.1, 
Chapter V, there exists a rv YE S£t(31, R), such that 

ψχ(α) = Ε(ΙαΥ), aeSl . 

4. DISTRIBUTIONS OF RANDOM VARIABLES 

4.1. Let (95,/?) be a pr σ-algebra, where the Boolean σ-algebra 95 is 
without atoms. Let Σ be a Banach space and ιΓ*(95, Σ), resp <f (93, Σ) 
be the stochastic space of all Σ-valued rv's, resp of all Σ-valued erv's 
over 95. Then, for every X G T T * ( 2 3 , Σ), there exists a sequence 

Z„e<f(93, Σ), 11=1,2 , . . . ; 

such that w-o-lim Xn = X; 
n-+oo 

hence, according to Section 4.5, Chapter VII, n~p~lim Xn = X. 
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Let now X„ = Σ £,;/«„, 

be a representation of Xn by indicators, for every n = 1,2, .. . . Let 
ΒΣ be the Boolean σ-algebra of all Borel subsets of Σ. We shall say 
an element Ψ e Β Σ possesses the property Px if and only if 

given δ > 0 there exist an index n0 and a real number ε > 0 such that 
for all n^ n0 

p(\Janj^njeVe)<ô 

where 

Ψε = {ξβ Σ : there exists an ηβΨη~(Ψ) with | |{-fj | | < e}. 

It may be proved that the property Px is independent of the choice of 
the sequence Xn6^(95, Σ), n = 1, 2, ..., with n-o-limXn = X (cf. 
Georgiou [1]). 

Let now Bx be defined as follows: 

Bx = {ΨεΒΣ : Ψ possesses the property Px}; 

then Bx is a Boolean subalgebra of ΒΣ and for every Ψ e Bx there exists 
the 

lim piyia.j^.jeW}) 
n-+co \ j ) 

and is independent of the choice of the sequence 

Xne£(%>, Σ), « = 1 , 2 , . . . . 

Hence we may define 

px(
xV)=V™p(\J{a„j^nJev). 

n->oo \ j / 

We notice that px is set-theoretically σ-additive and normed, i.e., 
ρχ(Σ) = 1, on Bx, i.e., (Σ, Bx,px) is a pr space, the so-called distribution 
pr space or sample pr space of X. 

4.2. The pr space (Σ, Bx,px) can be extended to a Borel pr space (Σ, Éx,/?x), 
where B^ is the smallest Boolean σ-subalgebra of ^Ρ(Σ) containing Bx. 
Moreover the pr space (Σ, Bx, px) can be extended to a Lebesgue pr space 
(Σ, ΊΛχ,ρχ), where LiBx is the smallest Boolean σ-subalgebra of ^Ρ(Σ) 
containing the Boolean σ-algebra Bx and satisfying the condition : 
^FeLB* with ρχ(Ψ) = 0 implies O e L B x for every Φ ç Ψ. 
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5. BOOLEAN HOMOMORPHISMS OF RV'S 
5.1. In Section 1.1, Chapter VII, we noticed that a real-valued random 
variable can be characterized uniquely by a Boolean σ-homomorphism 
of BR (the Boolean σ-algebra of all Borel subsets of the real line R) 
into 95. Some analogous relation exists between a Σ-valued rv X and 
a Boolean σ-homomorphism of Bx into 35. Namely, let Xey~*(35, Σ) 
with 

X = n-p-lim Xn, Xne£(!%, Σ), n = 1, 2, ..., 
Ft-00 

and Xn = Σ Lihni 

be a representation of ΛΓ„ by indicators, for n = 1, 2, ...; for every XM 
we define the following function: 

hn
x : Bx9 Ψ - Α/(Ψ) = V K,· : f,/e Ψ} e » ; 

J 

then it is easy to prove that the sequence 
Α / ( Ψ ) Ε 2 5 , « = 1 , 2 , ..., 

converges in probability and defines a function 
Ηχ(Ψ)=ρ-ΙϊτηΗη

χ(Ψ), for all Ψ Ε Β Χ , 

independent of the choice of the sequence 

Xne£(K, Σ), «=1,2,.... 

The function hx is a Boolean σ-homomorphism of Bx into 95 and can be 
extended to a Boolean σ-homomorphism hx of B* into 95 such that 

Ρχ(ψ) = / ? (Ρ(ψ)) for every ΨeB x . 

Moreover we have 
X Φ Y implies hx Φ hY. 



APPENDIX I 

LATTICES 

The prerequisites for my lectures are a knowledge of the elementary 
concepts of algebra, set theory and classical measure and integration 
theory. We shall mention here briefly the main concepts and theorems 
of lattice theory that are necessary for understanding the lectures. Most 
theorems are given without proof. The reader who is interested in a 
more detailed account of these theories may consult the following books: 
P. R. Halmos [3], Dwinger [1], Sikorski [5], Birkhoff [1], Carathéodory 
[6]. 

1. PARTIALLY ORDERED SETS 

1.1. A non-empty set 5̂ is said to be a partially ordered set, herein 
called a po-set, if and only if a binary relation < is defined on 3̂ satisfying 
the following conditions: 

(1) x < x, for all xeSß (reflexive). 

(2) If x ^ y and y ^ x, then x = y (antisymmetric). 

(3) If x < y and y ^ z, then x ^ z (transitive). 

The dual (converse) relation is defined, as follows: x ^ y if and only if 
y < x. It is also reflexive, antisymmetric and transitive. 

A map h of a po-set φ into another po-set & is called order preserving 
if and only if the following condition is satisfied: If x ^ y then h(x) < h(y); 
the map /? is an isomorphic map if it is one-one and if h and h~l are order 
preserving. 

233 
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1.2. A po-set (£ is said to be a chain (also: a totally or linearly ordered 
set) if and only if the following condition holds: 

(c) For every pair (x, y) e (£ x (£ either x ^ y or y ^ x. 

Theorem 1.1. 

Any non-empty subset of a po-set is itself a po-set under the same po-order 
relation. 

2. LATTICES 

2.1. Let fi be a po-set. An element v e fi is called a least upper bound 
(lub) of the elements XG2, ye2 if and only if 

(1) x < v, y < v; 

(2) if x ^ z and y < z for an element z e £ , then y ^ z. 

The concept of greatest lower bound (gib) is defined dually. 

A lattice is a po-set fi in which every two elements have a lub and a gib. 
Instead of lub and gib we shall also use respectively the terms supremum 

or join and infimum or meet. The join and the meet of two elements 
x9 y will be denoted by x v y and x A y, respectively. 

Example. The set ty(E) of all subsets of a non-empty set E. Here join 
and meet are the usual set-theoretic union and intersection respectively. 

Every finite sequence ΧΙΕ2, i = 1, 2, ..., «, has a join and meet in 2 
n n 

denoted by \ / xt and /\ xt respectively. 
i=1 i = l 

In a lattice, the operations join and meet satisfy the following relations: 

commutative : xvy = yv x, x Ay = y /\x 

associative: xv(yvz) = (xvy)vz, xA(yAz) = {xAy)Az 

idempotent : xv x = x, x AX = x 

absorption laws : x v (x A y) = x, x A (X V y) = x. 

Moreover, x ^ y if and only if xAy = x, equivalently xvy = y. 

Exercise. Prove that every algebra 2 with two binary operations v 
and Λ , satisfying the above relations is a lattice under the partial ordering 
defined by: x < y if and only if xAy = x. Show that xvy and xAy 
are lub and gib respectively. 
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A sublattice of a lattice £ is a non-empty subset 9JÎ £ 2, which is 
closed under the lattice operations v and Λ . A map A of a lattice 21 

into or onto another lattice £2 is called a homomorphic map if and only 
if it preserves the lattice operations, that is: 

h(x v y) = h(x) v A(j>) 

h(xAy) = h(x)Ah(y). 

