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PREFACE

During the last twenty years, many excellent textbooks have enriched
the mathematical literature on probability theory. With the help of
classical set-theoretic measure and integral theory, these books introduce
the fundamental concepts of probability theory, then formulate and study
old and recent problems germane to the theory. There is however an
alternate way to introduce the main notions of probability theory, a way
which is more naturally adapted to the empirical origins of the subject.
The present volume is an exploration of this alternate development.

There are three fundamental notions of probability theory: Event,
probability of an event, random variable. A given set of events forms a
Boolean algebra with respect to the logical connectives (considered as
operations) «“ or ’, “ and ”’, and “ not . Probability is a normed measure
on a Boolean algebra of events. It is natural to consider probability
as finitely additive and strictly positive, i.e., equal to zero only for the
impossible event. Therefore, a Boolean algebra U endowed with a
finitely additive and strictly positive probability p can be considered as a
probability algebra (U, p). In all empirical cases a Boolean algebra of
events can be endowed with an additive and strictly positive probability.
Moreover, the g-(countable) additivity of probability, which has important
mathematical consequences in the theory, can always be obtained by a
metric extension of a probability algebra (2, p) to a probability o-
algebra (%, p), in which ¥ is a Boolean o-algebra and j a countably
additive and strictly positive probability.

It is well-known that a Boolean algebra U is always isomorphic to a
field (Boolean algebra) of subsets of a set (= space) Q. Thus the investi-
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vi PREFACE

gation of events and their probabilities can be reduced to a study of
normed measures on fields of sets. Moreover, it is always possible to
represent the Boolean algebra 2 of events by a field A of subsets of a set,
so that the normed measure (the probability) P on A is set-theoretically
countably additive. Let (Q, A, P) be a so-called probability space,
which represents, set-theoretically, a probability algebra (2, p); then
(Q, A, P) can always be extended to a complete probability g-space
(Q, A, P), in which A is a o-field containing A and P a complete, normed,
countably additive measure on A. The elements of A can be considered
as events; in the case, however, in which the cardinality of Q is > N it
may happen that there exist non-empty sets E€ A (i.e., events different
from the impossible event) of measure (= probability) zero, which have
no probabilistic interpretation. We can overcome this difficulty by
considering directly the probability o-algebra (3, p) instead of the proba-
bility o-space (Q, A, P).

Our aim is to develop the fundamental notions of probability theory
in this “ point-free ” way. This, however, requires knowledge of lattice
theory. We find that lattice theory also provides simplicity and generality,
since it deals with classes of random variables which are the elements of
the so-called stochastic spaces. The space of all elementary random
variables defined over a probability algebra in a ¢ point-free” way is a
base for the stochastic space of all random variables, which can be
obtained from it by lattice-theoretic extension processes. There are,
however, problems in which one wants to consider individual samples
and cannot work without points; then one can always assign a suitable
probability g-space to the probability algebra under consideration. Con-
versely, one can assign to every probability g-space (Q, A, P) a probability
g-algebra (2, p) in which A is the quotient Boolean o-algebra A/N,
where N is the o-ideal of all sets of probability zero. Thus the two
theories are equivalent.

In the lattice-theoretic treatment of probability theory, a structural
classification of all possible probability algebras (therefore an analogous
classification of all possible stochastic spaces) can easily be obtained,
which provides us with a representation of every probability o-algebra
by a probability g-space (Q, A, P) in which Q is the cartesian product of
factors equal to the interval [0, 1] of the real line, A a g-subfield of the
g-field of all Lebesgue product measurable subsets of Q, and P the product
measure of A. A corresponding representation of random variables by
Lebesgue measurable functions defined on Q can also be obtained.
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The origin of this book is in a set of lectures which I gave in the academic
year 1963-64 at the Catholic University of America, Washington, D.C.
The Statistical Laboratory there issued a mimeographed version of my
notes under the title * Lattices and their Applications to Probability .
The present text is a revised and expanded version of these notes, main-
taining the central mathematical ideas of the lectures, namely probability
algebras and stochastic spaces (i.e., spaces of random variables). The
part of the notes devoted to pure lattice theory has been shortened and
the most important concepts and theorems of this theory have been
stated in two appendices, mostly without proofs.

In addition to the material in the mimeographed edition, the present
volume contains a general way to introduce the concept of random
variables taking values in spaces endowed with any algebraic or topo-
logical structure. In particular, we study the cases in which the space of
the values is a lattice group, or vector lattice. When the space of the
values is a Banach space, a theory of expectation and moments is stated.
A theory of expectation can be easily stated in more general cases of
spaces of values: for example, locally convex vector spaces or topological
vector spaces, for which an integration theory is known.

We have restricted ourselves on the introduction and study only of the
fundamental mathematical notions. We mention only a few facts about
the concepts of independence and conditional probabilities and expecta-
tions. Certainly, it would be interesting to state the theory of stochastic
processes and, especially, the theory of martingales. But this would go
beyond the scope of the present monograph, or it would have to be
published in a second volume.

The author wishes to express his gratitude to Dr. Eugene Lukacs of
the Catholic University, who made it possible for him to give lectures
and publish them. It is a pleasure to offer thanks to F. Papangelou and
G. Anderson who read critically the manuscript of the lectures and made
valuable suggestions during the mimeographed edition of them.

He expresses his best thanks to Miss Susan Papadopoulou who read
all the manuscript of the present edition carefully and made valuable
suggestions. In many cases she has helped him to give simpler formula-
tions and proofs.

Thanks are finally due to Mr. Constantine Halatsis for his efficient
typing of the manuscript and the composition of the several indices.

Athens, Greece. D. A. Kappos.
April 1969.



PROBABILITY ALGEBRAS

1. DEFINITIONS AND PROPERTIES

1.1. A probability algebra (pr algebra) (U, p) consists of a nonempty
set A of elements denoted by lower-case latin letters: a, b,¢, ..., x,, ...,
called events and a real-valued function p on U, called a probability (pr).
In the set A two binary operations av b (a or b) and a A b (a and b) and
one unitary operation a° (not a) are defined, which introduce in 2 the
algebraic structure of a Boolean algebra.t

The probability p satisfies the following conditions:

1.1.1. p is strictly positive, i.e., p(x) 2 0, for every xe A and p(x) =0
if and only if x = @, where @ is the zero of .

1.1.2. pis normed, i.e., p(e) = 1, where e is the unit of 2.
1.1.3. pis additive i.e., p(av b) = p(a)+p(b) if a and b are disjoint.}

We shall call the unit e the sure event and the zero O the impossible event
of the event algebra . Every xe A with x# @ and x+# e is called a
possible event of the algebra 2.

t+ We consider the theory of Boolean algebras as known; ¢f. also Appendix 1 of this

book.
1 We say that the event a and the event b are disjoint (exclude each other, or are mutually
exclusive, or are incompatible) if a A b = O,
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2 I. PROBABILITY ALGEBRAS

1.2. Properties of the prp.

1.2.1. If x,,x,,..,x, are pairwise disjoint events of A, then
pix;vxyv...vx,) = plx)+p(x)+...+p(x,).

Proof by induction.

1.2.2. If x <y, then p(x) < p(y) and, moreover, p(x) < p(y) if x # y

(i.e., if x < y, then p(x) < p(»)).

Proof. If x <y, then z = y—x is such that y = xvz and x and z are
disjoint. According to 1.1.3, we have p(y) = p(x)+p(2), i.e., p(x) < p(»).
If x# y, then z# @ and p(z) > 0, i.e., p(x) < p(y).

1.2.3. Ifx <y, then p(y—x) = p(y)—p(x). In fact, according to the proof
of 1.2.2: p(y) = p(x)+p(2), ie., p(z) = p(y—x) = p(y)—p(x).
1.2.4. For every pair x€ 2 and y e, we have
p(x)+p(»y) = p(xvy)+p(x AY).
In fact, we have
xvy=x—xAy)v(y—xaAp)v(xAy).

The terms of the join on the right are pairwise disjoint, thus

p(xvy)=p(x—xAp)+p(y—=xAp)+p(xAY)
= p(x)—p(x A Y)+p(y)—p(x AY)+p(xAY)

_ = p(x)+p(y)—p(x AY);
i.e.,

p(X)+p(y) = p(x v y)+p(xAy).
1.2.5. For every x e A we have p(x°) = 1 - p(x). Proof obvious.

1.2.6. We have p(x) = 1 if and only if x = e. Proof obvious.

By induction, one can prove the following generalization of property
1.2.4:

1.2.7. For three, or more generally for n > 2 events x, e W, v =1, 2,
..., n we have:

M=

v

1

P(")=v=ill’( V /\x,,..), n>2

peSMHVisy



2. PROBABILITY SUBALGEBRAS 3

where S™" is the set of all finite sequences p = {p,, p;, ..., p,} With
I<pi<p,<..<p,<n

2. PROBABILITY SUBALGEBRAS

2.1, Let (U, p) be a pr algebra and B a Boolean subalgebra of ; then
the restriction of the function p to 8B is a probability on B. The pr algebra
(B, p) is then called a probability subalgebra of (U, p). Hence to every
Boolean subalgebra B of U there corresponds a pr subalgebra (B, p) of
the pr algebra (U, p).

2.2. Let S be a non-empty subset of ; then there exists a smallest
Boolean subalgebra, b (&), of U containing &; the pr subalgebra (b (S), p)
is then called the pr subalgebra generated by & in (¥, p).

2.3. There is a pr subalgebra of (21, p), namely, the pr algebra (U, p)
where U = {0, ¢} and p(D) =0, p(e) = 1. We call (U, p) the improper
pr algebra.

2.4. Remark. Throughout this book every pr algebra and every pr sub-
algebra will be supposed as not improper.

2.5. Every possible event xe U, ie, x # G, x # e, generates a pr
subalgebra (X, p) in (U, p), where X = {@, x, x°, e}.

3. ISOMETRIC PROBABILITY ALGEBRAS

3.1. Let (%, p,) and (A,, p,) be two pr algebras. We say that the pr
algebra (U, p,) is isometric to the pr algebra (,, p,) if and only if
there exists an isomorphic map ¢ of the Boolean algebra U, onto the
Boolean algebra A, such that p,(x) = p,(¢(x)) for every xe U,.

4. EXAMPLES

4.1. Let E = {a,, a,, ..., a,} be a finite set of points a,, a3, ..., a,, n = 2.
We take the class P(E) of all the subsets of E to be the Boolean algebra
A, = P(E). Let py, p,, ..., p, be positive real numbers with 0 < p, < 1,
v=1,2..,n and p,+p,+...+p, = 1. For every subset

{a,,ai, .., a,}



4 1. PROBABILITY ALGEBRAS

of E, we define the probability as follows:

plai, aiy, ..y i }) = pi P+ D

and we define, for the empty set, p(@) = 0. Then (¥, p) is a pr algebra
with a finite number (2") of events.

4.2. Let E = {ay,a,, ...,} be a denumerable set of points a,, v = 1,2, ....
Let, moreover, p,, v = 1, 2, ..., be positive real numbers with 0 < p, < 1,

v=1,2,..,and Y p,=1.
v=1

We take the class P(E) of all subsets of E to be the Boolean algebra Uy,
and assign to every finite subset {a;,a,, ..., a,} € E or infinite subset
{g;,, aj,, ...,} < E the probability defined by

j2s

r({a;,, iy oees G }) = Piy Pt P
or ©
p({ajp ajp '}) = vgl pjv

respectively. We define, for the empty set, p(&) = 0.

Then (Ay,, p) is a pr algebra with an uncountable number of events
because, as it is well known, the cardinality of Ay, = B(E), with E a
denumerable set, is equal to the cardinality of the continuum, i.e., > N,.

4.3. Let X = {x;}, iel, be a class of symbols x;, ieI, where I is a set of
indices with a cardinality |I| = N = X, ; then there exists a Boolean algebra
By, the so-called free Boolean algebra B with N generators, which is
characterized by the following properties:

() The symbols {x;}, i eI, are elements of By and the class X = {x,},
iel, generates the Boolean algebra By,.

(B) Every map ¢ of the class X into an arbitrary Boolean algebra
B can always be extended to a homomorphism of B into B.

We shall not prove this statement, but we shall mention some facts
about the algebraic structure of By, that are important for the definition
of a probability on By.t

Let {i\, i, ..., i,}, n = 1, be a finite subset of I; then we call the expres-
sion y =y; Ay, A...Ay;,, where y, =x, or x{, v=1,2,..,n,a

T Details about free Boolean algebras one can find in Sikorski [5], §14.
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monomial and {iy, i,, ..., i,} the length of y. A monomial is always # &
and # e. Two monomials are equal if and only if they have the same
length with corresponding factors equal. Two monomials are disjoint if
and only if their lengths have a non-empty intersection and at least for a
common index i the corresponding factors are complementary elements.
Every element be By, b # @, b # e, can be represented as a finite join of
pairwise disjoint monomials of the same length; there always exists exactly
a smallest set {i, i,, ..., i,} = I such that b can be represented as a finite
join of pairwise disjoint monomials of the length {i;, i,,...,i,}. The
element @& does not have a representation by means of monomials. The
element e can be represented by e = x; v x;° for every iel.

Let now p;, g, be real numbers with 0 <p, <1, 0 <¢g; <1 and
pi+q; = 1for every iel. We define a probability p on By as follows:

(1) p(x) = p;, p(x°) = gq,, for every iel.

@ P Ay A Ay =pB) p(Vs)...p(,), for every monomial
y = yil /\yi2 AL, /\y,.n.

Let now be B, with b # J; then there exists a uniquely determined
representation b = y; vy, v...vy, where y,, y,, ..., ¥, are pairwise dis-
joint monomials of the same smallest length. Hence, we can define:

p) = p(r)+p(y)+... +p(o)

It is now easy to prove that the so defined function p is a probability on
By, i.e., (By, p) is a pr algebra.

4.4. We say that a Boolean algebra B is generated by a chain if and only
if there exists a subset & of B which is a chain relative to the order relation
< and generates the Boolean algebra B. There is no loss of generality in
assuming that O e € and ee S, because this may always be achieved by
adjoining the elements @ and e to &. Every element x of a Boolean
algebra B generated by a chain & can be represented uniquely by an
expression of the form:

n—1
X = i\=/0 (52411555, (1)

where s, 5y, ..., 53,—; are elements of € with s; <s5;,4, 5= e+,
j=0,1,2,...,2n-2.
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Let us now suppose that the chain & can be mapped order-isomor-
phically into the chain [0, I] = {£€R: 0 < & < 1} so that O is the image
of @ and 1 the image of e. 'We denote by ¢ this order isomorphic mapping
of € into [0, 1]. Then we can define a real valued function p on B using
for every x € B its expression in the form (1), as follows:

plx) = ':g.; (@254 ) —(521))-

Obviously we have p(e) = 1 and p(9) = 0, and the so defined function p
is a probability on B. The following theorem holds:

Theorem 4.1.

A Boolean algebra B generated by a chain © can be endowed with a
probability p if and only if S is order-isomorphic to a subchain of the chain
[0, 1] of all real numbers & with 0 < € < 1.

45, LetL,=1[0,f)={{ecR: 0<¢ < Biforevery fe Rwith0O < B < 1
and L, = &; then the class D of all half-open intervals L;,, 0 < f < 1 is
a class of elements of the Boolean algebra P(E) of all subsets of the set
Li=E={ecR:0<g<&<1}. D is a chain relative to the inclusion
relation < and generates a Boolean subalgebra 5(D) = A of P(E).

According to section 4.4, every element a € 9 can be represented by an
expression of the form:

n—1
a= ‘Uo(LﬂziH n L;Zi)' (I)

We call the Boolean algebra U, the interval algebra A. A probability m
can be defined on A according to section 4.4 as follows:

m(a) = :é:; (B2iv1—B2d)-

We call the so defined probability algebra the probability interval algebra
(N, m).
The following theorem can be easily proved:

Theorem 4.2.

Every pr algebra (B, p), in which the Boolean algebra B is generated
by a chain S, is isometric to a probability subalgebra of the probability
interval algebra (W, m).
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5. SEPARABILITY RELATIVE TO A PROBABILITY
5.1. Let (B, p) be a pr algebra. We say that a class & of elements of B
is p-dense in B if and only if:

(s) For every xe®B and for every positive real number ¢ > 0 there
exists an element @ = a(x, ¢) € K such that p(x+a) < &.

A pr aigebra (B, p) is called p-separable if and only if there exists a
countable class & of elements of B which is p-dense in B. Every pr
subalgebra of a p-separable pr algebra is also p-separable. The following
theorem holds:

Theorem 5.1.
The pr interval algebra (A, m) is m-separable.

In fact, let & be the Boolean subalgebra of U generated by the class
of all the intervals L, for every rational number f with0 < B < 1. Riis
a countable class and it is m-dense in 2.

Theorems 4.2 and 5.1 imply:

Theorem 5.2.

Every pr algebra (B, p), in which the Boolean algebra B is generated by
a chain S, is p-separable.

6. COUNTABLY ADDITIVE [¢-ADDITIVE] PROBABILITIES

6.1. Let (B, p) be a pr algebra. The probability p is said to be countably
additive or o-additive on B, if and only if the following property holds:

(I) For every countable sequence a,,v = 1,2, ..., of pairwise disjoint

events in B such that (B)\/ a, = a exists, we have p(a) = ), p(a,).
v=1 y=1

The following theorem holds:

Theorem 6.1.

Let (B, p) be a pr algebra; then the property (1) of the c-additivity of p
is equivalent to the so-called continuity of p on B, i.e., to the property;
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(II) For every monotonically decreasing sequence b, > b, > ... of

events b,eB,v =1,2,..., with (B) /\ b, =9, we have: lim p(b,) = 0.
v=1

Proof:  (A) Let (I) be true and let b, I with (8) A\ b, =J;
v=1
Then we have:
by =, +b)v(by+by)v.... )

In fact, b, > b,+b,,,, for every v = 1, 2, ... ; hence it suffices to prove
that

x2b,+b,,, foreveryv=1,2, ..., implies x > b,,
or equivalently
xA(b,+b,. ) =b,+b,,,, for every v=1,2, ..., implies xAb, = b,.
We have

xA(by+by) =xAbitxab, =b+b,

xA(b,+b;) =xAby+xAby=b,+by;
hence XAby+xAby=by+b,
and in general by induction,

xAbi+xAb,=b;+b,.

Hence, ollim(xAb,+xAb) = o-lim(b,+b)
v— 00 vy w
or olimxAb, +o-limxab, = 0-limb; +o-limb,
v o0 v o v+ o v
or

xnbi+(®B) A (xnby) = b1+(23)7\1bv
v=1 v=

or XAbl =bl‘

In (1), the members b,+b,,,, v=1,2, ..., are pairwise disjoint; i.e.,
according to (I),

) = 3 pby+by) = 3 (6 —p(ys 1)),

hence p(b)) = p(b,)—1limp(b,) or limp(b,) = 0.
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(B) Let (II) be true and let

o0

B)\ a,=acB
v=1

with the terms a,, a,, ..., pairwise disjoint. We write
v
rp=a+ \/ a;

n=1

then r,|; i.e., r, is a monotonically decreasing sequence. We shall prove
that

®) A r, =0.

v=1

It suffices to prove that

x<r, le, xar,=x forevery v=12,..., implies x=@.

Let x # @; then x is disjoint to \/ a,, for every v = 1, 2, ..., hence x
n=1

is disjoint to a, for every v=1,2,...; ie., aAx=0, v=1,2, ....
Hence,

o] o0
xrna=xA \/ a,=\ (xnra)=0;
v=1

v=1

therefore x < a°, and xAr, =@ for every v=1,2,.... But we have
xar, = x for every v =1, 2, ...; hence, x must be equal to & (contradic-
tion). Hence,

/0.\ r,=4.
v=1

According to (II) we have
lim p(r,) = 0;

be lim p (a+ "\:/1 a,,) = p(a)—vli_{gp ("\:/1 a,,) =0;
thus v v ®
r@=limp(V &) =lim % p@) = £ s

v—=w voon=1

Hence, in another formulation, we have proved the:

Theorem 6.2.

The continuity of a pr p on a Boolean algebra B is equivalent to the
a-additivity of p on ‘B.
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Exercise. Prove: if p is continuous on 8 and

(®B) A a,=aec®B

v=1
with a,} then
lim p(a,) = p(a).

7. PROBABILITY o¢-ALGEBRAS

7.1. A pr algebra (B, p) is said to be a pr c-algebra if and only if the
Boolean algebra B is a Boolean c-algebra and the probability p is o-
additive (equivalently, continuous) on 8.

Let (!B, p) be a pr algebra and (21, p) a pr subalgebra of (B, p); then
the g-additivity (equivalently the continuity) of p on B, in general, does
not imply the g-additivity (equivalently the continuity) of p on the Boolean
subalgebra . The following theorem holds in this respect.

Theorem 7.1.

Let (N, p) be a pr subalgebra of the pr algebra (B, p). Let the proba-
bility p be continuous on B. Then the following two statements are
equivalent:

(1) The probability p is continuous on U.
(2) The Boolean algebra ¥ is a o-regular Boolean subalgebra of B;

ie.,if I
MW A a,=ae
v=1

with a,e N, v=1,2, ..., then (‘B) /m\av exists and is also equal to aeU:
v=1
@ A o=@ A a

Proof. If (2) holds, then obviously (1) holds, too. Now let p be con-
tinuous on U, and A be not a g-regular Boolean subalgebra of B; then
there exists a monotonically decreasing sequence ¢, € U, v = 1, 2, ..., with

WA a=0
v=1
and such that either

(‘B) /0'\ a,=a#, acB,
v=1
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or

(B) Z\ a,

does not exist in B.
In the first case

lim p(a,) = p(@)

(see exercise Section 6), because of the continuity of p on B, and we
have p(a) > 0. In the second case there exists an element be U, b # @
and 3<b<a,v=1,2,.... Butthen we must have p(a,) = p(b) > 0.
Hence we have in both cases lim p(a,) > 0. But this is a contradition

Vo

to the continuity of p on U, because lim p(a,) must be equal to 0, since
@A a, = 0.
v=1

7.2. We shall introduce now another kind of ¢-additivity (continuity)
of the probability relative to a Boolean over-algebra, in which the Boolean
algebra of the pr algebra is embedded. Let (B, p) be a pr algebra; we
suppose that the Boolean algebra B is a Boolean subalgebra of another
Boolean algebra B*. Then the probability p is said to be o-additive
(continuous) on B relative to B* if and only if the following condition
holds:

(I,) For every sequence of pairwise disjoint elements a, € B for which
(B*) \/ a,=ae®B,
v=1
we have .
pla) = X p(a).
Equivalently:
(II,) For every decreasing sequence a, € B with
@ A a=0,
v=1

we have
lim p(a,) = 0.
v

The equivalence of conditions (I,) and (II,) can be proved in the same
way as in Theorem 6.1.

We notice now that if the probability p is continuous (equivalently
o-additive) on the Boolean algebra B and (¥, p) is any pr subalgebra of
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(B, p), then the probability p is always continuous (equivalently o-
additive) on U relative to B, even if the Boolean algebra A is not a
o-regular Boolean subalgebra of B.

8. QUASI-PROBABILITY ALGEBRAS

8.1. Let Q be a Boolean algebra and v a real valued function on {Q which
is additive and normed as a probability (see Section 1.1), but not strictly
positive. We suppose instead that v is non-negative on Q; i.e.,

8.1.1. v(x) = O for every xe Q.

We then say that v is a quasi-probability on Q and we call (Q,v) a
quasi-pr algebra.

Properties 1.2.1, 1.2.3, 1.2.4, 1.2.5, 1.2.7 on probabilities hold also for
quasi-probabilities and property 1.2.2 holds for a quasi-probability in
the weaker form:

8.1.2. If x <y, then v(x) < v(p).

We notice that the quasi-probability v can assume, for certain elements
x # I, the value v(x) = 0 and, for certain elements x # e, the value
v(x) =1. We call an element x # & with v(x) = O an almost impossible
event and an element x # e with v(x) = 1 an almost sure event.

The concepts o-additivity, continuity, quasi-pr g-algebra, o-additivity
and continuity relative to a Boolean over-algebra can be introduced for
quasi-probabilities in the same way as for probabilities.

8.2. Let (Q,v) be a quasi-pr algebra; then the class M of all almost
impossible events of Q is an ideal in Q. Let now A = /N be the quo-
tient Boolean algebra Q mod 9t and write p(x/R) = v(x) for every element
x/ e Q/N. Then the so defined function p on A is a probability and
(A, p) is a probability algebra. Let Q be a Boolean g-algebra and v a
o-additive quasi-probability on LQ; then M is a o-ideal in Q, hence
A = Q/N is a Boolean g-algebra and p is g-additive; i.e., (U, p) is a pr
g-algebra.

8.3. A quasi-probability v is called a two-valued quasi-probability on the
Boolean algebra L if and only if v assumes only the values 0 and 1. If
the quasi-probability v is two-valued, then A = Q/N is isomorphic to the
Boolean algebra U = {@, e} of two elements and (%, p) is isometric to
the improper pr algebra (U, p) (¢f. Section 2.3).
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8.4. Every Boolean algebra Q can be endowed with a quasi-probability
or with a two-valued quasi-probability (cf. Kappos, [8] Nr. 4).

On the contrary there exist Boolean algebras that cannot be endowed
with a probability or with a g-additive quasi-probability. (¢f. Kappos
[8], Nr. 8.)

9. PROBABILITY SPACES

9.1. Let (R, p) be a probability or quasi-pr algebra, where K is a Boolean
subalgebra of the Boolean algebra PB(Q) of all subsets of a non-empty
set ; i.e., K is a field (in the classical sense) of subsets of the set Q with
Qe K. Let the probability or quasi-probability p be g-additive (equiva-
lently continuous) on & relative to B(Q); i.e., -additive (equivalently con-
tinuous) on K in the classical set-theoretical meaning. Then (R, p) is
called, after Kolmogorov (Kolmogorov [1]), a probability field and
(Q, &, P) a probability space. If, moreover, & is a Boolean g-subalgebra
of P(Q), i.e., K is a o-field of subsets of the set Q, then (K, P) is called,
after Kolmogorov, a Borel probability field and (), &, P) a Borel proba-
bility space. The probability space (Q, &, P) is called P-complete or a
Lebesgue probability space, if § is a o-field and if the following condition
is satisfied:

(K) If Y e with P(Y) = 0, then every subset X = Y belongs to &.

It is well known that every probability space (Q, &, P) can be extended
to a Borel probability space (Q, BR, P), where B& is the smallest Boolean
o-subalgebra of P(Q) containing K. Moreover, the probability space
(Q, BR, P) can be extended to a Lebesgue probability space (Q, LK, P),
where LR is the smallest Boolean g-subalgebra of B(Q) containing the
Boolean g-algebra BR, which satisfies the condition (K); i.e., Y e L&
with P(Y) =0 implies X eLf, for every X € Y. All XeBRf with
P(X) =0 and all YeL& with P(Y) =0 form a o-ideal 3 in BR
and a o-ideal M* in LK respectively. Then according to Section 8.2
there corresponds to the quasi-pr g-algebra (B, P) and to the quasi-pr
g-algebra (LR, P) a pr g-algebra (B, p) and (B*, p*) respectively, where
B =BR/MN and B* = L]/N* and p(X/N) = P(X), X/NeB and
pH(X/N*) = P(X), X/N*eB*. Itis easy to prove that the pr o-algebras
(B, p) and (B*, p*) are isometric.

9.2. The o-additivity (equivalently continuity) of a probability or a
quasi-probability P on & in the set-theoretical meaning, i.e., relative to
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P(), does not in general imply the o-additivity (equivalently continuity)
of P on & considered as an abstract Boolean algebra. We shall demon-
strate this fact by an example.

Example. Let U be the interval Boolean algebra (c¢f. Section 4.5).
Further, let f be a strictly increasing real-valued function defined on the
interval [0,1]={eR: 0 &1} with f(0)=0, f(1)=1. We set
P(Lg) = f(P), for every, Ly D and then for every ae ¥ with the repre-
sentation (¢f. Section 4.5 (I))

n—-1
a= ;LJO (Lﬂzu-l N LEZ()’

@ ="F, [/ Bacs )~ (B2)

The so defined function m on U is a probability and (2, #1) is a pr algebra.
If we suppose, moreover, that the function f is continuous from the left
on [0, 1], then (€, A, m) where Q = {€eR: 0 <& < 1}, is a pr space;
i.e., m is continuous (o-additive) on U relative to P(Q). Let us now
suppose that f is discontinuous from the right at some point ye [0, 1).
Then m is continuous on U relative to P(2), but not continuous on A
considered as an abstract Boolean algebra. In fact, let [y, £,) with

1>¢&,>¢6,,,>y (v=12,..)
be half open subintervals of [0, 1); i.e.,
{v.£) =L, ALje¥,
with lim¢&, = y;
obviously o
@ A 18) =0,
but limm(L;, AL)S) = 1lim (f(&)—f(¢)=n>0

because of the discontinuity from the right of the function f at the point y.
The set-theoretical intersection

A Be)= @@ A e

v=1
is not empty but equal to the one-point set {y} and this set does not

belong to A. Let (Q, B, P) be the Borel pr space corresponding to the
pr space (Q, U, m); then {y} e BU and we have

P({y})=n>0;
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ie., P({y}) = lim m([y, £.)).

9.3. Every Boolean algebra B can be mapped isomorphically into the
Boolean algebra B(Q) of all subsets of a set Q (¢f. Kappos, [8], Nr. 6).
The set Q is defined as the set of all the two-valued quasi-probabilities
on B. The isomorphic map of B into P(Q) is defined as follows:

Bosx > X ={veQ: v(x) =1} P(Q). (1)

Let & be the image of B in P(Q) under the isomorphic map (1). Then
& is a Boolean subalgebra of B(Q); i.e., a field of subsets of Q with Qe K.
Let now p be a probability or quasi-probability on B; we can then define
a probability or quasi-probability P on & as follows:

P(X) = p(x) forevery xeB;

X is here the image of x under the map (1). We can then prove (cf.
Kappos [8], Nr. 9) that (Q, &, P) is a pr space; i.e., P is o-additive
on K relative to P(Q). Hence the following theorem holds:

Theorem 9.1.

Let (B, p) be any pr algebra or quasi-pr algebra; then there always exists
a pr space (Q, K, P) such that (B, p) is isometric to (], P). The pr
space (, &, p) is called a representation pr space for the pr algebra or
quasi-pr algebra (B, p).

We shall not explain this well-known representation theory for pr
algebras, because we intend to introduce later (see Chapter 3 Section 4)
another representation theory for pr g-algebras, which is more important
in probability theory.



I1

EXTENSION OF PROBABILITY
ALGEBRAS

1. THE PROBABILITY ALGEBRA AS A METRIC SPACE

1.1. Let (A, p) and (B, n) be two pr algebras. Let ¢ be an isomorphic
map of U into B with the property n(¢(a)) = p(a) for every ac A. Then
we say that the pr algebra (B, mn) is an extension of the pr algebra
(U, p) and that the pr algebra (U, p) is a restriction of the pr algebra
(B, m). Moreover, if (B, n) is a pr g-algebra (i.e., B is a Boolean o-
algebra and = is continuous on B) with the property: The smallest
Boolean o-subalgebra of B containing A, is the Boolean o-algebra B
itself, ie., if b,(WU,) = B, where A, is the image of A under ¢, then
(B, n) is called a minimal o-extension of (2, p). The pr subalgebra
Uy, 7) of (B, n) is then isometric to the pr algebra (A, p) and is a
a-basis of (B, n); i.e., (Ay, 7) o-generates (B, n). The extension of pr
algebras can be stated as follows: Find extensions of a given pr algebra
(A, p) and, in particular, find mimimal o-extensions of (A, p). The
solution of this problem requires the definition of a metric in the pr
algebra (U, p). This is done in the following section.

1.2. Let (B, p) be a probability algebra. We define a real valued function
p(a, b) = p(a+b) for every (a, b)e B x B.

This function is a metric distance between pairs of elements of B; i.e.,

16
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the function p has the following properties of a distance:
1. p(a, b) = 0 and (a, b) = 0 if and only if a = b.
2. p(a, b) = (b, a).
3. p(a, b) < p(a, ¢)+p(c, b).
Obviously 1 and 2 are true. We shall prove the property 3. We have
a+b=a+c+c+b=(a+c)+(c+b) < (@a+c)v(c+b).
Hence
p(a, b) = p(a+b) < pla+c)+plc+b) = pla, 0)+p(c, b);

i.e., property 3 is true. Hence, the Boolean algebra B can be considered
as a metric topological space and the concept of metric convergence,
equivalently, p-convergence or p-convergence can be introduced in B
in the usual way; namely, a sequence a,€B, v = 1,2, ..., is said to be
p-convergent to the element aeb if and only if

lim p(a,, @) = lim p(a,+a) = 0.

Then we write p-lima, = a.

A p-convergent sequence a,€B, v =1, 2, ..., satisfies the p-Cauchy
condition (criterion); i.e., for every ¢ > 0, there exists a natural number
N(g) such that p(a,+a,) < & for every v > N(g), and for every u = N(g).
A sequence x,e€B,; v = 1,2, ..., which satisfies the p-Cauchy condition
is said to be a p-Cauchy or, equivalently, a p-fundamental sequence in
B, and will be denoted by {x,}.

The metric space B is called p-complete if and only if every p-funda-
mental sequence is a p-convergent sequence in B. It is easy to prove that
B is in general not p-complete. For example, if the probability p is
continuous and B is not a Boolean o-algebra, then there exists in B a

o
decreasing sequence a,, v = 1, 2, ..., such that the meet /\ @, does not
v=1

exist in B; this sequence is p-fundamental, but not p-convergent. It
is well known from the topology that each metric space B determines a
complete metric space, the so-called metric closure B of 8 into which
B can be mapped isometrically in such a way that the image B, of B
in B is metrically dense in B.

We shall now construct the metric closure B of B and at the same time
we shall pay close attention to the algebraic structure of the Boolean
algebra B. By this process, the Boolean algebra B will be extended to a
Boolean cg-algebra and the probability p to a o-additive probability.
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2. CONSTRUCTION OF A ¢-EXTENSION OF A PR ALGEBRA

2.1. Let (B, p) be a pr algebra. We denote by I, K, and N respectively,
the class of all p-fundamental, p-convergent, and p-null sequences in B.
We then have

M2 2N
Obviously, 9 is non-empty. We define equality in M as follows:
{a,} = {b,} ifandonlyif a,=5,v=1,2,..
and two operations, as follows:
{a}+{b} = {a,+b,)}
{a,}.{b,} = {a,b,}.

The sequences {a,+b,} and {a,b,} are obviously p-fundamental and if
{a,} and {b,} are p-convergent, then {a,+b,} and {a,6b,} are also p-
convergent. With respect to the operations + and ., 9 is an idempotent
ring with unit, i.e., a Boolean ring, and 8 is a Boolean subring of 9. N
is an ideal in M, hence in K, for if {a,} e N and {b,} e N, then {a,+b,}eN
and if {a,} e M and {b,} e W or {b,} € K then {a, b,} € R. The unit element
of Mt is the sequence {x,} with x, = ¢, v = 1, 2, ..., denoted by {e} and the
zero element is the sequence {x,} with x, =@, v =1, 2, ..., denoted by
{9}

We now define the lattice operations v and A in 9 in the usual
way, i.e.,

{ajvi{b}={a}+{b}+{a}{b;
{a}n{b} ={a}.{b,}.
Clearly, we have
{a}vi{b,} ={a,vb,}.
The complement of {a,} is then defined by
{a,}° = {ej+{a,}
and we have
{a,}* = {a,"}.

Thus 9 can be considered as Boolean algebra. Now let B = N
and B, = K/N be the quotient Boolean algebras M mod 9t and K mod N

respectively. Then B, is a Boolean subalgebra of B and is isomorphic
to B, for the map

Bsa={a}/N with a,=a, v=12,..
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is an isomorphism of B onto B, We define a real-valued function
p on B as follows:

P@)/®) = lim p(@).

The function j is independent of the particular sequence {a,} of the
class {a,}/N, hence p is a single-valued function. Moreover p possesses
the properties of a probability on B. In fact, p is obviously strictly
positive and normed. Hence, it is sufficient to show that j is additive.
Let {a,}/%e® and {b}/9NeB with {a}/NA{HYN={T)N, ie,
{a, b,} eN. Then we have

p{a,}/Rv {b,}/N) = p({a, v b,}/)
= lim p(a, v b,)

v oo

lim p((a,+a, Ab,)+b,)

= lim (p{(a,+a,Ab,)+p(b,)

lim {p(a,)+p(6,)-p(a,Ab))}

lim p(a,)+ lim p(b,)

P({a,}/)+p({b,}/M);

i.e., P is additive; hence, (B, p) is a pr algebra and (B, p) a pr subalgebra
of (B, ). The Boolean algebra B is isomorphic to B, and we have
ﬁ({a}/iﬂ) = p(a) for every ae®B; i.e., (B, p) is isometric to (B, p) and
hence (B, j) is an extension of (B, p). We shall prove that (B, p) is a
minimal o-extension of (B,p); ie., B is a Boolean o-algebra with
b,(B,) = B and the probability p is continuous on B.

2.2. We shall prove first:
Theorem 2.1.

The Boolean algebra B, as a p-metric space, is p-complete and B is the
p-metric closure of B, i.e., By is p-dense in ‘B.

We denote the elements of B by Greek letters. In order to prove
Theorem 2.1, we require the following lemmas:
Lemma 2.1.

Let ae®B and {a,}eM with {a,}ea. Let ¢ be the isomorphic map of
B onto B, defined by Baa=>¢(a) = {a}/NeB,. Then we have

o = p-lim ¢(a,).
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Proof. We have, for every fixed yu, {a,+a,},=, 2, . €$(a,)+a; hence,
P($(a)+a) = lim p(a, +a.).

But {a,}eM, hence, for every ¢ > 0, there exists N(¢) > O such that

pla,+a,) < ¢ forevery p > N(g) and v > N(g). We have

lim p(a,+a,) <& forevery u= N(e),

ie., P(d(a)+a) < e forevery uz= N(e),
or lim p(¢(a,)+a) =0, ie., p-lime(a,) =
g H— o

Lemma 2.2,

B, is p-dense in B.

Proof. Let aeB, then there exists {a,} e M with {a,} €« and according
to Lemma 2.1, we have p-lim ¢(a,) = o with ¢(a,) € B,. Hence, for every
e > 0, there exists a ¢(a,) e B, with j(¢(a,)+a) <, i.e., B, is p-dense
in B.
Lemma 2.3,

B is p-complete.
Proof. Let a,€ B, v=1,2,..., be a p-fundamental sequence in B.

Then for every 1/v, there exists, according to Lemma 2.2, an element
f, € B, such that p(x,+ B,) < 1/v. But we have

P(B,+B,) < P(B,+a,)+ploc, +ot,) + plor, + B,)

< pla,+o)+ % + %—
Hence,

B, e B, v=1,2,..,
is a p-fundamental sequence. Then

¢~'(B,) = b,eB, v=12, ..,
is a p-fundamental sequence in B, i.e.,
b}/ N = peB
and according to Lemma 2.1, we have
p-lim B, = BeB.
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But 1
ﬁ(av+ﬁv)<7a V=1,2,....

Hence, we have also that
p-lima, = BB,
i.e., {a,} is p-convergent.
Theorem 2.1 follows now from Lemmas 2.2 and 2.3.

Theorem 2.2.
The probability p is continuous (equivalently o-additive) on B.

Proof. Let
ave@, v=1,2,..., with a, 2 o,
and L »
(*B) /\ o, = 9.
v=1
Then p(e,)! and lim p(a,) =0

exists. The sequence of the real numbers p(a,), v =1, 2, ..., therefore,
satisfies the Cauchy criterion: for every ¢ > O there exists N(g) > 0 such

that ~ ~ .
0 < p(av)—p(av+k) = p(av+av+k) <s,

forevery v > N(e), k =0,1,2, ..., ie.,
Pla,+a,) <8, v=N(e), uz N(e).

Hence «,, v=1,2, ..., is a p-fundamental sequence and, according to
Theorem 2.1,

(1) p-lim a, exists and is equal to an element a € B.

Now, for a fixed index p, let B, = a,, v=1,2,...,. We have
(2) «, = p-lim B,.

(1) and (2) imply:

o, Ao = o, AP-lima,

V=0

= p-lim f§, A p-lim a,

V= w V= oo
= ﬁ'llm (ﬂv A av)
A\ nd ¢]
= p-lim a, = ¢,
V=

Le,oga, u=12...
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But
({B) /\ a, =9,
u=1

hence « = @, i.e., p-lima, = &; thus lim p(«,) = 0; hence the probability
7 is continuous (equivalently s-additive) on B.
From Theorem 2.2 we have the following:

Corollary 2.1.

If (@)avia or (@)av%a, then

p-lim o, = «
and generally if (B) o-limy, =y then p-limy, =7y; ie., the order
convergence in B implies the p-convergence.

Theorem 2.3.

The Boolean algebra B is a Boolean o-algebra.

Proof. We prove first that if a,€B, v=1,2, ..., and if the sequence
a,, v=1,2,..., is monotone, i.e., increasing o«,1 or decreasing «,],

then (B) \.O/av or (B) A «, exists respectively. Let us prove this in the
v=1 v=1

case where «,|:

In the same way as in proof of Theorem 2.2, we can prove that o,
v=1,2,..., is a p-fundamental sequence and there exists aeB such
that p-limoa, = «. Now, for a fixed pu, let f, = a,, v=1,2,...; we then
have

a, = p-lim B,.

vy

Hence,
o, A= o, A P-lim o,

V2o

= p-lim B, A p-lima,

v 00 v=w
= ﬁ'llm (ﬁv A av)
v—a
= p-lim a, = a,
Le., Voo

o A0 = O
hence
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Now let y be an element in B such that y < a,, i.e.,
yra,=y forevery u=12,...

Then we have
YAL= )’/\ﬁ;l_i}g ¥, = ﬁ-‘{iy;(vw,.) = ﬁ-‘{ijr:oy =7;

therefore, y < «, i.c.,

In the same way (dually) we can prove the existence of p-lima, = «,
in the case a,1 and therefore

e o]
B Vo =a
v=1
Let a,€B, v =1, 2, ..., be any sequence in B. We write
Sl = 0(1, Sz = alvaz, vevy Sv - 0£1V(Z2V .o Vav, een
respectively, and

di =0y, dy =0 A0y, ey dy =0 AUA AL, ... .

Then 5,1 and d,]; hence,

@

<8

s,=s and (B) Ad, =d
v=1

1

exist in B and we have

(B) {7 o, =s and (ﬁ)Z\av=d;

v=1

i.e., B is a Boolean g-algebra.
Theorems 2.2 and 2.3 imply

Corollary 2.2.
(B, p) is a probability ¢-algebra.

Theorem 2.4.

Let (B, p) be a probability o-algebra and a, € B a p-fundamental sequence
in B. Then there exists a subsequence a,,, v = 1,2, ..., of this sequence,
which is o-convergent. Let ae B be the order-limit of a, , i.e.,

(B)o-lima,,=a;
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then also
a = p-lima,,

v~ oo

i.e., B is p-complete.

Proof. We choose a subsequence g, of the sequence a, € B which satisfies
the condition

1
plag,+a,,,) < v V= 1,2, ...
We then set w
Sy = \/ a
v=p
then

o-limsup g, = /\s =deB.

Since s, {4, it follows from the continuity of p that p(s,) | p(d), ie.,
d = p-lim s,

p- o0
Now

Q0
sata, <\ (@, +a,, )
v=pu

Hence,
1 1

pG.ta) < X pla,ta,, )< X — prr)
v=g V= 2 2

s,+a, is p-convergent to J. Now

plims, =de®B
p—o
and g, is a p-fundamental sequence; thus g, must also be p-convergent
to d; i.e.,
plimag, =de®B.
A nd o]

Since a,, v = 1, 2, ..., is p-fundamental we have

plima, = p-limq,, = deB.

A imd o] V=00
In the same way as before, we can prove that

o-liminfa, =a

vy— oo

is equal to p-lim a; . Therefore, we have

o-liminfa, = o-limsupa,;

Voo Voo
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i.e., the sequence g, is order convergent and we have

o-lim g, = p-lim g, = p-lima,.
v+w v

Corollary 2.3.

In a pr o-algebra (B, p) the p-convergence of a sequence implies the
existence of a subsequence which is order convergent to the same limit.

Corollary 2.4.
A pr o-algebra (B, p) is always p-complete.

Theorem 2.5.

Let (B, p) be a pr algebra, (B, p) be the extension of (B, p) defined in
Section 2.1, and (B,, P) be the isometric image of (B, p) defined in
Section 2.1. Then (B,p) is a minimal oc-extension of (B,p); ie.,
b,(8B,) = B and in fact,

B = B, = By = B,° = B,P.

(See for the definition, Appendix one, Section 6. B, is the smallest
subsystem of 8 which contains B, and is closed for the p-convergence.)

Proof. According to Theorems 2.1-2.3 the pr algebra (B, p) is a pr
o-algebra which is p-complete and such that B is the p-closure of B,
i.e., every element b e B is the p-limit of a sequence b,e By, v=1,2,....
Hence, we have

b = p-limb,,

where b,e By, v=1,2, ...; i.e., B = B,

According to Theorem 2.4, there exists a subsequence b, = a,€B,
of b,e By, v=1,2, ..., such that
b =o-lima, a,eB,, v=1,2,....

v— 00
Hence, there exists, for every element b€ B, a sequence
a, e B, v=12,..,
such that » = o-lim a,, i.e., we have B = B,°; since

v oo

© @
/\ Ayt ko>
=1

b= v/=\l \/ av+k:v\=/l

k=1 k



26 1. EXTENSION OF PROBABILITY ALGEBRAS

we have
R s __ o
% = %oa = %0 .

It is now obvious that (B, p) is a minimal g-extension of (B, p).

Theorem 2.6.