The order relation is obviously also preserved by a lattice homomorphic 
map. 

If the homomorphic map h is one-one, then we say h is an isomorphic 
map of £ t into or onto £2. 

2.2. Now let £ be a lattice and ah iel, be a family of elements of £. 
If the lub and the gib of this family exist in £ we write: 

(£) \J ai or sup ai and (£) f\ a{ or infaf, 
iel iel iel iel 

respectively. A lattice £ is called tf-complete,,f where K is a cardinal 
number ^ K0, if every family ah iel, with 0 < |/| ^ X (|J| = cardinal 
number of /) has a supremum and an infimum in £. A lattice £ is called 
complete if it is K-complete for every cardinal X. 

Exercise 1. Prove: If the lattices £j and £2 are isomorphic as po-sets, 
then they are isomorphic as lattices. 

2.3. An element e e £ (0 e £) is said to be the largest or unit (smallest 
or zero) element of £ if and only if x < e ( 0 < x) for every x e £. 

Exercise 2. Prove: A complete lattice has a unit and a zero element. 

Theorem 2.1. 

Suppose that β̂ is a po-set with unit e and suppose ty is complete with 
respect to the operation A , i.e., every family tf,-e^, iel, has an infimum 
in ^p. Then 8̂ is also complete with respect to the operation v , i.e., it 
is a complete lattice. 

2.4. Distributive lattices. A lattice £ is called distributive if the follow-
ing condition holds: 

(d) x A (y vz) = (x Ay) v (XAZ). 

t instead of complete, the term saturated is also used. 
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We remark that (d) is equivalent to its dual: 

(d') xv (yAz) = (XVJ/ )A (XVZ). 

Complete lattices may satisfy various infinite distributive properties, 
for example: 

(α) } Ά \ / a{ = \l (y A at) whenever y e £, av e £ (/ e J). 
iel iel 

(ß) yv Λ ai = f\(yyai) whenever ye£, a fG£ ( /e / ) . 
i e / iel 

(?) V Λ e u = Λ V a.\ «o whenever ay e 2, (i, j)elx J. 
iel j e J φ e F i e I 

(δ) / \ V au= V Ααί,Φϋ) whenever aue29 (iJ)elxJ. 
iel j e J φ eT ie I 

In (y) and (δ), F is the set of all mappings of / into J. 
(a) and (/?) are not, in general, equivalent, but each of them implies 

(d) and (d'). A complete lattice satisfying one of the relations (y) and 
(<5) satisfies the other one and is said to be a completely distributive lattice. 

2.5. A lattice £ with zero element 0 and unit element e is said to be 
complemented if for every x e £, there exists an element x* G £ such that 
X V X * = É» and Χ Λ Χ * = 0 . x* is called a complement of x. 

Theorem 2.2. 

/ / ' £ is a distributive lattice with a unit and a zero element then the com-
plementation is unique, i.e., there exists at most one complement for every 
element. 

2.6. Orthocomplemented and orthomodular lattices. A lattice £ with 
unit and zero elements is orthocomplemented if there exists a mapping 
a -> a1 of £ onto itself such that a11 — a, aLva = e, a1 A a = 0 and if 
a ^ b then aL ^ b1. The element a1 is called the orthocomplement of a. 
An orthomodular lattice is an orthocomplemented lattice which satisfies 
the condition: 

(m) If x ^ z then xv (yAZ) = (xvy)Az. 

Any lattice which satisfies the condition (m) is said to be a modular 
lattice. Hence an orthomodular lattice is orthocomplemented and 
modular. 
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3. BOOLEAN ALGEBRAS 

3.1. A lattice-theoretic definition of a Boolean algebra is the following: 

A Boolean algebra S is a lattice with unit e and zero 0 , which is distri-
butive and complemented. Now it follows from the preceding sections 
that a Boolean algebra can also be defined as an algebra with two binary 
operations, v ; Λ and with one unitary operation (formation of comple-
ments, i.e., a map a-* ac of S into itself) satisfying the following properties: 

xvy = yv x xAy = yAx 

xv (yvz) = (xvy)vz XA(JAZ) = (xAy)Az 

XV X = X XAX = X 

xv (xAy) = x xA(xvy) = x 

xA(yvz) = (xAy)v(xAz) xv (y AZ) = (xvy)A(xvz) 

xv0 = x xAe = x 

ΧΑ0 = 0 xv e = e 

x v xc = e XAXC = 0. 

In S we can introduce a partial ordering as follows: a *ζ b if and 
only if avb = 6, or equivalently a A b = a. The complementation is 
unique in 93 and to every a < b there exists a relative complement, i.e., 
an element x such that b = avx and aAx = 0; we call this relative 
complement " the difference b — a". For arbitrary a and b in 93 we 
can now define a — b = a —aAb. 

3.2. The following relations hold in 93: 

(1) xvy = xv(xcAy) 

(2) x Ay = x A (xc vy) 

(3) x < y if and only if xAyc = 0 , equivalently xcvy = e 

(4) If x < j ; then xc ^ / 

(5) xcc = x. 

In a distributive lattice 5R with zero 0 , in which for every a < b there 
exists a complement of a relative to b, i.e., an element xeSR such that 
avx = b and ΑΛΧ = 0 , the relative complement x is also uniquely 
determined and denoted by b-a; furthermore, to every two elements 
x and y of % there corresponds uniquely a difference x—y = (x — xAy). 
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We define a third important binary operation, the so-called addition 
modulo 2, or symmetric difference, as follows: 

x+y = (xc Ay)v (xAyc). 

Then 93, relative to + as addition and Λ as multiplication, is an algebraic 
commutative ring with unit e and zero 0 . That is, denoting xAybyxy 
for convenience, we have the following properties: 

x+y = y + x xy = yx 

x+(y+z) = (x+y)+z x(yz) = (xy)z 

x + 0 = x xe = x 

x(y+z) = xy + xz. 

Moreover x + x = 0 , i.e., algebraic difference and addition are identical. 
Therefore, a + b = x implies a = x + b, b = x + a and a + b + x = 0 . 
The algebraic multiplication is identical to the meet, hence idempotent. 
We have xc = e + x. 

We notice that the addition + can be defined also in a distributive 
and relatively complemented, with zero element, lattice 9?, namely: 

x+y = (x-y)v(y — x) = (x-xAy)v(y-xAy); 

then SR is with respect to the operations + as addition and Λ as multi-
plication an algebraic commutative ring perhaps without unit e (neutral 
element of the multiplication). Such an algebraic ring is called also a 
Boolean ring; it is also an idempotent ring, but not necessarily with unit. 

3.3. Conversely, we can define a Boolean algebra as an idempotent 
algebraic ring with unit e, i.e., as an algebra with two operations " + " 
and " . ", satisfying the properties: 

A. Addition 

(1) ajr}) = b + a 

(2) a+(b + c) = (a + b) + c 

(3) For every pair a, b of elements in 23, there exists at least one 
element XG93 satisfying a + x = b. 

Thus 93, relative to the operation + , is a group and hence there exists 
a unique element 0 e 9 3 such that a + 0 = a for every ae^B, i.e., there 
exists a zero element 0 in 23. 



3. BOOLEAN ALGEBRAS 239 

B. Multiplication 

(1) a(bc) = (ab) c 

(2) (a+b)c = ac + bc 

(3) c(a+b) = ca + cb 

(4) There exists an element e e 93 such that ea = ae for every a e 93 

(5) aa = a2 = a. 