Ler (B, p) be a pr c-algebra and (Y, p) a pr subalgebra of (B, p) such
that b,(U) = B. Then

B =P =W = A = A%,

Proof. According to Theorem 2.4, B is p-complete. Let 2A? be the set
of all p-limits of sequences of U and (U, p) be the p-closure of (U, p).
Then (AP, p) and (N, ) are isometric, i.e., A? is a Boolean o-algebra,
also a Boolean subalgebra of 8. But p is continuous on B, i.e., according
to Theorem 7.1, Chapter 1, U? is a o-regular Boolean subalgebra of B,
i.e., also a Boolean g-subalgebra of B. But A = A? = B and b,(A) = B,
hence AP = B. Now we can prove, in the same way as in the proof of
Theorem 2.5, that

B = A = A = Y.
Theorems 2.5 and 2.6 imply:

Theorem 2.7.

All minimal c-extensions of a pr algebra (B, p) are isometric to each
other; i.e., isometric to the p-closure (B, p) of (B, p) defined in Section 2.1.

The following important theorem is true:

Theorem 2.8.

T he Boolean algebra B of a pr c-algebra (B, p) is complete with respect
to the lattice operations; i.e., /\ a; and \/ a; exist in B for every family
of elements a;eB, iel. el el

Proof. Let a,e®B, iel, be an arbitrary family in 8. Let E denote the
class of all finite subsets of I. We write

Sg = \/ a;

for every E€E; then
O <supp(sg) =< 1.
EcE

According to the definition of the supremum, there exists a sequence
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E,eE, v=1,2,..., such that
1 .
PX
moreover, E,, v=1,2,..., can be assumed to be increasing; i.e.,

E, cE, ,v=12 ... Now, since

p(sg,+5g,) < p(Sg, +5g,0g,) +P(Sg,UE, +58,)

p(sg,) = ¢—

= p(sg,ug,) —P(sg,) +P(5g,uE,) —P(SE,)

< + + :
2% 2Y
L&, 1 1
p(sEv+sE,,) < ? + 2v ’
the sequence sg,, v = 1, 2, ..., is p-fundamental in B. Hence p-lim sz, = s
exists in B and

w0
s=\/ sg,.
v=1

Obviously, we have p(s) = . Further,

. 1
p(a;vs)=p(s) = lim [p(a;vsg)—p(se) S lim—5 =0 (1)
since
¢ 2= pla;vsg,) = pse) 28— >
implies
0 < p(a;vsg,)—p(sg,) < DUk
for iel and v=12,.... Now, (1) implies p((a;vs)+s)=0,
a;vs+s=9,a,vs =ys,li.e.,
a;,<s forevery iel. )

Let y be any element in B, such that g; < y, for every iel; then
sg, < yforeveryv=12,..ie,
VASg, = Sg,,
and w © w
YAS=YA \/1 Sg, = \/1 Asg) = \/1515v =,
v= v= v=

hence
sy if a;<y, iel. 3
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Now (2) and (3) imply \/ a; = 5. Similarly, one can prove that A a;
exists in B. iel el

Remarks. We proved previously that every Boolean o-algebra B,
which may carry a g-additive probability, is complete with respect to the
lattice operations. We remark that 8B is in general not completely
distributive, but it satisfies the so-called weak o-distributivity condition,
namely: For every double sequence g; ;€®, i=1,2,...,j=12,..,
with a; ; < a; ;4 , we have

0

o] o
A Va;=V Aa..
i=1 j=1 neN i=1

where the letter N denotes the set of all infinite sequences n = {ny, n,, ...}
of natural numbers. Further we remark that Theorem 2.8 can be proved

without assuming that p is g-additive. This can be done as follows:

Let a;€B, iel, be an arbitrary family in B. Let E, s, and £ be the
same as in the Theorem 2.8. Then, there exists again a sequence E,€E,

o0
v=1,2, .., with lim p(sg) =& we write s = \/ sg,- We shall show
thats = \/q,. 7% v=1
iel
We observe first that s > a,, for every iel, because, if a,, £ 5, for
one izel, then a; As® # @, hence

plag,As)=€e>0.
But, then:

P((ai, As)V sg,) = pla, As)+p(se,) = e+p(se),
foreveryv=1,2, ..., and

lim p((a;, A5°) v sg,) = e+£.

Hence, there exists a v, such that p((a;, As®)vsg) > ¢ But, then, we
have p(a;, stvo) > £, which is impossible, since a;, v s, is a finite union
of elements of the family a;, iel. Hence, in fact, s > a; for every iel.
Besides, if s* > a;, for every iel, then s* > s, for every v=1,2, ...,
hence s* > 5. So, we have proved that s = \/ a,.
iel
Similarly, one can prove that /\ a; exists in B.
iel

The above statement, as well as Theorem 2.8, can also be derived from

Theorem 3.6, Appendix 1, since a Boolean algebra, which may carry an

additive strictly positive probability, satisfies the countable chain
condition.
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3. THE LINEAR LEBESGUE PROBABILITY ¢-ALGEBRA

3.1. Let (U, m) be the probability interval algebra (see Section 4.5 and
9.2, Chapter 1). Then the pr space (Q, U, m) with

Q={fcR:0<E< 1}

is a representation pr space tor the pr algebra (U, m). We denote by
(3, 1) a smallest g-extension of (U, m), i.e., the pr o-algebra (3, 1)
is defined as isometric to the m-closure (o, i) of (A, m) and is said to be
the linear Lebesgue pr c-algebra. Let now (Q, BU, m) and (Q, LA, m)
be the Borel pr space and the Lebesgue pr space, respectively, which
correspond to the pr space (Q, W, m). Then LU is the o-field of all
Lebesgue measurable subsets of Q. Let 9 be the o-ideal of all sets
X e LA with m(X) = 0, i.e., of all the so-called Lebesgue-null subsets of
Q; then the Boolean og-algebra LA/M, is isomorphic to the Boolean
g-algebra J and if we define p(4/M) = m(A) for each class 4/ e LA/N,
then (L2/N, p) is a pr o-algebra isometric to (J, x). We call (Q, LA, m)
the linear Lebesgue pr space and (€, B, m) the linear Borel pr space.

3.2. Let now (B,p) be any pr c-algebra and (Q, L, P) a pr space,
where Q is any set and L is a o-field of subsets of Q satisfying condition
(K) of Section 9.1, Chapter 1, i.e.,

(K) if AeL with P(4) = 0 then every subset X < A belongs to L.

We then say that (Q, L, P) is a Lebesgue pr space. Let i be the o-
ideal of all subsets X e with P(X) = 0. We say that (Q,L, P) is a
Lebesgue representation space of the pr g-algebra (B, p) if and only if
the pr o-algebra (L/M, ), where n(X/M) = P(X) for every class
X/MNeL/N, is isometric to (B, p).

According to this definition (Q, L, m) is a Lebesgue representation
space of the linear Lebesgue pr g-algebra (3, p).

3.3. A pr c-algebra (B, p) is said to be p-separable if and only if there
exists a p-separable pr subalgebra (U, p) of (B, p) which o-generates
(B, p); i.c., with the property UA’® = B. It is easy to prove:

Theorem 3.1.

A pr o-algebra (B, p) is p-separable if and only if there exists a Boolean
subalgebra W of B with a countable number of elements such that
B = A = A*. The pr c-algebra (3, ) is obviously p-separable because
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(U, m) is m-separable and there exists a pr subalgebra (W,, u) of (I, 1)
isometric to (A, m) which a-generates (3, 1.

3.4. We shall say: a pr g-algebra (B, p) is o-generated by a chain & of
elements of B if and only if the smallest o-subalgebra of B containing
the chain & is B itself. The following theorem is true:

Theorem 3.2.

Every pr c-algebra (B, p), which is o-generated by a chain © < B
is isometric to a pr o-subalgebra of (3, 1).

Proof. By virtue of Theorem 4.2, Section 4.5, Chapter 1, Theorem 3.1
implies Theorem 3.2, i.e. the pr g-algebra (3, u) is universal for the pr
g-algebras which are o-generated by chains.

Now, we shall prove that (3J, ) is universal for every p-separable pr
o-algebra (B, p). More precisely the following theorem is true:

Theorem 3.3.

Every p-separable pr c-algebra (B, p) is isometric to a pr o-subalgebra
of (3, u). Moreover, if the Boolean c-algebra B is atomless, then (B, p)
is isometric to (3, p).

Proof. Let MM be a countable subset of B which o-generates B. We can
assume, without loss of generality, that all the atoms of B belong to M
(because the set of atoms is at most countable) and, moreover, that
O¢IMN and ee M. Let {a,,a,, ...} = I be the set of all atoms of B.
We write

{e, by, by, ..} =M—{ay, a,, ...}

and we can assume, without loss of generality, thatb;Aq;, = 9,i= 1,2, ...,
j=1,2,.... If the Boolean o-algebra B is not atomic, then the set
{by, b,, ...} is non-empty and countably infinite. If the Boolean o-algebra
B is atomic, then B is o-generated by a chain, namely the set & of all
elements s, = a,va,v...va, v=1,2, ..., because {b,, b,, ...} is empty.
Hence, according to Theorem 3.2, our assertion is valid. Let {b,, b,,...}
be non-empty. Then we can replace in M the set {b,, b,, ...} by a set of
elements b; ; (without loss of the condition that o-generates B), which
we define as follows:

1. bll = bl'
2. b21 = blAbZ’ b22 = bl-—bl /\bz, b23 = b2_bl /\bz-
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Here the elements b,,, b,,, b,5 are pairwise disjoint and we have
by =b31Vvbyz by =by Vb,

Now let b,,, b,,, ..., by, (with k, = 2"—1) be the elements of B defined
by the v-th step; then the elements b,., ; of the (v+1)-th step can be
defined as follows:

bv+l,2m—l =bv,mAbv+1 m = 1’29---akv
bv+1,2m=bv,m_bv,m/\bv+l m= 192"-"kv
and
byit, 241 =bys1—1{by, 1 VD, 2V...VD, ( JAD .
Hence we defined at the (v+ 1)-th step k,, ; = 2k,+1 = 2°*1 —1 elements
in all. Obviously we have
bv,m=bv+1.2m—1va+l.2m 1 smgkv,

i.e., every element b, , of the v-th step which is not zero is, after the
(v+ 1)-th step, either decomposed in two disjoint # @ elements, namely
the elements b,;q, 3m—1 and b,y 2, Or equal to one of them, if the
other is equal to &. Let now

b b b , where 1<p,<p,,<...<p <k, (1)

Vs P1vd TV, P2y v, p"‘v’ v

be all the non-zero elements defined by the v-th step. Then (1) are pair-
wise disjoint. We write

M, ={eay,a;...,b, 5 -1 1<i<,.
M, o-generates B, i.e., we have
Mt = B,
We define now a map of M, into A = J as follows:
I. Me2e=Q=1[0,1)eA.

v—1 v
IL M, 50,= A, = [ T pa), ¥ p(ai)) .
i= i=1

Let now

v

¢ = lim 1P(ai);

V20 1=

then 0 € ¢ < 1 and ¢ = 0, if B atomless.

i-1 i
[ 0,38, B, = [+ 500000, 4 3, 0n ) €,

foreveryi=1,2,..,4,v=12 ...
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Here we put
=0

Mo

i=1

and the interval B is a subinterval of [£, 1). Let

Ve Piv

M ={Q, Ay, Ay, ..., B, ,r -}

then M** is a Boolean subalgebra of A, isomorphic to the Boolean
subalgebra M, *, which o-generates B. Moreover, the pr algebra
(M *, m) is isometric to the pr algebra (M, " *, p), hence the m-closure
of (M *, m), ie., (M*,m), is a pr o-algebra isometric to a pr o-sub-
algebra of (3, ) and isometric also to the p-closure of (M,"**, p) in
(B, p), i.e., isometric to the pr o-algebra (B, p) itself. Hence the first
assertion of Theorem 3.8 is proved.

Now, let B be atomless. Let E be the set of all the end-points of the
intervals B, ;. We assert Z is dense in the interval [0, 1), and if this asser-
tion is true, the system M = {Q, B, ,,, ...} defines a Boolean algebra
M+ o-dense in A. Thus (M**, m) is isometric to a pr subalgebra of
(3, w), which is p-dense in (5, p). Obviously then the pr o-algebra (B, p)
is isometric to (J, u). The assertion that Z is not dense in [0, 1) implies
a contradiction. In fact, if Z is not dense in [0, 1) then there exist two
points of accumulation of the set Z in {0, 1) with £; < &,, such that
(¢, &) N E =@, It is easy to prove that the interval {£,, £,] belongs to
the Lebesgue o-field LM**, and that the class [, £,]|: defines in
LM *|9N an atom. Then, since the Boolean ¢-algebra B is isomorphic
to the Boolean g-algebra LM *|N, B must posses an atom, a contra-
diction to the assumption that B is atomless.

Corollary 3.1.

Let (B,p) be a pr o-algebra; then the following statements are
equivalents:

1. (B, p) is p-separable.
2. The Boolean c-algebra is o-generated by a chain © = B.
3. (B, p) is isometric to pr o-subalgebra of (3, u).

4. There exists a Lebesgue representation space (Q, R, P) where
Q=1[0,1), & a g-subfield of the linear Lebesgue o-field, satisfying the
condition (K) of Section 9.1, Chapter 1, and P(X) = m(X), for all X e K.
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4. CLASSIFICATION OF THE p-SEPARABLE PR o-ALGEBRAS

4.1. Let (3, p) be the linear Lebesgue pr s-algebra and let a be any
element of J, a # @. Then the set
aj ={xeJ: x < a}

i.e., the principal ideal in J determined by aq, is itself a Boolean o-algebra
with a as unit element; u/u(a) is a o-additive probability on a3J; i.e.,
(@3, p/u(a)) is a pr g-algebra. This pr o-algebra is obviously ufu(e)-
separable and atomless; i.e., isometric to (3, u). The linear Lebesgue
pr a-algebra (3, p) satisfies thus the so-called homogeneity condition:

(o) for every ae3J, a # O, the pr o-algebra (a3, p/p(a)) is isometric
to (3, p) itself.

4.2. Let now (B, p) be a p-separable pr o-algebra; then

I. If B is atomless, then (B, p) is isometric to (3, ), i.e., (B, p) satisfies
the homogeneity condition. We shall then say (B, p) is a continuous
pr o-algebra.

II. If B is not atomless, i.e., there exist atoms a,, a;, ..., in B then
we have two cases:

Case 1. e=a;va,v..., ie., Y p(a,) =1, whenever the Boolean

vx1

o-algebra B and hence the pr g-algebra (B, p) is atomic. We shall then
say (B, p) is a finite or infinite discrete pr c-algebra, according as the
number of atoms is finite or infinite.

Case 2. a;va,v..=a+#e, ie, 3 p(a)<1 and a # &. Then the

vZ1
Boolean o-algebra a®B and hence the pr o-algebra (a®B, p/p(a)) is discrete
finite or infinite, while the Boolean o-algebra a° B is atomless; hence the
pr o-algebra (a°B, p/p(a°)) is continuous. The pr o-algebra (B, p) can
thus be decomposed in this case in two pr c-algebras, one discrete and
one continuous. We shall say that the pr o-algebra (B, p) is of mixed
type. We proved thus the theorem:

Theorem 4.1.

A p-separable pr c-algebra (B, p) belongs to one and only one of the
Sfollowing three types:

1. Continuous; i.e., isometric to (5, ).

2. Discrete finite or infinite; ie., B is an atomic Boolean c-algebra
with a finite or infinite number of atoms.
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3. Mixed; i.e. there exist two disjoint elements ae B,be B withav b = e,
a# 9, b # O such that the pr c-algebra (aB, p/p(a)) is atomic, while the
pr a-algebra (bB, p/p(b)) is continuous. This decomposition of (B, p)
in two pr o-algebras (aB, p/p(a)) of atomic type and (b, p/p(b)) of
continuous type is uniquely determined.

Exercise. Prove that a pr o-subalgebra of a continuous pr o-algebra
may be of any one of the three types, while a pr o-subalgebra of an
algebra of mixed type is either discrete or mixed, and a pr g-subalgebra
of a discrete algebra is always discrete.

4.3. Any pr o-algebra (B, p) is not always p-separable; for example
the pr algebra (B, p), defined in Section 4.3, Chapter I, where B is the
so-called free Boolean algebra with N generators, if N > ¥X,, does not
possess a countable subclass St of events, which is p-dense in B. The pr
algebra (B, p) and therefore, its g-extension (B, p) are not p-separable.
In Section 3 of Chapter III, a classification of any pr g-algebra will be
stated. However, we notice that every pr o-algebra (B, p) can be
characterized by a minimal cardinality of its o-bases. In fact, let U
be a o-base of B, i.e., let A be a Boolean subalgebra of the Boolean
o-algebra B such that b, (UA) = A = A =B, If |A| denotes the
cardinality of U, then there exists the minimal cardinality of ¥ for all
g-bases U of B, the so-called character of B, denoted by:

¢y = min [¥|, forall o-bases A of B.

Obviously, the character of By is N for every ¥ > ¥, while the character
of B of any p-separable pr o-algebra (B,p) is < N, and especially
cg = Ny, if |B] 2 R, and ¢ = |B|, if B is a finite set.
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CARTESIAN PRODUCT OF
PROBABILITY ALGEBRAS

1. CARTESIAN PRODUCT OF BOOLEAN ALGEBRAS

1.1. Let U, iel, be a family of Boolean algebras, where the cardinality
|I] of the index set I is > 1; then there exists a Boolean algebra §, called
the cartesian product of the Boolean algebras 2;, iel, and denoted by
& = P U, which satisfies the following condition:

iel

There exists a family &;, i€l, of Boolean subalgebras of & such that:
(1) For every iel, §; is isomorphic to the Boolean algebra ;.

(2) The set-theoretical union | ) &; generates the Boolean algebra.
iel

(3) 1If, for every iel, h; is a homomorphic map of §; into another
Boolean algebra B, then there exists a homomorphic map 4 of § into B
which is a common extension of all the homomorphic maps 4;, iel, i.e.,
we have h,(x) = h(x) for every xe &, iel.

Remark. 1If, for every i el, the Boolean algebra U, is the atomic Boolean
algebra with two atoms x; and x5, i.e., UA; = {Q, x;, x°, e}, then

g'=PQIi

iel
is isomorphic to the free Boolean algebra B with X = |I| generators x;,
iel (see Section 4.3, Chapter 1).

35
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1.2. Construction of the cartesian product P U;
iel
A family « = {a,e U, iel} with a; = e;T for all iel except at most
for a finite subset {i, i, ..., i} = I is said to be a product element and is
denoted by « = P a; or briefly by « = Pa;. For every iel, the corres-

iel
ponding q; is said to be the i-th factor of a.
Let now K be the set of all product elements. We shall say the product

element o = P a; is disjoint to the product element f = P b, if and only
iel iel

if there exists (at least) an index i eI, such that a; A b; = &;. Two product

elements o and f are defined as equal, i.e.,, « = f, if and only if either

a; = @; and b; = G; at least for one index i and an index j or a; = b;

for every iel. The product element ¢ = P ¢; is said to be the unit and
iel
every product element P a; with (at least) one factor a; = @, is said to
iel

be zero and is denoted by . We define the operation

aAB=Pa;APb,=P(a;nb)
iel iel iel

and, moreover, the binary relation
a< B ifandonlyif anf =a.

K is, with respect to the relation <, a po-set and a A f is the infimum
(meet) of « and B. There exists also, for each pair «, f, the supremum
(join) av B. The so-defined algebraic structure is hence the structure of
a lattice, but not of a distributive lattice or of a Boolean algebra. We
shall prove below that the po-set & can however be embedded into a
Boolean algebra § such that ordering relation, meets and distributive
joins are preserved.

1.3. We consider the set § of all the finite subsets, the so-called aggregates
{oy, a3, ..., @} of K, where the product elements «,, a,, ..., &, are pair-
wise disjoint.
Let now {a,, ay, ..., a,}, where a; = _P’aj,-,j =1, 2, ..., n, be an element
1€
of . We shall call this element a net-like aggregate, if and only if, for
every (j,k)e{l, 2, ...,n}x {1, 2, ..., n} and each i el, we have either

aji/\aki = Qi or aj,- = aki.

t By e, and @, are denoted the unit and zero of 91, respectively.
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Let {o¢} € H where « = P a;; let, moreover, for a finite subset

iel
{il’ iz, “eny ik}gl, and V= l, 2, ...,k,
oo iy AN Ay )

be a partition of the element a; € ¥, into p, pairwise disjoint elements’
with | € p, < + 0. We form the expression

a =al,,-vvaz',-vv...va

iy

@y, 5, V..va,, )x@, , V.. va,, S)X...x(@, ;,v.. vV, i)

and apply, formally, the distributive law. In this way, a number of
P = py Ps-..px expressions of the form

ah,iixahy ,'ZX ...Xalk, i 1 < }L‘, S pJ’ ] = 1, 2, ey k, (2)

may be obtained. For every expression (2), let now a;, ;, . ;. be a
product element P x;, in which x;, =a, ;,j=1,2,...,k, and if i # i,

iy
iel

i=L4L2, ..,k then x; = a;. The so defined product elements
L7 T PYUNY )
for all 4; with j = 1,2, ..., k, are pairwise disjoint and form a net-like

aggregate with a number of p = p, p, ... p, product elements. Let the
elements of this aggregate be enumerated and denoted by

{ﬂla ﬂz’ s ﬂp}eb-

We shall call the previously stated process: a decomposition of {a}e $
into a net-like aggregate {f,, B, ..., B,} € 9.

1.4. Let now {a,,a,,...,a,} be any aggregate in  then, for every
v=1,2, ..., n we may decompose, by the previously stated process, the
one product element aggregate {«,} in a suitable net-like aggregate
{B,, i By, 2» --» By, 5.} such that the aggregate:

{ﬁl, 1 ﬁl, 25 ¢y Bl.ap ﬁz, 1 /32, 2y v ﬁz.up ety ﬂn, 1 .Bn, 2y v ﬂn. a',.}

is net-like. There exist obviously, for every {a;, a5, ..., 2,} € D, several
net-like aggregates which may be obtained by the previously stated
decomposition process. We shall say briefly that these net-like aggregates
belong to the aggregate {o, o5, ..., %,}€9H. We shall define in § a
binary relation < as follows:

{“11 L5 PIRTRP an} < {ﬁl’ ﬂZ’ RS ﬂm}

if and only if there exist two net-like aggregates: {a,*, a,*, ..., a*}
belonging to {ay,a,, ..., and {B* B,* ..., B;*} belonging to
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{Bis Ba2s ..., Bn} such that, for every a;*, j=1,2,...,¢ there exists a
B:* with a* = B;*.

It is easy to prove that this relation is reflexive and transitive; i.e.,
9 is, with respect to this relation, a quasi po-set. An equivalence relation
~ may hence be defined in $, as follows:

{orgs 0g, oo Ay} ~ {ﬂl: Bz, - ﬁm}
if and only if
{ala 25 ooy (1,,} {ﬁl’ ﬁZa srey ﬁm}

and {Blv ﬂz, ceey ﬂm} {al’ 25 TIRERS (Z,,}.

Let now & be the set of all equivalence classes in § with respect to ~;
then § becomes a po-set if we define for a pairae § and be §:

<
<

a < bif and only if there exist {a,, a5, ..., a,} €@ and {B, B, ..., Bu} €D

h that
such tha {815 @y ovvs U} < {Brs Bas ovs Bu-

Let now a € § with {«,, a5, ..., «,} €a and b € § with {B,, B;, ..., B} €b;
then there exists aAbe §, namely the class which is defined by the
aggregate {o;ABli=1,2,...,m; j=1,2,...,m}.

1.5. In order to prove that & is a Boolean algebra we remark that a
mapping h of K into § can be defined as follows: for each a e R let A(x)
be in § the class of all aggregates equivalent to the one-element aggregate
{¢}. This mapping 4 is an isomorphic, relative to the ordering relation,
mapping of R into &, preserving meets. Let now the class of all aggregates
equivalent to the one-element aggregate {o} (i.e., #(x) € §) be identified
with a (i.e., xe & is defined as identical to A(x)e §F) and K with A(K)
(i.e., & = § is defined as identical to #(R]) = §). First, we shall prove:
ifaeR € & and fe K = § then there exists § e § which is the supremum
of xand fin &, i.e., av B = § and generally if , e R = §, v=1,2,..., k,
then there exists an element 5e & such that §=a, va,v...ve. In
order to prove this, set

a,=Pa,; v=12..,k;
iel

there exists then a smallest finite subset J of I such that, forevery ie (I—J),

we have
a;,=e€, v=12,..,k.

We consider now, for every j e J, the elements of the Boolean algebra
A

2
Ayjs oy oo Qi)
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there exists then a finite set of pairwise disjoint elements
blj’ sz, erey bl]j
such that every a,; can be represented as a join of the form

avj': \/ bp] Where J‘,J._C_. {1, 2, esay Z.J}.
peldyy
For every v = 1, 2, ..., k, the aggregate {«,} can now be decomposed into
a net-like aggregate as follows: we note that
a,; = \/ b,;
ﬂe"vj
is a partition of the factor a,; € U; of «, for every j € J and the decomposi-

tion process of Section 1.3 can be applied to these partitions.
Let now

{ﬂvl’ ﬂv2’ sy ﬁv, cv} ~ {av}

be the corresponding, by this decomposition process, net-like aggregate
to {«,}. Note now that every B,; is either equal or disjoint to one B,
for A#vand any i = 1,2, ..., 6;, and consider the set {8, B3, .. Bo}
of all product elements f; such that for (at least) one ve{l, 2, ..., k} we
have B;e{f,:, B2, ...» By, 4,}; then the product elements B, B, ..., B,
are pairwise disjoint, namely {8,, B>, ..., B} is an aggregate and defines
an equivalence class § in &, for which we have §=a,va,v... v,
because, obviously, a, < 5, for every v= 1,2, ..., k, and, if Xe § with
o, € X, then § < X.

1.6. Let now 0, eRc &, 0, eR = § and let us apply the previous
process for k = 2. Consider

{Bi1s Bras «s By, 6} ~ {04}
{B21> B22s s B2, 0y} ~ {02}

then the set theoretical difference

{ﬁll’ ﬂ12a seey ﬁl, al}—{ﬂZI’ ﬂ22s ey ﬂz,n} = {yl’ Y25 «oes )’r}’
where foreveryi=1,2, ..., 1,
7:€{B11s Bi2s s B, oy}
but Vi€ {B21> B22s -+ B2, 02}

defines an aggregate {y,,y,, ..., .} and the corresponding equivalence
class d to this aggregate in § is obviously the difference o, —a,; i.e., we
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haved = a,—a, in §. It is easy now to prove:

(«) For every equivalent class § with {&,, a5, ..., 2} €5, we have
S=a;va,Vv..va,in §.

(B) If 5e@ and fe § with {a, ay, ..., %,} €5, {By, B2, .-, B} € then
Svi=ova,v..va,vi v v..vh.

(y) There exists an element d € § such that d = §—7. Moreover it can
easily be proved that § is a distributive lattice, hence & is a Boolean algebra.
Obviously the smallest Boolean subalgebra of § containing & is & itself
and moreover we have 8" = § where + is the addition of § considered
as a Boolean ring. For every j e, there exists an isomorphic mapping of
A; into &, namely: for every a e U;, assign as image the product element

a=Pagefk c § witha; =a and a, = ¢, for every i # j, iel. Let now
iel
&; be the image of UA; in §F by this isomorphic mapping; then the set
theoretical union © = {J §; generates § because we have S = &,
Jjel

hence €** = " = §. The family &;» j €1, satisfies thus the conditions
(1) and (2) of Section 1.1. It is easy to prove that the condition (3) is also
satisfied. Let namely 4; be a homomorphism of §; into another Boolean
algebra B, jeI; then the mapping #, which is defined as follows:

(@) h(o) = hy(a) forevery acf; jel.

(B) hlaj Ao, Aonog) = hy () AR () AL AR (o)
for every G AL, AL AL S =8
s o p=1,2, ..,k

) h(B;,+B;,+...+ B = h(B;)+h(B;,)+...+h(B;)
for every Bi+Bj+...+B, €8T =§F
with Bief, k=12 ..,m,

with a; €
P

is a homomorphism of § into B and, moreover, a common extension of
all homomorphisms 4;, jel. It is, hence, proved that a cartesian product
& = P U, exists.

iel

2. PRODUCT PROBABILITY ALGEBRAS
2.1, Let (U, p)), iel, be a family of pr algebras with |I| > 1; then the
product algebra S-z'P QA; can be endowed with a probability n as
follows: iel

(I) If xe K, then « = P a;, where a, = ¢; for every ie(I—-J) and J a
iel
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finite subset of I. We can hence define
(o) =jg pi(a) eR.

(I1) Consider now any a € §; then there exists a finite number of
pairwise disjoint elements x,e R <= §, v= 1, 2, ..., k, such that
C=0y VO,V ... V0O
We can, hence, define:
(o) = m(ory) + m(oy) + ... + (o).

In this way = is defined for every a € § and it is easy to prove that the
value n(x) is uniquely determined for every ae . We have n(e) = 1
and n(d) = 0, and, moreover, =« is strictly positive and additive, i.e., 7 is
a probability on §. Thus (&, n) is a pr algebra which we shall call
product pr algebra of the pr algebras (U, p,), iel, and denote also by

(8” ﬂ) = l]e?l (QIi’ pi)'

Note that every (§; m) is a pr subalgebra of (&, n) isometric to
(U, pp and, if (A;, p;) is a pr o-algebra, then (F;, n) is a pr o-subalgebra
of (&, n) with §; a o-regular Boolean g-subalgebra of §.

2.2. Let now
(8’ 7[) = 'EI (Q‘Ii’ pl)

be a product pr algebra; then we shall denote by
& m =P (A, p)
the g-extension of (§, n) and we will call it a product pr o-algebra of the

pr algebras (2, p,), iel. Note that the product pr os-algebra P &, p),
iel

where (2, p;) is the o-extension of (U, p), i€l, is isometric to the
product pr o-algebra P (A, p;). We shall hence write
iel

& m =P U, p) =P (¥, p).

There exists, for every factor (2, p;) respectively (3,, p,), an isometric
image in (§, ©), namely the pr subalgebra (&;, ) resp the pr o-subalgebra
&, 7) of (§, n). The pr subalgebras (§; n) resp pr o-subalgebras
(&, n), iel, are n-independent in (§F, 7). (See for this concept Section
5 below.)
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23. Let & m =P (U, p)
L€

be a product pr s-algebra, in which every factor (U, p;) is a pr o-algebra.
Let the character ¢q, be >N, for every i€ [; then the character cg is also
= N, and, moreover, if |I] <N, then ¢z = ma;x Co. If cq, = N, for
every iel, and |I| < Ny, then ¢z = N,. If |I} > N,, then the Boolean
o-algebra § is always atomless. The Boolean o-algebra § can possess
atoms if [I| < N,.

Let now |I| = N, and suppose « is an atom in & We have § = ]*%,
An atom o € § must obviously belong to &*?; i.e., « may be represented

o0
a= A a,
v=1

where a,|, and o«,ef*, ie, o, =o,Vva,v..va, where a,cR,
p=1,2,..,k,and pairwise disjoint. We have thus

o= v/__\l {a, Voo V.. va, ) €))

where ®,€R, p=12.,k,
are pairwise disjoint and
Oy = 0, VO, V...V, 4.l

1.e., a non-increasing sequence. We can obviously suppose that, for every
o, 1, »» there exists an element «, . such that «,,, , < a,, . and moreover
we can suppose that «,] is strictly decreasing, for the sequence «, cannot
be eventually constant; because if o4, =0a,, k=1,2,..., then
o, =acF and o an atom in §. This however is impossible; for, if
any ae is # O, then we have a= B, vf,v...v B, with B, e,
B, # 9, p=1,2,...,k, and pairwise disjoint; if « is, moreover, an atom,

then we must have k = 1, i.e., ae 8. Let now « =~P a;; then there exist
(@) an index i; €I such that q;, = ¢;, and !
(B) anelement b, € A, such that @, < b, < e;;

consider now the element § = P d;, withd, = g, for i # i;, and d;, = b,

then we haved < «, i.e.,a cont.r:iiction to the assumption “ « is an atom ”’.
Consider an arbitrary natural number v. Since

134

KA, =0 VO, V. VU,
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and « is an atom in §, there exists exactly one index t, with 1 < t, < k,,
such that @ < «, ,,. From this inequality, it follows that:

On the other hand ©
Therefore:

The sequence «, ,, v = 1, 2, ..., is decreasing, because of the assumption
that, for every a,.,, ,, there exists «, . with «,,,, , <a, ,. Moreover,
this sequence can be assumed to be strictly decreasing, since, as it has
been proved above, it cannot be eventually constant. We proved thus:
If
(!.ss’s 7'l:) =il:l (Q[h pl)

is a product pr g-algebra where each factor (¥, p,) is a pr s-algebra and
[I] = Ny, then, if an element ae F is an atom, there exists a strictly
decreasing sequence a, € &, v = 1, 2, ..., such that

0
a= N\ o,
v=1

Let now the index set I be enumerated, i.e., I = {i;, i, s, ...} Or
equivalently I = {1, 2, 3, ...}; then we can prove (see Kappos [8], Nr. 11.5)

Theorem 2.1.

i -
@ m=P @.p)

is a product pr c-algebra, where each factor (U, p,) is a pr g-algebra and
if & is an atom in §, then there exists a uniquely determined sequence o, € K
with o
o, = jI;l Qs

where a;, = e; for all v # j and the element a;; is an atom in the algebra
A, for every j = 1,2, ..., such that

[
a= A a,
v=1
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We have obviously:
n
a, = /\ ay, =4y, vaZX xannxen+l ><en+2x
v=1

where a,,e U, and q,, an atom in A, foreveryn=1,2, ....
We shall denote it as follows:

o = o-lim @, = o-lim ( il’ a,, X ; ev) =P a,
1 =

v= v=n+1 v=1

where a,, is an atom in U, for every v = 1,2, .... We will call

o0
P a,

v=1

a product limit element. We have obviously:
o0
n(@ = [1 plaw).

We can now conversely prove that if @, is an atom in the algebra U,
for every v = 1, 2, ... and the infinite product

vlfll p(a,)

converges to a real number ¢ # 0, then there exists an atom « € §, such
that

where

n
o, = P a,x e,
v=1 v=nt+i
i.e., such that ©
a= P a,
v=1

and moreover we have n(a) = £. Hence the following theorem holds:

Theorem 2.2.

An element o # O of the Boolean algebra §, where

@& n=P @.p)

is a product pr o-algebra with (N,, p,) pr c-algebras, is an atom in § if
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and only if every algebra ¥, possesses an atom a,, v = 1, 2, ..., such that

R

@O
= I_’av.

Then we have

11 @) = (.

The following theorem can be proved (see author’s [8], Nr. 11, Theorem
6):

Theorem 2.3.

Let 'évery Boolean c-algebra U, be atomic and let {a,y, a,,, ...} be the
set of all atoms of N, enumerated so that p(a,) = p.(a,,), p=1,2, ...,
Sforeveryv=1,2,.... Then the following statements are equivalent:

() The product pr o-algebra
(§9 n) = vgl (Q[v! py)
is atomic, i.e., § is isomorphic to the Boolean algebra of all subsets of

the set N = {1, 2, ...} of all natural numbers.

(1) The double series

5, T,

v=1

converges to a real number.

Corollary 2.1.
A product pr c-algebra

& =P @,p)

where every W, is an atomic Boolean o-algebra with a set {a,,, p = 0} of
atoms is either atomic or atomless (and in the latter case, isometric to the
Lebesgue pr c-algebra (3, 1)) according as the double series

o0

2 T pfay,)
v=1p21

converges to a real number or to + c0.
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3. CLASSIFICATION OF PROBABILITY ¢-ALGEBRAS

3.1. In Section 4, Chapter I1, the p-separable pr g-algebras are classified;
we proved that there exist three types of separable pr g-algebras, namely
type I, atomic, type I, continuous, i.e. isometric to the Lebesgue pr
o-algebra, and type II, mixed. In the latter type, there exist atoms but
the sum of the probabilities of all atoms is < 1; there exists, therefore, a
continuous part in the pr algebra. The theory of product pr algebras
allows us now to state a general classification of all pr o-algebras, which
was first investigated by Dorothy Maharam [1].

3.2. A Boolean o-algebra B is said to be homogeneous, if and only if,
for every be B, b # O, the character of the principal ideal

bB = {xeB: x < b},

considered as a Boolean g-algebra with unit the element b, is equal to the
character of B, i.e.,

Cg = Cpy forevery be®, b#0.

An example of a homogeneous Boolean g-algebra is the Boolean o-algebra
3 of the linear Lebesgue pr g-algebra (3, ). The character of J is
N;. The linear Lebesgue pr o-algebra (J, p) possesses the following
property:

for every b # @, beJ, the pr o-algebra (b3, p/u(b)) is isometric to
the pr s-algebra (3, w).

It is easy to prove that the Boolean s-algebra B, of the product pr
o-algebra

B, m)= P (S u)

where ¢ and y are ordinal numbers and (3, u;) = (3, p), i.e., equal to
the linear Lebesgue pr o-algebra, for every (e {0, w,), is also homo-
geneous and of character ¥, = the power of the set W{(w,) of all ordinal
numbers < w,. The pr o-algebra (B,, n,) possesses also the property:

for every be®, b # O, the pr o-algebra (bB, n,/n, (b)) is isometric
to (B,, m,).

We shall say a pr g-algebra (B, p) is homogeneous if and only if the
Boolean g-algebra 8 is homogeneous. Moreover, if the character of B
is Ng, where f§ is an ordinal number > 0, then we shall say the pr o-algebra
(B, p) is p-homogeneous. According to this definition the pr o-algebra
(3, 1) is 0-homogeneous and for every ordinal number y > 0 the product
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pr o-algebra (B,, m,) is y-homogeneous. Note that the product pr
g-algebra

(%o; 750) = 0<€P<wo (3;’ u{)
is my-separable (with character N,) without atoms, hence isometric to
(3, w), i.e.,, 0-homogeneous. Moreover, for every ordinal number n with
wp < N < wg,, the product pr o-algebra

@)= B Som

is isometric to the product pr o-algebra (B, mp), i.c.,, f-homogeneous.
Dorothy Maharam has proved [1] that every homogeneous pr o-algebra
of character ¥, B > 0, is isometric to the product pr g-algebra (B, ny).
Hence the following definition is equivalent to the definition of homo-
geneous pr o-algebras given previously: a pr g-algebra (B, p) of character
Nz, B > 0, is homogeneous if and only if (B, p) is isometric to the product
pr g-algebra (B, np).

We shall consider every atomic pr g-algebra also as homogeneous and
that as minus one-homogeneous ((— 1)-homogeneous).

Now, it is easy to see that

@Bum)= P (3pn)
0<i<a,

satisfies
= P s = § ’ >
(B, my) 0S?<w, (Bos mog) o<t<o, (Byg m42)
where
(%og, ﬂ'og) = (By, 1) and (%w 7‘1() = (B, my)
for every ¢.

Generally, for every ordinal number f§ > 0, we have
(By, mp) = o<? (Bpg mp)) With  (Byg, mpp) = (By, 7p)
< <u)',
for every £. In general we have
(r) (gﬂy nﬂ) = O$§’<w, (gyb ny{),

where (%yg, ny{) = (%w ny)

for every &, y being any ordinal number with 0 < y < 8.
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According to the previous statement, the following theorem is true:
Theorem 3.1.

Every B-homogeneous pr o-algebra with B > 0 is universal for all y-
homogeneous pr c-algebras with —1 <y < B, i.e., a y-homogeneous pr
g-algebra (B,, n,) can be embedded isometrically in the B-homogeneous pr
o-algebra (B, mp).

Proof. For y = 0 our assertion follows from (I') and from the proposi-
tion that every factor (B,,, 7,) is isometric to a pr o-subalgebra of the
product pr c-algebra (Bg, mg). For y = —1 we have some atomic o-
algebra (U, p). Let {a,, v > 1} be the set of all the atoms of (Y, p);
then we have

v;lp(av =1

Since now (B, m,) is non-atomic, there exists an element b, € B, such
that n4(b,) = p(a,) and an element b, < b,° such that m,(b,) = p(a,),
and, generally, an element

k—1
bk S (bl Vsz...ka_l)c = /\ bvc
v=1

such that nz(b,) = p(a,); then by, b,, ... are pairwise disjoint and

z ”p(bk) =1,
k=1
ie., \/ b; = e; = unit of B,.
k=1

The set {by, b,, ...} S B, o-generates a Boolean o-subalgebra A* of
B, isomorphic to U, i.e., (U*, ny) is then a pr g-subalgebra of (B, np)
isometric to (U, p).

3.3. Let now (B,p) be any pr o-algebra with character N, > N,.
Assume, moreover, the Boolean c-algebra B is atomless. For every
be B, b # O, the character of the element b is by definition the same as
the character of the principal ideal B, and is denoted by c(b). Obviously
there exists the
i b) = m(B

1 5, <) = m(®)
and is equal to N, for a certain ordinal number $; > 0. Moreover
there exist elements x € B, x # @, with ¢(x) = m(B). Let now

a, = \/{xeB; x # B and c(x) = m(B) = N, };
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then c(a,) = N;, and the pr g-algebra (a, B, p/p(a,)) is obviously B,-
homogeneous, because for every x < a,, x # @, we have

Ry, = (@) = c(x) = ;.
If a, = e then our pr o-algebra is classified as a f,-homogeneous.

Suppose 4, # e and set b, = e—a,; then m(b,) = N,, with f, > B,
obviously. Let now

a, =\/{xeb,B; x # B and ¢(x) = N,,};
then we have c(a,) = R,

and the pr o-algebra (a, B, p/p(a,)) is obviously B,-homogeneous. If
a, va, = e then our process is finished and our pr o-algebra (B, p) is
decomposed in two homogeneous pr o-algebras (a, B, p/p(a,)) and
(a, B, p/p(a,)) such that the smallest Boolean o-subalgebra of B con-
taining the principal ideals ¢, B and a, B is B itself.

Suppose a, va, # e; then our process may be continued, if we set
by = e—(a, v a,), until we have \/a, = e; but the number of steps needed
to finish this decomposition process is always countable, for the elements
a,, a,, ... are pairwise disjoint and every set of pairwise disjoint elements
in B is countable. The following theorem is thus proved:

Theorem 3.2.

If a pr g-algebra (B, p) is atomless and with a character X, = R, then
there exist, and are uniquely determined,

(1) an ordinal number N with 1 £ N < wy,
(2) ordinal numbers B, with0 < B, < By+1,

and (3) pairwise disjoint elements a,eB, for all v with 1 < v < N, such that

() we have e=\/ a,
1<v<N
and (B) for every v with 1 < v < N, the pr o-algebra (a, B, p/p(a,)) is
B,-homogeneous.

3.4. Assume now the pr o-algebra (B, p) of Section 3.3 possesses atoms,
and let {d,, d,, ...} be the set of all atoms in B with p(\/d,) <1. We
set @, =d; vd,v... and we consider the pr c-algebra (a, B, p/p(a,)),
which is atomic, i.e., (—1)-homogeneous. If a, =e, then (B,p) is
classified as a (—1)-homogeneous pr c-algebra. Suppose a; # e and
set b, = e—a,; then the pr c-algebra (b, B, p/p(b,)) is atomless and with
character X; > N,. We can therefore apply the decomposition process
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of Section 3.3 for this pr o-algebra (b, B, p/p(b,)). In this way a de-
composition for the pr o-algebra (B, p) can be obtained in which the
first member is a (—1)-homogeneous pr o-algebra. Theorem 3.2 can
therefore be stated in its general form as follows:

Theorem 3.3. (of D. Maharam).

Let (B, p) be any pr c-algebra with character Xy > N,; then there exist,
and are uniquely determined,

(1) an ordinal number N with 1 < N < w,,

(2) ordinal numbers B, with —1< B, < B,+y, for every v with
1<v<v+l <N,

and (3) pairwise disjoint elements a,, for every v with 1 < v < N, such that

e= \/ a,
1€v<N
and every principal ideal a,B, considered as a Boolean algebra
with a, as a unit, is B,-homogeneous.

Remark. Obviously, (x) the set-theoretical union |} a,B o-generates
the Boolean algebra B; and (f) sup 8, = B. 1gv<N

1 <v<N
We shall write, according to Theorem 3.3,

p p
@0 = (a3 -L5) 8 (ne-05) 0.
" pay) 27 play)
and say that the pr g-algebra (B, p) is decomposed into the homogeneous
pr g-algebras (a,'B, p/p(a,)), 1 < v < N, which classify uniquely the pr
g-algebra (B, p).
The following theorem can now be proved:

Theorem 3.4.

The B-homogeneous pr c-algebra (B, mg) is universal for every pr
o-algebra (B, p) with a character ¢y < Wy, i.e., every pr o-algebra with a
character cy < Wy can be embedded isometrically in the B-homogeneous pr
o-algebra (B, mp).

Proof. Let (a,B, p/p(a,)) be the f,-homogeneous pr g-algebras with
1< B, <B,s1s 1 Kv<v+1 <N, into which (B, p) is decomposed
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according to Theorem 3.3. Then there exists a decomposition

eg=\ b,
1€v<N
of the unit e;e B, in pairwise disjoint elements by, b,, ... such that we
have: m(b) =p@), 1<v<N.
We consider now the pr c-algebra (b, By, ns/ne(b,)), which is B-homo-

geneous. Since maxN B, < B, we have 8, € B, i.e., the B -homogeneous
1€v<

pr o-algebra (a, B, p/p(a,)) can be embedded isometrically into the
B-homogeneous pr o-algebra (b, By, mg/mp(h,)), 1 < v < N. Let now U,
be the isometric image of a,® into b, B, by this isometric mapping of
a,B into b, B,; then there exists a smallest Boolean g-subalgebra A of
B, containing all images U, 1 < v < N. The pr o-subalgebra (U, ng) of
(Bg, mp) is now isometric to (B, p). Our theorem is proved.