We can now prove the commutativity of multiplication: 

(6) ab = ba 

together with 

(7) 0 0 = 0 

(8) a + a = 0 

and the fact that 

(9) The equation a + x = b has a solution x which is identical with 
b + a, i.e., algebraic difference and addition are identical. 

3.4. We can introduce in 93 a partial ordering relation by defining: 
a ^ b if and only if ab = a, and prove that 0 ^ x ^ e, for every a e 93. 
Multiplication is identical with meet (infimum), i.e., a Ab = ab, and the 
join v is related to the two operations + and . by the identity: 

avb = a + b + ab. 

We also have 
(avb) AX = (aAx)v(bA x), 

i.e., S is a distributive lattice. Further, for every ae%5 there exists a 
complement, given by ac = e + a, i.e., 93 as a po-set is a Boolean algebra. 
For proofs consult the books of Carathéodory ([6], Chapter I) and 
Dwinger [1] mentioned at the beginning of this Appendix. 

Prove that: In any idempotent algebraic ring SH without unit e, the 
lattice structure can also be introduced and it can be proved that it is, 
with respect to this lattice structure, a relatively complemented and 
distributive lattice with zero. 

3.5. We can prove that Boolean algebras always satisfy the distributive 
laws (a) and (ß) of Section 2.4 (as far as the joins and meets involved 
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exist). More precisely we have the following: 

Theorem 3.1. 

Lei S&bea Boolean algebra and let a{ e 93, iel, be any family of elements 
of 93 such that (93) y a{ exists. Then (93) \J (x A at) exists for every 
xe93 and we have: 

x A V a{ = V (x A at). 
iel ill 

The dual theorem also holds. 

Theorem 3.2. 

Let 93 be an ^-complete Boolean algebra; then we have: 

( V X , ) A ( V > ' ; ) ) = V(*.AJ;) 
\iel I \jeJ ) i, j 

and dually, for every I and J with \I\ < K, | J\ ^ K. 

Theorem 3.3. 

Let 93 be a Boolean algebra with |93| ^ K0; then (here exists an infinite 
set S of pair wise disjoint elements of 93. 

We shall call an K0-complete Boolean algebra a Boolean σ-algebra. 

Theorem 3.4. 

/ / a Boolean algebra 93 is ^-complete relative to meet, then 93 is ^-com-
plete relative to join, and conversely. 

Theorem 3.5. 

Let 93 be a Boolean σ-algebra with |93| ^ K0; then |93| > K0, i.e., the 
set 93 is uncountable. 

We say that a Boolean algebra satisfies the countable chain condition 
if every set of pairwise disjoint elements of 93 is countable. 

Theorem 3.6. 

Let 93 be a Boolean σ-algebra satisfying the countable chain condition; 
then 93 is complete. 
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We have proved this theorem for the Boolean algebra of a pr σ-algebra 
in Section 2.2, Chapter 2. 

3.6. We shall call an element a Φ 0 of a Boolean algebra 95 an atom 
in 95 if and only if the following condition holds: 

(a) If x < a, then either x = a or x — 0 . 

A Boolean algebra 95 is said to be atomic if and only if for every b e 95 
with b Φ 0 there exists an atom a such that a ^ b. The Boolean algebra 
?ß(E) of all the subsets of a set E is atomic; all one-point subsets 
{x} £ £, x e £ , are atoms. A Boolean algebra without atoms is said 
to be atomless. 

One can prove that a Boolean algebra 95 is atomic if and only if the 
unit element e is representable as the join of all atoms of S. 

3.7. Let S be a Boolean X-algebra, i.e., a Boolean algebra which, 
considered as a lattice, is X-complete. A subset 91 of 95 is said to be a 
Boolean X* sub-algebra of 95, where 2 ^ X* < X, if and only if: 

(I) 91 is a Boolean subalgebra of 95, (i.e., (1) e e 91, 0 e 91; (2) if a e 91 
and b e 91, then avb and aAbeW; (3) if a e 91 then ace9I), and 

(II) For every family ate% iel, with |/| < X*, (93) / \ Λ£ e ^ί. 
i e / 

Obviously we then have 

( * )Λα ( = ( 8 ) Λ * ι 6 « . 
i e / i e / 

Let 91 be a Boolean X*-subalgebra of a Boolean X-algebra 95, where 
X* < X, and let X** be another cardinal number. We shall say that 91 
is an X**'-regular (or tt**-invariant) Boolean X*-subalgebra of the 
Boolean X-algebra © if and only if the following condition holds: 

If (31)ΛΛί e x i s t s witl> tf/e9I, i e / , and |/| ^ X**, then (95) /\ at 
iel ie I 

exists and we have 
( » )Λ« ι = (* )Λβί · 

i e / i e / 

I f X * * ^ X * ^ X , then every Boolean X*-subalgebra of a Boolean 
X-algebra is X**-regular. In particular, a Boolean σ-subalgebra of a 
Boolean σ-algebra is always σ-regular. 

A Boolean subalgebra of a Boolean X-algebra is always finitely regular, 
but not always X*-regular if X* ^ X0. 
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Example. Let φ(Ω) be the Boolean algebra of all subsets of 

Ω = Ξ { £ Ε Κ : 0 ^ ξ < 1} 

and 31 the Boolean subalgebra of φ(Ω) generated by the system of all 
half-open subintervals [α, β) c [0, 1) = Ω. 91 is not a σ-regular Boolean 
subalgebra of φ(Ω), because 

WÂ[°-T)-0 · 
but oo r 1 \ 

(φ(Ω))νΛ[θ, — ) = { O } * 0 , 

that is the one-point subset {0} of [0, 1) = Ω. 

3.8. Let 23 be a Boolean K-algebra with K ^ 2 and ft a non-empty 
subset of 23; then there always exists a smallest Boolean X*-subalgebra 
of 93 containing ft, for every N* with 2 ^ K* < K; this Boolean 
N*-subalgebra is uniquely determined and will be denoted by b#*(${) ç 93. 

If we have 93 = 6K*(ft), then we shall say that the subset ft is a 
^-generating basis of © or 93 is ^-generated by ft. If N** > X*, 
then &N*(ft) is n o t always an X**-regular Boolean K*-subalgebra of 93. 
For example, the smallest Boolean subalgebra 6(ft) of a Boolean σ-algebra 
containing a subset ft of S is not always σ-regular (cf. Example, Section 
3.7). 

4. HOMOMORPHISMS AND IDEALS OF A BOOLEAN ALGEBRA 

4.1. A map h: 8 a x = > h(x) e 23* of a Boolean algebra 93 into a Boolean 
algebra 23* is a Boolean homomorphic map, if it preserves the three Boolean 
operations, i.e., 

h(x v y) = h(x) v A(>>) 

A(x Λ >>) = A(JC) Λ h(y) 

[h(x)]c = A(JO. 

Theorem 4.1. 

y4 ma/; h of a Boolean algebra 93 wto a Boolean algebra 93* w homo-
morphic if and only if it preserves the two operations of addition mod 2 
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and multiplication . = A , i.e., 

h(x+y) = h(x) + h(y) 

h{xy) = h{x)h{y) 

and, moreover, maps the unit of 93 onto the unit of 93*, i.e. h(e) = e*. 

Obviously the image of the zero of 93 in 93*, under a homomorphic 
map, is the zero of 95*. We remark that a Boolean homomorphism is a 
special type of lattice homomorphism. It is easy to prove that a Boolean 
homomorphic map of 95 into 93* can be defined as a lattice homomorphic 
map, i.e., a map preserving the lattice operations v and Λ , which maps 
the zero element and the unit element of 95 onto the zero and unit element 
of 93* respectively. The image A(93) of 95 in 95* under a homomorphic 
map h of 93 into S * is a Boolean subalgebra of 95*. 

A map of 93 into 93* is an isomorphic map, if and only if it is a one-one 
homomorphic map. Let 91 and 93 be Boolean algebras. If there exists 
an isomorphic map of 91 into the Boolean algebra 93, then we shall say 
that the Boolean algebra 91 can be embedded isomorphically into 93. 
The Boolean subalgebra A(9() is then isomorphic to 91. If S is a Boolean 
σ-algebra and Λ(9Ι) a σ-generating basis of 93, i.e., 6σ[Λ(9Ι)] = 93, then 
we shall define S to be a σ-extension of 93. If A(9I) is a σ-regular Boolean 
subalgebra of 93, then we shall say 93 is a σ-regular σ-extension of 91. 

Every Boolean algebra 91 has a σ-regular σ-extension. 

4.2. A subset 3 of a Boolean algebra 93 is said to be an ideal in 93 if 
and only if the following conditions are satisfied: 

(1) If x e 3 and yeZs, then X A J > G 3 . 

(2) If x e 3 and y e 95 with y ^ x, then y e 3 . 

The following two conditions are equivalent to (1) and (2) together: 

(1*) If x e 3 and yeZs, then x+>>e3. 

(2*) If xe 3 and y e 93, then xyeZ. 

An ideal 3 in © is said to be proper if 3 φ 93. 
Let X be a subset of 95. Then there exists a smallest ideal, 3(£), 

in 93 containing X, the ideal generated by X. 
A principal ideal is an ideal generated by one element a e 93 and is 

denoted by a©. Obviously we have A95 = {x e 93 : x ^ a}. The principal 
ideal #93 with a Φ 0 is itself a Boolean algebra with a as unit. The 
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principal ideal 025 is called the zero ideal and the principal ideal e25 is 
identical with 25. 

4.3. Let A : &3X=> A(x)e25* be a homomorphic map of 25 into 25* 
The kernel § of A is the set of all elements of 95, which are mapped onto 
the zero element of 95*, i.e., § = {xe25 : h(x) = 0*}. It is easy to 
verify that the kernel § of A is an ideal in 95. 

Suppose now that 3 is an ideal in a Boolean algebra 95. We define 
a binary relation in 95 as follows: x = y ii and only if x+j>e3 . The 
relation " = " is obviously an equivalence relation. Moreover, it is easy 
to prove that it is a congruence relation, i.e., if x = y and a = b, then 
x-{-a = y-\-b, xa = yb and xc = yc. The set 95/3 of all equivalence 
classes of 25 modulo 3 is made into a Boolean algebra if we define: 

X / 3 + J V 3 = x+yfô 

x/3.y/3 = xy/3 

[xß]c = xc'/3 

where x/3 denotes the equivalence class of 25 mod 3 containing the 
element x e 8 . 

There exists a natural (canonical) map A of 95 onto 95/3 defined by 

A: 95ax=>x/3e95/3 

and this map is obviously a homomorphic map of 25 onto 95/3; the 
kernel § of A is 3 . We shall call the Boolean algebra 25/3 the quotient 
(or factor) algebra of 25 modulo 3 . Thus 

Theorem 4.2. 

(i) Every ideal 3 of a Boolean algebra 95 defines a Boolean quotient 
algebra 25* = 95/3 and a homomorphic map h of 25 ÖW/Ö 25* swcA that 
the kernel of A is 3 , tf«d 

(ii) Conversely, every homomorphic map h of a Boolean algebra 95 
onto a Boolean algebra 21 defines an ideal 3 of 25, namely the kernel of h; 
the quotient algebra 25/3 w /Ae« isomorphic to 91. 

4.4. Let 25 be a Boolean σ-algebra. Moreover, let 3 be an ideal in 25. 
We shall say that 3 is a σ-ideal if and only if xt e% i = 1, 2, ..., implies 

00 

(25) Y * f e 3 . One can easily prove: If 95 is a Boolean σ-algebra and 
i = 1 

3 a σ-ideal in 95, then the quotient Boolean algebra 25/3 is also a σ-algebra. 
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We shall say that a homomorphic map A of a Boolean algebra 93 onto 
a Boolean algebra 95* is a σ-homomorphism if and only if the following 
condition holds: 

If ( 9 3 ) / \ Ο ; = 0 , then (95*)/\ A(af) = 0*. 
i = 1 i = 1 

Obviously we have then: 

If (93)/\tff = tfe93, then (95*) / \ A(af) = A(a)e95*. 
i = l i = l 

and dually: 

If (95) V a , = Ô G » , t h e n (95*) VA(af) = A(6)e95*. 
ί = l i = l 

If 93* is a Boolean subalgebra of a Boolean algebra S, then 

does not always imply 

(95) / \a . = 0e95 
i = l 

(®) Λ A(<0 = *(«); 
» = 1 

the implication is valid if and only if 95* is a σ-regular Boolean sub-
algebra of 93. 

4.5. An ideal 3 of a Boolean algebra 95 is said to be a prime ideal if 

and only if the following conditions hold: 

(1) e$% i.e., e is not in 3 , 

(2) For every xe% either x e 3 or x c e 3 · 

According to (1), if xe% then χ€φ%. 
The following two conditions are equivalent to the conditions (1) 

and (2): 

(1*) 3 * 9 5 

(2*) If *Aj>e3, then either x or y (or both) belongs to 3· 

The concepts of filter and ultrafilter are defined as the duals of the 
concepts of ideal and prime ideal respectively, i.e., a subset 5 of a 
Boolean algebra © is a filter in 95 if and only if 

(I) x e 3 and y e Jy, implies x A y e g, 
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(II) x e 5 and y e 33 with j> ^ x implies y e g. 

The subset $ is an ultrafilter in © if and only if JÇ is a filter ?Ç # 95 
and J Î V J / Ê 5 implies x e 5 or j> e S· The following theorem holds: 

Theorem 4.3. 

An ideal 3 in a Boolean algebra 33 is a prime ideal if and only if the 
quotient algebra 33/3 is isomorphic to the Boolean algebra U = {0, e}, 
i.e., to the Boolean algebra with two elements 0 and e. 

4.6. Let 93 be a Boolean algebra and Ω the set of all prime ideals of 93. 
We can prove that Ω is not empty and that, for every x Φ 0 , there exists 
a prime ideal 3 e Ω such that xc e 3· We define now a map A of 93 
into φ(Ω) as follows: 

93a*=>/?(*) = * = { 3 Ε Ω , Jcce3}. (1) 

Then h is an isomorphic map of 33 into φ(Ω). The image A(33) of 
the Boolean algebra 33 in the Boolean algebra φ(Ω) is a Boolean sub-
algebra of ^Ρ(Ω), i.e., a field A(33) = 5 of subsets X ^ Ω isomorphic to 
33. Hence the following theorem holds: 

Theorem 4.4. (Stone). 

Every Boolean algebra 33 is isomorphic to a field 5 of subsets of a set Ω 
with Ω 6 5. The field g = A(93) defined by (1) w said to be the Stone field 
or the Stone representation of S by a field. 

There exist other fields of subsets of a set £, which are isomorphic 
to a Boolean algebra 53. However, the Stone representation is important, 
because if we take the system S\ = A(33) as a topological basis or open 
sets, then Ω, as a topological space, is a compact Hausdorff space which 
is totally disconnected. 

Loomis proved the following representation theorem for Boolean 
σ-algebras: 

Theorem 4.5. (Loomis). 