4. REPRESENTATION OF PR o-ALGEBRAS BY
PROBABILITY SPACES

4.1. We proved in Section 3.4, Chapter II, Corollary 3.1, that, if a pr
g-algebra (B, p) is separable, i.e., with a character cg < Ny, then there
exists a o-field K of subsets of the set Q = {£eR: 0 <& < 1}, which is a
o-subfield of the linear Lebesgue a-field such that the pr space (Q, &, m),
where m is the Lebesgue measure, is a set-theoretical representation of
the pr o-algebra (B, p); i.e., if N is the o-ideal of all X € ] with m(X) = 0,
then the quotient Boolean g-algebra K/9(K mod N) is isometric to B,
and, if we define p(A/M) = m(A), for every class A/M in ]K/N with
A€ A/N, then (]/R, p) is isometric to (B, p). Moreover, we can choose
the o-field K so that it is m-complete, i.e., if X is any subset of Q with
X € A, where Ae R, then X e N. We shall now prove that, for any pr
c-algebra, with arbitrary character ¢y > N, there exists a set-theoretical
representation by a pr space.

4.2. We shall first introduce some concepts from the classical measure
theory.

Let Q= P E

0S{<w,g

be the set-theoretical product, where every factor
E;={peR: 0<p<1},

i.e., the set Qg of all families: p,;, 0 < £ < wy, where p; a real number
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with 0 < p, < 1. A subset Z c Q is called a Lebesgue cylinder, if and
only if there exists a representation of Z as a cartesian product,
0si<wyg

where Z, = E, for all £ except a finite set £, &5, ..., &, for which Z; is a
Lebesgue-measurable subset of E={peR: 0<p <1}, v=1,2,..,n.
Let now & be the set of all Lebesgue cylinders, 2, be the smallest sub-
field of subsets of Q, containing &; then we can define a measure (the
so-called product measure) mz on A, as follows:

mg(Z) = m(ZeYm(Zg,) ... m(Z,) foreveryZeG,

where m(Z,)) is the Lebesgue measure of Z,, j = 1,2, ..., n.

mg can be extended in a well-known way to %, and to 8, i.e., to the
smallest o-field ], of subsets of Q; containing Ay. B, is then the smallest
o-field of subsets of Q; containing &, which satisfies the condition:

If X = Qpand X = A, where A € B; with mg(4) = 0, then X € B,.

Note that (Q, B,, m;) is a pr space and obviously the f-homogeneous
pr o-algebra (B, mg) can be represented set-theoretically by this pr
space (€, By, my).

4.3. Let now (B, p) be any pr o-algebra with character cy = X5 Then
(B, p) can be embedded isometrically into the B-homogeneous pr o-
algebra (B, mg). There exists therefore a o-subfield | of By such that
the pr subspace (Q;, &, my) of the space (Qg, By, my) is a set-theoretical
representation of the image of (B, p) in (By, ny), hence also of (B, p)
itself. Moreover, we can choose & so that the condition:

(K) If X = Qgand X = A, where A€ & with mg(4) = 0, then X e R,
is satisfied. The following theorem is hence true:

Theorem 4.1.

If (B, p) is any pr c-algebra with the character cy = Ny, then there
exists a pr space (Qg, ], my), where R is a o-subfield of the Lebesgue
product o-field By, satisfying the condition (K), which represents (B, p)
set-theoretically; i.e., if R is the o-ideal of all Ae K with my(A) = 0, then
the quotient c-algebra ]I is isomorphic to B and if we define

P(B/R) = my(B)
for every B{te &R, then the pr o-algebra (RN, p) is isometric to (B, p).
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5. INDEPENDENCE IN PROBABILITY

Related to the concept of product probability algebras is the concept
of probability independence. The connection between these concepts
will be stated here. Details one can find in the author’s [8], Chapters
IV and V.

5.1. Let (B, p) be any pr algebra and q;€ B, icl, any family of events,
a; # O, iel. Then the events q,, iel, are said to be independent in
(B, p) (briefly p-independent), if and only if, for every finite subset
A RS A= |

p(A a) = I . &

Classes U; of events, A; = B, iel, are said to be p-independent if and
only if their events are p-independent, exactly, if for every finite subset
{is; iz, ..., iy =1 and every arbitrarily selected a;, e, a, # 9,
k=1,2,...,n, we have (1).

Clearly, if J = I and ¥/ = A, for every j € J, then the p-independence
of A;, iel, implies the p-independence of A, jeJ. In other words:
Subclasses of p-independent classes are p-independent.

5.2. Let now (B, p) be a pr algebra and U, = B, iel, be a family of
p-independent and A-closed classes 2A;, each of which contains an
element different from the unit and zero. Let b(,), resp U,denotes
the smallest Boolean subalgebra of B containing U,, i€l, respectively,
the smallest Boolean subalgebra of (B, p) containing the set-theoretical
union & = [} A;; then the following statements are true (see author’s

iel

[8] Chapter V, Theorems 3 and 4):
(1) The Boolean subalgebras 5(2), i€, are p-independent,

(2) The probability algebra (¥, p) is isometric to the product pr

algebra
(& m = P (62, p)

with p; = p, iel.

Particularly, by this isometricity the image of every event of the form
a, AagA...na; with {iy, i, ...,i} I and a, eb(A,), a;, #9, is
the product event P x; with x; = a;, if i =iy, 45, ..., i, and x; = ¢; = ¢,

iel
if ie (I—{ils iz, ceey in})‘
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(3) If (B, p) is a pr o-algebra and 5,(2;) denotes the smallest Boolean
s-subalgebra of B containing UA,;, iel, then the Boolean o-subalgebras
b,(A,), iel, are also p-independent and the pr g-subalgebra (b,(Y), p),
where b,(¥) is the smallest Boolean o-subalgebra of B containing A,
1is isometric to the product pr g-algebra

& %) = P 6@, p)
where p; = p, iel.

53. Let
({% 7t) = if] (sBia px)

be a product pr algebra; then the class of product elements:

&= {aj= P x;, where x;=aq;e®B; and

iel

x; =e; forevery iel, with i;éj}

forms a Boolean subalgebra of §, which is isomorphic to the Boolean
algebra B;, jel. Clearly the Boolean subalgebras &;, jel, are n-inde-
pendent.

It follows easily now that:

5.3.1. If a pr algebra ('B, p) or a pr subalgebra (B*, p) of (B, p) is
isometric to any product pr algebra

(8‘, 71') = iEI (ﬁBia pi)’

then and only then there are classes U; = B, iel, which are p-inde-
pendent.

5.3.2. Every f-homogeneous pr o-algebra (B, p) always possesses classes
A; = B, iel, with |I| < N, which are p-independent. However, it is
impossible in this case, or generally if the character of (B, p) is N, to
exist classes U; = B, iel, with |I| > N, which are p-independent.



IV

STOCHASTIC SPACES

1. EXPERIMENTS (TRIALS) IN PROBABILITY ALGEBRAS

1.1. Let (B,p) be a pr o-algebra. An experiment (or trial) a in B
is a class a of pairwise disjoint and different from @ events of B, whose

join \/ a; is the sure event (unit) e. The events a;, i €, are said to be the
iel

outcomes of the trial a. Because of the strict positivity of the pr p the

class a defining an experiment is at most countable. Hence, we will

denote an experiment a in B, by its outcomes, as follows:
a=1{a,a,...aq} or a=1{a,a,,..},

if a is a finite or an infinite experiment respectively. We shall denote
by 7 (B) the set of all experiments and by J ,(B) the set of all finite
experiments in B. Then we have:

T o(B) = T(B).

1.2. In 7 (B) we can define an order relation, denoted by [, as follows:

a[b, read a finer than b, if and only if each outcome q;€a is contain-
ed in some outcome b;eb. The relation [ is reflexive, antisymmetric
and transitive. Moreover, there always exists the infimum aAb of
two experiments a and b, namely the experiment:

anb = {a; Ab; # O, a,ca, b;eb}.

The po-set (7 (B), [) so defined satisfies the Moore-Smith condition,
l.e., given a pair a, b of experiments, there always exists an experiment
d finer than each of the given experiments.

55
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1.3. The norm of an experiment a = {g;, j > 1}€ 7 (B) is denoted by
v(a) and is defined as the supremum of the probabilities p(a;) j = 1,
i.e., v(a) = sup p(a)).

jz1

It is easy to prove:

Theorem 1.1,
Let a,={a,,j > 1}eT(B), n=1,2,.... Then the infimum N\ a,
n=1

exists in T (B) if and only if the smallest Boolean o-subalgebra of B
containing all the experiments a,, n = 1,2, ..., is atomic.

Theorem 1.2.

Assumptions as in Theorem 1.1 and, moreover, that the experiments
a, n=12,3, ..., are p-independent, i.e., for every

{nls Ryy ..oy nk} = {13 2’ 39 }

and every a,, ; €a,, we have

1 Ji
p(anl Ji A anz J2 A A ankjk) = p(am jl) 'p(anz jz)"‘p(ankjk)'
Then, if the outcomes of a, are enumerated so that p(a,,) = p(a,)), for
o0
everyj=2and n=1,2, ..., the infimum N\ a, exists in 7 if and only if
n=1

the double series 3. ¥ p(a,;) converges to a positive number < + 0.
2

nz1 jz

1.4. Let (U, p) be a pr subalgebra of the pr g-algebra (B, p) such that
B is o-generated by A. Then v(a), for all ae T ((A) (i.e., for all finite
experiments in ), is a net (a directed family) of real numbers v(a) with
respect to the order [, and, further, isotone and bounded, i.c.,

0<v(a) <v(a) if a;[ay

hence the lim v(a) exists and is > 0. If this limit is equal to zero, then
ae J o(A)

we can prove that the Boolean o-algebra 8B is atomless. In fact, assume B
is not atomless; then an atom x exists in B and we have p(x) = > 0.
Now, let ae 7 ((A); then an outcome g; exists in a such that a; > x,
hence p(a;) = 6 and v(a) > & for arbitrary ae J (). This implies the

contradiction lim v(a) = > 0.
ae T o(A)

1.5. We shall say a family of experiments a;e J (B), iel, is p-dense in
B if and only if, for every beB and every positive real number ¢ > 0,
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there exists an index i = i(¢, b)) and outcomes a; ,, @; y,, ..., @i, x, Of
the corresponding experiment a; such that

plb+(@;, va,i,V...va, k) <&

The following theorem is true:

Theorem 1.3.

If (3B, p) is an atomless pr c-algebra and a, = {a,;, j = 1}€ T ((B),
n=12,..., a decreasing (ie., a,.,[a, n=1,2,...) sequence of finite
experiments, which is p-dense in B, then lim v(a,) = 0.

n-+ o
Proof. Suppose lim v(a,) =3 > 0; further let the outcomes of every
experiment e

a, = {anl’ Qyzy ooy an, p,.}
be enumerated so that

p(anj) >p(an,j+1)’ j= L2, .. pa—1;

then there exists a greatest index j, < p, such that p(a, ;) =9,
ie., p(a, ;) =9, for j < j, and p(a,;) <9, for j > j,. Obviously we have

Jn

+
-

Jn
Sn = \/1 ayj 2 Aui1,j = Sn+ 15
j=

<<

J
ie., Sy = Sp+ 1

and every @,y ;, j < jn+, is contained in one a, ; for an i < j,; hence,
there exists at least one sequence: @y ,,, @3 ,, ..., Withm, < j, k =1,2, ...,
such that

i, me Z Qo 1, mes s k=1,2,..;
then we have

k/_\l a, ., =5€B, but p(a,,) >0,

ie.,
lim p(a, ,) = p(s) = 6;
k= o

hence s # @&. The Boolean g-algebra is assumed to be atomless, hence
there exists an element be B such that @ < b < s and 0 < p(b) < p(s).
Now we have b<gq,, and baag, ;=9 for every i#n,
k=1,2,.... It follows that if ¢ >0 and & < min{p(b), p(s)—p(b)},
then there exists no experiment a, such that there exist outcomes
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@, €8, i = 1,2, ..., p, with
P
P(b+ V ak,,-‘.) <e.
i=1

Since this contradicts the p-density of the sequence a,, k = 1,2, ..., in
B, the proof of the theorem is complete.

2. ELEMENTARY RANDOM VARIABLES
(ELEMENTARY STOCHASTIC SPACE)

2.1. Let (B, p) be a pr o-algebra and a = {g;, j > 1} be an experiment
in B, ie,, aeJ(B). We shall define an elementary random variable
(briefly erv) in B as a real-valued function X on any experiment ac J (B),
i.e., X is defined as a map:

X: asag;= X(a) = ¢;€R, i=12, ...

We shall denote by &(B) or briefly by & the set of all erv’s in B. An
erv defined on the experiment e = {e}, i.e., X:ese=X(e) =¢,€R
is said to be a constant rv and is denoted by its value £. An erv defined
on an experiment of two outcomes {a, a°} and valued as follows:

a=1
X:

a=0
is said to be the indicator of ae®B and is denoted by I,. We shall denote
by #(B) or briefly by ¢ the set of all indicators I,, aeB. The constant
rv’s 1 and O will be considered as the indicators of e and & respectively,
i.e., we consider I, = 1 and Ig = 0. An erv defined on a finite experiment
a={a,,a,, ..., q;} is said to be a simple rv (briefly srv). We shall denote
by F(B) or briefly by & the set of all srv’s. We have obviously

F(B) = F(B) = £(B).
2.2. We can define in &(B) an order relation “ < > as follows: Let
X eé(B)and Y e&(B), ie.,
X:asag;=>X(a)=¢eR, j=1
Y: bab;= Y(b) = n;eR, izl

then we define:
X<Y
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if and only if, for every (j, i) with a; A b; # @, we have

¢ S My
The relation * < ” so defined is reflexive and transitive, and if we define
equality in &(B) by: X = Y, if and only if, for every (j, i) witha; A b; # @,
we have {; =1;, then the relation “ < is antisymmetric, i.e., with
respect to this relation, £(B) is a po-set. It is easy to prove that X A Y and

XvY (e, the infimum and supremum of two elements) always exist
in £(*B) and we have

XAY: anbaag;Ab;= min{X(a), Y (b))}
for every (j, i) with a; Ab; # @,
XvY:anbaagab,= max {X(a;), Y(b)}

for every (j, i) with a; Ab; # @. Hence, £(B) is a lattice and, moreover,
we can prove that &(B) is a distributive lattice. The map

Bab=1I,e #(B) 4y

is a Boolean (i.e., with respect to v, A and complement) isomorphism
of B onto F(B). More specifically, we have

I Ay =1, L,vIp=1,,
Ie=1-I,=1—1,; ie, I,Al.=0

and
I,vIe=1.

The Boolean o-algebra B is embedded by the map (1) completely regularly
(invariantly) in £(B). The image #(B) of B in £(B) by the isomorphism
(1) is also said to be the Boolean kernel of the lattice &(B).
2.3. We can define in £(*B) the following operations:
Addition X+Y: anbaag;Ab;= X(a)+Y(b),

foreverya;nb; # 9, j=1,iz1L
Multiplication of X by a real number A:

AX: asa; = AX(a), j=z L

Multiplication XY: anbsa;Ab; = X(a)Y (b)),

foreverya;Ab; #9, j=1, izl
It is easy to prove that the following properties hold in &(B):

1) X+Y=Y+X.
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Q) (X+Y)+Z=X+(Y+2).
() AMX+Y)=IX+AY.

(@) (A+mX = AX+pX.

(5 ApX)=0UwX.

(6) There exists an element Ig = 0e&(B), such that X +Ig =X
for every X € £('B).

(7)) 1.X = X for every X € £(B).
(8) For every X e £(B), ther exists an element —X € £(B) such that
X+(—-X)=Ig.

Hence &(B) is, with respect to the operation X+ Y and 1X, X € £(B),
Y e £(8B), A€ R, a linear (vector) space.

We note some well-known, simple consequences of the previous
statements (see R. Christescu [1] Chapter II):

(@ 0.X=I5=0.

B (-H.X=-X

(y) If2#0and AX =0,then X =0.
(0) IfA#0and AX =AY, then X = Y.
(¢) IfX #0and AX =0, then A =0.

The order relation “ <, with respect to which &(B) is a lattice,
satisfies the conditions:

(O) IfX<Y then X+Z< Y+Z.
(0,) If X <Y and 1 a positive real number > 0, then 1X < 1Y.

Hence &(B) is an ordered vector space and specially a vector lattice.
We note some simple consequences of this vector lattice structure of
&(B):

(0;) X< Yifandonlyif Y—X > 0.
0, fX>0and Y >0, then X+Y > 0.
(Os) If X >0and A>0, then AX = 0.
Og) XL Yand X' <Y then X+X' € Y+ Y,
(0;) fX<YandA<0,then AX > 1Y.

< >

(Og) IfA< pand X >0, then 21X < pX.
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09) XAY =—-[(-X)v(-Y)]

(010)

011)
(012)
(013)

()

(0.5)

(016)

XvY)+Z=X+Z)v(Y +2),

(XAY+Z = (X+Z2)A(Y +2),

and if A = 0, then A(X v Y) = AX v 4iY.
XvY)+(XAY)=X+Y.

IfX>20,Y>20andZ >0,then X+ Y)AZS XAZ+Y AZ.
If there exists /\ X, then there exists \/ (—X,), and we have

iel iel
/\ X;= _\/ (X)),
iel iel

and dually.
If there exist \/ X;and \/ Y}, then there exists
Jjed

iel
X+ 1)),
(i, peIxJ

and we have

iel

G, DelxJ jeJ

and dually.
If there exists \/ X, and 2 > 0 (or 4 < 0), then there exists

iel
_\/I (AXy)  (or _/\l (AX3),
and we have

VOAX) =1\ X, (or \ 3X) =1\ X)),
i iel

iel iel iel

and dually.

For every X # 0, the sequence nX, n=1,2,..., is not
bounded.

2.4. The constant random variables are identified in &(B) with their
real values on e. The set of all constant rv’s is isomorphic to the ordered
field R of real numbers, i.e., R may be considered as a completely regular
(invariant) vector sublattice of £(B). It is easy to show that the Boolean
kernel #(B) of &(B) generates the vector sublattice F(B) of &(B),
i.e.,, &L(B) is the smallest vector sublattice of &(B) containing #(B).
The vector lattice &(B) is, with respect to the addition X+ Y, the
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multiplication XY, and the multiplication 41X, X ed&(B), Y ed(B),
Ae R, a commutative (real) algebra, with unit 1 =1, In fact, we have
XY=YX,X(Y2)=(XY)Z, (X+Y)Z=XZ+YZ, (A1X)Y = MXY),
and XI,=1,X = X for every X € £(B).

Moreover, &(B) possesses the so-called Freudenthal property, i.e.,

(F). There exists an element I, = 1 (so-called weak unit) such that
X Al, > 0forevery X > 0.

Note that I, is a strong unit for the vector sublattice ¥ (B), i.e., if
X € ¥ (B), then there exists a positive integer » such that nl, > X. &(8B)
does not possess a strong unit in general.

2.4.1. We define the positive part of X : X* = X v 0

def

the negative part of X : X~ = (=X)vO

def

the modulus (absolute value) of X : | X| = Xt +X".

() Wehave X" 20,X” 20,|X|>0,and |[X| > X* > X.

Q2 X=Xx*-X".

3 X" AX =0

@ 1X|=Xv(-X).

(5 The maps X =X*, X=X~ and X = |X]| of &(B) into itself
possess the properties:

(@ X+)"<X"+Y", (X+Y) <X +Y"~
X+ Y| < |X|+]Y].
(B If 220, then AX)*" = AX™*, (AX)” = AX~ |AX| = }|X],
and if A is any real number, then |1X] = |4] | X].
0 1XY|=]X]]Y].

(6) XvY=Y+(X-Y1)*, XAY=X—-(X-".
Definition. Two elements X € £(B) and Y € £(B) are said to be disjoint
(or orthogonal) if and only if [X|A[Y]| = 0.

Property (F) implies:

(7) The weak (Freudenthal) unit I, of £(B) is orthogonal (disjoint)
only to the element 0.

Exercise. Equivalent to the orthogonality condition [X[A[|Y| =0 are
the conditions

IXIv]Y] =1X]+|Y], and |X|={X|~-[Y]}".
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2.4.2. We note that &(B) satisfies the Archimedean property, i.c.,
(A) IfnX<Y,n=1,2,..,then X <0,
and is a completely distributive lattice, i.e.,

(D) If there exists \/ X, then there exists \/ (X;A Y), and we have:
iel

iel

V (Xia¥) = (i\E/IX,-)AY

and dually.

(Do) I A;eR, i€l, is upper, respectively lower, bounded and
X € £(B), with X > 0, then there exists \/ (4, X), resp /\ (4; X), and
we have iel iel

iel iel

\ (4 X) = (\/ li) X, resp A (4X) = ( A ,1,.) X.
iel iel
In general for every X € £(B) and ;€ R, i eI, we have

V(4 X) = (\/ /1,-) X+—(/\ Ai) X~, resp,

iel iel iel

A GX) = (/\IA) X*-(i\e/lzi) X

2.5. Let X be a srv, i.e,, X €%(B); then there always exist, first, a
finite experiment a = {a,, a,, ..., a,} and second, pairwise different
real numbers ¢, &5, ..., &, such that

) X =1, +61,,+...+E,1, .

This representation of X is uniquely determined and is said to be the
reduced representation of X by indicators.

Consider now an X € £&(B) which is not a srv, i.e,, X ¢ #(B); then,
obviously, there exist first, an infinite experiment a = {a,, a,, ...} and
second, a countable sequence of pairwise different real numbers ¢4, &,, ...,
such that

X: aaaj=>X(aj)=£j i=1L2,...

We shall also write in this case
(R) X = jgl é.i Iaj’

and shall call (R) the reduced representation of X by indicators; the
representation (R) is also unique. We shall justify (R) by a limit process.
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In fact, we remark: If be B, then I, X is an erv, which may be defined as

follows:
I, X: bra;=¢;, forevery jwith bAa; # O,

b*Aa;=0, foreveryjwith b°Aa; # .

If the number of the j with b Aa; # @ is finite, then I, X is a srv and may
be represented as follows:

I, X =3%¢1,,, foralljwith baa;# 9.

Now let s, =a,va,v...va,; we then have s,Aq; =a; for all j<n
and s,na; = @ for all j > n; hence we have

Xn = Is,.X = Cl Ia1+§2 Iaz+~'-+€n1a,.ey(%),
def

for every n = 1, 2, ...; furthermore, we have

ollimX,=X in &(B)t

n—w

In fact, we first have
(B)o-lim s, = (B) (_O/l S, =e,
hence
(E(B)) o-lim 1, = (8(B)) \°_'71 I =1,=1,

because #Z(B) is a completely regular sublattice of &€(B). Now we have
(6(B)) o-limI, X = ((6(B)) o-limI, ) X =1 X = X.

Hence, we have in £(B):
X = olim (& Iyt bo Loyt oA EaLa} = X Gl

We can, therefore, justify (R) by the order convergence in &(B) of the
series on the right to the erv X. Thus the following theorem is true:
Theorem 2.1,

Every X € £(B), where (B, p) is a pr o-algebra, possesses a uniguely
reduced representation by indicators

O X = ; &1, where a={a, n>1}e7(B),

1 About o-convergence and properties of it compare below, Section 3.
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and &,, n 2 1, pairwise different real numbers. The right-hand side of
(I) will be regarded as an o-convergent series 3. &, I, with limit X in
&(B), if the experiment a is infinite.t i
Exercise. Prove: If by, b,,... are any pairwise disjoint events in B
and &, &,, ... any real numbers, then the series i ¢, I, o-converges to

ne

an erv X in (), i.e., there exists an element X in £(B) such that
X=3 &L,

2.6. Let Xe&(B) and let
X = Z éjlaj

izt

be the reduced representation of X by indicators; we shall denote by
B, the smallest Boolean-subalgebra of B containing all a,, a,, ... and
call (By, p) the distribution pr o-algebra of X. The map

Raé=[X<é= \/ aeB

def X(a;)<&

may be considered as an order preserving map of the chain D of all
intervals (—o0,¢), £€R, into B. Hence [X <&], —o0 <& <+ o0,
is also a chain in the Boolean g-algebra B, the so-called spectral chain
of X in B and possesses the following properties:

() olim [X <¢)=8, olim [X <=

2) If&,1¢, then o-lim [X < &) = [X <], ie. [X <] considered

as a function of ¢ is continuous from the left. We call the real-valued
function

3 ¢x(€)d=efp([X <&D, —o<f<+w

the distribution function of X; obviously ¢y is monotone, increasing,
continuous from the left, and such that

Px(—o0) = éyfj]w $x(&) =0, ¢x(+00) = éli‘flm dx(&) = L.

The chain D = {(— o0, &), — 00 < £+ 00} considered as a subset of the
Boolean algebra SB(R) of all subsets of the real line R = (— o0, + 00)

t About o-convergence and properties of it compare below, Section 3.
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g-generates the Boolean o-subalgebra (Borel o-field) B of all Borel
subsets of the real line R. Let now hy be the map

(@) D3(-0,8) = hy((—0,8) = [X <&]eB;

hy is an order preserving map of D into B. It is easy to prove that this
map /i, can be extended to a o-homomorphism hy of the Borel o-field
B into the Boolean g-algebra B. The image Ax(B) of B in B by this
o-homomorphism /iy is the Boolean a-subalgebra By of B, which was
defined at the beginning of this section. We can define on B a quasi-
probability as follows

Py(K) = p(hy(K)) for every K eB;

then Py is g-additive on B, i.e. (R, B, Py) is a Borel pr space, the so-called
« distribution pr space” or  the sample pr space’ of the erv X.
Let
Ny = {AeB: hy(A) = O} = {AdeB: Py(A) = 0};

then My is a o-ideal in B and the quotient Boolean o-algebra B/ is
isomorphic to the Boolean g-subalgebra B, of B. We may define a
probability = on B/ty as follows

n(K/Ny) = Px(K) = P(EX(K)),

for every class K/, € B/9y; then the pr g-algebra (B/9y, n) is isometric
to the pr g-subalgebra (By, p) of (B, p).

We remark that the map (4), and, hence, the uniquely determined
extension of it to a 6-homomorphism /iy of B into B, characterizes uniquely
the erv X, ie., [X <&]=[Y <&] for every £eR (which implies
hx(K) — hy(K) for every K e B) if and only if X = Y.

2.7. In the previous sections, we proved that, to any pr o-algebra (8, p),
there corresponds a vector lattice &(B) which possesses a sublattice
F(B) isomorphic to B, the so-called Boolean kernel of all indicators
I,, beB; J(B) generates a vector sublattice F(B) of the vector lattice
&(B). We shall call £(B) and L (B) the elementary stochastic space
and the simple stochastic space over B, respectively. In the definition
of £(B), L (B) and £(B), we did not use the concept of probability.
To every X € &(B) there corresponds a uniquely determined representation

X = J;l 5]'1”!

by indicators, with &;, j > 1, pairwise different.
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A family X, e &(B), iel, is called a stochastic process. The index set
I of a stochastic process is usually the set of all integer numbers,

I'={.,-2,-1,0,+1, +2,...},
or of all natural numbers, I = {0, 1, 2, ...}, or a time interval,
I={ieRiagi<+w}, or I ={ieR: —o0 <i<+o0}.

In general, any set I or any net (directed system) I of indices may be
used to define a stochastic process X, iel. The different kinds of
stochastic processes are characterized by the index set I and by other
conditions. One is then interested in questions concerning convergence.
There are several kinds of convergence in a stochastic space. We shall
define below in £(B) the more important kinds of convergence, and the
elementary stochastic space £(*B) will be extended to a stochastic space
which will be closed for all these convergences.

2.8. Remark. Let (,p) be a pr algebra (not necessarily a pr o-
algebra); then the class & () of all simple random variables in 2 can be
defined, and it is a vector lattice. The class &(U) of all elementary random
variables in U can also be considered, i.e., for every infinite experiment
a = {a,, a,, ...} existing in A, one can define erv’s. Furthermore, we
notice, if @ and b are two infinite experiments existing in 2, then aAb
exists also in UA; hence, operations can be defined in (), and &(A)
is a vector lattice containing the vector lattice (). Let now (2, p)
be a pr subalgebra of a pr g-algebra (B, p); then (W)= ¥ (B)<=&(B),
but &(A) is not always a subset of &(B), because a = {a,, a5, ...} can be
an experiment in U without also being an experiment in B. In general,

we have © ®
i=1 i=1

&) is a subset of (W), and indeed a o-regular vector sublattice of
&(B), if and only if A is a o-regular Boolean subalgebra of B, equiva-
lently if p is continuous on A. Hence it is recommended in the general
case, to consider only the vector lattice & ().

3. CONVERGENCE IN STOCHASTIC SPACES

3.1. Let (B,p) be a fixed (for this section) pr o-algebra. We shall
briefly denote by & the elementary stochastic space over B, by & the
simple stochastic space over B, and by # the Boolean kernel of all
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indicators of B in &. We shall introduce in & the following kind of
convergence:

Order convergence, briefly o-convergence.

We shall say the sequence X,e&, n= 1,2, ..., o-converges to Xeé&
and write X, -}X, or (§)o-lim X, = X, if and only if there exists a

decreasing sequence U,eé&, n=1, 2, ..., such that

AU, =0
n=1
in &, and |X,—X| < Upn=12, ...

One verifies easily the following statements:
(1) IfX,=Xe& n=1,23, .., then X, — X.
&
2) IfX,> X and X, - Y, then X = Y.
& &

3 IfXx, eé& n=1,2,..,isany subsequence of X, €&, n=1,2, ...,
then: R R
If X,—»X, then X, — X.
& &

The following theorem is true:

Theorem 3.1.

The sequence X,€&, n= 1,2, ..., o-converges to X e &, if and only
if there exists two sequences D,e &, V,e &, n = 1,2, ..., such that
D,<Dysy, VozViuy, Dy<X, <V, n=12..,

and © ©
\VD,= AV,=X in &.
n=1 n=1

Proof. (A) Let U,eé&, U,>2U,;,, | X,—X|<U,, n=1,2,..., and

A U,=0,
n=1
ie., X, - X; then we have
&
-U,<X,-X<U, n=12,..;

hence
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Moreover,
D, <D,y Vo2Voiy, n=12,...,

n n

and

VD=V (X-U)=X+ V/ (-U)=X- AU, =X

n

8

Vo= AN X+U)=X+ ANU,=X
1 n=1 n=1

in &.
(B) Now let two sequences D, < D,,(, V,2V,oy, n=12,...,
in E, such that
DX, <V, n=12,..,
and w -
VD,=AV,=X in &
n=1 n=1
then we have
D, < X,AX, X,vX <V, n=12..

hence
[X,~X|=X,vX-X,AX<LV,-D,=U,
with
UnZUn+1a n= 1, 2’ £
and

Z\ Un= Z\l (V;I_Dn)= 7\ Vn+ /0.\ (—Dn)= 7\ Vn— <7 Dn=0’

n

ie.,

>3
=
il
o
=)
S

k]
il
—

hence o
X, - X.
&

It is easy to show that the following theorems are true:

Theorem 3.2.

If the sequence X,e&, n=1,2,..., is increasing or decreasing
respectively, then:

X,,—0>Xifandonlyif VX,,:X or NX,=X
& n=1 n=1



70 1V. STOCHASTIC SPACES
in & respectively. We write in this case:

X,1X or X,lX respectively.
& &

Theorem 3.3.
IfX,e€,n=1,2, ..., and

/‘il V=V AX=X in ¢

31.1. Forany X,e€,n=12,..,1if

izn jzn
exist in & for every n = 1, 2, ... and, moreover,

/o-\ X; and <0/ N X;

n=1 j2n n=1 jz2n

exist in &, we define

~

i
>

(&)o-limsup X, = A\ V X;

n=1 jzn

-

<8

(&)o-liminf X, =

A X;

Zn

X.
1 -~

n

[

We have in this case:
(&)o-liminf X, € (&)o-limsup X,,
and (6)o-limX, =X ifandonlyif X=X=X.

Theorem 3.4.
(Continuity of the operations). If X, 5 Xand Y,> Y and if
& &

R, n=12, ..,
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with lim 2, = 4, then
n->w

X,vY,>XVY, X,AY,>XAY
& &

X, +Y,5X+Y, X,Y,>XY
& e

]

WX, 50X, X SXl, Xt SX*, X, o X"
& P4 r's &

Theorem 3.5.

(1) IX,] >0 ifand only if X, — 0.
& &

@) X, > X if and only if | X,— X| — 0.
s &

Theorem 3.6.
T he simple stochatic space & is o-dense in &, i.e., for every X € &, there

[
exists a sequence X,€ ¥ ,n= 1,2, ..., such that X, - X.
&

Proof. If XeS < &, then X, = X, n=1,2, ..., satisfies our assertion.
Let Xe& but X ¢ % and let

Ms

X =

j

| 61‘101

be the reduced representation of X by indicators. We write
X, =& 1, +&1,+...+6,1,, n=12,..;

o
then X, - X, because X,=1I; X, where s,=4a;va,v...va, and
&

I, =1, =1; hence, by Theorem 3.4, I, X — 1X = X.
& &

Theorem 3.6a.

Let (U, p) be a pr subalgebra of (B, p), which c-generates (B, p), i.e.,
N = B; then S (W), ie., the simple stochastic space over (U, p), is
o-dense in & (B).

Proof. LetXe% (B)andlet X =¢, 1, +...+&,1, be the reduced rep-
resentation of X by indicators; then since U is o-dense in B, for every
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i=1,2, ..., n, there exists a sequence a;, €W, k = 1,2, ..., with a; % a;.
Hence we have (by the complete regularity of # as a sublattice of &)
Ly = I We write

X, =81, +& 1, +...+E1,., k=12,.,;

then we have (see Theorem 3.4)
X, =&1,, +& 1, +.. &1, 2 E I +E I+ +8, 0, = X,
The reader can prove that Theorems 3.6 and 3.6c imply:

Theorem 3.65.

Any simple stochastic space & () in which W is a Boolean subalgebra
of B with A*° = B is o-dense in & = &(B).

3.2. For any X € & we shall write sx(§) = [X < &], or briefly
s@) = [X <{]

without the subscript X, if the same erv X is meant throughout and there
is no possibility of confusion. We shall call sy(£) the lower spectral
chain of X in B. The upper spectral chain of X in B is defined as follows:

tx() = \/ a;,
X(ap <&
if = .
1 X j§1 ¢; I,

is the reduced representation of X by indicators, for every & with
—o0 < & <+oo.

We shall also need the complementary chains of sy and #y, i.e.,

sx°(Q) = (x(@) = [X 2 &] and 7)) = (&x(©)° = [X > &,
—w < &< 400,

Obviously, the smallest Boolean g-subalgebra of B containing one of
the four chains contains also all others and is identical with the Boolean
o-subalgebra By of B, which is o-generated by the set {a,, a,, ...} (see
Section 2.6). We note that the definition of the functions sy and #y is
independent of the representation of X by indicators. To define sy and
ty we may use not only the reduced but also any representation of X
by pairwise disjoint indicators. The chains s and ¢ are increasing functions
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in the real variable &, the first of them continuous from the left and the
second continuous from the right. Moreover,

(s—0)=t(—0)=0 and s(+o)=1t+xo)=e.

The complement chains s° and #° are decreasing functions in the real
variable ¢, the first continuous from the left and the second continuous
from the right; they satisfy

s°(—0) =t(—w) =e, s(+ ) = t°(+0) = D.

3.3. The following relations are valid between the four spectral chains,
s, t, 56, t°:

(a) If¢ <n, then

SO <) <st) <tlm), s =) = 5(m) = ().

(b) For every £ e R, we have

1(€) = tE+0) = s((+0) = 5(§); () = °((+0) = s°(¢+0) < 5°¢).

1) = 1(6—0) = s(¢—0) = 5(§); #(§) < r*((—0) = 5s°(¢—0) = 5%¢).
Remark. s(E40) = o-lims(n), s(E—0) = o-lims(n);

1, 1,

analogously we define #(£+0), #(&—0).

(c) Let o(¢) be an increasing function defined for every {e R with
values in B which satisfies the condition s(£) < a(£) < (&), for every
£ eR; then we have ¢(¢—0) = s(¢) and a(£+0) = #(&).

(d If Xeé&, Yeé&, then X =Y if and only if s4(&) = sy(£), or
equivalently £,(&) = t4(€), for every é€R.

() If Xeé&, Yeb, then X < Y if and only if 54(&) = sy(&), or dually
sx°(€) < s¢°(8), or equivalently £,(£) = ty(&), or dually #(¢) < (%),

for every £ e R.
The reader can prove that the following theorem is true:

Theorem 3.7.

Let X;eé&, iel, be a bounded family in &; i.e., let two elements Le &
and U € & exist such that
L<X, <0, iel,;
then:

(M i/\If:n(f) fff(f) > ty(©), ie., \/Itf(‘(é) < ().
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(2) (&) is increasing, continuous from the right and t(—~w) = @,
(+ o) =e.
(3 If\/ X, exists and is equal to X € &, then t(£) = tx(£), £ R.
iel

@ /\st,-(f) = a(&) = sy(&), for every LeR.
ie de
(5) 06(&) is increasing and o(— ) = G, 6(+ o) = e; if s(§) = (£-0),
then s() is continuous from the left. aet
(6) If\/ X, exists and is equal to X in &, then
iel

a(¢§—0) = s(£) = sx(%),
for every E€R.

@) \/1 tx,(&) d=r A&) < t,.(8), for every E€R.

(8) A(®) is increasing, and AM(— ) = &, A(+ ) = e; furthermore, if
1(E) = A(E+0), then t(E) is continuous from the right.
def

(9 If \ X, exists and is equal to Y € &, then
iel

ME+0) = HE) = ty(&) for every E€R.
(10) .\/ISx.-(é) = p(&) < s.(8) for every CeR.

ef

(1) p(&) is increasing, continuous from the left and p(— o0) = O,
p(+ ) =e.

(12) If/\ X, exists and is equal to Y € &, then
iel

p(&) = sy(8), for every (eR.

3.4. The spectral chains of a constant variable and of an indicator
are given as follows:

(1) For the constant rv 0, we have

g’ 6 <0 e, é <0
) = { ) to°(§) = {

e, £20 9, {20

9, £<0 e, (<0
50(¢) = { , 50°(¢) = {

e, £>0 g, £€>0
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(2) For any constant v X = Ae R, we have

g, E<i e, E<A
10 = { , ANGE {
e, =22 g, £z
9, £<i e, £
5,8 = { » 5,58 = {
e, &>14 g, &£>12
(3) For any indicator I, with ae B, we have
9, ¢E<0 e, (<0
4,8 = {ac, 0<é<l , 5. = {a, 0<é<1
e, 1<¢ g, 1<¢
g, £<0 e, £<0
5.6 = [ac, 0<é<gl | 57,0 = {a, 0<é<i
e, 1<¢ g, 1<

3.5. The following theorems are immediate consequences of Theorem 3.7.
Theorem 3.8.
If X,t and
\f/l X,=X iné,
then

V5.0 =650 A nO=60,

Jor every E€ R, and dudlly if X,| and

X,=Y iné,
=1

then

1>

5.0 = 5@ and V52,0 = 510,

Jor every E€ R.

Theorem 3.9.
IfX,e8,n=12, .., with

<8

X,=Xeé,

3
]
[



76 IV. STOCHASTIC SPACES

then
O = V 5,0, 6@ = N\ @), forevery ek
i .
AX,=Ying
n=1
and ©
A 5.0 = 1),
n=1 def
then 1,5(8) = A(E+O).

Theorem 3.10.

IfX, > X and
&

8

AV tﬁ,(é)i (&)

n=1j2n
and -
VN 15,0 =A%), EeR,
n=1jzn def
then HE+0) = M*E+0) = 1)),

for every E€R.

4. O-CONVERGENCE IN & WITH RESPECT TO A VECTOR
SUBLATTICE OF ¢

The o-convergence can be generalized first for nets instead of sequences
and moreover to an o-convergence in & relative to a vector sublattice of
&, for example, the vector sublattice R of all constant rv’s or the vector
sublattice of all srv’s. These generalizations will briefly be stated in this

section.

4.1. A set [ of indices is said to be directed if and only if a reflexive and
transitive relation “ > > is defined in I, having the so-called Moore-
Smith property:

given i, €l, i, €l, there is some i; €l such that iy > i, and i; > i,.
A family X,;eé&, iel, in which I directed, is called a directed family or
briefly a net X; €8, iel.

The set N = {1, 2, ...} of the natural numbers with the relation « >
is directed and a sequence X, € &, ne N, can be considered as a net.
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The cartesian product N x N can be directed by the so-called cartesian
ordering, i.e., (ny, ny) = (n,’, n,') if and only if n, > »n,’ and n, = n,".

A net X;eé&, iel, is decreasing or increasing, denoted by X;| or X1,
if and only if / > j implies X; < X; or X; > X respectively.

42, Let & be any vector sublattice of &, for example # = R or &;
then we say:

A net X;eé, icl, #-o-converges (or o-converges with respect to %)
to X € &, denoted

F-olimX,=X or X,>X iné,
iel, > F

if and only if there is a decreasing net U; e %, iel, such that
IX;—XI<U, iel, and (F) AU;=0.

iel

The following theorem is true:

Theorem 4.1.

F-o-limits of nets (resp of sequences) are unique in & if and only if F
is regular (resp o-regular) in &.

Remark. & is regular (resp o-regular) in & if and only if, for every
decreasing net X; e &, iel, with

(g:) /\ X;= 0
iel
(resp for every decreasing sequence X, € &, ne N, with (%) /\ X, = 0) ,
neN

we have ENX, =0 (resp @ A X, = 0) .
neN

iel
Proof. Let the #-o-limits of nets be unique and let a decreasing net
X;e F with (#) A\ X; =0. Suppose that & is not regular; then there is

iel
an Y €& such that X; > Y > 0, for every iel, ie, (§) A X;>0 or

iel
/\ X does not exist in &; then we have
iel
IX,~Y|=X,—-Y <X, iel,
with (#) \ X =0,
tel
hence F-0-lim(X;—Y)=0 iné,

iel
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ie., F-0-limX; =Y >0
iel
but (#) /\ X; = 0and X; decreasing imply #-o-limX; =0; in other
iel iel

words in this case the & -o-limit is not unique (contradiction!).
Let now & be regular in &, and F-o-lim X; = X for the net X, iel.

iel
Suppose also F-o-lim X; = Y; then there are decreasing nets U, e &
iel

and V;e &, iel, with |X;—X| < U; and |X;—- Y| <V, iel, and

(9")/\U =0 and (%)/\IV = 0.
Then
X=-Y|=X-X;+X,-Y| < |X,-X|+|X;,-Y| < U;+V, iel,
but (#) /\I(Ui+Vi) = (%) /\IUi+(9")iE/\I V;=0,
hence [ X—Y|=0,ie., X = Y.

The proof in the case of sequences is analogous.

4.3. We note that in the case & is regular (resp o-regular) in &, in
which the uniqueness of the & -o-limits is secured, the following state-
ments are true:

F-ollimX; =X and F-olimY;=Y

iel, > jel, >

(resp in the case I = J = N), imply

F-olim (X;+Y) = X+ Y,

(i, elxJ
F-o-lim(X;vY) = (XvY)and dually,
(i, eIxlJ
F-o-lim(—X) = -X, F-o-lim | X | = | X]|.
iel, > iel, >

If 2;eR, iel, with lim 4; = A, then F-o-lim 1; X; = 1X.

iel > iel, >

t As to the product X; Yj, (i,/), one cannot always show F-o-lim X, ¥, = XY, but
always (£)-o-lim X, Y; = XY.
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If I = J, then
F-o-llim (X, +Y)=X+7Y,
iel, >

F-o-lim (X;v Y) = Xv Y and dually.

iel, >

4.4. The set R of all real numbers, considered as a vector sublattice of
&, is regular in &, hence R-o-limits of nets are unique. It is easy to
prove that R-o-convergence in & is essentially equivalent to the so-called
uniform convergence, briefly, u-convergence in &. We say:

anet X;€é&, iel, u-converges to X in & if and only if, for every ¢ > 0
there is an index iy(e)el such that |X;—X| < ¢, for every i > iy(e),
iel.

We note that & is also a regular vector sublattice of &. In fact, if
X;e¥,iel, is a decreasing net with

& ) /\ X;=0,

iel

then A NX,=0;

iel

for,if thereisaZef,Z¢ <, ie.,

M8

Z= Cilc,-’

1

with Z > 0 and X; > Z > 0, for every iel, then there is a ¢; # O with

{; >0, hence {;I,,>0, and {;I e, with X; >Z > (;I., jel, which
is a contradiction to
(&) /\ X;=0.
iel

Hence &-o0-limits of nets are also unique.

4.5. F-o-fundamental nets resp sequences. Let F be any vector sub-
lattice of £. A net X;e &, iel, is #-o-fundamental if and only if

F-o-lim (X;—X;) =0 (resp F-o-lim (X,—X,) = 0).

@G, heIxI (n.m)eNxN
Here IxI (resp NxN) is directed by the cartesian (co-ordinatewise)
ordering. In view of Theorem 4.1, we assume that & is regular (resp
o-regular) in &; then it is easy to prove that, if X;e &, iel, and Y€,
jeJ, are two Z-o-fundamental nets, then X;+Y, X;AY, X;vY,
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G, DelxJ, —X,, |X,|, ielt are also F-o-fundamental nets. Particu-
larly, that is true if I = J = N, i.e., if the two nets are sequences. More-
over, if I = J, then X;+ Y, X;vY, X,AY, iel, are ¥-o-fundamental
nets.