Let © be a Boolean σ-algebra. Then there exists a a-field R of subsets 
of a set E (i.e., a Boolean σ-subalgebra of the Boolean algebra ty(E) of 
all subsets of E) and a σ-ideal 91 of subsets of E such that 93 is isomorphic 
to the quotient Boolean σ-algebra Λ/91. 
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5. ORDER CONVERGENCE 
Let 93 be an N0-complete lattice or a Boolean σ-algebra. Let 

xve93, v= 1,2,..., be a sequence. Then 
00 00 

x = Λ V xv and χ = V Λ *v 
p = 1 v ^ p p = 1 v ^ p 

exist and are called the o-lim sup xv = x and the o-lim inf xv — x 
respectively of the sequence xve93, v = 1, 2, .... 

If we have x = x, i.e., 

Λ V *v = V Λ *v = A', 
p = 1 v ^ p p = 1 v ^ p 

then we shall say that the sequence xv, v = 1, 2, ... is order convergent 
to x and we shall denote it by: 

(53) o-lim xv = x or xv -» x. 

If xvf, i.e , xv ^ xv+1, v = 1, 2, ..., then 
GO 

o-lim xv = x = V xv 
v = l 

o 

exists. We also write xv f x. Dually if xv|, i.e., xv ^ xv+i< v = 1, 2, ..., 

oo 

o-lim xv = x = / \ xv 
v = 1 

o 

exists; we also write xv | x. 
Order convergence can be defined in any lattice 93 without the assump-

tion that 93 is K0-complete as follows: 
Let xve93, v = 1, 2, ...; then we say 

o 

©-o-lim xv = x or xv -► x 

for an element xe23, if and only if there is an increasing sequence 
flve93, v = l , 2 , ..., and a decreasing sequence 6ve93, v = 1, 2, ..., 
such that 

av ^ xv < 6V, v = 1, 2, ..., 
and „ oo 

(93) V <>* = x = (®) Λ *v 
v = l v = l 
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It is easy to prove that, if 23 is N0-complete, then this definition is equiva-
lent to that given previously. 

6. CLOSURES 

6.1. Let © be a Boolean σ-algebra and S be a non-empty subset of 33. 
We assume that 0 and e belong to S. Then we shall denote by <SA, 
S v , S + the so-called Λ-closure, v-closure. +-closure of S in 93, 
respectively, i.e., the smallest subset of 93 which is closed for the operation 
Λ , v , + , respectively, and contains S. We can construct β Λ , S v , S + 

if we adjoin to 6 all those elements x e 93 that can be written in the form 
x = S1AS2A ... AS„, x = Si vs2 v ... v s„, s = s{ + s2 + . . . +sn respectively, 
where 5 v e S , v = 1,2, . . . ,« . Likewise, we define the countable 
Λ -closure (or briefly the δ-closure) & and the countable Λ -closure (or 
briefly σ-closure) 6 σ of 6 in © as the smallest subset of 23 which is 
closed for meets and joins respectively of a countable number of elements 
and contains S. We can construct &, <5σ if we adjoin to 6 all those 
elements i e 8 that can be written in the form x = st AS2 Λ ..., 
x = st V Î 2 v ... respectively, where x v e 8 , v = 1, 2, . . . . 

The so-called order-convergence closure (briefly ö-closure) S° of S 
is defined as the smallest subset of S containing S and satisfying the 
property: x v e S , v = 1,2,..., and o-lim xv = x imply i e S . 

6.2. It is easy to prove that the smallest Boolean subalgebra o(S) of 
93 containing 6 is equal to ( S A ) + = (6 V ) + . The smallest Boolean 
σ-subalgebra ba{ß) of 23 containing (5 can be generated by transfini te 
induction as follows: we set 

2I0 = 6(S) = 6 A + = S v + ; 

then $1 is a Boolean subalgebra of 93. We then set 

if ξ is an isolated ordinal number, 

*« = U «, 

if ξ is a limit ordinal number I (J 21, is the set-theoretical union of all 

%Ιη with 0 ^ η < ξ\. Obviously we have: 
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where ωχ is the first uncountable ordinal number. Every 21ξ is a Boolean 
subalgebra of 93 containing S and <Άωι = ba((Z) is the smallest Boolean 
σ-subalgebra of 93 containing S. ba{ß) can be generated also as follows: 
we set 21 = b(<Z) = S A + = S v +, and then we set 

for every ξ with 0 < ξ ^ ωί. Every 21̂ , 0 < ξ ^ ωχ is a Boolean 
subalgebra of 93 containing S and moreover 2ίωι is the smallest Boolean 
σ-subalgebra of 93 containing 6 , i.e., we have 91ωι = 6σ(<5). 

Let © be a Boolean algebra and 6 a subset of S such that b(S) = 93; 
then S is said to be a oasw of 93. If 93 is a Boolean σ-algebra and S a 
subset of 93 such that ba(ß) = 93, then S is said to be a σ-basis of 93. 
We shall say also that S generates 93 in the first case and S σ-generates 
93 in the second case. 



APPENDIX II 

LATTICE GROUPS, VECTOR LATTICES 

We shall also mention briefly here the main concepts and theorems of 
the theory of lattice groups and vector lattices. The reader who is interested 
in a more detailed account of these theories may consult the following 
books: Birkhoff [1], Carathéodory [6], Fuchs [1], Peressini [1], Cristescu 
[1], and the paper by Kantorovic-Vulikh-Pinsker [1]. 

1. LATTICE GROUPS 

1.1. We shall consider additive (commutative) groups. The identity 
of the group will be called zero element and will be denoted by 0. An 
additive group Σ is said to be a lattice group (briefly l-group) if and only 
if a partial ordering relation ^ is defined in Σ, which satisfies the 
following axioms: 

(1) If x ^ y, then x+z ^ y+z for every ze Σ. 

(2) x e Σ and y e Σ imply that there exist 

sup (x, y) = xvye Σ 

and inf (x,y) = xAyeY*. 

Let us now define: x > y if and only if x ^ y but x Φ y; then we have: 

(3) x > 0 and y > 0 imply x+y > 0. 

(4) x > y if and only if x—y > Θ. 

250 
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The dual relations ^ and < can also be defined and satisfy the dual 
to (1) to (4) properties. Moreover, we have: 

(5) x < y if and only if — x > —y. 

The following concepts play an important role in the theory of/-groups: 

x+ = χνθ 

x~ = ( — χ)νθ 

\χ\ = x+ +x~, 

which are called the positive part, the negative part, and the absolute 
value (modulus) of x, respectively. Obviously, we have x+ ^ Θ, 
x~ = ( — x)+ ^θ and x = x+—x~. The absoute value satisfies the 
following conditions: 

(6) \x\ = xv ( — x) = x+ vx~. 

(7) \x\ 7* Θ, and |JC| = Θ if and only if x = 0. 

(8) | x + d < M + M. 
(9) \nx\ < \n\ \x\, where n any integer. 

The following relations are valid: 

(10) x+y = (xvy) + (xAy). 

(11) (xvy)+z = (x+z)v (y+z) and dually. 

(12) — ( x v j ) = (-x)A(-y) and dually. 

(13) \xva—yva\ ^ \x—y\, \xAa-yAa\ < \x—y\. 

(14) IXVJKIXIVW. 

(15) \x—y\ ^ a if and only if y — a ^ x ^ .y + tf. 

(16) a ^ x ^ b and a ^ j ^ 6 imply |x-j>| ^ 6 - a . 

1.2. The elements x and y are said to be orthogonal (disjoint) denoted 
by x ly, if and only if \x\ A \y\ = Θ. We have: 

(17) If x ± z and > Ί ζ , then x v >> ±z , X A J l z and x+>> ±z . 

(18) If x 1 j>, then mx 1 «>>, where m and « are integers. 

(19) We always have x+ ± x ~ . 

(20) x 1 j ; if and only if |x| v \y\ = |x| + \y\. 



252 APPENDIX TWO. LATTICE GROUPS, VECTOR LATTICES 

(21) An /-group is, as a lattice, distributive, i.e., 

xv(yAz) = ( X V J ) A ( X V Z ) and dually. 

Moreover, if x^el, iel, and there exist \ / xt and f\ x( in Σ, 
i e / iel 

then there also exist \ / (.*,· +α), / \ (χ, + α), V Î ^ A A ) , \/(XiVa), 
iel iel iel iel 

γ*Λ y*r> / \ χ Λ Λ χ ί " Ά ( " ^ ' a n d V (-*»') in Σ> and we 

i e / ί e / i e / i e / i e / iel 

have: V (** + *) = (V*i)+*> Λ (** + *) = ( Λ * « ) + * 
i e / \ i e / / i e / \ i e / / 

( V^i) Aa= V(^iAßX (Λ*ί ) va= /\(xiva) 
\iel J iel \iel I iel 

W = (v*.)+> A*r = (v*i)~. A*.= -V(-*.·)· 
iel \iel I iel \iel / i e / i e / 

1.3. (I) An /-group Σ is said to be archimedean if and only if the follow-
ing condition is valid: 

(α) χ^θ and ny < x, for every « = 1 , 2 , . . . , imply y < Θ, or 
equivalent x ^ 0 and wy ^ x for every n — ± 1, ±2, ... imply y = Θ. 

(II) An /-group Σ is said to be saturated, resp σ-saturatedf, if and 
only if for every subset T c Σ, resp for every countable subset T £ Σ, 
which is upper bounded in Σ there exists the least upper bound V t in Σ. 

t e l 

It is easy to see that this condition implies its dual condition. A 
saturated /-group is, obviously, σ-saturated. 

(III) An /-group Σ* is an l-subgroup of an /-group Σ or the /-group Σ 
is an extension of the /-group Σ* if and only if Σ* is a subgroup and at 
the same time a sublattice of Σ. 

(IV) Let Σ* be an /-subgroup of an /-group Σ. We say Σ* is a 
regular (invariant), resp σ-regular (a-invariani)%, /-subgroup of Σ if and 
only if the following condition is valid: 

If for any decreasing directed family (net) x,e Σ*, iel, resp decreasing 
sequence xne Σ*, n = 1,2,..., we have 

00 

/\ xt = Θ, resp / \ x„ = 0, in Σ* 
iel n = l 

t Instead of "saturated," "complete with respect to the lattice operations" is also used. 
t Instead of " regular " or " invariant ", " correct " is also used. 
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then we have also 
00 

/\ xt = 0, resp / \ x„ = 0, in Σ; 
i e J n = l 

the /-group Σ as an extension of the /-group Σ* is then a regular resp 
σ-regular extension. 

We notice that every /-subgroup of a σ-saturated /-group is always 
archimedean. Conversely: every archimedean /-group can always be 
extended regularly to a saturated /-group. 

(V) An /-subgroup Σ* of the /-group Σ is said to be normal in Σ 
if and only if xe Σ, x*e Σ*, and \x\ < |x*| imply xe Σ*. A normal 
/-subgroup in Σ is also called an l-ideal in Σ. 

(VI) An /-subgroup Σ* of the lattice group Σ is said to be a component 
or a band in Σ if and only if Σ* is regular and normal in Σ. 

1.4. Units, Very useful is the concept of a unit in an /-group Σ. An 
element u G Σ is said to be a strong unit if and only if for every x e Σ there 
exists a positive integer n such that nu > x. A positive element e > 0 
is said to be a weak unit if and only if e is orthogonal only to the zero 
element, i.e., et\ \x\ = 0 implies x = 0 for any x e Σ. It is easy to prove 
that any strong unit is a weak unit. In fact, let u be a strong unit; then, 
if u A \x\ = 0, for some JC G Σ, there exists an integer nx > 0 such that 
nxu> |x|, i.e., (nx.u)A\x\ = |JC|; but UA\X\ = 0, implies (WXW)A|X| = 0; 
hence |x| = 0, i.e., x = 0. 

2. VECTOR LATTICES OR LINEAR LATTICE SPACES 

2.1. A sector lattice is a real vector (linear) space U which is an /-group 
with respect to the operation of addition and which, furthermore, satisfies 
the following condition: 

(v) If x ^ y and λ e JR, λ ^ 0, then Ax ^ Ay. 

It is easy to see that the following properties are valid in a vector lattice: 

(1) If x > 0 and ÀeR, λ>09 then λχ > 0. 

(2) If λ eR, λ ^ 0, then λ(χνγ) = λχν λγ and dually. 

(3) If λ ^ 0, A G R , then λ(χνγ) = λχΑλγ and dually. 

(4) |Ax| = |A||x|, A G A , XG17. 

(5) Ox = 0, and if A # 0 with Ax = 0, then x = 0. 
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(6) If there exists y x( in U and λ ^ 0, λ e R, then there exists \ / λχ-χ 
j i i e / i e / 

and we have λ V ** = V ^ 
i e / / e l 

and dually, if λ ^ 0, then there exists / \ Axf in U and we have 
iel 

λ V Xf = / \ AX;. 
i e / i e / 

We notice that all concepts and results in the theory of /-groups are 
carried over to the theory of vector lattices. It may happen that a 
certain /-subgroup U of the vector lattice U is itself a vector lattice; in 
this case we say that U is a vector sublattice of U. We may also speak 
about regular vector sublattices and also about normal or component 
vector sublattices in U. A component (i.e., regular and normal) vector 
sublattice B of a vector lattice U is said to be a band in U. 



BIBLIOGRAPHICAL NOTES 

The literature indicated below has been used in the preparation of this monograph. 
It must not be considered as a complete bibliography. Further references can be 
found in the literature indicated. 

CHAPTER I 

Probability algebras as Boolean algebras with an additive, non-negative probability 
(normed measure) are considered by Birkhoff [1], p. 197, Halmos [1], Kappos [2, 4, 
7, 8], Kolmogoroff [2], Segal [1], and others. Measure theory in Boolean algebras is 
studied by Carathéodory [1, 2, 3, 6]. For further literature on this subject, see also 
Sikorski [5], Section 42. Horn and Tarski [1] have considered Boolean algebras with 
a strictly positive measure and have studied structure problems on these algebras. 
Probability algebras with the assumption that the probability is strictly positive are 
systematically studied by Kappos [8]. For Section 8.4 and the question of the existence 
of Boolean algebras which cannot be endowed with a probability, cf. also Maharam 
[2] and Kelley [1]. We notice that for every Boolean algebra A there exists a linearly 
ordered algebraic field F (in general non-archimedean), such that A can be endowed 
with a strictly positive, finitely additive F-valued measure; compare O. Nikodym [3] 
and Luxemburg [1, 2]. 

CHAPTER II 

A metric distance defined with the help of a measure was first used by O. Nikodym 
[1]. Kappos [4, 6, 8] and Kolmogoroff [2] have used this metric to extend probability 
algebras to probability σ-algebras in which the probability is σ-additive. For the 
remarks of Section 2, see Horn and Tarski [1 ]. For Sections 3 and 4, see Carathéodory 
[2], Horn and Tarski [1], and Halmos and v. Neumann [1]. 