4,6. 'We now restrict our study to & -o-convergent and % -o-fundamental
sequences, and assume that & is g-regular in &. The following proposi-
tions are true:

4.6.1. A sequence X,€&, n=1,2, ..., is F-o-fundamental, if and only
if there is a decreasing sequence U,e #,n =1, 2, ..., such that -

F)YNU,=0 and |X,—X,ul <U,, n=12,..., k=12, ...
n=1
Proof. Let X,eé&, n=1,2,..., be F-o-fundamental; then there is a

decreasing double sequence U, € %, (n, k)€ Nx N with

('g;) /\ Un,k =0 and IXn_Xk‘ < Un,k

(n, k)eNxN
for every (n, k)e NxN. WesetU,=U, ,,n=1,2,...; then
an_Xn+k| < Un,n+k < Un,n = Um n=12..

and obviously I
&) A\ Up=0.
n=1
Conversely, let
Xp—=Xpell €U, n=12,..., k=12,..,

with U,e &, n =1, 2, ..., decreasing, and
(F) /\ U,=0.
n=1

We set U, ; = Upine, 1y then U, , is decreasing with

('97) /\ Un,k=0

(n, k)e NxN

and 1X,~Xprl SU, o n=1,2 .., k=12, ....

T As to the product X; Y;, (i,j) € IXJ, one cannot always show that it is #-o-funda-
mental, but it is always &-o-fundamental.
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Hence X,e&,n=1,2, ..., is #-o-fundamental.
Now it is obvious that the two following propositions are true:
4.6.2. F-o-lim X, = X in & implies &-0-lim X, = X in &.%
4.6.3. If X, €& is F-o-fundamental, then it is also &-o-fundamental.

464. If X,eé,n=12, .., olimX,=Xed,and X,,n=1,2, ...,
is F-o-fundamental, then F-0-lim X, = X.

Proof. Let A,eé&,n=1,2, ..., be decreasing with
&) 7_'\1 A4,=0 and |X,~X| <A, n=12, ..,
and, moreover, let U, e &, n =1, 2, ..., be also decreasing with
@ AU, =0,

and [ Xp=Xpsil <U,, n=12,..., k=1,2,...;
then, foreveryn=1,2, ...,
|Xn_X| < IXn'—Xn+kI+|Xn+k_X| < Un+An+k;

hence ® o
|Xn_X| < (éo) k/—\l (Un+An+k) = Un+(é0) k/—\l An+k = Un
ie., X,—-XI<U,, n=12,.., ie,

F-o-llmX, = X.

465 IfX,e€,n=1,2,..,and F-0-lmX,= X, thenX,,n=1,2, ...,
is & -o-fundamental.

Proof. LetU,e#,n=1,2,..., be decreasing with
(%) /\ U,=0 and |X,-X|<U,, n=12,..;
n=1
then
|Xn_Xn+k| < IXn_X|+|X_Xn+k| < Un+Un+k < Un+Un = 2Un
But 2U, is decreasing with
A 2u, =0,
n=1

ie, X, n=12, ..., is F-o-fundamental.

[
t It is obvious that £-¢-lim X, = X in X coincides with X, = X defined in Section 3.1.
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The following fundamental Lemma is true:

Lemma 4.1.

A sequence X, € &, n= 1,2, ..., is F-o-fundamental, if and only if there
are two sequences Y,e & andZ,€ &, n= 1,2, ..., such that Y,,n= 1,2, ...,
is increasing, Z, n=1,2,..., is decreasing, with Y, < X,<Z,
n=1,2,...,and F-0-lim(Z,-Y,) = 0. Inthiscase Y,andZ,,n = 1,2, ...,
are also F-o-fundamental, and, if X,, n = 1,2, ..., is & -0-convergent, then
they are also F-o-convergent.

Proof. Suppose there is a decreasing sequence U,e #, n=1,2, ..,
such that

| Xy=X,ell €U,, n=412,..., k=1,2,..,
and o
(F) AU, =0;
n=1
then X,-U, <X, £X,+U, forall n<m,

ie,forn=1,2,...,m. Weset

Ym = \/ (Xn_Un)’ Zm = /_\1 (Xn+Un)'

n=1
Clearly,
Xu—-U,< Y, <£X,£2,<X,,+U,, m=12,..,
which implies
zZ,-Y, <X,+U)-(X,-U,) =20,
ie., F-o0-lim(Z,—Y,) =0.
The rest of the proof is obvious.

Thus an #-o-fundamental sequence is of the same nature as an & -o-
convergent, except that it may lack a limit.

Lemma 4.2.

If X, €8, n=1,2, ..., is F-o-fundamental then so is the sequence
X, X vX,, X, vX,vX,, ..., and its dual, also.

Proof. Suppose there is a decreasing sequence U, e & such that

| X,— X, €U, n=12.., and (%) A\ U,=0.
n=1
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We set Y ,=X,vX,v..vX,
then
Y= Youdl = (X, VX,V VE VX,
— (X, vX,v.vX)VvX,s V. VXDl
and according to (13) of Appendix II, Section 1,
Xo=Xpa 1 Voo VXl S Xy 1 = Xl Ve VX~ Xl < U,
ie., 1Y, — Yol < U, n=12 .. k=12 ...

Theorem 4.2.
Every % -o-fundamental sequence is bounded in &.

Proof. Suppose there is a decreasing sequence U,e &, n=1,2,..,

with IX,—X,il €U, n=12 ..
then 1X,—X,| < U,, n=12,..;
hence Xl—Ul\X,,\Xl-f-Ul, n=12,..

with X, -U, €€, X,+U,eé&; ie., X,, n=1,2, ..., is bounded in &.

Theorem 3.7 and the previous theorems imply the following three
theorems:

Theorem 4.3.

If the sequence X, e &, n= 1,2, ..., is bounded in &, ie., if L and U
exist in &, such that
L<X,<U, n=12..,

. \?/ 1%, = A9, \_/ />\ t%,(0) = A*(@), LeR,
then ME+0) = A*(¢+0),
for every £ € R, X&) and 1*(&) are decreasing with
AM—o0) = 2*(—0) =e, A(+00) = A*(+0) =

and

>8

and, moreover,
AE+0) = A*(¢+0)

ifand only if X,e&, n= 1,2, ..., is an &-o-fundamental sequence.
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Theorem 4.4.
Let X,e&,n=1,2,..., X€&, and write

[e 8]

6($) = \/ Slcxj—m(é), {eR;

n=1 jzn
then X, Sx if and only if
¢ e for £€<0
6(5_0) = >
g for £€>0

or if and only if
AV s-x@ =0
n=1 jzn

for every & >,0./’/

Theorem 4.5.

Let X,e&,n = 1,2, ..., be an &-o-fundamental sequence in &, and write

@ =N V s-x©

j=1 nk2j

for every E€ R. Then o(§) = O, for every £ > 0.

4.7. In this section the &-o-convergence, &-o-convergence and R-o-
convergence will be compared. In the following, we will say o-con-
vergence instead of &-o-convergence and uniform convergence briefly

o
u-convergence instead of R-o-convergence, and it will be written X,— X,
u F-o0 &
or X,—» X, or X, — X, if the sequence X,eé,n=1,2,..., o- or u-
4 &

or F-o-converges to X in & respectively.

Analogously, we will say o-fundamental, u-fundamental instead of
&-o-fundamental, R-o-fundamental respectively. Clearly, u-convergence
resp u-fundamentality implies &-o-convergence, resp & -u-fundamentality,
and this implies o-convergence, resp o-fundamentality. Conversely, an
o-convergent, resp o-fundamental sequence does not always u-converge;
for example, if a = {q,, a,, ...} is a infinite experiment, and we set

X,= 3 kI, X=3 kI,
k=1 k=1

then we have X, - X, but X,, n=1, 2, ..., does not u-converge to X.
&
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The following theorem is true:

Theorem 4.6.

Ifasequence X, € &,n = 1,2, ..., is u-fundamental, then there is a positive
number 6 such that |X,| €6, n = 1,2, ..., i.e., any u-fundamental sequence
of simple random variables is always bounded by a constant.

Proof. Thereis a decreasing sequence of positive numbersd,,n =1, 2, ...,
such that

[ X=Xkl <0, n=1,2,..;
hence X, -6, <X, <X, +6,,
foreveryn=1,2, ..., and

Xl € [X =8, VX +6,| = Y e,

i.e., there is a finite experiment

a= {al’ aZa erey an}
such that

M=

Y =

with &, > 0; we set § = max {£,, &,, ..., &,} € R; then

61' Iat

"

1

0<|X,|<Y<é forevery n=1,2,...

4.8. Two sequences X, €&, Y,e&, n=1,2, ..., are said to be o-equiva-
o u
lent or u-equivalent in & if and only if X,—Y,—-0 or X,—Y, :» 0
&
respectively; then we shall write
{X.} ; {Y,} or {X,} ~{Y,} respectively.
In general, the previous sequences are said to be F-o-equivalent in

F-o0
&, if and only if X,— Y, — 0; we shall then write
L4

F-o
{X,} = (%}
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Theorem 4.7.
Let X,, X,*, Y,, Y,*,n= 1,2, ..., be any sequence in &; then, if

F-0 F-0
X} = {Y,} and {X,*}={Y,*},
we have
F-0 F-o0
X, 2 X, 5}~ {Y, 2 1%}, {X,vX,* = {Y,vY*
and dually,
F-0 F-0
{AX,} = {4V}, {X.I} = {lY.l};

The product {X,X,*} is o-equivalent, but not always & -o-equivalent,
ifF #6.

The reader can prove

Theorem 4.8.

(1) Let
X,eé, n=12 ..,

and

VoA 5@ = A0,

n=1 jzn

A Vsn@=p@, teR.

Then X,, n = 1,2, ..., is o-fundamental, if and only if A(E—0) = p(£-0),
for every £€ R, and moreover, the sequence X,, n = 1,2, ..., is bounded
in &, or, equivalently, p(—o0) = @ and A(+ o) = e; in that case we define

S (@) = AE—0) = p(£-0).

(2) Two o-fundamental sequences {X,} and {Y,} are o-equivalent if
and only if

Sxy (&) = 81y, (&), for every E€R.

Theorem 4.9.

F-0
If {X,} = {Y,} and one of the given sequences is F-o-fundamental, then
the other is also & -o-fundamental.
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Now we shall prove the following:

Fundamental Theorem 4.10.

If X, € & is an o-fundamental sequence in &, and F is a c-regular vector
sublattice of & such that R = &, then there exists an F -o-fundamental
sequence Y,e &, n= 1,2, ..., such that

(X}~ {Y,}in&.

Proof. Tt is sufficient to prove the theorem if & = R, i.e., for a u-
fundamental sequence; then every u-fundamental sequence is also a #-o-
fundamental sequence. We may assume X, 1 and X, > 0 without any
loss of generality, for Lemma 4.1 implies the existence in & of an o-funda-
mental increasing sequence, which is o-equivalent to the given o-
fundamental sequence X,, n =1, 2, ...,. We write

o(&) = Z\lsX"@) and s(8) = 0(6~0), EeR;

then s(¢) is increasing and continuous from the left, with s(— ) = @,
s(+o0) = e. Now we define

m+1 m m=0,1,2,...
a'”"=s( " )Asc( ")’ [ ’
2 2 n=0,1,2,..

and we have € =dg,Va,V...
with Ay NG, = D, i #j.
Hence a, = {Aop Aps -}

is, for every n =20, 1,2, ..., an experiment. We define the following
erv’s: m
Y,: a,24a,,= ?— = Y, (@) ER,

- m+1 -
Y,: a,2a,,= = Y, (a,,) €R.

'mn " -

Obviously, we have

1
2’
ie., {¥) and {Y,} are u-equivalent. We shall prove that Y,t, ¥,], and
both are u-fundamental. We have

Y,-Y, = n=12..,

k m

Yn+1_Yu: an/\anJrl3am,n/\ak,n+l=> 2u+1 - n ’
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for all
am,n/\ak,n+1 # g'
7 T <0

i.e., k < 2m, then
amn A ak, n+1 = Q'

In fact, since k < 2m, we have
k+1 m

2n+l < 2n 4

Le. k k+1 _m  m+l
2n+l < 2n+1 = b < o ’

hence, since s is increasing, we have

k k+1 m m+1
s(2n+1)<s(2n+l SS 2n SS( 2n ’
. m)A m+])_s m+1)_s m)

=5 s( > ‘( Py (2"

A K k+1 k+1 k
ak,n+1=s(2n+1)’\s(2n+1)=s(2n+1 —s(2n+1 .

Thus, a,,, and a, . are disjoint. If

and

amnAak,n+1 # g,
we always have

k m
7 2

hence Y,,,—Y, >0, ie, Y,7. Similarly it can be proved ¥,|. Now,
Y,1, ¥, and

n 2'|
implies that both sequences Y,, ¥, are u-fundamental.
We shall prove now that both sequences Y,, Y, n=1,2,..., are
o-equivalent to the sequence X,, n=1,2,.... In fact, X,T, Y,1; hence
53O, sy, (©)l. Moreover,

0

N 5x.8) = o(9)

n=1
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and 7\ 5y.() = $() = 0 (¢~0);

hence, by Theorem 4.8 R u
X} ~ {Y} =~ {Y,}.

The following theorem is also true:

Theorem 4.11.
If X,€é, n=1,2, ..., is an o-fundamental sequence in &, then there

exists an o-fundamental sequence Y,e £, n = 1,2, ..., such that {X,} ~{Y,}.

5. EXTENSION OF THE ELEMENTARY STOCHASTIC SPACE

5.1. The vector lattice & of all erv’s over a pr g-algebra (B, p), considered
as a lattice, is conditionally complete (with respect to the lattice opera-
tions), hence closed with respect tc the o-convergence and u-convergence,
if and only if the Boolean g-algebra B is atomic. If the Boolean o-algebra
B is not atomic, then & is not conditionally complete. We shall call a
vector lattice &7 a g-extension of &, if and only if (1) & is conditionally
ag-complete, considered as a lattice, and (2) the vector lattice & can be
embedded o-regularly (o-invariantly) in /. Let &/ be a o-extension of &
and &* an isomorphic and o-regular (o-invariant) image of & into &7;
then the o-extension .« is said to be a minimal o-extension, if and only if
the smallest vector g-sublattice of 7 containing &* is of itself. We shall
prove that a o-extension of & can always be defined, which, considered
as a lattice, is even conditionally complete, hence closed with respect to
the o-convergence and u-convergence, and moreover closed with respect
to the convergence in probability and almost uniform convergence, which
will be defined in Section 7.

5.2. Let &, A, and A be the set of all o-fundamental, all o-convergent,
and all o-null sequences in & respectively. Then we have

Fa2AH 2.
We define in & the following operations:
Let {X,} €& and {Y,} € #; then we define
X} +{Y} = {X,+ Y}, (XHL}={X, 1)}
MX,} = {1X,}
{Xpv{Y}={X,v Y}
XA (Yo} = {XA Y}
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It is easy to prove that & is a vector lattice with respect to these
operations, J is a vector sublattice of &, and A is an l-ideal in A .
The map

E3X={X)eF with X,=X, n=12 .., (1)

embeds the vector lattice & isomorphically with respect to all operations
and completely regularly (invariantly) with respect to the lattice operations
in #, ie., if X = (&)\/ X;, where I any set of indices then

iel

X = AV X

and dually, where X, = X, and X;,, = X, n=1,2, ..., iel.

It is easy to prove this statement, if one notices that {Y,} < {Z,} in
& ifand only if ¥, <Z,in & n=1,2,.... The sets /A and KA [N
(# mod A" and A mod A") of all classes {X,}/A", {X,} € &, and {Y,}/.A,
{Y,} e &, constitute respectively a vector lattice ¥" = % /A" and a vector
sublattice £* = A"/ of ¥". Note that a multiplication of two elements
of ¥ if defined in ¥7, and ¥  is, with respect to addition and this multi-
plication, an algebra with unit. The map

E>3X={Y}/ A, where Y, =X, n=12,.., 2)

embeds the vector lattice & isomorphically and completely regularly
(invariantly) in ¥". The vector sublattice &* is the image of & under this
map. Hence, the vector lattice ¥~ may be considered as an extension of
the vector lattice &. We shall prove that ¥ is 2 minimal o-extension of
&. The image of X e & in &* will be denoted by X. In general, a class
{X,}/ A& € will be denoted by [{X,}]. We shall prove the following:

Theorem 5.1.

If {X,)e%Z, then o-limX, = [{X,})] in ¥, ie., the vector lattice &,
identified with its image &* and in this way regarded as a vector sublattice
of ¥, is o-dense in ¥".

Proof. Lemma 4.1 implies the existence of two o-fundamental monotone
sequences 4,1, B,] in & such that 4, < X, <B, n=1,2, ..., and

B,—A,—0; then 4,1, B,|, 4,<X,<B,n=1,2,.., and
&
B—-14,50
in¥". Obviously [{X}]=> A, k=1,2,.... Let [{Y})]= A, k=12, ....
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We can suppose that Y,|; then Y, > A4,, k=1,2,..; ie,
[{Y3] = [{4d] = {X3)

Hence we have
{x)1=V 4= A\ B, in v,
k=1 k=1
and o-lim X, = [{X,})] in 7.
k-

The following theorem is true:

Theorem 5.2.

The vector lattice ¥ is closed with respect to the o-convergence, i.e.,
every o-fundamental sequence in ¥~ o-converges in ¥ .

Proof.t In order to prove this theorem we can prove, as in Theorem
4.10, that to every o-fundamental sequence in ¥~ there corresponds
a u-fundamental sequence in ¥, which is o-equivalent to it. Hence, it
suffices to prove that 7" is closed with respect to the u-convergence.

Let [{X,,}]e?, k =1,2,..., be a u-fundamental sequence, where the
sequence X,, n = 1,2, ..., is a u-fundamental sequence in &, for every
k=1,2,...; then we have

wlim X, = [X, 3, k=1,2,....

Let ¢, k = 1,2, ..., be a monotone null sequence of positive numbers.
Then, for every k, there exists an index »n, such that

1B = UXad <& k=1,2,....

X k=1,2, ..., is a u-fundamental sequence in &*; hence X,, i
k=1,2, ..., is a u-fundamental sequence in &, which defines a class
[{X,. «}1e¥ . This class is the u-limit of the sequence )?,,k. wk=12,..,
in ¥°. But the sequence [{X, ;}}, k =1, 2, ..., is u-equivalent to X e,
k=1,2,.... Hence, we have

wlim [(X,, )] = [{(Xp, ] in ¥

1 A different proof, dealing with the general case of an abelian lattice-group, is given
in Papangelou [2], Corollary 4.5. See also Theorem 3.2, Chapter VII.
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The Theorems 4.1 and 4.2 and the property 4.6.4 formulated for ¥~
instead of & imply:

Corollary 5.1.

If B is any vector sublattice of ¥~ and regular in ¥~ (for example, R,
&, &, considered as vector sublattices of ¥~ are regular in ¥"), then ¥ is
closed with respect to the #-o-convergence, i.e., every %-o-fundamental
sequence in ¥V is JB-o-convergent in ¥, hence also ¥ -0-convergent =
o-convergent in ¥". The vector lattice & considered as a vector sublattice
of ¥ is #-o-dense in V.

5.3. We shall call the vector lattice ¥~ the stochastic space over (B, p)
and shall regard the elementary and simple stochastic spaces § and &
respectively as vector sublattices of ¥, i.e., < & < ¥". We will denote
the elements of ¥~ by capital letters X, Y, Z, ... and will call them random
variables, briefly rv’s. We proved in the preceding section that & is
o-dense and u-dense in ¥". Since & is o-dense, exactly &-o-dense, in &,
we can prove that & is &-o-dense in ¥ and therefore o-dense = ¥ -o-
dense. Obviously & is not u-dense in ¥”; because every u-fundamental
sequence in& is always bounded by a constant (see Theorem 4.6); hence
it u-converges to an element in ¥”, which is bounded by a constant,
whereas there exist elements in ¥”, which are not bounded by a constant.
For every rv X € ¥, there exist sequences X, € & and Y, € & respectively,

such that
ulimX,=X and olmY,=X in ¥.

n— oo

Then we can prove that
o-lim sup sy (&) = 6(¢)
and o-lim inf sy (§) = a(¢)

exist and we have

6(¢—0) =0((—0) = a(d);
the function ¢(£) is increasing, continuous from the left, and such that

o(~ ) = @, o(+ ) = e; it is independent of the choice of the sequence
X, with u-lim X, = X. Moreover, every sequence Y,e& or & with

o-lim Y, = X defines by the foregoing the same function ¢(¢). Thus
we write

X < f]:r sx(€) ;fo'(é) =d(¢-0)=0(-0), —oo<&<+oo.
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There also exist
o-lim sup ty, (&) = 7(¢) and o-liminf#y (&) = 7(%),
and we have:
(&) d=d'E(£+0) = 1({+0), for every (eR,

independently. of the choice of the sequence X,e& with u-lim X, = X
or o-limX, = X in ¥. Hence we write

[X <& d-——f tx (&) d=f1'(f) = 7((+0) = 7(£+0), for every {eR.

The function #4(£) is monotone, increasing, continuous from the right,
and such that fy(—o0) = &, t5(+00) =e. Now, we define

[X > ¢l =5x°(0) and [X >{] = (), —o0 <&< +0.

The chain {X < ] = sx(£) or [X < €] = t4(€) characterizes uniquely the
rv X, ie., sx(€) = sy(€), for every é€R, if and only if X =Y in ¥
Conversely, if s(£), —oo <& < +o0, is any monotone, increasing,
continuous from the left function in ¢ with s(—o0) = G, s(+®) = e,
then there exists a rv X € ¥” such that s(&) = s4x(&), for every £eR.

54. Let X;e¥, iel, be a bounded family in ¥"; then
IE/\I sx () = a(&)

exists for every £ € R. We write 6(&—0) = s(¢), £ € R; s(£) is increasing, con-
tinuous from the left, with s(— ) = G, s(+ o) = e. Hence, there exists
a rv X € ¥ such that sy(£) = s(£). It is easy to prove that X = \/ X,.

iel
Moreover, \/ sx(&) = p() exists for every £€R and is increasing,
iel
continuous from the left, with p(— ) = &, p(4 ) = e. Hence there
exists a rv Y € ¥” such that p(£) = sy(¢) for every £ e R. It is easy to prove
that Y = /\ X ;. Thus the following theorem is true:
tel

Theorem 5.3.

T he stochastic space ¥, considered as a lattice, is conditionally complete,
i.e., for any bounded family X, i€l, in ¥, there exist \/ X; and \ X,
respectively in V. iel iel

5.5. Let B be the o-field of all Borel subsets of the real line R; then
the set D of all intervals (—o0,%) = i, £€R, is a chain in B, which
o-generates B, i.e., B is the smallest o-field of subsets of R containing .
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The map
Deig=>hy(iy) = [X <{]eW, {eR,
def

can be extended from D to B so that the extension iy so obtained is a
g-homomorphism of the o-field B into the Boolean og-algebra B. We
have fiy(4) = hy(A), for every AeB, if and only if X = Y. Moreover,
if ¢ is any g-homomorphism of B into B, then the restriction ¢(iy), i;€ D,
defines a chain: s(§) = ¢(i))e B, £eR, in B, which is increasing, con-
tinuous from the left, with s(—o0) =@, s(+ o) =e. Hence there
exists a rv X € ¥~ such that sy(£) = s(§) for every £e€R. In this way,
a one-to-one correspondence between the set of all s-homomorphisms
of B into B and the set ¥~ of all rv’s is defined.
Now, since the function:

Py(4) = p(hy(A)), forevery Ae€B,

is a quasi-probability on B, we can assign to X a uniquely defined pr
space, the so-called “distribution pr space” or the ‘“ sample pr space’
of X: (R,B, Py). The chain sx({), —o0 <{ < 400, o-generates a
Boolean g-subalgebra B, of the Boolean g-ailgebra B; then (By, p) is the
distribution pr o¢-algebra of X. Thus to every rv X € ¥, there correspond
uniquely a pr space (R, B, Px) and a pr o-algebra (By, p). Let Ry, be the
g-ideal of all K eB with P,(K) = 0; then B/, is a Boolean s-algebra
isomorphic to By, and, if we define

n(K/Rx) = Py(K) = p(hx(K)),

for every class K/9y e B/, then (B/Ny, ©) is a pr o-algebra isometric
to the pr o-algebra (By, p).

5.6. Let (Q, &, P) be a pr space, which represents set-theoretically the
pr c-algebra (B, p). Let, moreover, N be the o-ideal of all Ae § with
P(A) = 0; then there exists an isomorphism ¢ of the quotient Boolean
g-algebra F/N onto the Boolean oc-algebra B. A real-valued point
function f defined on Q is said to be measurable (&) if and only if
f Y K)e g, for every KeB; f~' is, obviously, a Boolean 6-homomor-
phism of the o-field B of all Borel subsets of the real line R into the o-
field §, ie., ¥(K)=f"'(K)/9 is a Boolean o-homomorphism from
B into the quotient Boolean g-algebra §/Jt. We write

h(K) = (W (K)) = ¢(f "'(K)/M) e B, forevery KeB;

then % is a Boolean o-homomorphism of B into B induced by the
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measurable (§) function f; obviously, if another measurable (&) function
g is almost everywhere equal to f, then g induces, by the foregoing, the
same Boolean o-homomorphism % of B into B. A class of almost every-
where equal measurable () functions defines uniquely a Boolean o-
homomorphism 4 of B into 8. Now a rv X € ¥ corresponds uniquely
to this o-homomorphism A. Conversely, R. Sikorski [1] has proved
that for each Boolean g-homomorphism # of B into B, there exists a
measurable (&) function f defined on Q, such that f induces, in the same
manner as above, the given Boolean s-homomorphism of B into B.
Now, if X is a rv in ¥/, then there exists a Boolean s-homomorphism
hyx of B into B, such that hy(iy) = [X <¢], i;eD. To this Boolean
g-homomorphism corresponds a measurable (&) function f defined on
Q such that f induces sy. The function f belongs to a class of almost
everywhere equal measurable (&) functions and each of them induces
the given Boolean o-homomorphism. In this way, we have a one-to-one
correspondence between the rv’s of the stochastic space ¥~ and the classes
of almost everywhere equal measurable (&) functions defined on Q.
The following theorem is true:

Theorem 5.4.

Let (B, p) be a pr o-algebra and (Q, §, P) be any pr space, which repre-
sents set-theoretically the pr c-algebra (B, p). Let ¥~ be the stochastic
space over (B, p) and M the set of all measurable (&) real-valued functions
defined on Q. Then every rv X € ¥ is uniquely characterized by a class
of almost everywhere equal elements of M, or by a Boolean 6-homomorphism
hy of B (= the o-field of all Borel subsets of the real line R) into B, or by
an increasing, continuous from the left, chain sx(§), — o0 < &+ 00, with
Sx(—o0) =0 and sy(+ o) =e. To every X eV there corresponds a
real-valued function ¢x(&) = p([X < &), —o0 <&+ 0, the so-called
distribution function of X, which is incredsing, continuous from the left,
with ¢x(—0) = 0, ¢px(+ ) = 1.

5.7. Note that is is possible for different rv’s X and Y to have equal
distribution functions ¢, and ¢y. Two rv’s X and Y are said to be
equimeasurable if and only if ¢ (&) = ¢y (€) for every EeR. Therv’'s of a
family X;e ¥, iel, are said to be p-independent, if and only if the
Boolean o-algebras By, iel, are p-independent (see this concept,
Section 5, Chapter III).

Let now X, iel, be a family of not constant rv’s in the stochastic
space ¥ (B, p) over any pr o-algebra (B, p); then the following problem
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can be set: Is there in ¥'(B, p) a family Y,, iel, of p-independent rv’s,
such that every rv X, is equimeasurable to Y;, i.e., ¢x (&) = ¢y,(£), icl?
Section 5 Chapter III implies an answer to this question: there is in
¥ (B, p) a family Y,, iel, of p-independent not constant rv’s if and only
if there exists a pr g-subalgebra (U, p) of (B, p) isometric to the product

o-algebra (§, 7?) =P (By., p:), where p; = p, iel.
iel

6. THE STOCHASTIC SPACE OF ALL BOUNDED RANDOM
VARIABLES [rv’s]

6.1. A rv Xe7¥ is said to be bounded if and only if there exists a
constant 7 such that | X] < n. Now let .# be the set of all bounded rv’s
in ¥7; then . is obviously, a vector sublattice of ¥", the so-called
stochastic space of all bounded rv’s. Obviously, the stochastic space
& of all simple rv’s is contained in .# and, moreover, is u-dense in #,
i.e., for every X € # there exists a sequence X, €&, n=1,2, ..., such

u
that X, — X. In fact, there exists two constants « and f such that
M

o< X < f. Lete, 0, ¢,€R; then there exists a finite set of real numbers
=80 <&y <..& i, =B such that ¢, ,.,-¢, ;<e, for every
i=0,1,2,..,k,—1. We obviously have [X <¢, 4] = @ and
X< l=e n=12,...
Now, if we write
an,i=SX(§n,i+1)_sX(6n, i) i=03 la 2’ -~-3kn_1’
then e=a, gva, ;v...va,, —;. We consider the simple rv’s:
kn—1

X, =% & il o n=12,..;
i=0 ’
then | X,—X| <¢,n=12,..ie, X, - X.
M
6.2. Itis easy to prove that .# is closed with respect to the u-convergence.
In fact, if X,e#, n=1,2,..., is a u-fundamental sequence, then

X, 5 Xe? and X is bounded, i.e., X € #. The stochastic space .4
of all bounded rv’s can be endowed with a norm, namely: we define
for every Xe #, X > 0: | X| = infyn, for all neR with X <#. Then
we have

(1) loj =o0;

(2) IfX >0, then [X|| > 0;
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3 IKOKX<KY then0< |X|<|YI;
(4 If X >0and¢ >0, then [EX]| = €| X||;
5) f X>0and Y >0, then [ X+ Y| < |X|+|Y].

For arbitrary X € # we define |X| = || |X|||; then || X]| is a norm
on.#. We can easily prove that the convergence which is defined in .# by

. . . . . .
this norm, i.e.; X, » X if and only if | X,— X| — 0, is equivalent to the
u-convergence. Hence .# is closed with respect to the | ||-convergence,
i.e., A is actually a Banach space (Banach lattice) with respect to this
norm.

7. CONVERGENCE IN PROBABILITY AND ALMOST UNIFORM
CONVERGENCE

7.1. (P,). A sequence X,e¥’,n=1,2,..., is said to be convergent in
probability (briefly p-convergent) to X e ¥, if and only if for every ¢ > 0,
we have

p([IX,—X| = ¢]) =0, orequivalently p([|X,—X|<¢]) > 1.

We shall then write X, - X in ¥

(P,) A sequence X,e¥, n=1,2,..., is said to be fundamental in
probability (briefly p-fundamental), if and only if, for every ¢ > 0, we
have p([|X,—X,| = €]) = 0 or equivalently p([|X,—X,| <e€]) > L.

(U,) A sequence X,e?’,n=1,2,..., is said to be almost uniformly
convergent (briefly au-convergent) to X e ¥, if and only if, for every
e >0, there exists an element a,€B such that p(a,°) <e, where

u
a‘=e—a,and I, X, I Xin¥.

(U,) A sequence X,e¥, n=1,2, ..., is said to be almost uniformly
Sfundamental (briefly au-fundamental) if and only if for every &£ >0
there exists an element a,€®B such that p(af) <e and I, X, eV,
n=1,2,...,is a u-fundamental sequence.

Theorem 7.1.
X, 5> X in¥ if and only if X, > X in ¥

Proof. (a) If X, > X in ¥, then X, » X in ¥. Since X, > X in ¥,
for every 1/k >0, k=1,2, ..., there exists an element b, €B with
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p(b) < 1k and I, X, >1I, X. Setting

we have w
x*= A\ b°<b,S, n=12 ..,

1.e., 1
p(x°) < p(b,) < L k=1,2,..;

this implies p(x) = 0 and x° = O, i.e., x = e. Hence, we have e = \/ b,.
=1

We shall prove: there exists \/ |X,—X| in ¥". In fact, \/ I,,le -X|

n=1 u
exists in ¥, for every k =1, 2, ..., since I, |X,— X]| —»0 k =1,2,.
i.e., the sequence I, |X,—X|, n=1,2,..., is bounded and, moreover,
bounded by a real number #,, for k = 1,2, .... We write

a, =by,..,aq,=b,—(b;vbyv..Vvbh._,), k=23, ...;

a0
then ay, a,, ... are pairwise disjoint with e = \/ a,. We consider the
erv k=1
Yo aqp=ni+m+. 4
then we have
LIX,~XI<Y, k=12

but w
\/ I, =1,=1;
k=1
hence, 1X,—X| <Y, n=12,...,

i.e., bounded, and "\=/1|X,,——X| exists in #°. Now I, X, LI,,,( X, ie.,

for £ > 0, there exists an index p(k) such that
LX, =Xl <—, n3p(0);

hence, we have

V LlX,~X|<e and [ \V L,)X,—X| <s] =e 2 b

np(k) n2p(k)

Since the indicator I, is equal to 1 on b,, we also have

[ |X,,—X|<£] = b,
nZp(k)
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and
[7\ \/|X,,—X|<e] > [ \V |X,,—X|<e] =>b, k=12,..
p=1 nzp n2p(k)
ie., o o
[/\ \/IX,,—X|<8] > \/ b,=e, forevery ¢>0.
p=1 nzp k=1
We write ©
= A VIX,—X|
p=1 nZp

then Z > 0 and, moreover,
sz(e)=[Z<e]l=e, forevery e¢>0,
ie., s7(€) = $o(¢), e> 0.

Hence, Z = 0. Thus
o-limsup | X,—X| =0,

ie., IX,—X| »0 and X, — X.
(b) If X, > X, then X, — X in ¥

Since X, - X, i.e., [X,—X] - 0, we have

A VIX,—~X|=0, and \/ |X,—X|=7Y,]o0.

p=1 n2p nZp

We write © 1
= X,—X| <—|,

[V ix-x< o]

2, ..., ie, p(ay) T1; hence, given ¢ >0,

then a, 1e, for every k =1,
= 1,2, ..., and index p, such that

there exists for every k

€
p(a;k_ k) < k
2
We write w
= /\ aPk- k>
k=1
ie., .
= \/ a;k,k;
k=1
then

PEI< B =
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We shall prove: I, X, 51 »X. In fact, we have

a0
b= Na,i<a,, k=12, ie,
k=1

nzp. k

bs[\/ |X”—X|<i]<[

1
V X=Xt <.

nZpy
since the indicator I, is equal to 1 on b; thus,

1
b < [\/ I, X, —1, X| <—].

L4 k

Now, since I, X, equals 0 on b°, we also have

1
b < [\/ [, X,—1I), X| <7];

npy
hence, 1
e=bvdb g [ \/ [, X,— I X| < —],
nZpy k
1.e., 1
IIbXn_IbX|<7’ n?pk, k=1,2, caey
and u
IbXn_’IbX'

Hence, we have proved:

X,5X in ¥.

The following theorem is true:

Theorem 7.2.
@ IfX,>Xin¥, thenX, > X in¥.

®) IfX,>Xin¥, thenX, > X in¥.
© IfX,5>Xinv,thnX,>Xinv.

d IfX, 5 X in V", then there exists a subsequence X; ,n=1,2, ...,
such that X, — X in ¥

(e) X"T»Xin"lfifandonlyifX,,LXin"//.
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o IfX, 5 X, then there exists a subsequence X, ,n=1,2, ..., such
that X, = X in V.
Proof. Obviously (a) and (b) are true; (e) is proved by Theorem 7.1;
(f) is implied by (d) and (e). Hence we shall prove (c) and (d).
Proof of (c). Since X, 5 Xinv,ie.,
IX,—X| >0 in ¥,
we have

o-"lirg Six.-x/(8) = o;l_i‘rg [[X,—X| <¢e]l=e, forevery &> 0;

ie., limp([|X,—X| <e]) =1
or equivalently lim p([|X,—X| 2 e =0,
ie., »

X,»X inv.

Proof of (d). Since X, i X in ¥, the sequence X,, n=1,2, ..., is
p-fundamental. Hence, for any index &, an index n*(k) exists, such that
if n = n*(k) and m > n*(k); then

1 1
o[ X2 > 5] ) < 55

We write n; = n*(l),
n, = max {n*(2), n,+1}, ...
n, = max {n*(k), n, - 1+l} k=1,2,..;
then n, <n, <ny <..., and X, , k=1,2, .., is a subsequence of X,

n=12 ...
Now we write

1
a, = [IXnk_Xnk+1| Z?:I and bkc=akvak+1v"'s

ie., by=a‘rag. . A....
If £ <i<j, then

1

© 1 1
Ibklxn,-—anI < Z.Ibklxnm_xﬂmd—ll <757+ 5ir1 i+1 +.. Thi-1 2
m=i 2 )

21
ie.,
IkaXm | < -1
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Hence, for every k = 1,2, ..., the sequence I, X,, j=1,2,..., is u-
fundamental with

. 1 1
p(5:) <?+W +...='F.
Thus, the sequence X, , j=1,2,... is au-fundamental and, by (e), o-
fundamental. Hence, an element Ye ¥ exists such that o-lim X, =Y

Jj—o

By (c), we then have p-lim X, = Y. Since p-lim X, = X, the element
J—o o0 0 n- o0
Y must be equal to X, hence X, — X in ¥".
The following theorem is true:
Theorem 7.3,
If a sequence X,, n= 1,2, ..., is p-fundamental, then there exists an

element X in ¥ such that X, 5x inv.

Proof. Just as in the proof of Theorem 7.2 (d), one can prove the
existence of an o-fundamental subsequence X;, n=1,2,..., of X,

[
n=1,2,...; then there exists an element X in ¥” such that X; — X or

equivalently x; — X in ¥". We remark that, for every ¢ > 0,

1%,-X1> a1 < [1X,-X,0 >+ |v [ 1x,-x1> 2.

Since {X,} is p-fundamental and j, > n,

lim p([lX,,—Xj,_I > %]) —0.

Since o-lim |X; — X[ =0, p-lim | X; —X| =0, i.e.,

limp([lXj"-—Xl > %]) ~0;

then we have
lim p([|X,~ X| > &]) = 0,

X,5>X in ¥.
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The previous theorems imply:

Theorem 7.4.

The stochastic space ¥ is closed for o-convergence, u-convergence,
au-convergence and p-convergence.

8. GENERATORS OF THE STOCHASTIC SPACE

8.1. Let (B, p) be a pr c-algebra and U a Boolean subalgebra of B,
which g-genrates B, i.e., A?® = A%* = B. Then we have

A< F(B), A =L (B)<¥(B).
For every element X € () there exists a reduced representation
X=¢ 1 461+ +E 1,
where x; e, j=1,2,..,k. We write FoA)={XeF(A) with
X =& 1, +& 1+ .. +&1,,, where &,, &, ..., & are rational numbers}.
where £,,¢&,, ..., & are rational numbers}.
The following theorem is true:

Theorem 8.1.

The space & (W) is o-dense in ¥ (B), i.e., for every X € ¥ (B), there
exists a sequence X,€ ¥ (W), n=1,2, ..., such that X, - X.

We shall first prove the following fundamental lemma:

Lemma (Fréchet) 8.1.

If X,e¥ and X, €V, n=12,...,k=1,2, ..., such that X, - X
and X, — Xpn=1,2, ..., ie, if

k—
(auw)-lim ((au)-lim X, ;) = X,
n—w k-

then there exists a simple subsequence X, ., Vv=1,2,... of the double
sequence X, ., (n, ke Nx N, such that X, , — X.

Remark. Since au-convergence is equivalent to the o-convergence, this
lemma is also true, if the au-convergence is replaced by the o-convergence.
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Proof of the lemma. Let ¢, and &, be positive real numbers, v=1,2, ...,
such that ¢, —» 0 and

a
> 6, < +0.
v=1
au
Since X, — X, for every J, there exists an element b,e B, such that
d, u
pb)<— and I, X, - I, X;
2 n—ao
thus there exists an index »n, with

5
|I,,VX,,V—I,,VX|<% and p(6,) <> (1)

Since, obviously, we have

au

I, Xp i = I, X,
k—> oo
for every 6, > O there exists an element b,* < b,, b,* € B, such that
o u
pb,—b,*) < 7” and I} X, , - I} X,, v=1,2,...;
k— o

thus there exists an index &, with

é
I3, Xk, =13, Xl < 52— and p(b,~b,%) < =-. @

Since b,* < b, and b,°v (b,—b,*) = b,*<, the relations (1) and (2) imply

€ e
i X, —I¥ X| <7v and I} X, . —If X, | <7v.

This implies

¥ X, o—1If X| <¢, with p(b*) <39,

Now consider any ¢ > 0; then there exists an index m such that

£>0,t0ms1+ ...

a0
a, = )\ b*;
j=m

then, for every j > m we have

We write

o, X, i~ Lo X| < &

and since ®
a’ =\/ b*,
i=m
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we have
(@) <0,+0,41+..., 1e., pa’) <e.

This implies: for any ¢ > 0 there exists an element a, with p(af) <¢
and au
- X.

v—+ 00

Ny, kv

u
I.Xp v, — I, X, e, X
vy

Proof of Theorem 8.1. (A) By Theorem 7.2(e), it suffices to prove that
& o(W) is au-dense in ¥ (B). We write briefly:

Fo(W) =Fy, W =&y, S(B)=,, EB)=5, ¥V (B)=,,
and we shall prove first that if X e, then there exists a sequence
X,e¥;_y,n=12,.. such that X, ﬂ‘» X foreveryj=1,2,3,4.
(1) Forj =1, (A) is obvious, because if X € &,, then
X=4I,+ ..+, with x;e¥, & eR.
Now let jirgpi,, =¢;
with p,, rational numbers, n = 1, 2, ...; then, if we write
X, =pindle,+ o Pl =12, ..,

we have

X, 5 X, ie, X,»X with X,eFo n=12 ...
(2) Forj=2: Llet Xe4%,. Then
X = 51 le+621xz+ T +€k1xk

with x;€B, £,eR, i=1,2, ..., k. Since W is o-dense in B, for every
i=1,2, ...k, there exists a sequence

o
xi,,;» x; with x,e?qA, n=12, ...

We write

X, =81, +&1, +o o+

2n
then X, 5 X or equivalently X, N X with X, e &, = £(N).
(3) Forj=3: Let Xe%,. Then
X =3¢l with x;€8, j=1
iz
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We write n
Xn = 'Zl éjlxj;
i=

then X, 5 X, or equivalently X, 5 X with X, e ¥, = £(B).

(4) Forj=4: Let Xe%,. Then, by Section 5, &; is o-dense or
equivalently au-dense in &,; i.e., there exists a sequence X,€%;,

n=1,2,.., such that X, ‘i Xin¥?.
Now, the Fréchet Lemma and (A) imply the truth of Theorem 8.1.

8.2. Section 8.1 implies: If the Boolean o-algebra B of a pr o-algebra
(B, p) is separable, then ¥  is, with respect to o-convergence, au-con-
vergence, and p-convergence, separable. In general, if B possesses a
o-generating basis W of cardinality (Al =N, B> 0, then ¥(B) also
possesses a stochastic subspace of the same cardinality, which is o-dense,
au-dense and p-dense in ¥°(B). Hence, if we define the character of
¥ (B) as the min || for all stochastic subspaces & of ¥"(B) which are
o-dense in 7" (B), then the character of ¥ (B) is equal to the character
of B, if |B| = N,.

9. OTHER CONVERGENCES IN THE STOCHASTIC SPACE

9.1. Let (B, p) be a pr g-algebra and ¥"(B, p), briefly #7, be the stochas-
tic space over (B, p). In Section 7, the convergence in probability and
the almost uniform convergence are defined and compared with the
order and uniform convergence. In the present section, it will be said
on other kinds of convergences, which can be defined in the stochastic
space ¥. It is well known that a fundamental property of a sequential
convergence with respect to a topology is the following: a sequence of
points in a topological space converges to a point of this space if and
only if every subsequence of the given sequence has a subsequence that
converges to the same point. This property of convergence is the so-called
star property. Unfortunately, order convergence does not always possess
this property. On account of that, we introduce the following definition:

A sequence X,e¥", n= 1,2, ..., order star converges (briefly o*-
converges) to X € ¥ if and only if every subsequence of X,,n =1, 2, ...,
contains a subsequence that order converges to X.

This kind of convergence will be denoted by

X,5X or oxlmX,=X in ¥.
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[ 0%
It is clear that X, - X implies X, — X in ¥". In Section 6 it has been
proved that X, - X implies X, 5 X in ¥7; conversely if X, 4 X, then
we do not always have X, — X, but there always exists a subsequence

X, n=12,.., such that X, —o» X. On the other hand it is easy to
verify that the p-convergence is equivalent to the o*-convergence, i.c.,
p-convergence has the star property. Since p-convergence does not
imply o-convergence, we conclude that o-convergence does not have the
star property. The following example shows that p-convergence does not
imply o-convergence:

Example. Let (U, m) be the interval algebra of Section 4.5, Chapter I,

and (B,p) = (5[, m) = (3, u), i.e., the so-called linear Lebesgue pr
g-algebra (Section 3, Chapter I1). Consider 2 embedded in the Boolean
g-algebra J, and the events (intervals):

i—-1 i

a, = [——,——), i=12..,n, n=12,...,
n n

as elements of J. Let now X, ; be the indicator of the element g, ; i.c.,
X =1, €7 (3);

ni

then the sequence
Xl,l’ X2, 1 X2,2’ X3,1’ X3,2’ X3,3""’Xn,1> Xn,29""Xn,m'~~
n=1,2,...

converges in probability m = p to X = 0 in ¥'(3J), but fails to o-converge
to an element of ¥ (J) (¢f. Halmos [2}, p. 94).

9.2. Another type of convergence is also determined by the ordering
in ¥, the so-called relative uniform convergence (see G. Birkhoff [1] p.
243).

We shall say that a sequence X,€¥", n = 1, 2, ..., converges relatively

uniformly to an element X € ¥, briefly X, - X in ¥ or ru-lim X, = X
in ¥, if and only if, for some Ue¥ and 4,, n =1, 2, ..., a decreasing
sequence of real numbers with 4, — 0 we have

1X,—X| < A, U.