CHAPTER III 

Cartesian products of Boolean algebras have been studied by Sikorski [2, 3, 4], 
Kappos [1,4, 8], and Ridder [1 ]. Sikorski and Kappos have studied Cartesian products 
of probability algebras and their relation to the concept of algebraic or probability 
independence. 

Section 3: A general classification of measure algebras, hence also of probability 
algebras, has been first obtained by Dorothy Maharam [1, 4]; see also Kappos [8] 
and Zink [1]. 

CHAPTER IV 

Kolmogoroff [1], p. 6, has defined a finite partition of the sure event as a trial (Ver-
such) and has used this concept to define the simple (with a finite number of values) 
random variables. Carathéodory [1, 3, 4, 6] used later finite partitions of elements 
(somata) of a Boolean algebra to define simple place functions (Ortsfunktionen) over a 
Boolean algebra. To define all place functions over a Boolean algebra he has used 
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other processes [1, 2, 3]. Analogous processes have been used by Wecken [1], Olmsted 
[1], Gomes [1], Sikorski [1], Ridder [1, 2], Bishof [1], and Nikodym [2]. Carathéodory 
has noticed in [4] that elementary random variables can be used to define by Dedekind 
cuts all place functions; see also Kappos [3]. Kappos [3, 11] has used countable parti-
tions in measure algebras (probability σ-algebras) to define the set of all elementary 
random variables and has extended it with the help of uniform convergence to obtain 
the set of all random variables; see also Goffman [1]. 

In the present chapter we apply a process, which is well-known in the completion 
theory of abelian lattice-groups (see Papangelou [1, 2], Banaschewski [1], and Everett 
[1]), to complete the set of all elementary random variables and obtain the set of all 
random variables by using the order relation and order convergence. This process 
can be applied to define generalised random variables having values in abelian groups 
or Banach lattices; see Kappos [13, 14] and, moreover, the theory stated in Chapter 
VII of the present book. 

CHAPTERS V AND VI 

To define the expectation and moments of random variables we have used an integra-
tion theory, the details of which are stated in Kappos [1, II] and which was first used to 
define the integral in the classical measure theorey by O. Nikodym [1]. 

For Chapter V, Sections 3 and 4, and Chapter VI, see also Halmos [2], Loève [1], 
Carathéodory [6], Krickeberg [1], and Neveu [1]. For Chapter V, Section 3, we 
notice that O. Onicescu and his school in Bucharest have used as fundamental concept 
that of a signed measure (fonction-somme) to define random variables in Boolean 
algebras; see Onicescu [1, 2] and Cristescu [2]. 

CHAPTERS VII AND VIII 

In the text of these chapters and particularly in Chapter VII, Section 1, the main 
literature on generalized random variables has been given. A Lebesgue integration 
theory for functions having values in vector spaces has been first studied by Bochner 
[1] in 1933. For recent literature, compare Dunford-Schwarz [1], Chapter III, Section 
15, Hille-Phillips [1], Chapter III, Section 1, Dinculeanu [1], and Bourbaki, K: 
" Eléments de Mathématique, Intégration," Livre VI, Ch. 6, Intégration vectorielle, 
Hermann, Paris 1959. Compare also two mimeographed editions of lectures given by 
Laurent Schwartz on Radon measures on arbitrary topological spaces, 1964-65, in 
Institut Henri Poincaré and later in Maryland University, U.S.A. 

Applications of this theory to the definition of random variables having values in 
Banach spaces and to the study of probability problems related to this theory first 
began systematically by Fréchet in 1944 and are continued by his school in Paris. 
Compare Fréchet, M.: "Abstrakte Zufallselemente. Bericht über die Tagung Wahr-
scheinlichkeitsrechnung und math. Statistik in Berlin " vom 19 bis 22. Okt. 1954, 23-28, 
Veb deutscher Verlag der Wissenschaften, Berlin 1956. Compare also the literature 
given in this paper, Hans [1], and Metivier [1, 2]. For random variables over Boolean 
σ-algebras having values in Banach spaces and the problems related to this theory see 
Georgiou [1, 2, 3]. 

Remark: For Appendices I and II the literature is given in the text. Compare 
also the new edition of Birkhoff's book [1] and a translation of a book by Vulikh [1]· 
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INDEX 

A 
Absolutely continuous, 141, 146 
Absolute value, 62, 251 
Absorption laws, 234 
Addition modulo 2, 238 
Additive, 1 
Adjoint space, 209 
Aggregate, 36 

equivalent, 38 
Antisymmetric, 233 
Archimedean property, 63 
Atom, 241 

B 
B-algebra, 179 
Banach space or B-space, 179 

regular or reflexive, 210 
Band, 253,254 
Bilinear functional, 210 
5-lattice, 179 
Bochner integration theory, 186 
Boolean 

algebra, 1, 237, 238 
atomic, 241 
atomless, 241 
free, 4 
generated by a chain, 5 
generated by a subset, 249 
isomorphic, 243 
quotient, 244 
σ-extension of, 243 
<7-generated by a subset, 249 
σ-regular σ-extension of, 243 

kernel, 59, 164 
ring, 238 
σ-homomorphism, 241 
σ-algebra, 240 

character of, 34 
homogeneous, 46 

σ-subalgebra, 241 
subalgebra, 241 

X-regular, or X-invariant, 241 
σ-regular, 241 

Borel probability field, 13 
Borel probability space, 13 

C 
Cartesian ordering, 77 
Cartesian product of Boolean algebras, 35 

construction of, 36 
Chain, 234 
Classification of /̂ -separable 

pr σ-algebras, 33 
Classification of pr σ-algebras, 46, 50 
Closure, 248 
Closure operator, 109 
Compact average range, 226 
Compact direction, 226 
Complement, 236 

relative, 237 
Completion of the generalized 

elementary stochastic space: 
with respect to o-convergence, 166 
with respect to w-o-convergence, 183, 
184, 187 

Component, 253 
Composition of rv's, 120 
Conditional expectation, 228 

given an experiment, 229 
given a σ-subalgebra, 229 

Conditional probability, 226 
given an experiment, 227 

Congruence relation, 244 
Conjugate numbers, 214 
Conjugate space, 209 
Constant rv, 58 
Continuity 

of probability, 7 
of quasi-probability, 12 

Convergence 
almost uniform, or au-, 97 
in the mean, 156, 188, 197 
in the q-ih mean, or Nq-, 152, 218 
norm!-, or JVV, 125, 188 
norm almost uniform, or n-au-, 185 
norm-o, or n-o-, 183, 184 
norm probability, or n-p-9 185 
norm relative uniform, or n-ru-, 185 
norm uniform, or n-u-, 184 
order, in a lattice, 247 
order, in an /-group, 166 
order, in the stochastic space, 68 
order star, or <?*-, 106, 110 
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C (contd.) 
order, with respect to a 

vector sublattice, 77 
p-y in a pr algebra, 17 
p-, in the stochastic space, 97 
relative uniform, or ru-, 107 
ru*-, 108 
uniform, or w-, 79, 84 

Countable chain condition, 240 

Factor algebra, 244 
Fatou lemma, 134 
Filter, 245 
Freenet lemma, 103 
Free Boolean algebia, 4 
Freudenthal property, 62 
Freudenthal unit, 62 

D 
δ-closure, 248 
Decomposition 

into a net-like aggregate, 37 
into homogeneous pr σ-algebras, 50 

Directed family, 76 
Directed set, 76 
Disjoint elements, 62, 251 
Distribution functions, 65 
Distribution pr σ-algebra, 65 
Distribution pr space, 66, 94, 231 
Dual relation, 233 