The relative uniform star convergence, denoted by

ru*

X,»X or ruflimX,=X in ¥,
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can also be defined, i.e., X, —» X if and only if every subsequence of X,,
n=1,2, ..., contains a subsequence that is ru-convergent to X. Clearly

(A) X, 5 X implies X, —»X in ¥,

for ,,U = U,e ¥ is a decreasing sequence such that

A U, = o-lim 4, U = 0.U = 0.
n=1

h—* oo

We shall prove that conversely:
(B) X, > X implies X, > X in ¥.

Now (A) and (B) imply:

Theorem 9.1.
Relative uniform convergence and o-convergence are equivalent in V.
We first notice that ¥" possesses the following property:

©) IfU,e¥,n=1,2,...,is a decreasing sequence such that U, —0> 0,
then there exists a subsequence U, , v=1,2,..., of U, n=1,2, ..,
such that

v.U,, 5.
Proof of (C). Let us set
X, r=kU,, (k,m)eNxN; 1)

then obviously,

o o
X,k = X, =0 forevery k=1,2,... and X, — 0;
n— oo k-0
since Fréchet Lemma of Section 8 is true also for o-convergence, there
exists a subsequence

X"v,kv =ka"V, V= 1, 2, TS
such that .
k, v, =0,

and since n,, v = 1, 2, ..., can be chosen strictly increasing, when, obvi-
ously, v< k,,v=1,2, ..., we have

vUu, — 0.

v
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Proof of (B). Let U,e¥’, n=1,2, ..., be a decreasing sequence such
that o
U,-0 and |X,—-X|<U,;

then by (C) there exists a subsequence U, , v =1, 2, ..., with vU, — 0;
for every n =1, 2, ..., there exists an index v such that n, < n <n,,,;
we set p, = v; then we have, obviously,
p,U, >0 with p, > 0.
Let now U be an upper bound of the sequence p, U,, then we have
Pn |Xn_X| < ann <U

and 1
[X,—X| <A, U where 4, =— -0, n=1,2,..,
ie., X, 5 X.

Corollary 9.1.

The concepts: o-convergence, au-convergence and ru-convergence are
equivalent in ¥". Moreover, each of the concepts o*-convergence, au*-
convergence and ru*-convergence is equivalent to p-convergence.

10. CLOSURE OPERATOR IN THE STOCHASTIC SPACE
10.1. Let P(¥") be the set of all subsets of ¥7; then the mapping

P2 B=>R
defined by

(1) # = {Xe¥: there is a sequence X, € # such that X = o-lim X,}
is a closure operator on ¥; because, obviously, we have e
(@ F=0.
b)) 2 < B, for every Be P(¥).
Furthermore, we can prove
() %=24.
Proof. Let X € %; then there is a sequence X,e%, n=1,2, ..., such
that o-lim X, = X; since now X, € 4, there is a sequence X,,, k = 1,2, ...,

n=+ oo
such that o-lim X,, = X,; Fréchet Lemma 8.1 implies now the existence

k—
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of a sequence X, ;,v =1,2, ..., such that o-lim X, , = X,ie., X€%;

hence # < %; however (b) implies # = 4, ie., & = 4.
The following property is also true

(d) %1U%2=9?1U.@2.

The properties (a), (b), (c) and (d) imply that the mapping (1) is a closure
operator.
The following theorem is true:

Theorem 10.1.

Let T be the unique topology on ¥~ determined by this closure operator;
then a sequence X, €V converges for T to X in ¥ if and only if

o*lmX,=X in ¥.

Proof. Suppose X,e?’, n=1,2, ..., is I-convergent to X, without
being o*-convergent to X; then there is a subsequence X, , v=1,2, ...
such that no subsequence of X,, v=1,2,..., o-converges to X, ie,
X ¢ B, where B = {Y e¥": there is n, with Y = X, }. Therefore, the
2° is a neighbourhood of X and for every index k, we have X, ¢ %°.
Hence, X,, n =1, 2, ..., does not T-converge to X (contradiction).

Conversely, if X,, n=1,2, ..., is o*-convergent to X without being
T-convergent to X, then there is an open neighbourhood % of X and a
subsequence X, , v=1,2,..,, of X,, n=1,2, ..., such that for all n,
X, ¢%. The limit of any subsequence of X, , v=1,2,..., that o-
converges must be in the complement ¢ by definition of the closure
operater determining I; hence no subsequence of X, , v=1,2,...,
o-converges to X. Thus, o*-convergence coincides with T-convergence
in ¥

11. SERIES CONVERGENCE
11.1. Let f X; be a series with X;e¥’, i=1,2,.... We shall say
i=1

0
the series 3 X, is order convergent to X € ¥ and write

i=1

@ (0)- .;i X,=X in 7,

if and only if o-lim (X{+X,+...+X,) = X in ¥".
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Analogously, one can define:
()- .g X,=X, (aw- ii X,=X
an in¥.
(-5 X=X @3 X=X
One can easily prove:
1) (o)- ii X,= X in¥ implies X;— 0.

@) (o) if;l X,=X and (03 Y,=Y in ¥ imply
= i=1

(0)- i @X+BY) =aX+BY in 7.

(1) and (2) are also true for the other kinds (II) of convergence.

Theorem 11.1.
o«
Let the series Y, |X,| with X;€ ¥ be o-convergent and Y,, i = 1,2, ...,
i=1
be a sequence in ¥, such that |Y,| < |X|, i=1,2,...; then the series

a0
3 Y, o-converges and we have
=1

(I11)

0 L
©- £ v| < @ £ 1xi.
Proof. Let
U= Y+ Y+ +Y,  Vi=I[X+I X0+ +IX), n=12.;

then we have
|Un+k—Un| = |Yn+1 +...+ Yn+k|

Sl D. S SR S D ¢
= n+k_Vn
= A, 0 k=12, ....

But A4, A 0; hence
O-Iim lUn+k_Un| = 0,

n, k-

a0
i.e., the series Y Y; o-converges.
=y
Now )

1Y+ Y, +...+ Y, <X |+|X,|+...+1X,] implies (III).
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Theorem 11.1 implies:

=
If the series 3 |X;| o-converges, then the series > X; o-converges.
i=1 i=1

Hence we define: A series Y. X is absolutely o-convergent if and only

i=1

0
if the series Y |X;| is o-convergent. It is easy to prove that if the
i=1

series lﬁl X, is absolutely o-convergent, then the series
iil X,* and ii X,
respectively are o-convergent and we have
©- £ Xi= (- £ X ~0- T X~

Theorem 11.2.

Let X,, n=1,2,..., be a sequence in V" such that |X;A|X,| =0,
Jor every (j,i)e NxN with j# i, ie., the terms X,, n=1,2, ..., are
pairwise orthogonal; then the series Y. X, is absolutely o-convergent.

n=1

Proof. Since

X AlXi} =0, (j,)eNxN, i #j,
there exists a sequence a,, n = 1, 2, ..., of pairwise disjoint elements of B
such that \71 a,=eand X,=1, X,, forevery n=1,2,.... But, for

every n =1, 2, ..., there exists an erv Y, €& < ¥ such that |X,] < Y,;
hence, we have
| Xal =TI, 1 Xl <1, Ya3

and, since a,, n = 1, 2, ..., are pairwise disjoint, there exists
2]
-21, Y=Y,
n=1
and is an erv. In fact, let:

Y,: b,3b,; = 1, jzl,n=12,..;
then

anAbnj - nnj
Y.:

I, Y.: , jzl,n=12,...

a,nb,; >0
Obviously, all elements:

(E) aAb; £ O,  j=ln=12..
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are pairwise disjoint, and the union of all of them is equal to e, i.e., the
elements (E) define an experiment in 8. Hence, we can define:

Y: a,Ab,j>n,, forall a,nb,;# O, jzl,n=12 ...
According to Section 2.5, we have:
Y = (o)- j,"z;l ’Tnda,.Ab,.,

and I, Y = (o)-j;1 MnjLan Abmyo n=12 ...

It is easy now to prove that:

Y =@ 3 I, %
n=1
It follows from the above that:
| Xl <1, Y, <Y, forevery n=1,2,....

But, then, since |X,|, n = 1, 2, ..., are pairwise orthogonal, we have

X+ X+ oo +1X] = X VIXI Ve VX < Y.

Hence, there exists:

U (&) = ot £ i = @- £ 1x) iy

Remark. Theorem 11.2 may be proved without using Section 2.5, if
the assumption is made that the sequence X; is bounded. In fact, if
Y>I|X),j=1,2, ..., then

> IXl=VIX|<Y;
i=1 j=1

hence there exists n
o-llim ¥ |X;| in7"

n—ow j=1

Theorem 11.3.

o0
Let Y X, be an o-convergent series in ¥~ such that the terms X; are

i=1

pairwise orthogonal; then
(- ¥ X;= \/ Xt - \/ X,
i=1 i=1 i=1

Proof. According to (I) we have o-lim X, = 0, i.e., the sequence X,,

n—-ox
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i=1,2, ..., and therefore the sequences X;* and X, , i=1,2, ..., are
bounded in ¥". Hence there exist

\/ Xt and \/ X, in ¥
i=1 i=1

Now we have . ,,
(0)- T X;=o0lim ¥} X,
i=1

n-oow i=1

n—+ o0

= o-lim (él Xt- ¥ X;)

= o-lim ( X-\/ X;)

n= o0

= \/ Xi+— v Xi_'
i=1 i=1

Corollary 11.1.
Let X be an elementary random variable (see Section 2) defined by
X: asag;= X(a;) =¢;eR, j=12, ..,

where a = {a;, j > 1} is an experiment; then
o
X = (o)- 21 §il,, in ¥
I=

Proof.t 1In fact, we have |{;I,| <|X|, j=1,2,..., and the terms
¢;1,, are pairwise orthogonal; furthermore, if the real numbers &; > 0 for
every iel < N and ; < 0 for every je.J = N—I, then there exist

V&I, and \/(-¢1,) in ¥,
iel jelJ

and we have
X*=\¢&l, and X~ =\/(=¢1,) in7¥.
iel jedJ

Hence (according to Theorem 11.3):
X=X*=X"=V &L=V (=§L) = 0 ¥ &1,
ie € J=

11.2. Let now correspond to every integer v a rv X,e ¥ and suppose
that the two series

> X, and i X_,
v=1 4]

v=

T Compare this proof with that of Section 2.5, Chapter 4.
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o-converge in ¥"; then we define
+ o0 a0 o0 .
(0)' Z Xv = (0)' Zl Xv+(o)' ZO X—-v mvy.
—® v= v=
It is easy to verify that
+ o0 0 a0
©- % X,= 0 T X,+(- ¥ Xe-y in ¥
- v= v=

for every integer k.

11.3. In Section 5.3 we defined a chain
[X <&l=s5x(), —o0<l<+o

of events sx(¢) € B, which characterizes uniquely a rv X € ¥7; sx(£), as a
function of £ e R with values in 8B, is monotone, increasing, and con-
tinuous from the left with

o-lim sy(£) = e and o-lim s4(&) = G.
&+ 00 &+ —

Conversely, if s(§), — o0 < & < + o0 is any chain in B which is monotone,
increasing, and continuous from the left with

o-lim s(¢) = e and o-lim s(¢) = G,
&>+ {4~

then there exists exactly a rv X in ¥~ such that s(€) = sy(£), for every
EeR.

Every such chain s(£), — o0 < & < + o0 determines a chain of indicators
I, £€ R in ¥7, which is also monotone, increasing, and continuous from

the left with

o-llimI =1 and o-limlI, =0,
&>+ &> —w .

i.e., a so-called spectrum in ¥".t

11.4. A partition 6 of the real line R is defined as a family &, e R,
v=0,+1,4+2, ..., with¢,_, <&,v=0, 1, +2, ...,and sup¢, = + o0,
inf¢, = — o0, and denoted by
P d={. <t <l <<t << b

Let A be the set of all partitions & of the real line R; then A can be
directed with respect to the norm

N(®) = sup{{,—¢,-y, v=0, %1, +2,..}

1 Or a resolution of the weak unit 1 (see Birkhoff [1], p. 251).
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or with respect to the inclusion relation, i.e., > ¢’ if and only if
N(5) < N(8’) or 6 = ¢’ if and only if J as a set of points contains the set
é.

11.5. Let X be any rv in ¥/, then

Q) =1l,e LeR,

is said to be the spectrum of X in ¥". To every partition é of the real line,
there corresponds the chain

Sl el sl s, s, =..1.
Obviously, the terms (differences)
I, -1, eV, v=0,+1, +2, ...,
are pairwise orthogonal. Now pick out any family
I': y,eR, v=0,+1,+2, ..,

with E1 <y, <&, v=0,%1,42, ..
then the series
(%) DRI
o-converges. In order to prove it, we notice that the union of all differences
(E) d, = sy(&,)—sx(&,-)) eB, v=0,+1, —1, ...

is equal to e in B and the non-zero elements of (E) are pairwise disjoint,
hence the sequence (E) defines an experiment in B. The erv which
corresponds to the experiment (E) by the mapping

(m) d,=7v,€eR, v=0,+1, -1, +2, =2, ...

will be denoted by X; ,. One can easily prove, as in Section 2.5, that the
series (A) o-converges to this erv X; , in &. However & is a regular vector
sublattice ¥”, hence the o-convergence of the series (A) to X , holds also
in ¥"; we have also

(Z) (o)"v :Zjow Vv(Igv_Igv-n) = Xﬁ. 4 in7.

t We write in this section instead of I*(¢) also I, as far as X remains the same.
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Without using Section 2.5, we can prove directly:

Theorem 11.4.

The series (A) o-conveges to an elementary random variable X;, , in ¥
Jor every partition 6 € A and every

y=(yv’ v=07 il) izi "')
with oy Sy, <&, v=0,+1,42, ...

The family X; ,eV¥", d € A, directed with respect to > or 2 u-converges
(i.e., also o-converges) to the rv X in ¥ .

Proof. In order to prove this theorem, we notice that
+ o
(0 X (g=I, )=1 in ¥

In fact, the terms (differences) I(&,)—I(&,_,) of this series are pairwise
orthogonal and bounded by 1, hence the series o-converges. Now we
have

+n
V=Z—-k (Iﬁv_1§v—1) = Ign_Ié—k—l'
This implies
+
(0 ¥ (g1 ) = o-lim (0'1”“ > U S P )

n=++ow \k=*+owv=-—

k= +o00 \n—+ow

o-lim (o -lim (1, Ig_,‘_,))

= o-limI, —o-lim I,_ _,

n—++ o k= +w

1-0=1.

Obviously, we have now
+ o0
=©r X (eI )X
The relation £,_, <y, < &,, implies
év—‘y"sév_ﬁv—l SSup{év_év—l’ 0 __|'- }'_N(é),
and furthermore
Eoale—Ig, ) S U, —1e, ) X <&y — 1, )
and (e, —Ie, ) X =y, (e, —1e, ) < N@).1;
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all these imply

Z UL )X~ 3 eI, )| < N@).1

foreveryn>0and k 2 0.

However, there exists
+

0- X eIy )
v=—0w
In fact, let us consider the experiment (E) and the erv:
Y: gadval))vla V=0, il’ i-z,----

Then we have:
e, —Ig, )l < Y.

That is, the terms of the above series are absolutely bounded by Y. More-
over, they are pairwise orthogonal. Hence, according to the Remark,
Section 11.1, the series converges absolutely.

Let us denote
@ 3 nlly—Tg.) = X it
then, we have
R) |X ~X;, | <N@).1=N(@),
independently of the choice of the y,, with
&-1 €9, <4, v=0, %1, £2,....

Since the family N(d)e R, J € A, directed by > or 2 converges to zero,

(R) implies that the family X, ,, € A, directed by > or = u-converges

to X, hence it also o-converges to X, independently of the choice of
the y, with
Cv—l <’yvgév’ V=O, il, iz,....

Hence Theorem 11.4 is proved.

Remark. Especially, we have fory, =¢,_jory, =¢&,v=0, +1, +2, ...

+ o
O % &-ille-I.) = X,

+ oo ~
or (0)'v 200 EUe 1, ) = X,

t It can be easily proved that X;, , is an elementary random variable.
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respectively, and then:

) X;<X;,<X, and X,<X<X,
Obviously, we furthermore have

s X=V Xs;= A X; =olimX; ,.

© 6\e/A~6 6/E\A 8 oalen/; R

We define the limit on the right side to be signified by the symbol
+ oo
| are,

i.e., for every X e #” we have, using its spectrum I*(¢), —o0 < € <+ 0,
the so-called integral (spectral) representation:

| X= T £dI* ().

11.6. Let s(§), —o0 <& <+ 00, be a chain in B, which is monotone,
increasing, continuous from the left, with

o-lims(¢) = e, o-lims(é) = 0O,
&>+ &=+ —w

and let us consider the corresponding spectrum
1) =1y —-ow<é<+ow in ¥.
We shall say there exists the (spectral) integral

T 1)

if and only if there is a rv X € " such that I*(&) = I(¢), for every £ e R;
we then shall say, the spectrum I(¢), — o0 < & < 4 o0, defines the rv X.
In order to symbolize briefly this statement, we shall write
+ oo
® x= [ .
In Section 11.3 (respectively in 5.3) we asserted, but we did not prove,
that there exists exactly a rv X € ¥, such that s(£) = s4(¢) and accordingly

I*X(¢) = 1(¢) forevery EeR,

i.e., every spectrum I(£), —oo < & < + 00, defines exactly a rv X e ¥,
Now it is not difficult, following the steps used to prove Theorem 11.4,
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to prove also the existence of a rv X such that (X) is true. Namely, the
properties generally of a spectrum in %", and not especially, the spectrum
of a rv X e ¥ imply, that the series (A) o-converges to an elementary
random variable defined on the experiment (E) by the mapping (compare
Section 11.5) denoted by X, ,. Just so the existence of the erv’s Xj
and X; is secured; the first relation of (p), namely -

X;<X,,< X,
is also obvious, as, further, the relation
X;— X; <N@).1;

this relation secures the existence of a rv X such that the relation ()
(of Section 11.5) is true and (s) implies

X= T ¢dI(d).

12. COMPOSITION OF RANDOM VARIABLES

Let ¢(&4, &,, ..., &,) be a real-valued function of » real variables which
is defined for every point (¢,, &,, ..., &,) of the n-dimensional space R™.
Furthermore, let us consider the erv’s

X, X2 .0X,, In £S7;
then there exist at least an experiment a = {a,, a,, ...} such that every
X is defined on a, i.e.,
X_,-Zaaai:Xj(ai)=fﬁER, i=1,2,...,

for every j =1, 2, ..., n. Now, we can define the following erv
Y=¢X,, X,,.... X))

asa; = ¢(X,(a), X,(a), .-, X,(a)) = ¢4, E2i -, &) =M€ R
The erv Y = ¢(X,, X5, ..., X,) is said to be the composition of the
erv’'s X, X,, ..., X, with respect to the function ¢.

Let now

X, X X,
be any rv’s in ¥7; then for every X, there exists a sequence X, €¢,
v=1,2,..., such that

va hd X}" j=l,2,...;

v



12. COMPOSITION OF RANDOM VARIABLES 121

then a sequence

YvE¢(X1va X2va---5 Xnv)’ V= 1’ 2,°-~
is also defined in &. We shall say the composition ¢(X,, X,, ..., X,)
can be defined, where X,, X,, ..., X,, are any rv’s in ¥/, if and only
if the sequence

Y, =Xy Xays oo Xy v=12, ..,
is o-fundamental and, furthermore, the o-limit

Y =olim¢p(X,,, X345 -oes Xpy) in ¥
vV

is the same for every choice of sequences X;, €&, v=1,2,..., with

X, >X,inéj=1,2..,n
We then define:

¢(X1’ XZ’ cees Xn) = o'limd’(xlv’ XZv, ceey Xnv)'

The reader can prove that, if the function ¢ is continuous throughout
the space R", then there exists the composition ¢(X,, X,, ..., X,) for any
X;e¥,j=1,2,..,n (see a proof of this statement in a more general
case, in C. Carathéodory [6], Chapter IV, Section 113).

In the special case ¢(&) = e, P(E) =¢, =0, p >0, and generally
¢ (&) continuous in R, the proof is easier.
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EXPECTATION OF RANDOM
VARIABLES

1. EXPECTATION OF ELEMENTARY RANDOM VARIABLES

1.1. Let (B, p) be a pr c-algebra. We shall briefly denote by ¥~ the
complete stochastic space over (B, p), by € and & the elementary and
simple stochastic space over (B, p), respectively. We shall consider &
and & as stochastic subspaces of ¥, i.e., as identical with the isomorphic
images £* and * of them in ¥". Now let X € & and let

X = J;lfjl,”

be the reduced representation of X by indicators. We shall say: the
erv X possesses an expectation E(X) if and only if the series Z ¢ip(ay)
is absolutely convergent; i.e.,

2 1&lpa) < +oo0.

jiz1
We then define

E(X) = Z ¢;p(ay)-

It is easy to prove: If
X =3 4,
iz

is another representation of X by indicators, where b, b,, ..., are pair-
122
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wise disjoint, then
E(X) = % 4;p(b)),
izl

i.e. the expectation of X is independent of the particular representation
of X by indicators. We shall denote by X = (B, p) the set of all
X e &, which possess an expectation E(X). Obviously we have & = X'.
The following theorems are true:

Theorem 1.1.
Let Xe&, with X¢ %, and
X =3 ¢l,
j=1

be the reduced representation of X by indicators; further, let A be the set
of all finite subsets of the set N = {1, 2, ...} and define

os = Y & p(ay), for every eA.
jeé

Then 65, d€A, is a directed family with respect to the inclusion relation
€ in A and the following statement holds:

Xed if and only if limo; exists in R and
deA

E(X) = limo,.

Proof. Obvious, for lim o, exists in R if and only if
de A

> lElp@) < 400 and ¥ &;p(a) =limo,.
i=1 j=1 del

Theorem 1.2.

The set A forms a vector sublattice of the vector lattice & and the
expectation E(X) is linear and strictly monotone.

Proof. Let X and Y be elements in ¢ with the reduced representations
by indicators

X = Z él’Ia.' and Y = Z ’11'1'”
izl izt

respectively.
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Then
(1) X (+n))pla; A b)) converges absolutely and we have
EX+Y)= > ) &i+n)pla; » by
i, jz

= X e nb)+ 3 nplanb)
= 3,4 T p@Ab)+ T 0, X plai A b)
= 3, turl@)+ 3 m;p(by) = ECO+E(Y).
(2) ¥ A& p(a;), where A is a real number, converges absolutely
and wetzhlave
E(X) = 3 A&ip(a) = 1 3. &ip(a) = AE(X).
(3) Obviously,
2y (& Am)pla; A by and R (i v n)pa; A b))

converge absolutely; ie., X A Y and X v Y belong to J'; hence
A is a vector sublattice of & and E is linear.
(4) E(X) is strictly monotone. In fact, if X > Y then
E(X)-E(Y)=E(X-Y) = '_,J_Z;I (Ci_ﬂj)P(ai A bj) =0,
because {;—1n; > 0 for all a; A b; # @, hence E(X) > E(Y); if X > Y,

then there exists, at least, a pair (i,j) such that &;—n; >0 and
a; A by #; thus E(X)—E(Y) > 0; hence E(X) > E(Y).

Theorem 1.3.

If Xeé& and X is absolutely bounded by a constant, i.c, |X|<n,
then XeA and |[E(X)| <1, ie, En MK .

Proof. Let
X =% &I,
iz1

be the reduced representation of X by indicators; then
T lElp@) <n T pla) =,

ie., Z, [€;] p(a;) converges and
iz1

EQX) < T 16l p@) <.
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1.2. We define |X||; = E(|X]|) for every Xex". Then || ||, is a norm
on . In fact, we have
(@) 10}y =0 and |X|, >0, for any X #0, XeX.
B IX+Y| <X +1Y-

» 1AX|l; = |A.1X]|,; for any X e and any real number A.
Now, we define the distance

(X, Y)=|X-Y|, XeX, YeX.

This distance induces in 2 a metric convergence, which we shall call
norm,-convergence {briefly N,-convergence) and denote by

Ny
X,—X;
i.e., we define *

Ny
X,— X if and only if |X,—X|; - O.
X

A sequence X,e X, n=1,2,..., is said to be N, -fundamental if and
only if the double sequence | X,— X,||, converges to zero.

1.3. The normed vector lattice #  so defined, is not N,-complete, if
the Boolean c-algebra is not atomic. We shall extend ¢, in Section 2,

to an N,-complete vector sublattice of ¥". We shall first prove some
theorems:

Theorem 1.4.

If Xed', YeX with X <Y and any Z €& satisfies the condition
X<Z<LY, then ZexX.

Proof. Obvious.
Theorem 1.5.
For any XeX', YeA", we have
[E(X)—E(Y) < E(X-Y)) = I X=Y[, < X[, + 1Yl
Proof. Obvious.

Theorem 1.6.
If X,eX',n=1,2,..., and X, » Xe&, then XeX" and
&

E(X,) - E(X).
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Proof. We have, for ¢ = 1, an index n, such that X, —1 < X < X, +1.
But X, —1 and X, +1 belong to 2, hence, by Theorem 1.4, X e .
Now, for any ¢ > 0, there exists an index n(e) such that |X,—X| < ¢
for all n = n(e); then

|E(Xn)—E(X)| < E([Xn_Xl) < E(E) =g nz n(s),
ie., E(X,) - E(X).

Theorem 1.7.

If X,eA', n=1,2,..., is a u-fundamental sequence in &, then E(X,)
is a fundamental sequence of real numbers, i.e., E(X,) converges to a
real number.

Proof. For any ¢ > 0, an index n(g) exists such that |X,— X,| < ¢, for
all n = n(e), k = n(e); then

|E(X,)— E(X)| < E(1X,— X,)) < E(e) = ¢;
i.e., the lim E(X,) exists in R.

Theorem 1.8.

Let X, e and Y,eX',n= 1,2, ..., be two u-equivalent u-fundamental
sequences in &, then

lim E(X,) = lim E(Y,).

n-> oo

Proof. Since X,—Y, 5 0, we have by Theorem 1.6,
E(X,)-E(Y,) = E(X,-Y,) >0,
ie., lim E(X,) = lim E(Y,).

Theorem 1.9.
IfX,esn=1,2..and X, > Xpsp, n=1,2, ..., with A\ X, =0
o n=1
iné&,ie, X, |0, then E(X,)|0.
&

Proof. (A). We shall first prove the theorem with

X,efcH, n=12, ...

Let i,

Xn = Z énila,.i
i=1

be the reduced representation of X, by indicators, n = 1, 2, ..., in which
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the indices i are enumerated in such a way that
éni>€n,i+l’ i= 1,2, ...,I{n_l.

Now, let ¢ be > 0; then an index &, < 4, exists, such that &,;, > & for all

i<k,and ¢,;,<eforal i>k, n=1,2,.... We set
n=Max{{, 125 -5 &y, 1,};
then 0<X, <n,
hence O0<EX,)<n.
We write

by=a, Vv a,v.. vay;

then b,z2b,.y, n=12,..,
and @

N bn =9,

n=1

hence p(b,) | 0, i.e., there exists an index n(e) such that p(b,) < ¢/, for
all n > n(e). Now, for n = n(e), we have

kn An
E(Xn) = i;] énip(ani)+i=kz:+1 énip(ani)

kn An
<n Y pla)+e 3 play)
i=1 i=k,+1

< np(b,)+e <e+e
= 2e.
ie., 0 < E(X,) € 2¢, n 2 n(g), hence E(X,)— 0.

Another proof. Let X,e &% and X, | 0; then there exists a constant g
&
such that 0 < X, <#, for every n=1,2,...; but o-convergence is
au
equivalent to au-convergence, i.e., X, —» 0. Hence for any ¢ > 0, an

element b, exists in B such that p(b,°) < ¢/n and I, X, — 0; then by
Theorem 1.6, we have E(I, X,) —» 0. Now, since

Xn =]b.;Xn+Ib:Xm
i.e. 0 < E(X,)

€
= E(Ib,; Xn)+E(Ib§ Xn) < E(Ibc Xn) + _11—"1

= E(I,, X)) +e,
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we have 0 < lim sup E(X,) < ¢;
hence lim E(X,) = 0.

(B) Now, let X, be any element in % and let
X" = Z é"jI“nJ
jiz1
be the reduced representation of X, by indicators, n =1,2,.... Then
E(Xn) = Z Enjp(anj)'
jiz1

Hence, for any ¢ > 0 and ¢/2" > 0, there exists an index &, = k,(¢) such
that e
0< j:[;‘"f,,jp(a,,j) < o n=12,...

We write K
Zn = Z 6nda,.,
j=1
and R,=X,-Z,= nilays
izk,+1

then Z,e¥ <A, R,eX,
and e

0 < E(X,) =EZ)+ER) < E(Z,,)+—2-; ,
i.e.,
(0) 0< E(X,) < E(Z)+ 2i n=1,2, ...

Now, we have Z, e ¥, 0<Z, < X, hence Z, » 0, and

) E(X,) —

5 <E@Z)<EX,), n=12, ...

Note that Z,, n = 1, 2, ..., is not in general decreasing. We take instead
ZWwZ NZyyZi NZyANZ,, ...
Since Z, AZ, A ... AnZ,=U,e& and U, |0, we have, according to
&

(A), E(U)|0. We now prove, by induction

(I EZ)<EU)+ (% + ?_iz ot %) e < E(U,)+e.
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Obviously (II) is true for n = 1. Now we havet
Z ANZyA .. NZH)+Z,,,
=Z ANZyAN e NZp i+ (ZyANZy N .. ANZYV Z,,,

i.e.

Un+Zn+l = Un+1+Un v Zn+1'
Now E(Z,+) =EU,)+EU, v Z,,,)—EU,)
and UnVZn+1<ZnVZn+1<XnVXn+l=Xn;

from this, (I), and (II), the following relation follows:

1 1 1
EZ,.) < EUye )+ EQ)=E@)+ (5 + 53+ 353

) 1 1 1 1
ie. E(z"+,><E(U,,+1)+(7+ - +—)s,

ettty
ie., E(Z,.,) <E(U,;,) +es.
Hence the relation (II) is true for every n=1,2,.... The relations

(II) and (0) imply
0 < E(X,) < E(Z,)+ g’— < E(U)+ Zi +e, n=12, ..,

hence
0 < limsup E(X,) < lim E(U,)+¢ < ¢, i.e., lim E(X,) = 0.
n—oo n—+w

1.4. Note the following properties of the expectation, which are conse-
quences of the previous theorems:

(a) E(X+Y)=EX)+E(Y) for any Xeid', YexX.

(b) E(AX) = AE(X) for any X e and AeR.

(¢) If X >0, then E(X) > 0 and, moreover, E(X) >0 if X >0,
XeX.

(¥ If X > Y, then E(X)> E(Y) and, moreover, if X > Y then
E(X) > E(Y), XeX, YeX.

@ If X,ex, n=1,2,..., and X, |0, then E(X,)|0, ie., the
&

expectation is a linear, strictly monotone, and order-continuous functional
on X .

t We apply the relation A+B = A A B+AV B, which is true in every vector lattice.
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Now, let X e¢; then I, X e for every be B. Hence we may define
VY x(b) = E(I, X) for every be 8.
Then

(1) Yy is an additive real-valued function defined on B. In fact, if
a and b are disjoint elements of B, then

Yx(av b) = E(I,,» X) = E(I, X)+E(I, X) = yx(@) +¥x().

o
(2) Yy is o-continuous, i.e., if q,€B, n=1,2, ..., with a, ] G, then

¥x(a,) = 0. In fact, if X >0, then I, X 1IgX = 0, and, according
to (d), Yx(a,) = E(,, X) | 0.

Let X be any element of )#°; then

X=X*-X",X*">0, X >0.

But, ILX=I1X"-1, X",
Le., Yx(@,) = Yx+(a,) —¥x-(an),
where Yy.(a,) | 0 and Yx-(a,) | 0, hence Yy(a,) — 0.

(3 Yy is o-additive. In fact, if X > 0, then (@) x(e), aeB, is
non-negative, additive and continuous, i.e., a continuous quasi-proba-
bility on B, hence os-additive. Thus Yy is o-additive. For any X e,

the o-additivity follows from the g-additivity of Yy and Yx-.
We shall denote by [x| the sum of 4. and yy-, ie,

Wxl(@) = ¥x+(a)+Yx-(a)

for every ae®B. Note that by |x(a)| is denoted the absolute value of
Vx(a), for every ae B, i.e., [yxl(a) is in general different from |Yy(a)l.

The properties (1), (2), (or (1), (3)) characterize iy as a signed measure
on B (see Section 3.1). Yy., Yy-, and |yry| are (non-negative) finite
measures on B. We will also call Yx(b), be B, the indefinite integral
of X.

2. THE SPACE %, OF ALL RV’S WITH EXPECTATION

2.1. We shall say that an element X €% possesses an expectation
E(X)eR if and only if a sequence X,€X", n = 1, 2, ..., exists such that

X, 5 X. We then define
E(X) = lim E(X,).

n— oo
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Note that by Theorems 1.7 and 1.8, lim E(X,) always exists in R and

E(X) is independent of the choice of the sequence X,e X', n=1,2, ...,
which u-converges to X, i.e., E(X) is, by the previous definition, uniquely
determined.

We shall denote by &£, = &,(B, p) the set of all X € ¥~ which possess
an expectation E(X) € R; then %, is a vector sublattice of ¥~ containing
X (proof easy).

The following theorems are true:

Theorem 2.1.
M Py

Proof. & is u-dense in .# (see Section 6, Chapter 4) and & =X,
hence by the previous definition every X € .# belongs to %,.

Theorem 2.2.

If Xe¥, then X € %, if and only if there exist two elements Y and Z
in A such that Y< X < Z.

Proof. If Xe%,, then there exists a sequence X,eX, n=1,2, ...,

with X, 5 X; hence there exists an index n, such that
Xp—1<X,<X,+1

We write Y= X, —1and Z = X, +1; then the condition of the theorem

is satisfied, for Yef" and ZeX and Y X < Z.

Now let Xe¥ with Y X < Z, where YexX” and ZeX'. Since &
is u-dense in ¥, there exists a sequence X,€é, n =1, 2, ..., such that

X, 5 X and this sequence can be so determined that Y—-1 < X, <Z+1.
Since Y—1lex and Z+1eX, the elements X, must (according to
Theorem 1.4) belong to ", n=1,2, ..., ie., Xe&,.

Theorem 2.3.

The vector lattice ¥, is closed for the u-convergence, i.e., every
u-fundamental sequence X,€ £,, n = 1,2, ..., u-converges to an element
XeX,.

Proof. For every n =1, 2, ..., let us determine an element Y,e€X such
that |X,—Y,| <&, where ¢,]0; then Y,, n=1,2, ..., u-converges to
an element X € ¥ and obviously this element X belongs to ¥;. But

X, n=12,..., is u-equivalent to Y,, n=1,2, ..., hence X, - X.
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Theorem 2.4.

The vector lattice &, is (conditionally) complete with respect to the
lattice operations.

Proof. If X;e ¥, iel, is any family of elements in £, bounded in
L, ie, YSX;<Z, iel, with Ye%,, Ze Z,, then U = \/ X, and

iel
D= A X;existin ¥ and YS DU <Z; hence De &, and Ue &,.

iel
2.2. The reader can easily prove:

Theorem 2.5.

The expectation E(X), Xe€ %, is a finite, linear, strictly monotone,
real-valued function on &, with E(1) = 1, E(0) = 0. Furthermore, if we
define | X ||, = E(|X|) for every X € &,, then the function || |, is a norm
on ¥, i.e., is a normed vector lattice with respect to || ||,.

We shall prove that the expectation E is o-continuous, i.e.,

Theorem 2.6.

o
If X,e#,n=1,2, ..., is a monotone decreasing sequence with X, | 0,
then E(X,)] 0.

Proof. Since A is u-dense in & |, there exists a sequence Y, k =1, 2, ...,

in A with Y, - X,, n=1,2,.... The sequence Y eX, k=12,..,
may be assumed decreasing, i.e.,

),nk> Yn,k+19 k=l$2"'-'
Now, if we write

Z, =Y AYyn. . onY,, n=12 ..,
then obviously

Z.2X,,2,22Z,,y, n=12 ..,
hence

(a) o-limZ, exists and is = o-limX, = 0.
If m is any fixed index, then Y,, > Z, for all n > m; therefore

X, =ulimY,, =o0lim Y, > o-limZ, > 0

n= oo n—oo n—* oo

for any fixed m; thus

0=o0-lim X, 2 0-limZ, >0, ie., o-limZ, = 0.

n-*a0 n- o n— o
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From this, with Z, | and Z,ex, it follows that E(Z,) ] 0 and, since
Z, > X,=20, we also have E(X,)| 0. Hence the continuity of E on
£, is proved.

Theorem 2.7. (Lebesgue’s theorem on monotone sequences).

If X,e &, with
XIISXII“'I’ n= 1, 2, cary

and .

VX, =Xe%,,

n=1
or with X, z2X,21, n=1,2,..,
and

@
/_\IX"=XG$I’

then E(X,)1 E(X) or E(X,) | E(X) respectively.
Proof of the case X,1: Since X—X,e¥, and X—X, ] 0, we have
E(X)—-E(X,) = E(X-X,)|0,

ie., E(X,) 1 E(X).
The proof of the case X, | is analogous.

Lemma 2.1.
If Xnegl, Y,,E.z’l, n=1, 5 evey
=) o«
with 0<X,1,0<Y1, VX, Y, in ¥
n=1 n=1
and ® ®
VX, <V,
n=1 n=1
then lim E(X,) < lim E(Y,),
where lim E(X,) and lim E(Y,) may be finite or + co.
Proof. Since
o-lim X, A Y, =X, A\ Y, =X, e¥,,

n-w n=1
for every k= 1,2, ..., and X; A Y,1, we have (see Theorem 2.7)
lim EX,AY)=EX), k=12, ...

n—oc
Now, since
Y,z XynY,, n=12,..,
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we have
lim E(Y,)) > lim E(X,AY,) = E(X)), k=12,...

n—+ow

Hence lim E(Y,) = lim E(X,).

Lemma 2.2 (Fatou).

If X,e&,,n=12,..,with0< X, <Y, Ye&,n=12, .., then
o-lim inf X, exists in &, and we have

n-*w

E(o-lim inf X,) < lim inf E(X,).

Proof. Since D, = k/\ X, exists in &, for every n=1,2,..., with
2n

D, 1 and is bounded by Ye .#Z,, we have

a
olliminfX, = \/ D,e &,,
n=1

B+

hence E(o-lim inf X,) = lim E(D,). 1)

Now, since D, < X,, we have

E(D,)<E(X,)), n=12,..,
so that
lim E(D,) < lim inf E(X,).

From this and (1), it follows:
E(o-lim inf X,) < lim inf E(X,).

n—oo

Theorem 2.8 (Lebesgue’s theorem on term by term integration).

If X,e#,n=1,2,..., and bounded in &£, i.e., |X,| < YwithYe %,
n=12,..., then o-liminf X, and o-lim sup X, exist in ¥, and we have

n—w n—*o

lim inf E(X,) > E(o-lim inf X,) and

(R) : .
lim sup E(X,) < E(o-lim sup X,).

If, further, X, 5 Xe¥, then Xe ¥, and
(S) lim E(X,) = E(X).
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Proof. Let
X = oliminf X, and X = o-lim sup X,;

n-> n—>w

then |X| <Y and |X|<Y, hence Xe%, and Xe%,. Since
Y+X,>20 and Y+X,e¥;, n=1,2,..., and moreover Y+X,,
n=1,2,..., is bounded in #,, we have, from Fatou’s lemma,

lim inf E(Y+X,) > E(Y+X)

n— o

and liminf E(Y-X,) > E(Y-X),

which gives at once the relation (R). Further, if
ollimX,=X=X=X,

n—w

then X € .¥,, so that by (R)
liminf E(X,) 2 E(X) > lim sup E(X,),

which gives the equality (S).

2.3. We shall prove the following theorem:

Theorem 2.9.
IfX,e, with0<X,<X,,,n=12,..., and o-lmX, = XeV¥,

n—oo

then Xe X, if and only if lim E(X,) < +o. We then have
E(X) = lim E(X,).
n—w
In order to prove this theorem, we shall extend the function E from

Z,*to¥*. We know that & is o-dense in ¥, therefore &* is o-dense
in ¥"*. Hence, every X e ¥ * may be represented in the form

X =o-limX,,
n—=ow
where 0< X,e¥, ie, X,e&*, n=12,.., and X,< X,;1,
n=12 ... We then have E(X,) < E(X,,,), n=1,2,.... Hence

lim E(X,) exists and is either a non-negative real number or +co. If

another sequence 0 € Y, e #%, Y, < Y,,,, n=1,2, ..., o-converges to
X ev*, then according to Lemma 2.1,
lim E(Y,) = lim E(X,).
n—+ow

n—>aw
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If Xe#,*, then lim E(X,) = E(X).

Now, we define
E*(X) = lim E(X,);
then E* is defined for every X € #"* and the value E*(X) is uniquely
determined and 0 < E¥(X) < +o0; if XeZ,* then EX(X) = E(X);
therefore E* may be considered as an extension of E from £,* to v'*.
We obviously have:
if X<Y then E*X) < E*(Y)
EX¥(X+Y)=E*(X)+E*(Y), E¥(AX) = AE¥*(X), A= 0.

Further, the following lemma is true:

Lemma 2.3.
If X,ev™ with X, < Xp41, n=1,2, ..., and
X =olimX,ev™,
then E*(X) = lim E*(X,).

n-*oo

Proof. Let us write

X, =o-limX, with X,, e and X, < X, 4+, k=12,....
k-

Further, let
Up=X,vX3,V...V Xy, n=12,..;
then U,e¥, U, <X, and U,<U,,;,, n=1,2,...; therefore, the

o-limU, exists in ¥'* and is < o-limX, = X, ie,

n-* o0 n~+owo
o-limU, = X.

n—+oo

We can prove
o-limU, = X,

n—> oo

ie., o-llim U, = X.

In fact, for any fixed index i, we have
X,.<U, if i<k (2
therefore,
X;=o0lmX, <olmU,, i=12..;
k- o

k— o
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hence X = o-lim X, < o-lim U,;
i+ k— 0
thus X =o0-lim U,

and, according to the definition of E*, we have
E*(X) = lim E(U,). 3)

We shall prove:
lim E(U,) = lim E*(X,).

In order to prove it, we note that since U, < X,, we have
lim E(U,) < lim E(X,). 4)
n— oo n—o
Since (2) is true, we have E(X,,) < E(U,), if i < n, hence
<

E*(X;) = lim E(X,;,) < lim E(U,), i=1,2,..;

n—aw

thus lim E*(X,) < lim E(U,). (5)

Now (3), (4) and (5) imply
lim E*(X,) = E*(X).

Proof of Theorem 29. If Xe %%, then
lim E(X,) = E(X) < + 00 (see Theorem 2.7).

Suppose lim E(X,) < +o0; since every X, € Z,* = ¥'*, we have
n=r oo

E¥X,)=EX,), n=12, ..
and by Lemma 2.3,
E*(X) = lim E(X,) < +m, ie., E¥(X) < + 0.

Suppose X e ¥ — %, *; since &' is u-dense in ¥~ * there exists a repre-
sentation
X=ulimY, with ¥,<Y,,,, ,e&', n=12,...
n—> oo

The elements Y,, n=1,2, ..., do not belong to X' *, for every n >
a certain index ny, for, if a subsequence Y, belongs to & *, then by the
u-convergence of this sequence, we have X e.%,*, which contradicts
the assumption Xe¥ *—-%,*. Now, let n be an index with
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Y,e&*—A" and let
Y, = gléilbi

be the reduced representation of Y, by indicators; then
.zl &ip(b) = +©

k
and olim ¥ &1, = ¥,
k= i=1
with k
2 &l e
i=1
hence

k
EX(Y,) = lim ¥ &ip(by = +oo.

On the other hand, Y, < X, so that E*(Y,) < E¥(X) = + o0, which
contradicts the assumption E*(X) < + 0.

Exercise 1. Prove: if X,e ¥,*, n=1,2,..., and

lim inf E(X,) < + o0,

then o-liminf X, e ¥, *
and E(o-lim inf X,) < lim inf E(X,,).

n—+ow
Exercise 2. Prove: if

X,e#,* and limsup E(X,) < + oo,
n=aow

then o-liminfX,e #,*.

n—* o0

and

n—ow

E(o-lim inf X,) < lim inf E(X,) < lim sup E(X,) < E(o-lim sup X,),

if ollimsup X,e &#,*.

3. SIGNED MEASURES
3.1. Let B be a Boolean o-algebra; then a finite real-valued function
¥ on B, which is o-additive, i.e., for which

T @) =u(V @),

nz1
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if ay, a,, ..., are pairwise disjoint, is said to be a signed measure y on B.
If (B, p) is a pr o-algebra and X a rv over B, with X € &,(B), then the
indefinite integral Yy (b) = E(I, X), be B, is a signed measure on B (see
Section 1.4). If , and y, are signed measures on B, then

Y =Mvi+4LY,
where 4, and A, are real numbers, is also a signed measure, i.e., the
signed measures on B form a vector space A4 (B). Obviously every
signed measure i € #(*B) is continuous, i.e., if g,€B, n =1, 2, ..., with
a, | 9, then y(a,) - 0.

3.2. An element aeB is said to be positive with respect to a signed
measure ¥ € 4 (B) if and only if, for every x € B, y(x Aa) = 0. Similarly,
an element ae B is said to be negative with respect to Y if and only if,
for every xe B, Yy(xra) < 0. The zero element & is both positive and
negative in this sense. We do not assert that there necessarily exists
any other, non-trivial, positive element or negative element with respect
to a signed measure . But the following theorem is true:

Theorem 3.1.

If y is a signed measure on a Boolean o-algebra B, then there exist
two disjoint elements ac B, beB such that avb = e and a is positive
and b is negative with respect to \y. We shall then say that the elements
a and b form a Hahn-decomposition of the unit eeB with respect to
Ve A (B).

Proof. The set of all negative elements of B with respect to ¢ is non-
empty, for & belongs to this set. It is easy to see that a countable join
of negative elements is also a negative element. We write

¢ = infy(x)
for all negative elements xef®B; then there exists a sequence b,
n=1,2,..., of negative elements in B such that

= lim y(b,).
We write

b= ,,\=/1b"'

Then b is a negative element in B such that Y(b) < Y(x), for every
negative element x in B. We shall prove that the element a = 5° = e—b
is a positive element. In order to prove it, we suppose that, on the
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contrary, a is not positive. Then there exists an element x, in B, such
that x, < aand Y(xy) < 0. The element x, cannot be a negative element
in B, for then bvx, would be a negative element with

Y(bv xo) =Y (b)+¥(xo) < ¥(b),

which is impossible. Let k, be the smallest positive integer with the
property that x, contains an element x, in B for which y(x,) > 1/k,.T
Since
Y(xo—x;) = Y(x0) ~¥(x;) < Y(xo)—(1/ky) <0,

and moreover x,—x, < 4, the argument just applied to x, is applicable
to the element x,—x,. Let k, be the smallest positive integer with the
property that x,—x, contains an element x, with y(x,) = l/k, and
so on. We have, obviously,lim 1/k, = 0. It follows that, for every
y€®B with e

00
Y €Yo =Xo— lem
ne

we have Y(y) <0, i.e., y, is a negative element. Since y, is disjoint
from b and since

V(o) = Plxo)— ¥ W) < W(xo) <0,

i.e., Y(yo) < 0, this contradicts the minimality of b (for Y(y, v b) < Y(b)
and y, v b is negative) and we conclude that the assumption y(x,) < 0
is untenable, hence the elements a € B and b € B form a Hahn decomposi-
tion of e with respect to .

3.3. One can easily construct examples to show that a Hahn-decom-
position of e with respect to { is not unique. But, if ¢ = a,vb, and
e = a, v b, are two Hahn decompositions of e with respect to i, then
one can prove that y(a, +a,) =0 and y(b, +5,) = 0.

In fact, we observe that a,—a, < a,, so that Y(a;—a,) >0 and
a,—a, < b,, so that Y(a;—a,) <0. Hence Y(a;—a,) =0 and, by
symmetry, Y(a,—a,) =0. Hence, if we define, for every xeB,
Ut(x) =¥(xaa) and ¥ ~(x) = —Y(xAb), where e = av b, is any Hahn
decomposition of e with respect to , then Y * and Y~ are two uniquely
determined functions on B, called the upper variation and the lower
variation of , respectively. The function ||, defined by

W) =y ()+y~(x), xeB,

1 Since x, is not negative, there exist such elements.
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is called the fotal variation of Y (observe that |¢/|(x) and |y(x)| are distinct
notations).

Obviously, the functions ¥*, ¥~, |{| are non-negative measures on
B and we have y =y —y 7, i.e., every signed measure Y on B can be
uniquely represented as the difference of its upper and lower variation.
We call y =y* — ¢~ the Jordan decomposition of . For the signed
measure Yy, which corresponds to a rv X € %, (see Section 1.4), ¥y
and - are the upper and lower variations of i, respectively, i.e.,
Wx = Yx+ —Yx- is the Jordan decomposition of .

3.4. Let (B, p) be a pr g-algebra and .#(B) the set of all signed measures
on B; then pe . #(B). Let iy, ¥ be two signed measures on B; then
we shall say that  is absolutely continuous with respect to ¥, in symbols
¥ < if and only if ¥(x) =0 for every x with |y|(x) = 0.

Theorem 3.2.
Let\y e M(B), e M(B). Then the following statements are equivalent:
(@ ¥ <y
(b) " <y and §~ <y
© W<y
(d) for every ¢ >0, there exists a positive number 6(c) such that

[¥|(x) < &, for every x for which ly|(x) < 6(¢).

Proof. 1t is easy to see that, if (a) is valid, then (b) is also valid. In
fact, we have ¥(x) = 0, whenever [y|(x) =0. If e=avb is a Hahn
decomposition with respect to V, then we have, whenever |{|(x) = 0,

0<lxaa) <Wi(x)=0

and 0 < Yl(xAd) < Yl(x) =0,
and therefore VT(x)=y(xrna)=0
and Y (x) = —f(xAb) =0;

this proves the validity of (b). The fact that (b) implies (c), and (c)
implies (a) follows from the relations

[P1(x) = §* () +P~(x) and 0 < |P(x)| < W),

respectively.
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That (d) implies (a) is obvious; we shall prove that (a) implies (d):

Suppose the relation (d) is not true. Then it is possible, for some
¢ >0, to find a sequence x,, n=1,2, ..., such that

1 .
h/ll(xn) < 5,.— and |¢|(xn) ze n=1, 2: v

We write
x = o-lim, sup x,,
then ® i
VI < X W10 < 550 =12
and therefore |¥l(x) = 0.

On the other hand,
Wi(x) = lim W1(xe v Xpi g v ...) = lim sup [§](x,) > e.

But this contradicts (a). Hence if (a), then (d).

The relation < in #(B) is reflexive and transitive. We shall call
two signed measures iy and ¥ equivalent in symbols ¥ = ¢ if and only
if y < and ¥ <. The following theorem is true:

Theorem 3.3.
For every X e %,, Vx < p and, moreover, for every € #(B), Y < p.

Proof. We have p(x) =0 if and only if x =@, and ¥(9) =0, for
every Y € 4 (B).

4. THE RADON-NIKODYM THEOREM

4.1. Let (B, p) be a pr s-algebra and .#(B) the set of all signed measures
on B; then the indefinite integral ¥,(b) = E(I, X), be B, for any rv
Xe¥,, belongs to #(B). We shall prove that, conversely, every
signed measure Y € #(B) is the indefinite integral of a rv Xe%#,. In
order to prove this we need the following lemmas:

Lemma 4.1,

If § and  are non-negative elements in M (B) such that § < ¥ and \ is
not identically zero, then there exists a positive number ¢ and an element
a€ B such that Yy(a) > O and such that a is a positive element in B for the
signed measure j —ey.
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Proof. Let e =a,vb, be a Hahn decomposition with respect to the
signed measure Y —(1/m)y, n=1,2, ... We write

ay, = \=/1a,,, by = /-\1b";

then, since b, < b,, we have 0 < ¥(by) < (1/n)y(by), n=1,2, ..., and
consequently /(b,) = 0. It follows that ¥(a,) >0 and therefore, by
Y <, that y(a) > 0. Hence we must have y(a,) > 0, for at least
one value of n; if, for such a value of n, we write a = q, and ¢ = 1/n,
the requirements of the theorem are all satisfied.

Lemma 4.2.

Let y be any non-negative element of 4 (B); then there exists a uniquely
determined rv X € £, such that y(b) = yx(b) = E(I, X) for every beB.

Proof. Let & be the class of all non-negative rv’'s X €.#, such that
Vx () = E(I, X) < y(b), for every beB. The class & is non-empty,
for the element 0 belongs to . We write & = supyx(e) = sup E(X),
for all X e #; then there exists a sequence X, e &, n=1,2, ..., such
that

lim yrx_(e) = lim E(X,) = & < Y(e) < +o0.

Let n

Xn* = k\=/1 Xk,
so that 0<X,*<X},,, n=12,..
and

o L
X*>X=\ X,
n=1
then X,*e?, and Xe¥, and since E(X,*) < E(X) <¢, we have
X,*e#, Xe#, and

¢ = E(X) = lim E(X,).
We assert that y,(b) = E(I, X) = y/(b) for every beB. Suppose that
¥ (b) is not equal to Y x(b) for every be B, i.e.,y = ¥ — iy is not identically

zero; then, since ¥ < p, by Lemma 4.1, there exists a positive number &
and an element ae®B such that p(a) > 0, ie., a # J and such that

0<ep(xna) <Y(xna) =yY(xra)—yx(xra)
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for every xeB. Now we write Y= X+el,; then
Yy(x) = E(I, Y)
=E(I, X)+ep(xna)
< E(li-, X)+y(xrna)
SyYy@Ex—-a)y+y(xna)
=y(x)
for every xe®B, ie., Ye#. Moreover, we have
E(Y) = E(X)+¢ep(a) > &,

ie., E(Y)>¢ and this contradicts Ye#%#. Hence, the assertion
Y x(b) = Y (b) for every be B is true.

Now, the following theorem (known as the Radom-Nikodym theorem)
is true:

Theorem 4.1.

If (B, p) is a pr g-algebra and \ is any signed measure on B, then there
exists arv X € &, such that
Y(b) = yx(b) = E(I, X) for every beB.
The rv X is uniquely determined.
Proof. Let ¢ =y*—y~ be the Jordan decomposition of ; since
Y* and §~ are non-negative, there exist X, € £, and X, € &, such that
Yt (b) = yx,(b) and ¥~ (b) = Yx,(b) for every beB; then we have for
every be'B,
Y@ =y* G-y~ )
= l/’xl(b)—sz(b)
= E(I, X,)—E(I, X,)
= E(Iy(X;—X3))
- E(Ib X),
ie., Y(b) = Yx(b) where X = X, —X,.
Obviously, X € &, is uniquely determined, for, if Ye £, and (b)) = ¢, (b),
then Y x(b) = yy(b) for every beB, ie, X = Y.

5. REMARKS

5.1. Let (B, p) be a pr g-algebra and ¥'(B) the stochastic space of all
rv’s over B. In Section 2.3, we defined, for each X e ¥ * = ¥ *(B),
E*(X) as an extension of the expectation E from Z,* to ¥"*. Now,
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let Xev¥ ™, ie., Xe¥ with X <0; then —X e¥ " and we may define
E*(X) = —E*(—X). The most general class of rv’s X for which it
is convenient to define E*(X) is the class of all rv’'s X for which X* or
X~ belongs to .#;. We then define:

E*(X) = E*(X*)—E*(X").

E* is unambiguously defined on the set #* of all X e for which
E*(X*) or E*(X7) is finite and if X € ¥, < £* then E*(X) = E(X).
It is easy to prove that:

(1) If Xe#* Ye¥* and X+ Ye Z* then
EX(X+Y)=E*(X)+E*(Y).
2) If0< X,1X, then
’ E*(X,) 1 E*(X).

(3 If X,ev* and f X, = X in the sense of o-convergence then
n=1

E*(X) = ¥ EX(X,).
n=1
4) If Xe¥* and E*(X) is finite, then
lim E*({I,|X]) = 0.

p(@)~0
4.2, let Xe#*. Then the function
Yx(b) = E*(I,X), be®B
is p-continuous (i.e., vanishes for b = @) and s-additive (i.e., ifa= Szla,,

where a,, a,, ... are pairwise disjoint, then

V3@ = 3 ¥x(a)

Now we may consider signed measures with values in the extended
real line R* = [0, +0]. An extended signed measure Yy on B is
a g-additive function defined on B and valued in R*, such that y (&) = 0
and such that Y assumes at most one of the values + 0 and —oo. If
Y(b) = 0, for every beB, then ¢ is called simply “ measure on B”;
if 0 <yY() < +o0, then ¥ is called * finite measure on B”’; and if
there exists a partition e = a, va, v ..., with a,, a,, ... pairwise disjoint,
and 0 <yY(a,)<+ oo, for every n= 1,2, ..., then y is called “ o-finite

1 See Loéve [1], Section 7.2.
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measure on B, It is easy to prove that y, with X € £ * is an extended
signed measure, and if X > 0 then Y is a o-finite measure on B. We
have, for every X € £*, Yx = Yx+ —Yx-, and both Y. and Y- are
o-finite measures and at least one is always finite; |[Yx| = Yx+ +i¥x-
is also a o-finite measure.

There exists a Hahn decomposition e = a v b with respect to an extended
signed measure and y can be represented as the difference of its upper
and lower variations.  is called a o-finite signed measure if both its
lower and upper variations are o-finite measures on B.

5.2. Let u be a measure on B; then we can define the concept of the

integral J. X dp of a non-negative srv X € ¥+ (B) with respect to u by
[Xdu= 3% & na)
where "
X = Z éanj
i=1
is the reduced representation of X by indicators. The integral f Xdu

of a non-negative rv X e ¥ * with respect to u is defined by

fXdu = lim [X,,du,

n—o0 ¢

where X,, n=1,2,..., is a non-decreasing sequence of non-negative
simple rv’s which o-converges to X. Now we say that a rv Xe ¥

possesses an integral f X dp with respect to the measure p if one of the

integrals fX*dy and fX’du 1S < +4+o00; then we define

fXdu = fX+d,u—fX_dy.
Let X e¥” possess an integral, then yy ,(b) = f I, Xdy is defined

for every b e B and is a signed measure on B. The following generaliza-
tions of the Radom-Nikodym theorem can be proved (c¢f. P. Halmos {2]):

Theorem 5.1.

Let s be a o-finite signed measure on B. Then there existsarv X e £*
such that y(b) = Yyx(b) for every beB.
Theorem 5.2,

Let y be a o-finite measure on B and \y a o-finite signed measure on B
which is absolutely continuous with respect to u, i.e., y(x) = 0 for every
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x€B with u(x) = 0. Then there exists a rv X € ¥ which possesses an

integral fX du with respect to u such that
y(b) = fIbXdu for every beB.

Theorem 5.1 can be proved by an easy modification of the proof of the
corresponding Theorem B, p. 128, of Halmos [2]. In order to prove
Theorem 5.2, observe that Y and p are comparable in the sense of
Carathéodory [6], page 208, and Carathéodory’s Theorem 2 of this page
can be applied.



VI

MOMENTS, SPACES ¥,

1. POWERS OF RV'S
1.1. Let (B, p) be a pr g-algebra and X be an erv with

X = Z éjlaj
jiz1

as its reduced representation by indicators. Then, for every g =1, 2, ...,
we define

Xt= 3 &L, M
as the g-th power of X. Obviously X?is an erv. If X > 0, then we can
define by (1) the g-th power for every real number g > 0. Hence |X|? is
defined for every real number ¢ > 0 and for every erv X. Now let X
be any rv in ¥ (B); then there always exists a sequence X,€ &(B),

n=1,2,...,suchthat X, —0> X. Itiseasytosee that, foreveryg = 1,2, ...,
the sequence X,%, n =1, 2, ..., is then defined in £(B) and o-converges
to a rv in 7 (B), which we denote by X? and call the g-th power of X.
This definition is independent of the choice of the o-convergent sequence
X, n=12,.., to X. In the same way, if X >0, Xe¥ (B), since
there exists a sequence X,e &(B), X, = 0,n =1, 2, ..., such that X, 5 X
and X,%, n =1, 2, ..., is o-convergent, we can define for every real number

q >0, the g-th power X? of X as the o-limit of the sequence X9,
n=12,....

148



2. MOMENTS OF A RANDOM VARIABLE 149

2. MOMENTS OF A RANDOM VARIABLE

2.1. Expectations of powers of a rv X € ¥'(B), if they exist, are called
moments. More precisely, if, for any pcsitive integer k=1,2, ...,
X*e % ,(B), then we shall call the expectation E(X*) the k-th moment
of X. If, for any positive number g, |X|?e &, (B), then we shall call
E(]X|?) the g-th absolute moment of X.

Theorem 2.1.

If |X|"€e Z,, for some Xe€¥ and q > 0, then |X|* € L, for every q'
with 0 < q' < q, and, if k is any positive integer with k < q, then X*e &£ ,.

Proof. We have
IX|7 < 14+(X]%

hence |X{? € %, and if k is a positive integer then, since

X" = |X[*e 2,
we have X*e Z,

2.2. It is easy to see that the following inequality is true
o+ BI* < pglod®+ 7,1 BI%
where a and f are real numbers, g a real number with g > 0, and y, = 1,
ifg<landy, =21 ifg> 1.
This inequality implies
Theorem 2.2.

If Xev', Ye¥v with |X|"e ¥, and |Y|'e &, for some q > 0, then
| X+ Y7 e &, and moreover

E(X+Y|) <y, E(X{)+7, E(Y]%, ¢))
where v, = 1 or 277" according as q < 1 or q > 1.

The following elementary inequality

q s 1 1
Bl < gL + 1A , with ¢g>1 and —+ —=1,
q s q s

is true for any two real numbers o and f so that we have

Theorem 2.3.

If Xev, Yev with | X|"e ¥, |Y’e &£, where q > 1 and
1 1

—_—t— =1,

q S
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then XY € &, and the so-called Hilder inequality holds
E(IX Y1) < (EQX19) "9 (E( Y1) @
Inequality (2) yields the so-called Minkowski inequality:
(BAX +Z1%) ' < (EQXID) "o+ (E(ZID) 7, 3
foreveryq = 1 with | X|"e ¥, and |Z|"e Z,.

Proof (see Loéve [1], p. 156. See also Theorems 6.4 and 6.6, Chapter VII,
where proofs in more general cases are given.

Hélder’s inequality with ¢ = 2, s = 2 is called the Schwarz inequality
(E(XYD)* < E(AXID) E(YI?). “

The following theorem is true:

Theorem 2.4.

Let Xe¥ with |X|"e ¥, for any q > 0 and let £ be a positive real
number. Then

E(X[)—¢* E(X[%)
s <X )< =5

If sup | X|? = + 0, then the left-hand side is zero. The inequality on the
right in (5) is called the Markov inequality and for q = 2 it reduces to the
T chebichev inequality

T (%)

E(XI%)
2
Proof. Let a = [|X]| = £]; then from the obvious relations:
E(1X|%) = E(LIX|) + E(I|X|")
and €7 p(@) < E(IIX|T) < sup |X].p(a),
0 < E(L|X]) < [€If,

p([I1X] =¢) < ¢>0. (5a)

it follows that
1€ p(a) < E(IX|%) < sup [X|? p(a)+ ]2

This proves the inequality.

1 Thesup Y, where Ye 77, is defined as the infimum of all real numbers n with Y < .
If the set of all real numbers y with ¥ < 7 is empty, then sup Y= +co,
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3. THE SPACES %,

3.1. Weshall denote by £, = Z,(B) the set of all X e ¥" with [X|"e £,
for every real number ¢ > 0. Then &, is a vector sublattice of ¥". It
will be convenient to introduce two extreme cases. The first is the trivial
space &, of all rv’s X, i.e., &y = ¥/, since

E(X|°) = EQ1) = |

for every X e ¥". The second is the space %, of all bounded rv’s, i.e.,
&L =M. Since

lim E(|X|%) < + o0

q-©

if and only if |X| < 1, it seems that only the set &' of all rv’s with
|X| <€ 1 ought to be introduced. However, we have

qlig (E(1X|9)"/* = sup |X]. (6)

Therefore
1X]s = lim (E(]Xl"))”“ <+
g

if and only if X e #, i.e., there exists a constant n such that |X| < 5.
In order to prove (6), we have

sup | X| = (E(XID)" > (E(X|".Iyxs o) ' = E(p(UX] = ¢D) '

for every ¢ with 0 > £—sup [X]|, and the right-hand side converges to
¢ as g » +00. Letting & fsup |X| we infer (6).
Theroem 2.1 implies

Theorem 3.1.

V=%2%,2%,2%,=M2%,,if0<q<s5< +00; more-
over £, 2 %.
The following theorem is true:

Theorem 3.2.

For every q with 0 < q < 1, the space £, is a linear metric space with
metric defined by p(X, Y) = E(|X—Y|%). Foreveryqwithl <q< + o
the space %, is a normed linear space with norm defined by

1Xl, = (EQX)™ Xl = sup |X| = lim {1 X1,
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Proof. By the inequality (1), we can prove, for every g, with 0 <g < 1,
the inequality:
p(X,2) < p(X, Y)+p(Y,2)

and, by the inequality (3), we can prove for every ¢ with 1 < g <+
the inequality:

X+ Y, <IXlg+1Ylg
If g = + o, then

1X1l, = sup |X] = qlin; X1l

Hence lim | X+ Y|, < lim | X}|,-+1im | Y ||;
q= q—©

q-©
ie., X+ Yo < IXlo+ 1Yl
It is obvious that the other properties of the metric and the norm are true.
3.2. We first introduce the convergence in the g-th mean. We shall
say that the sequence X,e%, n=1,2,..., converges to Xe&, in

the g-th mean and write X, 4 X if and only if E(|X,— X|) — 0, when
0 <g <+ o0, and if and only if | X,—X||, - 0, when g = + c0.
The following theorems are true:

Theorem 3.3.
If X, 5 X, then E(X,|%— E(X|%), 0 < g < + 0.

Proof. Let X, 4 X. If g £ 1, then it follows from inequality (1), that
E(1X,|)—E(1X|) < E(X,— X9,
ie, E(1X,|7) - E(X]).
If g > 1, then it follows from inequality (3), that
1 Xallg =1 XNl < 11X —Xlgs
ie., 1 Xallg = 11 Xlgs
hence E(|X,|9) - E(X|.
Theorem 3.4.

q P
If X,—> X, then X, > X, 0 <q < + o0, i.e. convergence in the g-th
mean implies convergence in probability.

Proof. By applying the inequality of Markov (on the right of (5)).
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Theorem 3.5.
P q
If X, = X and the sequence X, is bounded by a constant, then X, — X,
0<g<+m.
Proof. By applying the inequality on the left of (5).
Exercise. Prove that

d(X, Y) = E(M)

1+|X—Y|

defines a metric in ¥" and convergence in this metric is equivalent to
convergence in probability.
It is easy to prove:

Theorem 3.6.

Convergence in the distance p, if 0 <q < 1, and norm convergence,
if 1 <q< + oo, respectively, are equivalent to convergence in the q-th
mean in & ,.

We are now in a position to prove that the space £, is closed relative
to convergence in the g-th mean. More precisely, the following theorem
is true:

Theorem 3.7.

A sequence X,e £,, n=1,2,..., converges in the q-th mean to a rv X
in &, if and only if X,, n=1,2, ..., is a fundamental sequence in the

g-th mean, i.e., (X,,—X,) 5 0,0 <g< 4.

Proof. Let g <+ o0, and let X, 5 X; then X,— X, 4 0, since, by the
inequality (1),

E(1Xn— XilD) < 74 E( X = X1D) +7, E(X — X,{%).

Conversely, if X,,—X, 1»0 then, by the Markov inequality, for every
>0,

1
P([IXp =Xl > &) < —7 E(1 X = Xul),

P
so that X, —X, —0. Therefore, there exists a subsequence X,,,
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A=1,2, ..., which o-converges to some XeV¥, i€, X =olmX,,
inv". . Az
For every fixed m, we have X,,—X,, - X,—X in #". Since

E(|X,~X,,|) =0,

it follows, by the Fatou-Lebesgue theorem and the hypothesis, that
lim,, sup E(|X,,— X|*) < lim,, sup (lim, inf E(}{X,,— X, |9)) = 0.

q
Hence X,, —» X.
In the case g =+ oo, the theorem is true, because oco-convergence
in &, is equivalent to uniform convergence.

4. CONVERGENCE IN MEAN AND EQUI-INTEGRABILITY
4.1. A family X;e %, iel, is said to be equi-integrable if and only if
S‘«;p E(Ixy>alXiD10 as &1 +c0.
It is easy to prove:

A family x;e &, iel, is equi-integrable if and only if, for every ¢ > 0,
there exists a d(¢) > 0, independent of 7, such that

E(I[IX,»|>§] | X)) <e,
for every & > d(¢) and i€, i.e., if and only if
E(Iyx,>glXi) = 0

uniformly in i, as £ = + 0.

Theorem 4.1,

If the family X,e %, i€l, is absolutely bounded by arv Xe ¥,, i.e.,
|X;| € X, i€l, then it is equi-integrable. In particular, any finite family
in %, is always equi-integrable.

Proof. Since the function y y(a) = E(I, X), ae€ B, is a measure on B,
hence o-additive and non-negative, i.e., continuous, we have

{lirz E(lix>5X) = 0.
Since |X;| € X, iel, we have
E(I[|x.-|>§1|Xi|) < E(fix>5X), iel,
ie., sn:p E(Iyx,>aX 0.
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If I is finite, then obviously the family is absolutely bounded and the
hypothesis of the theorem is satisfied.
4.2. A family X;e %, i€ l, is said to be equi-continuous if
sup E(L|X;]) -0, as p(a) -0,
1

i.e., for every ¢ > O there exists a é(¢g) > 0 such that

sup E([| X)) < ¢
1

for every a e B with p(a) < d(g).

Theorem 4.2.

A family X, e &, i€l, is equi-integrable if, and only if, it satisfies the
Jollowing two conditions:

(@) The family X,, i€l, is equi-continuous.
(b) sup E(JX,)) <+ 0.
I

Proof. Let X,, i€l, be equi-integrable; then, since, for ¢ > 0 and any
aeB

E(I|X)) = EU, . xg<alX )+ EU 4 apxi>al X b
i'e-, E(Ia|X||) < ép(a)+E(I[|X,-|>§]|Xi|)s
we have

Slip E(I|X,) < fp(a)+51:p E(I x>0l X)) 1

But, for every ¢ > 0, there exists a £, > 0 such that

£
Sl}p E(I[|X,<[>.:C]IXEI) <7 .

Now we write e
2,
then, if a € B with p(a) < 8(¢), we have

sup E(L| X i) < &
I

o(e) =

thus X, iel, is equi-continuous.
We set in (1) a = e; then

sup E(X,) < é+8111p E(I x> alXiD)s
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ie., sup E({X;]) < + 0.
I

Thus the family X, i e[ satisfies the two conditions (a) and (b).
Conversely, let the family X, i€l, satisfy conditions (a) and (b); then
the obvious inequality

E(IX]) = E(I x>0l X)) = Ep([1X | = €D, &E>0,
implies 1
sup p([iX4 > €D < 7 Sup E(1X,]).
Since, moreover, by condition (b), sup E(|X,|) <+ o0, we have,
supp([|X;| =2 &) >0, as & —>+oo. )]
I
By condition (a), for every & > 0, there exists d(¢) > 0 such that, if ae B

with p(a) < 6(g), then
sup E(I| X)) < s.
I

From (2), it follows that there exists n(¢) > 0, such that

p([1X:| = &D) < o(e),
if € > n(e); then we have
Sl}p E(Iyx,>glXi) <e.

Thus the family X;, iel, is equi-integrable.
Theorems 4.1 and 4.2 imply:

Theorem 4.3.

If a family X ;€ ¥, i€l, is absolutely bounded by arv X € ¥ |, then it is
equi-continuous; in particular every finite family is equi-continuous.
The following theorem is true:

Theorem 4.4.

A sequence X, e &, n = 1,2, ..., converges in the mean (the first mean)
toarv Xe¥, if and only if E(1,X,) - E(I, X) uniformly in ae B, as
n — oo; in particular, if X, converges in the mean to X and

p-lima,=a in B,

then lim E(I,, X,) = E(I, X),
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i-e" l//,\’"(an) - l//X(a)'
Proof. From the obvious inequality
|E(Ia Xn)—E(Ia X)l < E(lla Xn_InXD < E(an—Xl)

for every ae B, it follows that, if X, converges in the mean to X, then
E(l,X,) conveiges to E(I, X) uniformly in a. Conversely, the equality

E(X,—X|) = (E(Iy, X,)— E(Iy, X))~ (E(Iy,« X,)— E(I,, X)),

where b, = [X, > X], implies that if E(I,X,) converges to E(I, X)
uniformly in a, then X, converges in the mean to X. Now if X, converges
in the mean to X and p-lim g, = a in B then, since

n—w

\E(I,, X,)— E(I, X)| < |E(l,, X,)— E(I,, X)| +|E(I,, X)— E(I, X)|
and the right-hand side converges to zero, as n — oo, we have
E(,, X,) — E(1, X).

Now we shall prove the following theorem.

Theorem 4.5.

Let X,e Z,,n=1,2,...,and X €¥"; then the following two statements
are equivalent:

(@) The sequence X,€ &, n = 1,2, ..., is equi-integrable and X, 5 X.
(b) Xe, and X, converges in the mean to X.

Proof. Let (b) be true; then the sequence X,, n=1,2,..., is funda-
mental in the mean; i.e., for every ¢ > 0, there exists an index n, such
that

E(X,—X,]) < ‘_f,‘ if m>n, k>n, M
The obvious inequality
E(IIX\) < E(J X, )+ E(X,— X,l), ae%B, ©))
and (1) imply that, for every ae B,
sup E(LIX\) < sup E(LIXn)+ 3 ®

since the finite family X,, m = 1,2, ..., n,, is, by Theorem 4.1, equi-



158 VI. MOMENTS, SPACES 2,
integrable, we have by Theorem 4.2 that

sup E(|X,]) <+,
<

m<ng

and that the sequence X,, m = 1, 2, ..., n, is equi-continuous; 1i.e., there
exists 6(¢) > 0 such that

sup E(LIX,D) < =
if ae B with p(a) < (e).
These and the inequality (3) imply:
Slll(p_ E(X,]) <+ o0, @)
and Slip E(I|X,]) <e, &)

for every a with p(a) < d(g); i.e., that the sequence X;, £k =1,2, ..., is
equi-continuous. Conditions (4) and (5) imply by Theorem 4.2 that the
sequence X,, kK =1,2,..., is equi-integrable. Furthermore, we shall
prove that the sequence X,, n = 1, 2, ..., converges in probability to X.
In fact, by Theorem 2.4 we have the inequality

1
p([|1X,—X| =z ¢])) € —E(X,—X|) forevery &>0.
€

Since E(|X,—X|) - 0, we have p([|X,—X] = e}) > 0as n—> oo and for
every ¢ > 0, i.e., the sequence X,, n =1, 2, ..., converges in probability
to X.

Now, let (a) be true; then we shall prove that (b) is true.

Since X, 5 X, there exists a subsequence X,,, £k =1, 2, ..., such that
X, o-converges to X, as k — oo, i.e., |X, | also o-converges to |X]|.
Since the sequence X,, n=1,2,..., is equi-integrable, we have, by
Theorem 4.2, sup E(|X,|) < + o0, i.e.,

lim inf E(|X,,,]) < sup E(|X,,}) <+ 0.
k
By Exercise 1, Section 2.3, Chapter V,
o-liminf (X, | = o-lim | X, | = |[X|e Z;
k=0 k=0

ie., Xe¥,.
We shall prove E(|X,— X|) — 0, i.e., X, converges in the mean to X.
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In fact, we have
E(1X,—X|) = E(Iyx,- x)<al Xa— XD+ E(Iyix, - x1> | X»— X1)
< e+ E(l x, - x1>al Xal) + E(Ip x,, - x| >4l X|)-
Since
lim p([|X,— X| > ¢]) = 0,
for every ¢ > 0, we have
E(I[IX,.—X|>C]|Xn|) -0

and E(Iyx,- x>l X)) =0
for every ¢ > 0,
ie., E(X,—X|)—-0.

Theorem 4.5 yields the following theorem:

Theorem 4.6.

Let X,eZ, n=1,2,..., with 0<g<+4+w© and XV, then the
Jollowing two conditions are equivalent:

(@) The sequence |X,|%, n =1, 2, ..., is equi-integrable and the sequence
X,, n=1,2, ..., converges in probability to X.
q
(b) XeZ,and X, > X.

Proof. The proof is analogous to that of Theorem 4.5, which deals with
the special case g = 1. It suffices to replace everywhere in that proof
Y] by |Y|? and to apply instead of the inequality
IX+Y| < |X[+]Y]
the inequality
X+ Y]? < 9,(X1"+]Y]9).

Theorems 3.6 and 3.7 and the fact that the space £ is identical
with the space .# = {X € ¥": there exists a constant 5 such that | X| < 5y}
imply the following:

Theorem 4.7.

For every q with 1 < q <+00 the space ¥, is, with respect to the
norm || X||,, a complete normed vector lattice; i.e., a Banach lattice. For
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every q with 0 < q < 1, the space £, is a metrically complete vector lattice.

Furthermore, we obviously have

Theorem 4.8.

For every q with 0 < g <+ oo the vector lattice &, is (conditionally)
complete with respect to the lattice operations.

Proof. Obviously, if X,e%, and X,€%,, then X,vX,e¥, and
X, AX,e%, Moreover, if Xe¥ and Y e#, with 0 < X < Y, then
XeZ,; e, if X;e#, with0< X;< Y, iel,and Y €%, then

i\e/l X e,
Corollary 4.1.

The space ¥, is a Hilbert space with {X, Y) = E(XY) as scalar
product.

Exercises. Prove that:

1. X, 4 X implies X, —q;X, forq’' <gq.

2. If sup E(|X,|9) <+ oo and X, converges in probability to X, then
X,,i»Xfonrq’ <gq.

3. IfIX,|<Y, n=12,.. with YeZ, and if X, converges in
probability to X, then X, Lx €Z, 0<g<+oo.
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GENERALIZED RANDOM VARIABLES

(Random variables having values in any space)

1. PRELIMINARIES

1.1. Let ¥ be the stochastic space (space of all real-valued random
variables) over a probability o-algebra (B, p). Further, let B be the o-field
(Boolean ¢-algebra) of all Borel subsets of the real line R. Then the set D
of all open intervals ¢, = (—0,{), £€ R, is achain in B, which o-generates
B. According to Section 5.6 Chap. 1V, if X is a rv in ¥, then there exists
a uniquely determined Boolean o-homomorphism /4y of B into B such
that hy (:) = [X <¢]1€B, £ e R. With the help of this s-homomorphism
hy, a quasi-probability:

Py(4) = p(hx(4)), AeB,

can be defined on B. Then (R, B, Py) is the so-called “sample probability
space of X”. Conversely, if A is any Boolean g-homomorphism of B into
B, then there always exists exactly a real-valued random variable X € ¥~
such that:

h(A) = hy (A)for every A eB.

Under consideration of this connection between the concepts of real-
valued rv’s over (B, p) and Boolean g-homomorphisms of B into B,
one could define a real-valued rv over (B, p) as a Boolean g-homomo-
phism of B into B. The algebraic and topological structure of the space
of all these o-homomorphisms, considered as real-valued rv’s, could

161
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also be studied directly according to this definition (see Olmsted [1]).
In an analogous way, the concept of random variables over (B, p) with
values in any topological or in general in any abstract space Z, respectively,
may also be introduced in the probability theory (see Segal [1], Dubins
F1D. In fact, let B be the Boolean o-algebra of all Borel subset of X,
if it is a topological space, or let B be any Boolean g-subalgebra of the
Boolean algebra B(X) of all subsets of X, if X is any abstract space.
Then a suitable Boolean o-homomorphism 4 of B into B defines also a
quasi-probability:
P(A4) = p(h(4)), AeB.

Hence, the pr space (I, B, P) can replace the concept of a sample pr
space, corresponding to a certain rv having values in £. However, an
important problem in the probability theory is the definition and study of
an algebraic and topological structure in the space of all rv’s over (B, p)
with values in T with the help of the algebraic and topological structure
existing in the space X. For this reason, the Boolean o-homomorphisms
of Binto B are not always suitable (see Kappos [13], Dubins [1], Nedoma
[17). However, this question can be studied in a way which is analogous
to that of Chapter 1V. Furthermore, by this method, all problems
related to the study of the algebraic and topological structure of the space
of all rv’s with values in any space X may be established more naturally
and simply.

2. GENERALIZED ELEMENTARY RANDOM VARIABLES

2.1. Let ('B,p) be a pr g-algebra and X be any space. A function X
defined on an experiment a e 7 (B) and having values in X, i.e., a map
X:a3a;=>X(a) =¢€X, izl
is said to be a generalized elementary random variable (erv) over B with
respect to L. The set of all generalized erv’s over B with respect to X
will be denoted by &(B, ) and called a generalized elementary stochastic
space over B with respect to X. If T = R, i.e., the field of the real numbers,
then we have the elementary stochastic space &(B) over B which we
studied in Section 2, Chapter IV. By (%8B, ) we will denote the

generalized simple stochastic space over B with respect to . Let

X:asagi=>X@)=¢eZ, j=1
Y:b3b;=>Y()=n¢€Z, izl
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be two erv’s of §(B, L); then an equality X = Y will be defined if and
only if, for every pair (j,i) with a;Ab; # @, we have {; =n, in Z.
Furthermore, any relation r, resp any operation ®, defined in X induces
a relation r, resp an operation ®, in £(B, X) defined as follows:

(1) Xr Yiné&(B, X)ifand only if, for every pair (j, i) witha; A b; # O,
we have £;rn; in Z, resp,

Q X®Y =Z:anbaa;ab;=Z(a;nb) = X(a)RY (b) =&,®n;
in X, for every pair (j, i) with a; A b; # @.

If a multiplication of a scalar 1 and an element e X, ie., A¢e€X,
is defined in X, then a multiplication AX is induced also in &(B, X)
defined as follows:

AX =Z:as3a;=Z(aj) = 1X(a)) = A€ L, j=z L

2.2. Let X be equipped with an algebraic, resp a topological, structure;
then a corresponding algebraic, resp topological, structure can be induced
in £(B, Z) with the help of the definitions of Sections 2.1. Particularly,
if X is equipped with a vector lattice or norm structure, then order and
other convergences can be induced in £(B, X) and a completion process
with respect to these convergences can be applied on &(B, X) such that
the corresponding extended generalized stochatic space ¥ (B, X) will
be complete with respect to all convergences which are considered as
important in the probability theory. In the following sections the above
mentioned algebraic and topological questions will be discussed in the
case in which X is a lattice group, resp vector lattice or normed space.

3. COMPLETION WITH RESPECT TO O-CONVERGENCE

3.1. Let X be a g-saturated (i.e. conditionally g-complete with respect
to the lattice operations) lattice group; then for every sequence
(&, eX, n=1,2, ..., which is bounded from above (resp from below)
there exists the supremum V £,, resp the infimum /.i ¢, in X. Further-
n=1 n=1
more, a o-saturated [-group is always archimedean, and every archi-
medean [-group is commutative. It is easy to prove that the elementary
stochastic space £(B, ) is also a lattice group, but not always o-saturated
unless the Boolean g-algebra B is atomic. The lattice group X can be
considered as the lattice subgroup of all constant erv’s. Obviously, X
is then a regular lattice subgroup of & = &(B, £). Moreover, & is an
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archimedean [-group. Infact,let Xeé, Yeé& withnY < X,n=1,2, ...;
we can assume that X and Y are defined on the same experiment, i.e.,

X:asag=¢el, j=1

Y:asaq;»>nek, j=l1;
then nY < X is equivalent to my; <&, j 2 1, n=1,2,.... But ny; < ¢;
n=1,2,..., implies #; < 0, and this holds for every j > 1; hence Y < 6.
(Here 6 is the zero of X and &).
3.2. For a real-valued erv X, i.e.,

X:a3a;= X(a;) = {€R, j=1

we have used a representation by a series:

X =3¢l
jiz1

That is possible here also in the following way:

We denote by &1, for every £ € £ and ae B the erv
a=¢
1
¢l a =0
Particularly we define: 01, =6, &Iy =0, i.e., the constant erv #; and

¢I, =&, i1e., the constant erv £. Let now X be an erv having values in
z, i.e.,

where 0 the zero of X.

X:asag;=X(@)=¢€X, j=1;
then we put X=3% &1,
1

It is easily verified here also that:

X = olim 3 &1,
1

n—o j=
If X is a vector lattice and a commutative multiplication &7 is defined
in it, i.e., X is a lattice algebra over a scalar field F, and 1 denotes the
neutral element of the multiplication, the so-called unit of Z, then the
set of all 1-I,=1,, ae®B, may be considered as the Boolean kernel
F(B) of all indicators in £(B, X) (¢f. Section 2, Chapter 1V).

3.3. We remark that the space &(B, X), considered as an archimedean
l-group, may always be embedded regularly in a saturated I-group, which
may be constructed in a way that is analogous to that of the construction
of the real numbers by Dedekind cuts of the rational numbers. MacNeille
[1] has proved that this Dedekind process can be applied to embed
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regularly every partially ordered set into a saturated partially ordered set.
Everett [1], Banaschewski [1], and others (see also Kantorovic, Vulikh and
Pinsker [1]) have proved that the fact that an I-group is archimedean is
not only sufficient but also necessary for assuming that the minimal
saturated MacNeille extension in which it may be embedded regularly
is also an l-group. In the general case this extension is a lattice-ordered
semigroup. Let & = &(B, ) be the MacNeille minimal saturated
extension of & = &(B, X). We then can consider & as a regular lattice-
subgroup of &.

3.4. Inthel-group & an o-convergence and the concept of o-fundamental
sequences may be defined as in Section 2, Chapter IV; then theorems
3.1-3.3, 3.5, part of Theorem 3.4, Sections 4.1-4.5, and part of Section
4.6, Chapter VII, are also true here. An o-fundamental sequence in & is
not always o-convergent, i.e., & is not always o-complete (i.e., complete
with respect to the o-convergence). Obviously the extension & of &,
as a saturated l-group, is also o-complete, i.e., for every o-fundamental
sequence in & there exists in & an element to which the fundamental
sequence o-converges. & is moreover complete with respect to the o-
convergence of nets. Papangelou [1, 2] (see also Everett and Ulam [1]),
has established another process to complete directly a commutative
I-group with respect to the o-convergence of sequences. This process is
hence applicable to complete & and leads, if some additional conditions
are fulfilled, to the minimal saturated extension & of &. This happens, for
example, in the case £ = R (see Chapter IV, Section 5). The process
which we have stated in the mentioned Section 5, Chapter 1V, to define
the extension space of &(B, R) is analogous to that of Papangelou. But
the proofs given there are based on special properties of R as a linearly
ordered /-group. On account of that, we shall state now briefly the process
of Papangelou with the more general establishments of him. The extension
space of Papangelou has the advantage that every element of it can be
expressed as an o-limit of a sequence of erv’s.

3.5. Let # be the set of all o-fundamental sequences in &. If {X,} and
{Y,} are o-fundamental sequences of .#, we define the following operations
in .4:
X +{V} = {X,+ 1}
—{X} ={-X.}

{X3v{Y,}={X,vY,} and dually.
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If & is, moreover, a vector lattice, then we define:

MX,} = {AX,}, JAeR.

3.6. 1t is easy to verify that .# is a lattice group with respect to these
operations, resp a vector lattice, if & is a vector lattice. Let {X} denote
the constant o-fundamental sequence X, = X €&, n=1,2,...; then the
map:

Ea3X=>{Xyed

embeds & isomorphically and regularly in 4. The set A" of all o-null
sequences, i.e., sequences which o-converge to the zero element 0 in &,
forms a lattice ideal in .#. Let ¥ = ¥"(B, X) denote the quotient lattice
group 4/ A (of the I-group . modulo the l-ideal 4#°) and X the class
{Xp}/ N e H|AN. The map

Ex3X=>{X}/NeMN

embeds, obviously, & isomorphically and regularly in ¥ = 4/ A"
Hence, & can be considered as a regular lattice subgroup of ¥ and
the class {X}/4#" can be identified with the element X € &.

We shall call ¥ (B, X) the stochastic space of all rv’s with values in %
over the pr og-algebra (B, p) and we shall regard £(B, ) as the stochastic
subspace of ¥'(B, X) constisting of all erv’s.

3.7. A sequence X,e¥, n=1,2, ..., is said to be &-o-convergent to
X e v if there exists a decreasing sequence Y, €&, n = 1,2, ..., such that:

1%, -% <Y, n=12., and (&) A Y,=0.
n=1

A sequence X,e¥’, n=1,2, ..., is said to be &-o-fundamental in ¥,
if and only if there is a decreasing sequence Y, €&, n = 1, 2, ..., such that:

|fn+k_xn| < Ym eqUivalently Xn_ Yn < Xn+k < Xn'*' Ym
n=12.,k=12.,and (6) A Y, =0+
n=1

An analogous theorem to Theorem 5.1, Chapter IV, is also true here,
ie.,

1 For these definitions compare also Section 4.5., Chapter 1V.
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Theorem 3.1.

If X,eé, n=1,2,..., is an o fundamental sequence in & (hence
X ={X,})¥ an element in V), then the sequence X,, n=1,2, ...
considered as a sequence in V', is &-o-convergent to X in V', ie., & is
&-0-dense in V.

Proof. Since X,eé&, n=1,2, ..., is o-fundamental in &, there aret
two sequences, an increasing Y,eé, n=1,2,..., and a decreasing
Z, €&, n=1,2,..., such that:

Y,<X,<Z, n=12..,

and ®
NZ,-Y)=0 in &,
n=1

ie., ollim(Z,—-Y)=60 in &.

Since & is regular in ¥7, we have also

We have to prove:

) \_/1 Y, =) /_\1 z, =%, )]
Obviously, we have X > Y, n=1,2,.... Let {X,*}/4& = X* be

another upper bound of Y,, n =1, 2, ...; the sequence X,*, n=1,2, ...,
can be chosen to be decreasing. Then X,* > Y,, n=1,2,...; hence

(X YN = (VYN = {X)N = X,
i.e., X’* > X.
Hence

)V Y, =X;

the dual can be established similarly. This shows that in ¥°, we have:

X =)-0lim Y, = (¢)-0-limZ, = (#)-0-lim X, (1))
and since X,, n= 1,2, ..., is &-o-fundamental, we conclude
&-0-limX, = X.

¥ see Lemma 4.1., Chapter 1V.
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The lattice group ¥  is, therefore, the £-o-closure of the lattice subgroup
& in ¥, Moreover, (1) implies:

Corollary 3.1.

Every X € ¥, can be expressed as an &-o-limit (hence, also as an ¥ -o-
limit) of an increasing resp descreasing sequence of erv’s.

We can now prove:

Theorem 3.2.

The l-group ¥ is &-o-complete, i.e., complete with respect to the &-o-
convergence in V.

We shall prove first:

Lemma 3.1.