Elementary random variable, 58 
generalized, 162 

Equi-continuous, 155 
Equi-integrable, 154 
Equimeasurable rv's, 95 
Event, 1 

almost impossible, 12 
almost sure, 12 
impossible, 1 
independent, 53 
possible, 1 
sure, 1 

Expectation 
of a generalized erv, 203 
of an erv, 122 
ofarv, 130, 196,204 
of a simple generalized rv, 187 

Experiment, 55 
finer, 55 
norm of, 56 

Extension 
of an /-group, 252 

regular, 252 
of a pr algebra, 16 
of the elementary stochastic space. 89 

Generating basis, 242 
Greatest lower bound, 234 

H 
Hahn decomposition, 139 
Holder inequality, 150 

generalized, 215 
Homogeneity condition, 33 
Homomorphic map, 235, 242 

I 
Ideal, 243 

principal, 243 
prime, 245 
proper, 243 
σ-, 244 

Idempotent, 234 
Improper pr algebra, 3 
Indefinite integral, 130 
Independent classes, 53 
Indicator, 58 
Infimum, 234 
Infinite distributive properties, 236 
Integral representation, 119 
Interval algebra, 6 
Isometric pr algebra, 3 
Isomorphic map, 233, 235, 243 

Join, 234 
Jordan decomposition, 141 

K 
À'-£-lattice, 181 
Kernel. 244 

J 

E 



INDEX 265 

L 
Lattice, 234 

complemented, 236 
complete, or saturated, 235 
completely distributive, 236 
distributive, 235 
modular, 236 
orthocomplemented, 236 
orthomodular, 236 

Lattice group, or /-group, 250 
archimedean, 252 
of countable type, 175 
saturated, or complete, 252 
σ-saturated, 252 

Least upper bound, 234 
Lebesgue cylinder, 52 
Lebesgue probability space, 13 
Lebesgue theorem on monotone 

sequences, 133 
Lebesgue theorem on term by term 

integration, 134, 207, 218 
Length of a monomial, 5 
/-ideal, 253 
Linear functional, 208 

bounded, 209 
norm of, 209 

Linear Lebesgue pr σ-algebra, 29 
Loomis theorem, 246 
/-subgroup, 252 

normal, 253 
regular, 252 

M 
MacNeille extension, 165 
Maharm's theorem, 50 
Markov chain, 227 
Markov inequality, 150 
Measurable function, 94 
Measure, 145, 191,224 

comparable, 147 
finite, 145 
σ-finite, 145 
signed, 139, 191,224 

extended, 145 
lower variation of, 140 
σ-finite, 146 
total variation of, 141 
upper variation of, 140 

Σ-valued, 224 
/^-continuous, 225 
total variation of, 225 
with finite variation, 225 

Meet, 234 
Metric distance in a pr algebra, 16 
Minimal σ-extension of a pr algebra, 16 

construction of, 18 
uniqueness of, 26 

Minkowski inequality, 150, 217 
Modulus, 62, 251 
Monomial, 5 
Moore-Smith condition, 55, 76 
Multiplication of a rv by an element of a 

vector space, 200 

N 
Natural map, 244 
Negative element with respect to a signed 

measure, 139 
Negative part, 62, 251 
Net, 76 

^-o-convergent, 77 
.^-fundamental, 79 
increasing or decreasing, 77 

Net-like aggregate, 36 
Norm, 179 
Normed, 1 

commutative algebra, 179 
Norm valuation, 182, 184 

o 
^-continuous, 130, 132 
Order continuous functional, 129 
Order preserving map, 233 
Orthocomplement, 236 
Orthogonal, 62, 251 
Outcomes of an experiment, 55 

P 
Partition of the real line, 115 

rorm of, 115 
/7-Cauchy condition, 17 
/7-dense 

family of experiments, 56 
subset of a pr algebra, 7 

Pettis integiation theory, 208 
p-independent rv's, 95 
Positive element with respect to a signed 

measure, 139 
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Positive part, 251 

Probability, 1 
algebra, l 

examples of, 3 
improper, 3 
/̂ -complete, 17 
/̂ -metric closure of, 17 
/̂ -separable, 7 

continuous, 7 
relative to an overalgebra, 11 

convergence, 97 
countably additive, or σ-additive, 7 

relative to an overalgebra, 11 
field, 13 
independence, 53 
interval algebra, 6 
properties of, 1 
σ-algebra, 10 

i8-homogeneous, 46 
character of, 34 
continuous, 33 
discrete, finite or infinite, 33 
homogeneous, 46 
minus one-homogeneous, 47 
mixed, 33, 34 
p-separable, 29 
σ-generated by a chain, 30 

space, 13 
Borel, 13 
^-complete, or Lebesgue, 13 

subalgebra, 3 
generated by a subset, 3 

Product element, 36 
disjoint, 36 
unit, 36 
zero, 36 

Product limit element, 44 
Product pr algebra, 41 
Product pr σ-algebra, 41 

atoms in, 43 

Q 
Quasi-probability, 12 

algebra, 12 
properties of, 12 
σ-algebra, 12 
two-valued, 12 

Quotient algebra, 244 

R 
Radon-Nikodym theorem, 144 

for the Bochner integral, 225 
Random variables, 92, 166, 184 

absolute moments of, 149, 213 
bounded, 96 

norm of, 96 
moments of, 149 
powers of, 148 
with values in a topological or abstract 

space, 161, 162 
Reduced representation by indicatois, 63 
Reflexive, 233 
Regular vector sublattice, 77 
Representation pr space, 15 
Resolution of the weak unit, 115 
Restriction, 16 

S 
σ-additive, 7 
Sample pr space, 66, 94, 231 
σ-basis, 249 
Schwartz inequality, 150 
σ-closure, 248 
Separability, 7, 106 
Sequence 

izw-convergent, 97 
««-fundamental, 97 
.^-0-convergent, 77 
^-o-equivalent, 85 
.^-fundamental, 79 
fundamental in the q-th mean, 153 
^-fundamental, 125, 189, 197 
Λ-o-fundamental, 183, 184 
o*-convergent, 106 
0-equivalent, 85 
ö-fundamental, 84, 165 
order, or o-t conveigent, 68, 165, 247 
p-Cauchy, 17 
/7-convergent, 17, 97 
/7-fundamental, 17, 97 
ru-convergent, 107 
«-equivalent, 85 
weakly convergent, 212 

Series 
convergence, 110 
^-convergence, 110 
/»-convergence, 109 
«-convergence, 109 

Set 
partially ordered, or po-, 233 
totally, or linearly, ordered, 234 
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σ-extension of the elementary stochastic 
space, 89 

minimal, 89 
σ-generating basis, 243 
Simple random variable, 58 
Spectral chain, 65 

upper, 72 
lower, 72 

Spectral representation, 119 
Spectrum, 115 
σ-regular vector sublattice, 77 
Star convergence, 106, 110, 185 
Star property of convergence, 106 
Stochastic process, 67 
Stochastic space, 92 

generalized elementary, 162 
generalized simple, 162 
of all rv's with values in Σ, 166, 184 

Stone field, 246 
Stone theorem, 246 
Strictly monotone functional, 129 
Strictly positive, 1 
Strong topology, 212 
Strong unit, 62, 253 
Sublattice, 235 
Symmetric difference, 238 

Tchebichev inequality, 150 
Transitive, 233 
Trial, 55 

U 
Ultrafilter, 246 
Unit, 235 
Universal, 48 

Vector lattice, 60, 253 
normed, 179 

continuous, 179 

W 
Weak σ-distributivity, 28 
Weak topology, 212 
Weak unit, 62, 253 

Zero, 235 

τ 
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ζ 