If )?,,e“// , n=1,2,... is decreasing, then there exists a decreasing
sequence Y,e&, n=1,2,..., with X,<Y,, n=1,2, ..., and such that
X,n=12, .., and Y,, n=1,2, ..., have the same lower bounds in &;
if, moreover, X,, n=1,2, ..., is &-o-fundamental, then Y, n=1,2, ...,
can be chosen to be (&)-o-equivalent to the sequence X,, n=1,2, ...
(i.e., such that (&)-o-lim (X,—Y,) = 0), hence (&)-o-fundamental.t

Proof of Lemma 3.1. By Corollary 3.1, for each X,e¥", there is a
decreasing sequence

Y, €6, i=12, ..,
with Yn, i = Xn
and (&)-o-limY, ;= X,;

hence there is a decreasing sequence

Z, €6, i=1,2,..,
such that o

AONZ, =0
i=1
and |Y, .- X,I<Z,, i=12,.., n=12,... We put
Y=Y . AY; A AY, n=1,2,..;

clearly Y, cé, n=12,..,

1 A dual lemma is also true.
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is decreasing and X, < Y, since
Xn < Xk < Yk, ns

for all k=1,2,...,n. Let now Veé with V<Y, n=1,2,; then
V <Y, , for all k and n with kK < #n; hence

V<O Ya =R

for every k=1,2,.... This shows that X,, n=1,2,..., and Y,
n=1,2, ..., have the same lower bounds in & Assume now that X,,
n=1,2,..,1is (§)-o-fundamental, i.e.,

~ ~

X,—Xpsk €V n=12,.. k=1,2,..
with V,eé, n=12,..,

-

and o
(&) N\ Va=06;
then "
Y,-X, =Y, ,AY, ,A..nY, ,—X,
=Yy, =X A (Y2, 0= X) A A (Y, ,— X))
= {(Y1, s =X+ X =~ XN A (Y2, = XD)+ (X = XD} A
MY, o~ X))+ (K= X))
S@ZAVINCZ AV IAN . ANZ, AV)=W,, n=12,....
It is easy to verify that

W,eé, n=12,...,
is decreasing with

@ A w,=o0.
n=1
In fact, let Z € & with
Z<W, n=12,...;
then Z<2Z,  ,+V,
for all k and n with n > k, hence, for all k and # (since Z, ,,n=1,2, ...,
is decreasing); i.e.,
Z<(@E) A @tV =(&) A Zi o+ Vi =0+V,, hence Z < V,,
n=1 n=1
k=12, ..
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this implies o
Thus we have

with W,eé, n=12..,

decreasing, and w
n=1

i.e., the sequence
Y, eé, n=1,2,..

is (£)-0-equivalent to the sequence

X,ev, n=12 ..
hence Y, €é, n=12..,
is (&)-o-fundamental.
Proof of Theorem 3.2. According to Theorem 3.1, we have:

(&)-0-limY, =Y ={Y}yN¥ in ¥;

hence, we have also: _ .

(&)-0-limX,=Y in ¥.
This implies that Theorem 3.2 is true.

3.8. It is easily verified that in ¥, (&)-o-convergence and (¥')-o-
convergence are equivalent; moreover, (&)-o-fundamentality and (¥")-o-
fundamentality are equivalent in ¥". In fact, &-o-convergence, resp
&-o-fundamentality, implies (¥")-o-convergence, resp (¥")-o-fundamenta-
lity, for & is regular in ¥". In order to prove that (¥")-o-convergence, resp
(¥")-o-fundamentality, implies (&)-o-convergence, resp (6)-o-fundamenta-
lity, it suffices to prove: If V,e ¥, n =1, 2, ..., is decreasing with

) /\ I7n =0,
n=1
then there is a decreasing sequence
Z,eé, n=12,...

with o
& Nz,=6
n=1

and V.<Z, n=12, ...

That the latter is true follows by Lemma 3.1.
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3.9. The lattice group ¥"= /A" is the minimal, with respect to the
o-convergence, complete regular extension of &. Hence ¥ can be
embedded regularly in the MacNeille minimal saturated regular extension
& of &. One might suspect that ¥~ is at least g-saturated. This is true in
the case L = R = the field of the real numbers; moreover, in this case ¥~
is saturated, hence isomorphic to &. In the general case this question
is open. Papangelou [1, 2] has proved that:

A necessary and sufficient condition that the minimal with respect
to the o-convergence regular completion %4 of an archimedean lattice
group ¢ is o-saturated is the following:

(P) If X,€%, n=1,2,..., is an increasing bounded sequence, then
there is a decreasing sequence

Y, e¥, n=12,..,

with X, <Y,

n n n=12,..
and

@) /;'il(Yn—Xn) =0.

Susan Papadopoulou has, moreover, proved that:

Theorem 3.3.

A necessary and sufficient condition that the Papangelou completion
Y, is saturated, i.e., isomorphic to the MacNeille extension ¥, is the
following:

(SP) For every subset # of 4 which is upper bounded in 4, there is a

sequence X, €%, n = 1,2, ..., such that this sequence and B have the same
upper bounds in 4.

Proof. Since we do not use the particular structure of & in the application
of the extension process of Papangelou, in order to prove Theorem 3.3,
we can put ¢ = &; then ¥, = ¥,

(1) The condition is necessary: Let, namely, ¥~ be saturated and %
be any subset of & upper bounded in &; then there is \/ {X: Xe %} =Z
in ¥°; then, by Corollary 3.1, there is an increasing sequence X, €&,
n=1,2,..., such that:

z=0)V X,

this sequence possesses the same upper bounds in & with 4.
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(2) The condition is sufficient: Let # be upper bounded in & and
consider & as a lattice subgroup of the MacNeille extension &; then

there is
EV{X:XeB =Ze8.

Let now X,€ &, n =1, 2, ..., be the sequence which possesses the same
upper bounds in & with #. Then we have:

The sequence X, can be supposed to be increasing, for, otherwise, we
can consider the sequence: X, X,vX,, X,vX,vX;, ... Then

(&)-o-limX, =Z.
In the same way it can be proved that there is a decreasing sequence

Y, eé, n=12..,
such that

(This is derived from the fact that an increasing sequence
Z,cé, n=12,..,
exists such that: (&) \(,/ Z, = —Z). Hence we have:
n=1

IZ—XnI = Z_Xn < Yn—Xn

But
@A C-X)=@ A 1,-@ V x,-2-2-0.
Hence also -
(é”)n/:\1 (Y,—X,) =0,
and moreover, Y,—X,eé, n=1,2, ...

is decreasing. This means that
S-o-llimX, = Z.

Consider now 7" as a regular lattice subgroup of &; then we have

also
¥ )olimX,=2
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and, since ¥~ is complete with respect to the o-convergence, we have
Ze ¥ ; hence ¥ is saturated and, since it is a lattice subgroup of &, equal

to &.

3.10. In the particular case in which the range £ of £ = (B, %) is a
real archimeadean vector lattice, Susan Papadopoulou has given a
sufficient condition that ¥°(B, X) be saturated, namely:

(SP*) If for a subset Z of positive elements of T (i.e., 2 S ) there is

an element a € X such that for every finite subset {¢,,&,, ..., &} < E we have
o= él +62++5ka
then = is at most countable.

This condition for Z implies the same for the £(B, ). Moreover,
condition (SP*) formulated for any archimedean lattice group ¢ implies
condition (SP), so that the Papangelou extension of ¥ is saturated.
In the following, this statement will be established. We notice first of all,
that the set R of all real numbers, as also every archimedean vector lattice,
which is finite-dimensional, satisfies condition (SP*). The following
lemma is true:

Lemma 3.2.

Let % be an archimedean lattice group satisfying the condition (S P*);
then 9 satisfies also the condition (S P).

Proof. In fact, let [«Z, #] be a non-void cut in ¥, that is, let & and Z be
non-void and let =7 be the set of all lower bounds of # and % the set of
all upper bounds of /. We can suppose that b > @, for every be &
(for, otherwise, we may consider the cut [/ —a, #—a], where ae &
and a¢ %B). There is, hence, an ae o/ with a > 6. For, otherwise, we
would have 8 = (9)\{b : be B}, therefore 6 € B. By transfinite induction
we can define a family x; € o, i e I, with x; > 6, i eI, and such that if

¥ = {x;,+x,+...+x; 1 el, k=12,...,nand i, #i,if k, #k,},
then E¥c o,

and there is no xe€ ¥ with x > 0 and x+E* = &/. By (SP*), the set of
the values of the above family is at most countable; and since ¥ is
archimedean, each value can appear in the family finitely many times.
So I is also at most countable, hence so is Z*. Since =* < o/, the elements
of & are upper bounds of Z*. We assert that every bound of Z* belongs



174 VII. GENERALIZED RANDOM VARIABLES
to # In fact, let x be such a bound, and let us suppose that x does not
belong to #; then there is a € & such that a < x is not true, i.e.,
(a—x)* > 0.
Let y be an arbitrary element of Z*; then we have
(a—x)"+y = [(a~x) vOl+y
=(@-x+y)v(0+y)
= la—(x=y)]vy.

Since x = y, we have a — (x — y) < a. Therefore: (a — (x — y)) e o.
And, since y € &/, we have [a— (x—y)]vye . Hence (a—x)" +E* c#,
which is a contraction to the properties of Z*. Hence Z* and &/ have
the same upper bounds, and since Z* is at most countable, (SP) is
fulfilled.

It can now be proved:

Theorem 3.4.

If X is areal vector lattice satisfying condition (SP*), then the stochastic
spce E(B, X) of all erv’s on B with values in T satisfies also condition
(SP*).

Proof. Let &£ (B, X) be the space of all simple random variables in B
with values in Z; then for every X € (B, ) we have a representation of
the form:

X=

s

&1, where a={aa,, .., a}

i=1

is a finite experiment in B and &, Z,i= 1,2, ...,n. Toevery Xe (B, X)
we can now correspond a value

EX) = 3 pa)éie =

By this correspondence, a linear and strictly increasing function E(X)
is defined on £(B, X). Let E =&(B, X) and E such that X > 0 for
every X eZ. Then to every X eE there corresponds a representation
of the form:

X= S0, with & ,>0, i=1,2 ...
i=1
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Suppose, there is an erv
Xo= ,;1 fo, iIao,i

where ay, ;AGy, ;= O, i#j,

which is an upper bound of all finite sums of pairwise different elements
of E. Now let us suppose that = is uncountable; then there is an index i,
and an uncountable subset =, of = such that: for every Y €Z,, there

is an index i(Y) such that ay y)Aaq,;, # @. We consider the family
Xy = éY. i(Y)IaY, 1cry N ao, i0? YeE,.

We have Xy >0, for every YeZE,, and all finite sums of pairwise
different terms of this family are bounded by &, ;,I,,. ;,- Hence, moreover,
all finite sums of pairwise different terms of the family E(Xy), Ye &,,
are bounded by p(ao, )&, i, Furthermore, we have E(Xy) >0
for every Y €Z;. But X satisfies (SP*) and is archimedean. In fact,
if it is not archimeadean, there exists an x > 6 and a ye X such that:
nx < y, foreveryn = 1, 2, ... . But then the set {Ax, 1 € R} is uncountable
and all finite sums of pairwise different elements of it are bounded by
y, which is a contradiction to the property (SP*). Thus, as it was proved
in the proof of Lemma 3.2, £, must be at most countable, which is a
contradiction. Hence the theorem is true.

3.11. A lattice group Z is said to be of the countable type if and only
if every bounded set of pairwise orthogonal elements is at most countable.
The following theorem is true:

Theorem 3.5.

If X is a lattice group of the countable type, then the stochastic space
&(B, ) of all erv’'s over B with values in T is also a lattice group of the
countable type.

We shall prove first the following lemmas:

Lemma 3.3.

Let U be a subset of the Boolean o-algebra B with || > N,; then there
is a subset Wy = W such that |Uy| > N, and a, Aa, # D for every pair
a, €N, a,eU,.
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Proof. Since |A| > N, and the probability is strictly positive, there
is a natural number n, and a subset A, = A with |A,| >N, and
p(a) > 1/n, for every ae U,. Obviously the set U, satisfies the condition:

(C,) Among any n, elements a,, a,, ..., a,, in A, there are at least
two which are not disjoint.

We shall now prove:

(C,) There is a subset A, = A, such that |Ay| > Ny and for every
pair a, € Wy, a, e U, we have a; Aa, # O.

We notice that, if n, = 2, then condition (C,) follows immediately
from condition (C,) with %, = U,. In the general case n, > 3, condition
(C,) implies the existence at least of two elements a,, a, in U, with
a, na, # Q. If there is not a third element a,eUA-—{a,, a,} such that
a,, a,, a; are pairwise not disjoint, we put W, = {a@,, a,}. In the opposite
case, we consider three elements a,, a,, a; in U,, that are pairwise not
disjoint and carry on this process to define U,, in the following way:
we define U, = {a,, a,, a;} if there is not a fourth element

a,e W, —{ay, a5, as}

such that a,, a,, a,, a, are pairwise not disjoint, otherwise the process to
define A, will be carried on. In this way after a finite or transfinite
number of steps a subset A, = A, will be defined, which must satisfy
the following two conditions:

(D) for every pair a,eU,, a,€WU,, we have a,Aa, # G, 1.e., the
elements of U are pairwise not disjoint.

(IT) there is not an element a e A, — A, such that the set A, U {a} = A,
satisfies also condition (I), i.e., U, is a maximal subset of 2, satisfying
condition (I).

Assume now that |?,| > N,; then (C,) is true with A, =A,. If
[2A,] < Ny, ie., A = {a,,a,, ...}, then condition (II) implies that: for
every ac U, — W, there is at least an a,e WA, such that g, A a=O;
thus if we define

B,={beWA,:bra, =3} for every n=1,2,..,

then, fcr every ae U, —A,, there is at least one B, such that aeB,,

hence
A, —-A, = U B,.
n>1
Since
|, | >Ny and |A,| < N,
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we have U B.| > Ro;
n>=1

hence there exists at least an index n, such that |8, | > N,. Now, we shall
prove that (C,) is true for a subset A, = B, . Let first be n, = 3, and
consider any two elements b,, b, € B, and the clement g, ; then condition
(C,) implies that for the three elements b,, b,, a,, in A; two of them are
not disjoint; . but b, Aa, = @ and b,Aa, = D; hence b,, b, ought
not to be disjoint. Thus (C,) is true if ny = 3 with Ay, = B, .

Assume now (C,) is true if ny = p > 3; then we shall prove: (C,)
is true if ny = p+1 with a subset A, = B,,. In order to prove it, let
by, b,, ..., b, b, any elements in B, ; then condition (C,), with ny = p+1,
implies that among the p+1 elements by, b,,...,b,,a,, there are two
not disjoint elements; but, according to the definition of 8B,,, we have
a, Anb; =6, j=1,2,...,,p; hence the two not disjoint elements ought
to be among the elements by, b, ..., b,; thus the set B, instead of A,
satisfies also, with ny = p, condition (C,) and we have assumed that,
if ny = p, condition (C,) implies condition (C,); hence there exists a
subset Ay A B, with |Ay| > Ny such that the elements of A, are pair-
wise not disjoint. Thus the Lemma 3.3 is true.

Obviously, the following lemma is true:

Lemma 34.

Let a;eB, iel, with |I| > N, and a;, # @, i€l. Then there is a subset
J €I with |J| > N, such that the members a; of the subfamily a;, jeJ,
are pairwise not disjoint.

Proof of Theorem 3.5. Let X,e&(B, X) with X,#0, iel, be any
bounded family of pairwise orthogonal erv’s. It can be assumed that
X, >0, iel (for otherwise we can consider the family |X,|, iel); then
for every iel, there is an element &€ X, £; > 0 and an element g;€ B,
a; # @, such that &1, <X, We put Y, =¢;I,. Then the family
Y;e £(B, X), iel, is bounded with pairwise orthogonal members. Assume
that |If > N, and consider the family a;€ B, ieI; then Lemma 3.4 implies
the existence of a subset J = I with |J] > ¥, and such that the members
a; of the subfamily ;€ B, je J, are pairwise not disjoint. But then, for
every iyeJ, iyeJ, with iy # i, Y;, A Y, =0 and a; A a;, # F imply
$i A& =0
Let now

Y:asag;=nek, - j2= 1,
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be an upper bound of Y, iel, in &(B, ). Then there exists a j, > 1,
and a J; = J with |J,| > X, such that: a; Aa; # @ for every ieJ,.
Then, obviously, the family ¢;€ Z, j e J,, is bounded by #;, and the elements
¢; are pairwise disjoint, i.e., |J,| cannot be > ¥, (contradiction!). The
theorem is hence true.

3.12. R. Ciristescu ([1], Chapter III, Theorem 2.43, compare also Vulikh
{11, Theorem VI 2.2) has proved:

(C) 1If a vector lattice X is saturated and of the countable type, then
every upper bounded (resp lower bounded) subset of X has a countable
subset A’ such that sup A’ = sup A (resp inf A’ = inf A).

From this theorem, the following theorem can be derived:

Theorem 3.6.

If ¥ is an archimedean vector lattice of the countable type, Zj the
Papangelou extension of X, then X is saturated, i.e., Iy is isomorphic to
the MacNeille extension £ of Z.

Proof. We notice that the MacNeille extension £ of X is also of the
countable type. In fact, let T be a bounded subset of £ with pairwise
orthogonal elements. Then, for every £e T with £ # 0, there exists an
nee T with <n, <|[f|. Theset I' = {ne X: n = n,, £ T} is a bounded
subset of ¥ with pairwise orthogonal elements; hence I' is at most
countable and the same is true for 7. Thus the previous theorem of
Cristescu can be applied to £ and it follows that T satisfies the condition
(SP); therefore Zj is saturated, i.e., isomorphic to £.

The following theorem is now true:

Theorem 3.7.

Let T be an archimedean vector lattice of the countable type; then the
Papangelou extension of the vector lattice (B, ) of all erv’s over B
with values in I, is a saturated vector lattice.

Proof. Since I is of the countable type, the vector lattice &(B, ¥)
is also of the countable type. Therefore its Papangelou extension is
saturated.
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4. COMPLETION WITH RESPECT TO A NORM

4.1. Let X be a normed vector space over a scalar field F. The norm in
X will be denoted by ||£], £e X, and possesses the usual properties:

N;. €]l =0, and ||| = 0 it and only if £ = 6,
N,.  ||AE)] = |4] ||€]l, where |A] denotes the absolute value of the scalar A,

Ny [1E+nl < 11+ linll.

Then d(x, y) = |€—n|| defines a metric in X. If T is complete in the
resulting by this metric topology, then X is said to be a Banach space,
B-space for short. From these properties it follows that the norm |&|,
as a real! function defined on X, is continuous. If a commutative multi-
plication &n is defined in X with the usual properties:

(1 € =2m),

(2 Em+0 =8+,

(3) 21148 = (41 42)¢ &,

(4) there exists a unit 1€ X such that 1.£ = ¢ for all (€ Z,

then Z is said to be a normed commutative algebra with unit; then the
norm ought to possess moreover the properties:

Na.  1Enll < 1N linll,
N,. (1] = 1.

If, moreover, ¥ as a normed vector space is a B-space, then X is said
to be a B-algebra.

It is easy to see that £ +# and &x as functions of both variables together
are metrically continuous. In particular, £+# is uniformly continuous.
The most known examples of B-spaces are also vector lattices. In a normed
vector lattice we shall assume that the ordering and the norm are related
by the following condition:

(0y) [€| < Inl implies ||| < (7], where |£] denotes the absolute value
of &, i, ¢l =T +E7.

The B-space will be called in this case a B-lattice. It is easy tc see that:

(0) ISl = 111El ]l for all £ e Z,

and moreover that the operations £ An and & v, as functions of both
variables together, are metrically uniformly continuous. In any Banach

t Fis considered as the field R of the real numbers or the field C of the complex numbers.
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lattice, metric convergence is equivalent to the ru*-convergence.f In
fact, we need only consider convergence to 8. Now, if |£| < 4,7 with
2,10 in R, then clearly

1€l < 14z nll = |4,] lInll — O.

Hence ru*-convergence implies metric *-convergence and so metric
convergence. Conversely, if |£,]| -0, we can choose a subsequence
n(k) so that
1
ol < F ,
and then define

o0

= Z k|£n(k)|,

where the series convergence is metric convergence; then
1
ol < i n,

i.e., the subsequence £,,, kK = 1, 2, ..., converges relatively uniformly to
zero. Hence metric convergence implies ru*-convergence.

But ru*-convergence implies o*-convergence. Hence, in any B-lattice,
if a sequence &,, n = 1,2, ..., metric-converges to &, then there exists a
subsequence which o-converges to £.

A normed vector lattice is always archimedean. In fact, it is sufficient

to prove (1/v)¢ 5 6. But obviously, we have 1/v | &|] — 0, and this implies
(1/v)¢ 3 8. For, more generally, we have:

D ¢,eX n=1,2,..., and monotone decreasing with |&,]l =0
implies always the existence of /\6 =90, ie., &, 19 in X. Because the

two other possibilities: there not ex1sts /\{ in X or there exists in X
n=1

and is # 0, lead to the contradiction that inf ||&,| > 0. Therefore we
define:

A normed vector lattice X is called continuous if and only if:

(© ¢&,eZ, n=1,2,..., and monotone decreasing with /n\é,, =0
implies [|&,[| = 0. n=1

1 About this convergence see Section 9.2., Chapter IV.
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Order-boundedness in a normed vector lattice clearly implies metric
boundedness. The converse is not however usually true. A o-saturated
normed and continuous vector lattice X is said to be a K-B-lattice if and
only if X satisfies the following condition:

(K) ifé,eZ, n=1,2,..., is increasing and there is an ¢ e R such that
€.l < a, then the sequence &, is bounded in X.

It is easy to prove that a K-B-lattice is always a B-lattice. But there
are Banach lattices which are not o-saturated; for example the Banach
lattice of all continuous real functions defined on the closed interval
[«, B] with respect to the norm | /|| = s[upml f(x)|. We shall prove now:

xela,

Theorem 4.1.

A o-saturated normed and continuous vector lattice I is of the countable
type.

Proof. Let T be a bounded subset of X with pairwise orthogonal non-
zero elements. We put

1
T, = {5eT el >—}.
n
Obviously

T={)T.
n=1

Let |T| > Ny; then there is an index n,, such that |T,| > N,. Then

o0
there is a subset of T, of the form: {7,, 75, ...}; but then the series ¥ 1,

o n=1
o-converges, and this implies 7, — 0; the continuity of ¥ implies then
Izl = 0, i.e., a contradiction; for |jz,[| > 1/ny, n=1,2,.... Hence

every T, is finite and then T is countable.

Theorem 4.2.

In a K-B-lattice X the following statements are equivalent:
(D olimé, =0in Z,

W) Hm &V il Voo v Il | = 0.
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Proof. Suppose £, - 8; then
N = Sup |5
k=n
is decreasing and
o-limn, =6,
hence lln,l — O.

But since the norm is monotone we have
HEa v 1Enatl Voo VG < Nl

hence (II) is true. Conversely, if (II) is satisfied, then for any ¢ > 0 there
is an index N, such that for n > N,, we have

HIEal v IEnaal v vIEH I <&

for every m = n; hence, by condition (K), it follows that #, exists; since
the norm is continuous with respect to o-convergence, it follows that

In,ll <é&forn>=N_. Thus |n,) — 0. But g, o-limsup|,| and therefore
by the monotony of the norm we have

o-limsup |&,| =0,
1e., o-lim¢, = 0.
4.2, Let X be a Banach space over the scalar field F; then the space

& = £(B, X) of all erv’s over B with values in X is a vector space. To
every element X €&, i.e.,

X:a3aq;=>X@) =€, j=1,
there corresponds a non-negative real-valued erv:
¢(X):a3a;=|X(a)ll = [EleR,  j=1,

called norm-valuation of X in £(B, R).

Obviously, we have:

(I) ¢(X) =0, and ¢(X) =0 if and only if X =0,

aD ¢@AX) = [A¢(X), if A€ F,

dI) ¢(X+7Y) < d(X)+¢(Y).

If  is a B-algebra, then &(B, X) is an algebra over the scalar field F
and we have:

IV) ¢(XY) < ¢(X) ¢(Y).
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If £ is a B-lattice, then &(B, X) is a vector lattice and an absolute
value X = X"+ X~ can be defined for every X e &(B, Z); then the
norm valuation and the ordering relation < are related by the following
condition:

(V) |X] <|Y] implies ¢(X) < ¢(Y).
Moreover wt have

(VD) ¢(X) = o(1X),
(VID) ¢(X Vv Y) < @(X)+¢(Y).

4.3. The so-called norm o-convergence (briefly n-o-convergence) may be
introduced in &(B, X) with the aid of the norm valuation:

A sequence X,eé(B,ZIX), n=1,2,..., is called n-o-convergent to
X in £(B, X), denoted by

X, > X ifandonlyif ¢(X,—X) — O.
£(B, ¥) &(B, R)
A sequence X,€&(B, LX), n=1,2, ..., is called n-o-fundamental if
and only if

¢(X,— X)) — O
£(B, R)

4.4. We may now establish with the aid of the m-o-convergence a
completion process similar to that of Section 3, leading to a space of
v’s ¥ *(B, X), which is complete with respect to all convergences used
in the probability theory. In order to do it, let .#, X", A be the set of all
n-o-fundamental, all n-o-convergent and all sequences which n-o-
converge to the zero eclement of &(B, L) respectively; then we have
M2H 2N, Let now {X,} and {Y,} belong to # or A or A
respectively; then {X,+Y,}, {1X,} with ieF, and if ¥ is a Banach
algebra {X, Y,} belong to .#, or A", or A respectively. Moreover, if
is a Banach algebra and only one of {X,} and {Y,} belongs to 4", then
{X, Y.} belongs also to .#"; hence we can define the following operations:

X +{%} = {X,+ 7}, MX,}={1X,},
if £ a Banach space, moreover

{XHY) = {X, ¥},
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if ¥ is a Banach algebra, and prove that .# is a vector space, moreover
an algebra respectively. " is a vector subspace and 4/ is an ideal in .#
and in 2. The quotient space ¥ *(B, ) = # /A" of all classes {X,}/ A
constitutes a vector space or an algebra, over the scalar field F. A/ A
is then a vector subspace of .#/.4" and can be identified with &(B, X).
We shall call ¥ *(B, X) the stochastic space of all rv’s valued in X over
the pr o-algebra (B, p) and we shall regard &(B, X) as the stochastic
subspace of ¥ *(B, X) consisting of all erv’s. We shall denote the
elements of ¥ *(B, X) also by capital letters X, Y, Z, ....

The norm valuation ¢ can be extended from &£(B, ) on ¥ *(B, X).
Namely, since the inequality

lp(X)—d(Y)l < ¢(X-7Y)
is true in &(B, Z), it can be proved that, if {X,}e.#, then ¢(X,),

n=1,2, ..., is an o-fundamental sequence in &(B, R) and defines a
real valued rv in ¥°(8B, R). If, moreover, {Y,} e {X,}/ A, i.e.,

X'l Y'l - 0’
&(B, %)
then o-lim ¢(X,) = o-lim¢(Y,) in ¥(B, R).

Hence we can correspond to every class {X,}/4#" a uniquely defined by

P(EX}/AN) = o-lim §(X,)
norm valuation, which is an extension of the norm valuation ¢ from
£('B, ) on ¥ *(B, X) and preserves all properties (I)-(VII) of Section
4.2. Hence, we can define an n-o-convergence in ¥ *(B, X) and prove
that ¥"*(B, X) is then closed (complete) with respect to it, i.e., every

n-o-fundamental sequence in ¥ *(B, X) is n-o-convergent. The stochastic
subspace &£(B, X) is n-o-dense in ¥ *(*B, X). The inequality

[#(X)—¢(Y)| < ¢(X-7Y),
which is also true in 7" *(B, X) implies: it
X, 5> X in ¥*B, )

then o
#(X,) — o(X).
v(B, R)

4.5. We may now introduce in 7 *(B, X) the following kinds of
convergence:

(u) Norm uniform convergence (n-u-convergence for short): We say
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the sequence X,, n=1,2, ..., n-u-converges to X in ¥ *(B, X) and
denote it by

X,5>X in ¥*
if and only if

H(X,—~X) >0 in ¥(B,R).

(p) Norm probability convergence (n-p-convergence for short): We
say the sequence X,, n=1,2,..., n-p-converges to X in ¥ * and
denote by

X, > X in ¥*
if and only if

#(X,—~X)>0 in ¥(B,R).

(a) Norm almost uniform convergence (n-au-convergence for short):
We say the sequence X,, n = 1,2, ..., n-au-converges to X in ¥ * and
denote it by

X, > X in v*
if and only if

$(X,—X) >0 in ¥(B,R).

(r) Norm relative uniform convergence (n-ru-convergence for short):
We say the sequence X,, n =1, 2, ..., n-ru-converges to X in ¥* and
denote it by

X, > X in ¥
if and only if

$(X,~X) >0 in ¥(B,R).

In the usual way, we may now define for all these types of convergence,
the correspondent so-called star convergence, i.e., n-o*-convergence,
n-u*-convergence, n-p*-convergence, n-au*-convergence and n-ru*-
convergence.

On can prove in an analogous way as in Section 7, Chapter IV, that the
previous types of convergence are related as follows:

(1) The n-o-convergence is equivalent to the n-au-convergence and
implies the n-p-convergence.
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(2) The n-p-convergence does not imply s#-o-convergence; however,

n-p
if X, — X, then there exists a subsequence X, , n= 1,2, ... such that

n-o

Xk,, - X.

It is easy to prove that the set (B, ) of all simple rv’s with values
in ¥ is n-o-dense in ¥ *(B, X) but not always n-u-dense in ¥ *(*B, X).

4.6. If the space I of the values is a Banach lattice, in which case
&(B, X) is a vector lattice, then an o-convergence can be introduced
in £(B, X). Assume that the scalar field F is the field R of real numbers,
and let # > 0 be an element of £ with jjp]j = 1; then the set

Rp={teX:t=2p, AeR}

is a Banach sublattice of £ and moreover regular with respect to the
ordering relation; obviously Rn is isomorphic to R. Hence &(B, Ry)
is isomorphic to the stochastic space &(B, R) of all real valued erv’s
over (B, p) and even a regular, with respect to the ordering relation,
vector sublattice of £(B, ). Hence the vector lattice £(B, R) may be
embedded regularly in £(B, X) and be considered as a vector sublattice
of £(B, X). In this case, we can complete &(B, ) with respect to the
o-convergence and define its completion ¥ (B, X) (see Section 3.5). If
the norm in X is continuous and X is g-saturated, then Z is of the countable
type (see Theorem 4.1); moreover X is archimedean, hence (see Theorem
3.7) ¥ (B, X) is a saturated vector lattice.

A comparison of the n-o-convergence with the o-convergence in
&(B, ), if T is a Banach lattice, and the discovery of a relation between
the two completion processes of &(B, X) with respect to these two
convergences must be an interesting problem but seem to be still open.
A completion process of (B, X) in the general case in which X is a
topological vector space could also be stated here. But to this purpose,
we need advanced knowledge of general topology and the theory of
topological vector spaces. Moieover, a comparison of such a completion
to the completion with respect to the o-convergence, when X is a topo-
logical vector lattice, seems also to be an open problem. In the following
sections we shall be restricted to the introduction of the concepts of
expectation and moments of rv’s with values in a Banach space with the
help of the Bochner integration theory.
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5. EXPECTATION OF RV’S WITH VALUES IN A BANACH
SPACE

5.1. The theory of expectation and moments of real-valued rv’s, that is
stated in Chapters V and VI, may be generalized on rv’s with values in a
Banach space. Let (B, p) be a pr os-algebra and ¥ a Banach space.
Let £(B, X) be the stochastic space of all erv’s over B with values in X
and ¥ *(B, X) the completion of &(B, L) with respect to the n-o-con-
veigence. £(B, X) will denote the stochastic space of all simple rv’s
over B with values in £. We shall consider (B, X) and &(B, X) as
vector subspaces of ¥ *(B, X). S (B, R) resp (B, R) resp ¥ (B, R)
will denote the stochastic spaces of the real-valued simple resp elementary
resp all rv’s over B. In order to define the expectation and the moments,
we shall follow the Bochner integration theory; the theory stated in
Chapters V and VI is then a particular case of this general theory.

§.2. Let X be a simple rv, i.e.,
k
Xe#(B,X) and X =Y &1,
i=1

be a representation of X by indicators (see Section 3.2); then we shall call
expectation E(X) of X in I the element of X defined by the equality

EX) = 3. p(@)é.

It is easy to prove that the so defined expectation of X in X is independent
of the particular representation of X by indicators.
According to this definition, we have

(I) E(¢1,) =p(a)é, forevery ae®B and (el
The following properties may easily be proved:

1. The expectation E is a linear mapping of (B, X) into I, i.e., we

have
E(@X+BY) = aE(X)+ BE(Y)

with « and B scalars and X € ¥ (B, %), Y € #(B, X).

2. If ¥ is a Banach lattice, hence & (B, X) is a vector lattice, then E
is strictly monotone, i.e., if X > Y, then E(X) > E(Y).

3. For every

k
Xe#(®,3) with X =3 &L,
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we have

00 = 3 161 I, e #(B, RY),

hence

EGO0) = T p@) e eR",
and obviously we have:
ID)  [EX)I < E(¢(X)).

5.3. We define:

am) | X§; = E(¢(X)), for every X € (B, ).
Then | |, is a norm on & (B, X). In fact we have

(@) [Xil; =0, and ||X]|; = 0if and only if X = 6.

B IX+Yl, <X, +1Y,.

@ 1AXN = 1A 1X),,
and if X is a Banach lattice then

@ 1xi, <Nyl if |X|<|YlL

The inequality (IT) can now be written as follows:

() JECON < 1X1,-

The norm || ||, defines a distance

(X, Y)=|X-Y]|,, Xe¥(B, 2), Y e #(B, %),
which induces in & (B, X) a metric convergence, i.c., a topology, calied
the topology cf the convergence in mean. Instead of convergence in
mean, we shall say also norm,-convergence (briefly N,-convergence)
and denote by
Ny
X,—=»X in (B, I);
in other words we define
Ny
X,~»X in &(8B,%)

if and only if | X,—X]|, — 0.

The inequality (I~I) implies:

(IV) The expectation E(X), X € (B, L), is continuous for the con-
vergence in mean.
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54. A sequence X,e¥(B, X), n=1,2, ..., is N,-fundamental if and
only if the double sequence | X,— X,,[, converges to zero, i.e., if

lim  E(¢(X,—X,)) =0.
(n, m)— (o0, ©)
Theorem 5.1.
If the sequence X,€ ¥ (B, £), n = 1, 2, ..., is N,-fundamental, then
(1) the sequence ¢(X,)e ¥ (B, X), n = 1,2, ..., is N,-fundamental,

(2) the sequence E(X,)e X, n= 1,2, ..., is fundamental with respect
to the norm convergence in X.

Proof. We have
|¢(Xn)_¢(Xm)| < ¢(Xn_Xm)’
X)) — (Xl 1 < E(@(X,— X)) = [ Xy~ Xl
This inequality implies (1). From
IE(X,)~E(Xn)l = |E(X,— X < E(p(X,—X,)) = I X, — Xl
follows then (2).

hence

5.5. Let
Xe&#(B,Y) and X = '_i ¢,
be a representation of X by indicators; then X1, is defined by the equality
XI, = é‘,l &Iy, .0 forevery ae@®.

For every X € (8B, X) we may define:
V(@) = E(XI)), aeB.
It is easy to prove that:
(V) The function {x(a) is additive, i.e.,
Yxlavb) =yy(@+yx®b) if anb=0.

Theorem 5.2.
IfX,e#(8B, L),n=1,2,..., is an N,-fundamental sequence then

(1) The sequence X,I,, n=1,2,..., is N,-fundamental for every
acB,



190 VII. GENERALIZED RANDOM VARIABLES

(2) The sequence iy (a), n = 1,2, ..., is a fundamental sequence with
respect to the norm convergence in T and defines by:

Y(a) = limyy (a), for every ae®B, an additive function Y on B with
values in X.

Proof. We have

¢(Xn1a_XmIa) = d)((Xn—Xm)Iu) < ¢(Xn_Xm);
hence
”(ana——XmIa)”l s E(d)(Xn_Xm)) = ”Xn_Xm”l‘

This inequality implies (1). From (1) of this theorem and (2) of
Theorem 5.1, it follows that ¥y (a), n = 1, 2, ..., is norm-fundamental;

hence there exists
lim iy, (a) = Y(a)e

for every a e B, and we have for a, be B, with anb = O:
Y(avb) =limyy (avb)

= lim {i/x, (@) +Vx,(b)}
= y(a)+¥(b);

i.e., (2) is also true.

Theorem 5.3.

For every Xe%(B, L) the function Yy(a) = E(XI), ae®B, is o-
additive, i.e., for every sequence of pairwise disjoint elements a;€B,
i=1,2, ..., we have

bx (V@) = T vstay i .
Proof. Let
k
X = Z éij,
ji=1

be a representation of X by indicators and put

then
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and, for every i = 1, 2, ..., we have

k
XIa.- = Z Cij;Aa,-;
ji=1
therefore

(@) = ECXL) = 5 plan)s;

2 pla;A by ¢;

i=1

= E: ‘k; P(ai’\bj)fj

j=1

I

-.
n
-

Ms

E(XI,)

i=1

I
s

Yx(ay),

1

i

ie.,

V2@ = 3 ¥x(a).

5.6. A c-additive function ¥ defined on the Boolean ¢-algebra B and
with values in a Banach space X is said to be a measure (or signed measure)
¥ on B with values in X (compare, for the case of real-valued measures
on B, Section 3, Chapter V).

Theorem 5.3 implies:

Corollary 5.1.

For every X € #\B, X) the function\x is a measure on B with values in X.

The following theorem is true:
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Theorem 5.4.
If X, e (8B, %), n=12,..,
is an N -fundamental sequence, then the function

V(@ = lim Y, @

for every ae B is a measure in B with values in Z.
Proof. Lleta;, i=1,2,..., be a sequence of pairwise disjoint elements.
We put ®
a= a;;
i=1
then for ¢ > O there exists a natural number ry(e) such that, for a fixed
n = ny(e), we have

W@ @l <5 wnd (V@) v, V. )

for every k = 1,2,.... The additivity of every Yy ,n=1,2,..., and ¥
implies

€
<3

Zv@ £ vn

For the fixed number n, we have (Theorem 5.3)

<8
3.

Un@) = 3 ¥x @)

This implies the existence of a natural number ky(¢) such that for
k = ky(¢c) we have:

U@ 3 U, (@)

Then for k = k,(g), we have

therefore we have

<8
3"

V@ X (@ + I

< [p@-vs.@| + - £ vsa

<& L8 8L
3 = Gy

" ”i‘; V(@) — i‘i Y(a) 3 3

k 3
V(@ =lim ¥ y(a) = 3 ¥(@),
i.e., the g-additivity of y.



5. EXPECTATION OF RV’'S WITH VALUES IN A BANACH SPACE 193

Theorem 5.5.

Let X,e (B, X), n= 1,2, ..., be an N,-fundamental sequence; then
Jor every € > 0 there exists a 6(¢) > 0, such that

l‘lld’(Xn)(a) = E(¢(Xn1a)) = “XnIaHI <g,

Jor every n=1,2, ..., and every aeB with p(a) < é(e), i.e., the real-
valued measures VUsxay = 1,2, ..., defined on B are uniformly, relative
ton=1,2, ..., absolutely continuous with respect to the probability p.

Proof. Since X,, n=1,2, ..., is N,-fundamental, for every ¢ > 0, there
is a natural number n, = ny(¢) such that

E(¢(X,—X,)) < —;- for n>ny, m>n,
Let
kn
Xn = _;1 6niIa,.i
be a representation of X, by indicators, n = 1, 2, ..., and put

S5, = sup (1€l

€igk,

choose then 6(¢) > 0 such that
4(e).s, < % for n < n,.

Namely, if s, = 0, for every n < n,, we choose 6(¢) = 1, and if s, # O for
some n < ny, we put

5(e) = inf( i

25,

5, #0, n< no) .
Let now a € B with p(a) < 8(e); then for n < n, we have
E@(X,1) < 5,p(@) < 5,.86) < — <,
and for n > n, we have

E@(X, L) < E@(X,~ X, ) I)+E@ (X, L) < = + ===

£
2
Hence we have

Yexp(@) = E(p(X,1,) < e

for every a with p(a@) < d(¢) and everyn = 1,2, ...
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Theorem 5.6.

Let X,e (8B, X), n=1,2, ..., be an N,-fundamental sequence. Then
there is a subsequence X, € ¥(B, X), k = 1,2, ..., which is n-o-funda-
mental.

Proof. Since n-o-convergence is equivalent to n-au-convergence, it is

enough to prove the existence of a m-au-fundamental subsequence of
X,n=12,...

Let ¢ be any number with 0 < ¢ < 1. Then we put
b, ol€) = (X~ X) > £] = 54°%x, () € B.
(cf. Section 3.2, Chapter IV). Obviously, we have
(1) E(¢(X,~ X)) 2 &.p(bm, n(e))-

Since X,, n=1,2, ..., is N,-fundamental, there is a natural number
N(¢) such that

Q) E(@(X,—X,)) <e*<e for n>=N(), m>=N().
Relations (1) and (2) imply:

P(bn, 1(e)) <&, for n=N(g), m= N(e).
For

1

e k=12,

& =

we obtain in the previous way a sequence of natural numbers
N, =N(1/2), N, = N(1/2%, ..., N, =N(/25, ...
with the property

E@(X,~X.) <3¢ and plby, o(129) < 55

for every n = N, m > N,. Put now

ny =Ny, n, = max{n,+1,N,}, ..., nm=max{n_+1,NJ}, ...,
and consider the subsequence X, , X,,, ..., X, .... Put moreover for
every k:

by =bp . (1129€B, k=1,2,...
and

dkc= VbiE%, k=1,2,....
i=k
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For i > k, we have, obviously,

1
d’(Xni_an)Idk <37

5 izk;

then, for every j > i > k, we have
¢(Xni_an) Idk < {¢(Xni—Xni+1)+"'+¢(‘an_1_an)}Idk

1 1 I 1 1
<E; +'2iT1+~-~+

9i-1 < 9i-1 < ok-1°
Let now any é > 0; choose k such that

1

F<5

and put a;° =d,; then for § > 0 there is a; = e—a;°€ B such that
p(as’) < é and ¢(X,,— X, )1,, u-converges to zero, i.e., the subsequence

X, e¥(®,%), k=12..,

is n-au-fundamental.

Theorem 5.7.

Let X, e #(B, L), n=1,2, ..., be an N -fundamental sequence which
n-o-converges to zero; then X,, n= 1,2, ..., converges to zero in mean,
ie, lim|X,l, =0.

n—aw

Proof. 'We shall prove first that
lim Y 4x y(@) = lim E(¢(X,)I,) =0 for every ae®B.

According to Theorem 5.5, for every ¢ > 0, hence for
£
- pla)+1 z
there exists 6 = d(¢*) > such that
(L) 0 <Yunx,)b) = E(@(X, 1) <¢*

for every be®B with p(b) < J. Since X,, n= 1,2, ..., is n-o-convergent
to zero, it is also n-au-convergent to zero, i.e., for § > 0 there is g;€ B
such that p(a;°) < 6 and

%

2

$(X,1,,) 0.
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Hence for ¢* > 0 there is an N(g) = N(¢*) such that
0<P(X)I,, = d(X, 1) <e* forevery k= N(e).
For each k with & = N(g) we put
b, = [p(X)) = e*].

Then b, < a,, hence p(b,) < J; according to (L), we have:

Vo) = E(@(X 1)) < £*.

Now we have for every k = N(e)
¢¢(Xk)(a) < '//¢(Xk)(a_bk)+w¢(xk)(bk) <e*.pla—b)+e* <e*.pla)+e* =e.
Thus
limyyx,(@) =0 forevery ae®B.

Yoxm(e) = E(P(X,) = [ X[l

llm lp(}(,,)(e) =nlirg "Xn”l = 0’

But

Hence

i.e., the sequence X,, n = 1, 2, ..., converges in mean to zero.

Theorem 5.8.

If X, and Y,e (B, L), n = 1,2, ..., are two N -fundamental sequences

which n-o-converge to the same X in ¥ *(B, X), then we have

lim E(X,) = lim E(Y,).

n->w n—*oo
Proof. Obviously X,—Y,, n=1,2, ..., is an N;-fundamental sequence
and n-o-converges to zero, hence it converges to zero in mean. Then
lim E(X,— Y,) = 0, hence
n—ow

lim E(X,) = lim E(Y,).
5.7. We can now define an expectation for certain rv’s X e ¥ *(8B, X).
We shall say a rv X € ¥ *(B, X) possesses an expectation in T if and
only if there exists an N,-fundamental sequence

X, e¥#(B,%), n=12 ..,

n-o-converging to X. The expectation of X is then the element E(X) e X

defined by
E(X) = lim E(X,).
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According to Theorem 5.8, the expectation is independent of the particu-
lar N;-fundamental sequence X,e%(B, X), n= 1,2, ..., which n-o-
converges to X. The set of all rv’'s X e ¥ *(®B, X), which possess an
expectation E(X) e X will be denoted by Z,(*B, £). Obviously ¥ (B, X)
is a subset of Z,(B, ). The set of all real-valued rv’s possessing an
expectation defined as above in the particular case £ = R will be denoted
by Z,(B, R).- We shall prove below that .Z,(®B, R) is isometric to &,
defined in Section 2, Chapter V.

It is now easy to prove that &, (B, X) is a vector subspace of ¥ *(B, X)
and the properties (1) and (2) of Section 5.2 are valid for the expectation
E defined on % ,(B, %), i.e., E is linear and if X is a B-lattice then E is
strictly monotone on the vector lattice Z,(B, £). Moreover, we have
here:

If Xe Z,(8B, ), then ¢(X) e £,(B, R) and
1% EX)| < E(¢(X));
and, if we define
IIr*) X, = E(¢(X)), for every X € &Z,(B, L),

then || ||; is a norm on the vector space .Z,(B, X); i.e., properties (),
(B), (y) and (6) of Section 5.3 are also valid for the expectation E on
£.(8B, X). The norm | |, defines a distance, which induces a metric
convergence in mean and denoted by

Ny
X,»X in 2,08, 2.
The inequality (IT*) can be written as follows:

™ 1EXN < 1X1,,

which implies that the expectation E is continuous for the convergence
in mean. The concept of an N,-fundamental sequence can be also
defined in %, (B, X) and the following theorem is true.

Theorem 5.9.

If X,e (B, %), n=1,2,..., is N\-fundamental and n-o-converging to
arv Xe % ,(B, L), then X,, n = 1,2, ..., converges in mean to X, i.e.,

Ny
X, -~ X.
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Proof. For every ¢ > 0 there is a natural number N(¢) such that, for
n = N(g), m = N(g), we have

1 Xo—Xnlls = E(@(X,— X,)) <& 8))

for fixed n > N(e¢), the sequence X,—X,,, m=1,2,..., is N,-funda-
mental and n-o-converging to X,— X; hence (X, — X,,),m = 1,2, ..., isan
N, -fundamental sequence of positive real-valued rv’s in (B, R) o-
converging to ¢ (X, — X); thus, according to (1), we have

E(¢(X,— X)) = lim E(¢(X,— X)) < &

ie., |X,—X|l, <& for n = N(g), hence X,, n=1,2, ..., converges in
mean to X.

Corollary 5.2.

The space & (B, X) is, with respect to the convergence in mean, dense
in %Z,(8B, ).

Exercise. Let U be any Boolean subalgebra of B, which o-generates
B, and consider the space & (W, X); then to, every X € &,(B, X) there
exists an N,-fundamental sequence X, € (U, %) n-o-converging to X.

Theorem 5.10.

The normed vector space ¥,(B, L) is complete with respect to the
N,-convergence, i.e., (B, X) is a Banach space.

Proof. Let
X, eZ,(B, %), n=1,2,...,

be a Cauchy sequence, i.e., let the double sequence
”Xn_Xm"l = E(d)(Xn_Xm))

converge to zero. For every » there exists a rv Y, € (B, X) such that

X~ Yl = EG(X,~ ) < —.

But
1Y, — Yally < I Y= Xl + 11X = Xoull { + 1 Xon—= Yol 45

hence the double sequence || Y, — Y,,||, converges to zero; i.e., the sequence

Y,e#(®B, %), n=12, ..,
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is N -fundamental. Hence, by Theorem 5.6, it contains a subsequence
Y.k =1,2,.., no-converging toarv X € ¥ *(B, X), which by definition
belongs to Z,(B, X). According to Theorem 5.9,

Ny
Y, - X,
hence also
Ny
Y, - X,
1.e., |Y,— X, —O.

Then we have
[Xa— X1 < 1Xo— Yol +1 Y= X1,

hence I X,~Xl|l, =0,
ie.,

N
X, > X in £33

58. Let X e%,(B, X); then there is an N,-fundamental sequence
Y, e (8B, %), n=12 ..

n-o-converging to X; then for every ae B, the sequence Y, I, e (B, %)
is also N,-fundamental and n-o-converges to a rv in %, (8, X), which we
denote by XI,; obviously this definition of X7, does not depend on the
choice of the sequence Y,, n=1,2,.... Hence we can define for any
X e #,(B, X) a function

Yx(a) = E(XI,), aecB

on B with values in X.

Theorem 5.11.
For every X € (B, X) the function
¥x(a) = E(X1,), ae®B,
is a measure on B with values in X.

Proof. Let
Y, e (8, %), n=172 ..,

be N,-fundamental and n-o-converging to X; then for every a e B, we have

E(XI,) = lim E(Y,1,) = lim yy (a).
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According to Theorem 5.4, the function ¥/x(a) defined by
limyy (@) = Yx(a) = E(XI,), ae®B,

is a measure in ‘B with values in X.

5.9, Let Xe.%,(8B, R) and £ € X; then there exists an N,-fundamental
sequence Y, e (B, R), n =1, 2, ..., o-converging to X. Let

kn
Xn = Z A’m’Ib,..-
i=1

be a representation of X,e (B, R) by indicators; then A,; is a real
number, hence 4,;.¢ € Z, and we can define

kn
X8 = 3 Al

Obviously X, (e #(B, X),n=1,2,...,and
E(an)=E(X")f, n= 1, 2,....

The sequence X,&, n=1,2,..., is N,-fundamental and n-o-converges
to a rv in #,(B, ), which we denote by X¢. This definition does not
depend on the choice of the sequence Y,, n=1,2,..., in £(B, R).
Obviously we have

E(X¢&) = EE(X).
Exercise. Let £ and T be Banach spaces and v: Z — T be any con-
tinuous linear operator of X into T. Let X € #,(B, X); define

voXe¥,(B,T)
and prove
E(vo X) = vo E(X).

5.10. Theorem 5.6 possesses the following analogous in £,(B, X):

Theorem 5.12.

If the sequence X,e %,(B, X), n=1,2,..., converges in mean to
X € Z,(B, X), then there is a subsequence X, , k = 1,2, ..., n-o-converging
to X.

Proof. Forevery k = 1,2, ..., there exists a natural number #, such that

X=Xy = E@ (X~ X) < 35:.
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We put
a, = |:¢(X,,k—X) = Elk_:l €B,;
then
1 1
2 > E(¢(X,,— X)) =2 E(p(X,,—X)1,) = -2-,:p(ak),

hence 1

pla) < 7% *
We put w

by = \/ a;

i=k

then

1
o(X,,—X)Ic < > for iz k;

hence the sequence X, I,¢, i = 1, 2, ..., n-u-converges to XI,:. We put
a0

b= /\bk;

k=1

then

(b)) < pb) < ii:“,kp(a,-) < 5% forevery k=1,2,..,

i.e., p(b) = 0, hence b = G;
Now for every ¢ > 0 there exists a natural number k() such that, if we
put b, = by, we have
pb) <e and X, Ic - X,
i.., the sequence X, , i = 1, 2, ..., n-au-converges to X and that is equiva-

lent to the n-o-convergence of X, i=1,2,..., to X.
Theorem 5.5 possesses the following analogous in %, (B, X).

Theorem 5.13.

If X,e%,(8B,Y), n=1,2,..., is N -fundamental, then, for every
e > 0, there exists a number 3(g) such that

E(P(X) 1) = Yox(@) <&
for everyn = 1,2, ..., and every ae B with p(a) < é(g).
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Proof. Lete > 0;since (B, X) is dense with respect to the convergence
in mean in %#,(B, X), for every n there exists a Y, € ¥ (B, X) such that

£
- = E(p(X,— Y, —;
”Xn Yn“l (d)( n n)) < 2n
then we have for every ae B
&
E(p(X,—Y)I —.
(¢( n n) ﬂ) < 2n
Thus for every ae B we have

E@(X)1) < EG(E) L)+ -

Vorrn@ < Yoma(@+ 5= @
But we have the inequality

i.e., the sequence Y,, n=1,2,..., is N,-fundamental. Theorem 5.5
implies now the existence of a number d(e) such that

€

7 >

and every a e B with p(a) < d().
The inequality (2) implies

Verm(@) < forevery n=1,2, ...,

3
2n
and every a € B with p(a) < §(¢).

Yexn(@ < % + <g forevery n=1,2,...

5.11, The following theorem shows that, if we consider Z,(B, X) as
start space and try to apply the process of Section 5.7 to extend the
expectation to other rv’s in ¥ *(B, X), we do not obtain new rv’s.

Theorem 5.14.

i X,e2,B,%), n=12 ..,
is N,-fundamental and n-o-converging to a rv Xe ¥V *(B,X), then
XeZ,(B, X). Moreover in this case we have

E(X) = lim E(X,).

n=aw
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Proof. Since & (B, ¥) is complete with respect to the convergence in

N
mean, there exists a Y € .#,(B, X) such that X, Y. Theorem 5.12
implies the existence of a subsequence X,, k=1,2,..., such that

X - Y; this and the assumption X, ’::X imply X = Y e %,(B, X).
Obviously, we have moreover

E(X) = lim E(X,).

n—w

5.12. Let X be the set R of all real numbers, considered as a Banach
space; then the norm ||€| is equal to the absolute value |¢| of ¢ and the
n-o-convergence is equivalent to the o-convergence. Moreover, the
n-u-convergence is equivalent to the u-convergence. In Chapter V, we
followed another process in order to define the concept of an expectation
for certain real-valued rv’s. One can prove that this process is equivalent
to the one given here in the particular case X = R. The process of
Chapter V may be applied also for rv’s with values in any Banach space
Z, as follows: An erv X € &(B, X) with a representation

X = ,-;1 &1,
by indicators possesses an expectation if and only if the series
a.)é.
,~§1 p(a)¢;
is absolutely convergent, i.e.,

T, @) 1] < +eo;

then the series

Z P(aj) fj
izt
converges in X and defines the expectation
E(X)= ¥ p(a)¢;eX.
jz1
It is easy to prove that the sequence

X,= 3 &1,e#®B, 5, n=12..,
i=1
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n-o-converges to X and, moreover, X,, n = 1, 2, ..., is Ny-fundamental,
ie, XeZ,(8B, X). Since

lim i pla)é; = ¥ pa)é in I,

n—~w j=1 jz1

we conclude that both definitions lead to the same value of expectation
E(X) in . Let now denote by (B, X) the set of all erv’s in £(B, X),
which possess an expectation; then

A (B, Z)c Z,(B, 3).
Let
X,e X (8B, %), n=12,..,

be an n-u-fundamental sequence; then the double sequence
(X, —X,) e A (B, R)

u-converges to zero and obviously E(¢(X,— X,,)) converges also to zero
in R (compare Theorem 1.6, Chapter V). We have

1E(X,) — E(X) = 1E(X,— Xl < E(@(X,—Xn);

hence E(X,)eZX, n=1,2,..., is a fundamental sequence with respect
to the norm in X, i.e., there exists

lim E(X,)e X.
Thus we can define, analogously to the Chapter V, Section 2: an element
X e ¥ *(B, X) possesses an expectation in X if and only if there exists

a sequence
X,eX(B,%), n=12 ..,

which r-u-converges to X; then there exists
lim E(X,)e X

and can be defined as the expectation E(X) of X. It is easy to prove that
this sequence

X, eX(B,3)c LB, %), n=12 ..,

is N,-fundamental and obviously n-o-converges to X, hence X € &,(B, X).
Let /7 (B, Z) denote the set of all rv’s in ¥ *(B, ) which possess an
expectation according to the last definition; then (B, ) = #,(B, X).
Since, moreover, the two definitions of the expectation coincide on
A (B, Z), in order to prove the equivalence of the two definitions, it is
sufficient to show that every X € £, (8B, ) belongs to 2/ (B, X).
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We shall use the following:
Lemma 5.1.

If Xe %, (B,X)and Y € (B, Z)with¢p(X —Y) < g, then Y € (B, Z).
Proof. Let

Y = Z éila.‘
izl
be a representation of Y by indicators, where a; A a; = @, i # j; we put
k
d, = \/ a;,
i=1
then
@(Y)=dXN 1, <Y -X)I, <H(Y-X) <e.
Hence

d(Y)1,, <e+d(X)1,, k=12,...
From this it follows that:

k
i; pla) & = E(@(Y)1,) < e+E@(X)1,) < e+ E(¢(X))
for every k = 1, 2, ...; hence

T pla) Il < E@X)+s < +oo,

which implies Y € # (B, I).
In order to prove now that

£.(B, L) = £(B, I),
which implies _
Z.(B, T) = A (B, L),

we first remark that for every
XeZ,(B, L)n &S, X),

the assumptions of the Lemma 5.1, with X = Y, are satisfied. Hence
X e (B, ). Let now X be any element of £, (B, ). We shall prove:
there exists

X,e&(B, %), n=12 .. suhthat X, — X.
In fact, there exists a sequence

Y, e (B, L), n=12,..
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n-o-converging to X, equivalently rn-au-converging to X. Let &> 0;

then, for every k = 1,2, ..., there exist a natural number »n, and an
element b, € B such that

I
p(bc) < T and ¢((Y,, —X)1,) <e.

Obviously, we have

hence w
p(A o) =0
k=1
ie., © ©
ANbi=0 and \/ b =e.
k=1 k=1
We put
k-1
Cl =b1, Ck=bk_ \/ bi! k=2,3,...,
i=1
and ©
X.=2 Y1,
k=1
then

X, €e8(B,%) and H(X,—X)<e.
Thus, for every

£ =—, n=12,...,
n

there exists an X, € §(B, X) such that

d)(X,,—X)<%, n=1,2,.... (1)

This implies

n—u

X, - X.
Moreover, according to the Lemma 5.1, the inequality (1) implies
X, e X (B, %) n=12 ..
hence XeX (B, %),
ie., P (B, T)c A(B, I).
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5.13. Lebesgue’s theorem on term by term integration, which we proved
in Chapter V, Section 2, possesses an analogous theorem in the general
case of rv’s with values in any Banach space Z.

Theorem 5.15. (Lebesgue’s theorem on term by term integration.)
Let

X, e%(B,%), n=12 ..,

be an n-o-convergent sequence to a rv X € ¥ *(B, X). If there exists a
positive real-valued rv Y € & (B, R) such that

o(X,) <Y, n=1,2,..,
then the limit rv
X = n-o-lim X, belongsto ¥,(B, %)

and we have
E(X)=lmE(X,) in X

Proof. Since X,, n =1, 2, ..., is n-o-fundamental, the double sequence
o(X,—X,)eZ (B, R), n=12,.., m=12,..,
o-converges to zero, hence
o-limsup ¢(X,—X,)=0.

(n,m)=>(+00, +00)
Theorem 2.8, Chapter V (which is also true for double sequences), implies:
limsup E(¢(X,—X,)) < E(lim sup ¢(X,—X,)) =0.
)

(n,m}y—~+(+ow, + {(n.m)->(+w, +w)

It follows that X,, n=1,2,..., is an N,;-fundamental sequence in
Z,(8B, ), hence the limit

X = n-0-lim X, e £,(B, )

and E(X) = lim E(X,)
(see Theorem 5.14).
Theorem 5.16.

If for arv Xev*(B, 3)

there exists a positive real-valued rv
YeZ,(B,R)
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such that (X)<Y,
then XeZ,(38, ).
Proof. Since

Xev*(B, X)

and & (B, L) is n-o-dense in ¥ *(B, ), there exists a sequence
X,e (8, L), n=12,..,

such that X, > X in ¥"*(B, X); moreover the sequence X,, n=1,2, ...,
may be chosen so that

P(X,) < Y;
then by Lebesgue’s theorem
Xe¥,(8, ).
Theorem 5.17.
Arv
X e?*(B, %)

belongs to & ,(B, X) if and only if
#(X)e £, (B, R).

Proof. 1If

Xe,(8, ),
then d(X)e £ (B, R)
(see Section 5.7). Conversely, if

Xe?v*(B, %)
and ¢(X)e Z (B, %),

then from the previous theorem with Y = ¢(X), we deduce that

XeZ (B, L)

5.14. Remark. An expectation of certain rv’s with values in a Banach
space X may be defined with the help of the Pettis integiation theory.
By this theory, the so-called conjugate space £* of I plays an important
role. We shall state here briefly this theory. Let £ be a Banach space
with R as scalar field. A mapping ¢* of X into R is said to be a linear
Sfunctional if and only if

EX(AL+ pn) = ALX(E) + ul*(n),
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forall A, peRand &, ne . A linear functional ¢* is said to be bounded
if and only if there exists a real number 6 > 0 such that

IE*() < 6IEl forall {eZ. (M

It is easy to prove that a linear functional is bounded if and only if it is
continuous. In fact, the inequality (1) implies

1E*(E) =¥ o)l <OlIE~Col,  CeZ, &oel,

and this proves the coniinuity of &* at the point {,e X. Conversely,
the continuity at the point zero of £ implies that for 1 > 0, there exists
a real number 1/6 > 0 such that |£¥(£)| < 1 for every é e T with

|
S J—
161 <
Let us now consider any ne€ X, 5 # 6, and put

é.____

olinl”
then 1
€1 < 5
hence
1E*(E) = (ﬂ IE*ml < 1;
this implies IE*(m) < Slinll

for any ne X, i.e., the boundedness of &*.

Let now I* be the set of all bounded linear functionals on X; then, if
A;€R and &*eX* i=1,2, we have 4, &,*4+1,&,%eX* ie, Z* is
also a vector space. The zero element of X* is the functional which
vanishes for all &€ X.

A norm may be introduced in X* as follows:

1E*) = sup {IC*DI: € L, €l < 1}.

It is easy to prove that £* is complete in this normed topology. Hence
T* is again a Banach space, called the conjugate or adjoint space of
Z. Let us now define:

O =<5, 8%,  LeX, {*ell
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then the so defined function on X x X* with values in R, can be con-

sidered as a continuous bilinear functional. In fact, we have
CAl+un, &%) = A8 E*>+u{(n, &% 2
& A*  +un™) = A&, E*)+uln, &%), (3)

and moreover we have

I<E, &*>1 < Il NE*Ih- @

The adjoint space X*, considered as a Banach space, also possesses an
adjoint space X**  This consists of all bounded linear functionals
defined on £*. Formulas (3) and (4) show that, for fixed &, e X,
o, ¥ = &**(E%),

for all £* e X*, is a bounded linear functional on X*, i.e., this functional
Eo** = (&, .>e Z** By formula (4) we have ||&,**] < ||&]l. More-
over it may be proved that the equality [[&,**|| = [|&,|l must hold.t In
this way a mapping £,** : £ — Z£** of X into Z** can be defined, the so-
called natural mapping of X into Z**, which is an isometric isomorphism
of X on a subset L,** of T**. Hence X can be considered as a Banach
subspace of £**. In the case X = X** the Banach space X is called
regular or reflexive.

5.15. Let now
Xedé(B,Z) and X = Y &1,
iz1

be a representation of X by indicators; then, for every £* e £* we have
& (X) = ;f*(éa)hi = -;1 & &*>1,,€8(B, R).

It is easy to prove: If the sequence
X,e&(B, ), n=12,..,
is n-o-fundamental (resp n-u-fundamental), then
¢*(X)e&(B, R)

is o-fundamental (resp u-fundamental) for every {*e £*. Since now
every X € ¥ *(B, X) is the o-limit of an o-convergent sequence

X,eé(8B, %)
and then for every £* e X*, the sequence
E*(X,)e&(B, R), n=1,2,...,

t see Hille-Phillips [1], p. 33.
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is o-fundamental, i.e., o-convergent in ¥"(B, R), we may define
E*(X) = o-lim £*(X,).

n—x

1t is easy to prove that this correspondence of an element £¥(X) e ¥ (B, R)
to any X € ¥ *(B, X), for every {* e I*, is well-defined, i.e., independent
of the choice of the sequence

X,eé(B, L), n=1,2,..,
with o-lim X, = X in ¥(B, ).

n—ox

The following theorem is true (see Hille-Phillips {1}, p. 77, Theorem
3.7.1).

Theorem 5.18.
Let XeVv*(B, X) with E¥(X)e Z (B, R) for every £*e L¥; then
there exists a EX* € T** such that
EX¥(EX) = E(E*(X)), for every E* € L*.
Proof. We put
S(€*) = E(€*(X)) forevery (*e3 ™.

Obviously, f is a linear functional on £*. It remains to prove that f is
bounded. In order to prove that, one may consider the mapping
DO(E*) = E¥(X)e L,(B, R) forall &*eX*

which is linear as a mapping of the Banach space L* into the Banach
space £, (B, R); it is easy to verify that ® is bounded; then we have

LS @) = [EEHX))| = |[E(@(E*)] < E(OEHN < O] 5%

hence [f ¥ < lE*l
for every é* € X, i.e., f is bounded on Z*; thus
f — é** € Z**
According to the above theorem one may define for every rv
Xev*(®B, 1Y),
with £*(X)e £ (B, R)

for all é*e I*, the element £**e T** which exists and is uniquely
determined such that

§**(E*) = EC*(X)),
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as an expectation Ep(X) = £** in £**; when, moreover £** belongs to the
range Z,** of X in X** by the natural mapping of X into T**, then
Ep(X) can be replaced by an element of X and can be considered as an
expectation of X in X. If the Banach space Z is reflexive, i.e., T = Z¥%,
then for any rv X e ¥"*(B, X) the previously defined E,(X) exists in X
if and only if £*(X)e &,(B, R) for all £*¥*e Z*. For more details about
this definition of expectation, the reader can consult Chapter IlI of the
book by Hille-Phillips. We only notice that it may be proved that for
every X € £ (B, X) there exists also the expectation Ep(X) and is equal
to the Bochner expectation E(X).

The topology defined in a Banach space with respect to the norm is
often called the strong topology. In addition to the strong topology,
another topology, called the weak topology is used in Banach spaces.
A sequence £,€ X, n=1,2,..., is said to be weakly convergent to an
element £ e I if and only if, for every £* e I*, the sequence £*(€,) con-
verges to £*(£) in R. Both these kinds of convergence defined in X
induce a kind of convergence in ¥ *(B, X), the strong convergence,
which is equivalent to the n-o-convergence and the weak convergence
defined as follows:

A sequence X, evV*®B, %), n=12 ..,
is said to be weakly convergent to a rv
Xe ¥ *(®B, %)
if and only if for every £* e * the sequence
E*(X,)e ¥ (B, R), n=12, ..,
o-converges to the rv EX¥(X)e¥ (B, R).

It is easy to prove that strong convergence implies weak convergence
and a strongly fundamental sequence is always a weakly fundamental
sequence.

6. THE SPACES %, OF RV’S HAVING VALUES IN A
BANACH SPACE. MOMENTS.

6.1. Let g be any real positive number > 0; then we denote by
Z,(8, X)

the set of all rv’s Xe7?7*(B,Z) such that ¢(X)e L, (B,R), ie.
(X)) e £,(B, R).t The positive real number E((qS(X))") is then said

t See Chapter VI.
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to be the g-th absolute moment of X; we put
1/q
N,(X) = | X], = (E((¢(X))")) for every X e Z,(B, %).

The case L = R is stated in Chapter VI. In case ¢ = 1, from Section 5,
Theorem 5.17, it follows that the space & ,(B, X) defined here is equal
to the space of all rv’s X e ¥"*(B, X), which possess an expectation in
X defined in Section 5.

The following theorems are true:

Theorem 6.1.

The set £ (B, Z) is a vector space.

Proof. Let XeZ,B,%) and AcF:
then ((AX)) = |17 ($(X))7e £, (B, R),
hence AX e ,(B, 1)

If X, Ye L (B, %),

then (#(X))v ((Y)) e Z,(B, R).

From the inequality
(ax+B)? < 27 sup (¢4, B9),
which is true for real numbers « > 0, § = 0, g > 0, it follows that

(S(X + Y))T < (d(X)+8(Y))* < 27 {((X))?v ($(Y))7}.

But 2{(¢p(X))?v (¢(Y))} € Z,(B, R),

hence (Theorem 5.16)
(P(X+7Y))e Z,(B, R),

ic., X+YeZ,(B, 3.

Theorem 6.2.
XeZ,(B,3)ifand only if $(X) e &L (B, R), and then we have
X1, = léX)l,-
The proof is obvious.
Theorem 6.3.

Let X e V'¥(B, X); if there exists a positive real-valued rv Y € £ (B, R)
such that $(X) < Y then X € £ (B, X).
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Proof. We have
(X)) < Y™

Y% #,(B, R),

Since moreover
we deduce that
(d)(X))" e #,(B, R),
ie., X eZ,(%B,2).
Obviously, we have
F(B,X)c Z,(B,Z) forevery g with 0<g< +c0.

6.2. Let g and s be two real numbers withg > 1, s > 1 and

1 1

—+—=1;

q s
then we say that ¢ and s are conjugate to each other. In Chapter VI,
Section 2, we have proved for real-valued rv’s the so-called Holder’s
and Minkowski’s inequalities. Both inequalities may be generalized here:

6.2.1. Let %,, Z,, Z, be three Banach spaces and let
b(81,8)=¢, ¢
be a bilinear mapping of X, x X, into X, such that
€1 &2l < NE I NS
This mapping induces a bilinear mapping
(X, Xy) =X, X;

of VHB, L)XV H(B, I,)
into V4B, I,)
in the following way:

Let first

X1=Z ¢y, and X2=.z Cz;lag,-
izt izl

be representations by indicators of two rv’s

X, €eé(B,Z,) and X,edé(B, I,);
then we define

(X, X))=X,X;= % IC:.’ézj]u.,-Aaz,--

izl jz
It is easy to see that
(0 (X1, X5) < 0(X,)P(X ).
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Since the mapping b(,, £,) is continuous, we have: if

X, eV*®B,%) and X, e(B,%), n=12,..

with Xin ”—’-OX;', i=12,

then the sequence X,,X,, n=1,2, ..., n-o-converges in ¥ *(B, X,)
and defines independently of the choice of the sequences

X,-,,G(g(%, z,-), n= 1, 2, crey i= 1, 2,

arv X; = n-0-lim X, X,,

n—w

in ¥ *(8B, X,), which we put equal to

b(Xy, X3) = X, X,.
Obviously, we have

2y o(X; X)) < (X)) d(X,), forall X;e¥™*(B, L), i=1,2.

Now the following theorem may be proved:

Theorem 6.4.
Let X,, Z,, 5 be three Banach spaces,
b(&1,85) =& ¢,
be a bilinear mapping of £, x X, into X such that
€0 &2t < M€ M1 NIE1
and q, s be real numbers conjugate to each other; then
X,e#£,(8B,Z) and X,eZL(B, I,)

imply b(X,,X;))=X,X,e%L,(B, L)

and the inequality
IE(X; Xl < 1X M, 11Xl

i.e., the so-called generalized Holder’s inequality is true.
Proof. We have
O(X)eZ,(B,R) and ¢(X,)e ZL(B,R);
hence (Theorem 2.3, Chapter VI)
$(X ) $(X,) € (B, R).
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This and the inequality (2) imply

d(X, X,)e Z,(B,R),
ie., X, X,e&#,(8B, L).
Furthermore, we have

(3 EX, Xl < E(@(X, X,)) < E(@(Xy) 9(X3)).
Hélder’s inequality (Theorem 2.3, Chapter VI) gives now

(4) E($(X))¢(X2) = E(1o(X ) $(X)])
< (E(@ory)) ™ (@)
=1 X,llg 1X 1,

The inequalities (3) and (4) imply
NE(X X1 < 11Xl 1X2 15

1/s

6.2.2. Remark. Let X; =R, X, = £ = any Banach space and Z; = Z;
then the multiplication A¢, Ae R, £ € Z, is a bilinear mapping

RxEa( & =AeX with |4 = (4] I];
hence a mapping
Y(B, R)x¥*(B,L)a3(X, Y)=XYe¥*B, L)

may be defined, the so-called multiplication of a real-valued rv X and a
rv Y e ¥ ¥(B, ). From Theorem 6.4 it follows then

Corollary 6.1.

If XeZ,(B,R) and YeZ(B, L), then XY e ¥ (B, L) and the
inequality

HEXY) < X[ 1Y g

is true.
Theorem 6.5.

Let q and s be real numbers conjugate to each other; then

(1) XeZ/B, T) implies ($(X))?" ' € L(B, R),

(2) XeL,(B,I)ifand only if ($(X))* "' X e £ (B, ).
Proof. (1) We have

((6(X))*7 )" = (¢(X))"e £ (B, R),
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hence (P(X))T™ ' e LB, R).
(2) From XeZ,(B, 2)
it follows (¢(X))? ' e L«(B, R).

By Corollary 6.1 we have
(X)) XeZ (B, %)

Conversely, if
(X)) ' XeZL (B, 2),

then (p(X)) = ¢((¢(X))"" X) € Z,(B, R),
hence XeZ,(B, L)

6.2.3. Minkowski’s inequality may also be generalized.

Theorem 6.6.

Let q be a real number with | <q < 4+c0. If X and Y € £ ,(B, X),
then the inequality

IX+Y), <Xl +1Ylg
is true.

Proof. For q = I, we have
IX+ Y, <X} +1Y1,

(cf. Section 5.3, inequality (B)). Let us consider the case 1 < ¢ < +©
and the real number s > 0 such that

L.

1 1
JE— + —
q s
We have
(1) (X+Y)) = (HX+Y)! ' dp(X+7)

< (X + 7)1 d(X) + ($(X + V)7 $(Y).

Since X+YeZ,(B,3I),
we have (p(X+ 7)) 'e ZL(B,R)
and $(X)e Z,(B, R), d(Y)e £ (B, R),

hence (by Theorem 2.3, Chapter VI)
(P(X+Y))"" ' 9(X)e £, (B, R)
and (P(X+Y))* ' o(Y)e £ (B, R).
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From (1) it follows now

E(($(X + Y))7) < E($QO($(X + V)"~ )+ E($(V) (X + 1)*").

Using Holder’s inequality, we have

)
B(so0@oc+ 1)) < 11, (B(60c+ 1))
)

E(#(Y)($1X + Y))*™) < I Yy  E((#(X +Y))? )

1/s

hence E((¢(X+ Y))) X+ 1Y, E((¢(X +7Y))* ))

Since (E((¢(X+ Y))“)) e (E((¢(X+ Y))")) =X+ Y,
we deduce IX+Y, <X+ Y,
6.3. Itiseasy to see now that, for every g with 1 < g < + oo, the function
1Xl, X € Z,(B, X)is a norm on Z,(B, X); for we have obviously:
(1) IX]ll,>0,and || X||, =0if and only if X =6,
2 IX+Yl, <UXN+1Y,
() 1AXHl, = 141 1 X1,

The topology defined on £, (B, ) by the norm | ||, will be called
the topology of the convergence in mean of order q or briefly N ~convergence.

The following theorems are true:

Theorem 6.7.

If the sequence
X,eZ,(8,%), n=12, .,

N, -converges to X € & (B, L), then
(M llm [ Xally = 1 X1l

In fact the inequality
implies (I).
Theorem 6.8.

(Lebesgue’s theorem on term by term integration.) Let
X, e Z,(8, ), n=12 ..
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with n-o-"l_i.rg X,=X.
Let YeZ,(8B,R)
such that
Y>0 and ¢(X,)< Y, n=12,..;
then XeZ,(8, %)
and Nglim X, = X.

Proof. Obviously the sequence
(P(X))4, n=12 ..,
n-o-converges to |¢(X)|? and
(p(X))? < Y9, n=12..

since Y?e #,('B, R),

from Lebesgue’s theorem for .Z, (B, R) we deduce that
(¢(X))*e £ (B, R),

and then XeZ,(8, 3).

The inequality
¢(X,) <Y, n=12..,

implies also that
X)L Y.

Therefore we have
O(X,—X) < d(X,)+¢(X) < 2V,
hence (p(X,— X)) <20 Y

219

n-o
Since moreover X,— X — 0, we deduce again, from Lebesgue’s theorem

for & ,(B, R), that
(¢(X"_X))q, n=12,..,

N ,-converges to zero, i.c.,
lim (E(¢(X,— X))?) = 0;

hence
lim | X,-X|, =0,

n=o

ie., Nlim X, = X.
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6.4. Exercises. Let X,e Z,(8B, X), n= 1,2, ..., be such that
n; [ Xallg < +c0.

Then:

1. The series i X, is absolutely n-o-convergent.

n=1
2. Therv X = i X, defined by the n-o-convergence of the series
n=1

belongs to Z,(B, X) and we have

10, < 31Xl

o0
3. The series 3 X, converges to X also in mean of order q.
1

n=

6.5. We can prove that £ (B, X) is a Banach space for every g with
l €9 < +00. We shall prove first;

Theorem 6.9.
If X, e LB, 1), n=12, ...,

is an N fundamental sequence, then there exists a subsequence X,,
k = 1,2, ..., which n-o-converges and N -converges to a rv X € £ ,(B, Z).

Proof. Let ¢ be a positive number; then there exists a natural number
no such that |X,—X,|l, <& for all n > n, and m = n,. We can now

find by induction a strictly increasing sequence n,, n,, ..., in {1,2, ...}
such that
1
”Xnk+1_Xnk”q<?-v k= 1,2,....
Then

o«
kz=:1 1 X = X lly < +00.
By the exercises of Section 6.4, the series

2 Kooy~ Xa)
k=1
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N, -convergestoarv Y e £ (B, X). Since
T (K= Xa) = Xo= Ko
X, —X,, k=1,2,..., N-converges to Y; therefore the sequence X

k=1,2,..., Njoconvergesto X = Y+ X
From this theorem it follows easily:

(T3]

ne

Theorem 6.10.

The vector space £ (B, X) is with respect to the norm || |, complete,
i.e., a Banach space.

Proof. In fact, if
X, e Z,(B, 1), n=12 ..,

is Nq-fundamental, then there exists a subsequence X,,, kK =1,2,...,
which n-0- and N -converges to a rv X € (B, X). Since the N -funda-
mental sequence X,, » = 1, 2, ..., contains a subsequence converging to
XeZ,(B, %), it follows that X,, n=1,2,..., itself N ,-converges to
XeZ,(B, 1)

The following theorems which we give as exercises are also true.

Theorem 6.11.
If X, € LB, L), n=12,...,

N -converges to X €L (B, L), then there exists a subsequence X,,
k=1,2,..., n-o-converging to X.

Theorem 6.12.

If X,eZ,(8,%), n=1,2,..., is an N fundamental sequence n-o-
converging to a rv X e v *(B, ), then X e £ (B, X) and the sequence
X,n=12,.., Ng-converges to X.

Theorem 6.13.

The vector space (B, X) is n-o- and N, -dense in & ,(B, X), ie., for
every X € £ (B, X) there exists a sequence X,€ ¥ (B, I) such that

n-o Ng
X,—- X and X, X.
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Theorem 6.14.

If X, e L, B,%), n=12..,
n-u-converges to
X eV *(8B, L),

then XeZ,(B, %)
and NglimX, = X,

6.6. Exercises. (1) Let
X =3 &l,e83, %)
=1
and Y*= % "1, €8(B, L%,
izl

where X is a Banach space and Z* the conjugate space of X; then we
define
<Xa Y*> = 2 <éi’ njh:)'la.Ab,-Ed‘(%’ R)‘
tLJ

Let now
Xev'*(B,X) and Y*e¥ *(B, ¥
and let any sequence
X,€6(8B, ), resp Y, ¥ € £(B, T¥), n=12..,

such that
X = n-o-lim X,,  resp Y* = n-o-lim Y, ¥,

then there exists
o-lim<{X,, Y,*> in 7(8,R)

and is independent of the choice of the sequences X,, Y,*, n=1,2, ....

Thus we may define
(X, Y*> = o-lim{X,, Y,*>.

Prove: If ¢ and s are real numbers with 1 <g < 400, 1 <5 < +00 and
il
q s
then for any
XeZ,(B,Z) and Y*eZ (B, L¥
we have X, Y*>eZ,(8,R)

and
[ECX, Y*))I < E(KX, Y*)) < [ X[, I Y*|,.
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(2) Let £, and X, be two Banach spaces and v: £, - X, a con-
tinuous linear mapping. If
XeZ,(8, L),
then voXeZ, (B, I,
and loo X1, < lloll 1 X1,



VIl

COMPLEMENTS

1. THE RADON-NIKODYM THEOREM FOR THE
BOCHNER INTEGRAL

1.1. In Chapter V, Section 4, Theorem 4.1, the so-called Radon-
Nikodym theorem was formulated and proved in the case of real-valued
rv’s. This theorem may be formulated and proved in different directions
in the case of rv’s having values in a Banach space. Recently, a formula-
tion of this theorem was given by M. A. Rieffel [l] with respect to the
Bochner integral theory, which seems to be general and suitable for
applications in probability theory. In the following, we shall state
Rieffel’s results without proofs and under the assumption that the
measure space is a pr g-algebra.

1.2. Let (B,p) be a pr o-algebra and X be a real Banach space. A

function ¢ defined on B and having values in X is said to be a Z-valued

measure (or signed measure) on B if and only if it is g-additive, i.e.,
(V@) = 5 @

if a,, a,, ... are pairwise disjoint.

Let .# (B, X) be the set of all X-valued measures on B; then it is
easy to prove that (B, ) is a vector space. It may be proved that,
for every Y e #(B, ), we have supi{ly(x)|]] < + o0, ie., a Z-valued

xeB

measure on B is always bounded.
224
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We first notice that it is true for £ = R, for a real-valued measure
(signed measure) ¥ € # (B, R) can be represented as the difference of
its upper and lower variations (c¢f. Chapter V, Section 3.3), ie.,
Y =¢* —y~, where y* and §~ are non-negative measures on B, hence
bounded.

Now, for any y e #(B, X), if * is the conjugate space of X, we have:
E*(Y (b)), be B, is a real-valued measure on B, hence bounded, and this
is true for every {* e £*. This implies that y(b), be B, is also bounded
(¢f. Dunford-Schwartz [1] Part I, p. 66, Theorem 20).

1.3. Let ¢ € #(B, X); then for every be B the total variation of ¥ on
b, denoted by v(y, b) is defined as

oY b) = sup 3 IIW(B)I

where the supremum is taken over all finite sequences b4,, b5, ..., b, of
pairwise disjoint elements in B with b, <b, i=1,2,...,n
It is easy to prove that:

the total variation
vy, b) = Y(b), beB,

considered as an extended-real-valuedt function on B, is an extended
non-negative measure on B; if

¥(b) = vy, b) < + oo,

then we say that J is with finite variation. A measure € # (B, Z) is
said to be p-continuous if and only if for every £ > 0 there exists a
§ > 0 such that |§(x)] < ¢, for all xeB with p(x) <§. Since ¥ is
bounded and o-additive if i is with finite variation, in this case this
definition is equivalent to the property Y(J) = 0. Hence every
Y e 4 (B, T, with finite variation is p-continuous.

1.4. We can now formulate the Radon-Nikodym theorem as follows:

Theorem. 1.1.

Let (B, p) be a pr o-algebra and X be a Banach space. Let € 4 (B, X);
then there exists a rv X € £ ,(B, T) such that y(b) = E(XI,) for every

t i.e., having values in the interval (— o0, +o].
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beB if and only if

(1) ¥ is with finite variation, i.e., the total variation Y of Y is a finite
measure on ‘B,

(2) locally yr somewhere has a compact average range, i.e., given b # &
there exists an element a < b such that a # Q@ and
A) = v, x<a,x#90
p(x)

is relatively (norm) compact, or equivalently

(2*) locally  somewhere has compact direction, i.e., given be B, b # O,
there exists an a < b and a compact subset K = X not containing 8, such
that a # @ and \y(x) is contained in the cone generated by K for all x < a.

We notice that for any X e & (B, £) the function ,(b) = E(XI,),
be B, is a Z-valued measure, i.e., Yy .#(B, ).

We notice that condition (2*) is satisfied for every real-valued signed
measure € #(B, R), i.e., Rieffel’s theorem contains the Theorem 4.1
of Chapter V.

2. CONDITIONAL PROBABILITY

2.1. Let (B,p) be a pr c-algebra. For any aeB, a # O, the ratio
planb)/p(a) is called the conditional probability of be B given a, or
simply, probability of b given a and is denoted by

p(anb)

b =
Pa(b) @)

, be®B.

Obviously we have
p(anb) = p(a) p,(b).
By induction we obtain the multiplication rule:

Ifa;eB, i=1,2,...,n with g, ra,A... na, # D, then

P(ax /\az AL Aan) = P(an)l’al(az)l)a, Aaz(aS) "'palAﬂz/\...Aﬂ"_l (an)~

Let a # O be fixed; then p,(b) for all be B is a function p, on B, called
the conditional probability given @ on 8. The function p, is normed,
non-negative and o-additive on B, i.e., a g-additive quasi-probability
on B. Therefore (B, p,) is a quasi-probability g-algebra.
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2.2. Let
a®B = {xeVB; x<a}, a#0,

then p,(x), for all xea®B, is a probability on the Boolean s-algebra a®,
i.e., (aB, p,) is a pr g-algebra. If N, is the o-ideal of all xe B such that
Pa(x) = 0, then the pr g-algebra (a%B, p,) is isometric to the quotient
pr o-algebra (B/R,, p.). We notice that if the pr o-algebra is homo-
geneous, then (aB, p,) is isometric to (B, p) for every a # &, aeB.
The pr o-algebra (@B, p,) is called the pr o-algebra given a.

23. Let a={a,,qa,, ..} be an experiment in (B, p); then for every
beB the erv

Y po(b)1, €E(B, R)
izt

is said to be the conditional probability of b given the experiment a and
will be denoted by

Pb) = 3 pa(b)o

Let a,={a;,q;5, ...}, i=1,2, ..k,
be experiments in (B, p) and consider the experiments
m=1,2,..,k.

A, A2 AL AR

">

Prove: the experiments a,, a,, ..., a, are p-independent if and only if

Pal Aaz/\.../\am_,(amj) = p(amj)

for all m=2,3,...,k and all j.
The sequence of experiments

a, = {a;, a;3, ...}
constitutes a Markov's chain if and only if
Poinasn...nnni(Gng) = Pa,_ (a4g)
forall n=2,3,...and g=1,2, ....

Exercise. Let N ={a, a,,...} be a countable subset of B, with
a, # @, i=1,2,...; then the events of A are p-independent if and only
if, for every finite subset {i,, i, ..., i,} of indices,

pa;l ABiy A AGiy, (ai,.) = p(ain)~
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3. CONDITIONAL EXPECTATION

3.1. Let now X be a Banach space and

X=7% &1,
i=1

a rv in #(B, X); then, for any a # O, the equality

E(X) = _; pla)é; = ? Z plana)é,;
defines the so-called expectation of X given a. Let now X € £(*B, %) and
X=3 &1,

jz1

be a representation of X by indicators; assume E(X) exists in X; then the
series

j;lpa(aj) fj p(a) Z P(a/\a)f

converges and defines the conditional expectation of X given a # &.

Since LX=F &lona

izt
we have I
E (X) = E(Ia X)a
p(a)

ie., p(a) E,(X) = E(I, X).

3.2. Let now Xe.%,(B, X); then I, X € Z,(B, X) and the equality

E,(X) = &Eum

defines the expectation of X given a.

In general, if for any Xe ¥ *(B, ) and acB, a # J, we have
I,Xe%,(8, L), then we can define

1
E,(X) = @ E(, X).

Consider & ,(a®B, %) for any ae B, a # @; then the set
{Xe¥*(B, %) [, XeZL,(B, L)},
if we define X = Yifand only if I, X = I, Y, is isomorphic to £, (aB, ).
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Let X be any rv in % ,(8B, X), and a = {a,, a,, ...} be an experiment;
then I,, X € Z,(B, Z), hence there exists E,(X) and

2 E(X) ], = E(X)e&(B, );

this erv E,(X) is said to be the conditional expectation of X given the
experiment a. QObviously we have

1
E.(X) = Z (-(—) E,, X)) I,
and for the conditional probability P,(b) of b€ B given the experiment a

we have
P (b) = E,(I).

3.3. Let now A be the smallest Boolean o-subalgebra of B o-generated
by a = {a,, a;, ...}; then for every ae U, a # O, there exists a subset
{a,, a,, ...} of a such that a = \/ a;. Obviously, we have

jiz1

1
E(X) = —E(I, X) =

= ()Jz E(,, X)

—= % play) E., (),
p( ) iz s
ie. P@ EX) = EQLX) = 5, p(a,) Eo, (00

then we have
j;l pla;) E;, (X) = E(I, E,(X)),
hence E(I, X) = E(I, E (X)) for all ae .
Let us now put Eg(X) instead of E,(X); then we have
E(I, X) = E(, Ea(X));

i.e., given any rv X e .Z,(B, ) and a Boolean o-subalgebra U of B
o-generated by the experiment a = {a,, a,, ...}, there exists a v

Y=Ey(X)e &L, (N, T)
such that
E(1,X)=E(,Y) for all ae .

We may also consider Y as the conditional expectation of X € £,(B, Z)
given the Boolean o-subalgebra W of B. This leads to the following
definition.
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3.4. Let (B, p) be any pr o-algebra and (¥, p) any pr o-subalgebra of
(B, p). Then, given any X € & ,(B, Z), then any Ye % (U, X) for which
E(I,Y)=E(,X) for all ae is said to be the conditional expectation
of X given .
Let us now put
Yx() = E(I, X), be®B,

and consider ¥y restricted on A < B as a measure on A having values
in X; then if this measure fulfills all the assumptions of the Radon-
Nikodym theorem, the rv X possesses a conditional expectation of X
given U and it will be denoted by Ey X.

3.5. We can prove that for any real-valued rv X e (B, R) and any
pr o-subalgebra U of B, the conditional expectation Ey X always exists
in £, R).
Proof. Obviously the stochastic space ¥ (2, R) of all real-valued rv’s
over (U, p) may be mapped isomorphically into the stochastic space
77 (B, R) of all real-valued rv’s over (B, p), so that # (%, R) is mapped
into the subspace Z,(B, R) of ¥ (B, R), and if X* is the image of
XeZ,(A, R) by this mapping, then we have

E(I,X*)=E(,X) for all ae¥.
Hence #,(¥U, R) can be considered as a subspace of #,(B, R). Let
now X €% ,(B, R); then, for every aeU, we have I, X € Z,(B, R),
hence Yy(a) = E(I, X) is defined for all e and is a real (signed)
measure on A. Moreover, Yy is finite and absolutely continuous with
respect to the probability p on ; hence, according to Theorem 4.1,
Chapter V, there exists a rv Ye £ (U, R), such that

Yx(@ =E(U,Y), aell

4. DISTRIBUTIONS OF RANDOM VARIABLES

4.1. Let (B, p) be a pr o-algebra, where the Boolean o-algebra B is
without atoms. Let X be a Banach space and ¥ *(B, X), resp £(B, X)
be the stochastic space of all Z-valued rv’s, resp of all Z-valued erv’s
over B. Then, for every X e ¥ *(B, X), there exists a sequence

X,€e6(B, %), n=12 ..
such that n-o-lim X, = X;

n—o

hence, according to Section 4.5, Chapter VII, n-p-lim X, = X.



4. DISTRIBUTIONS OF RANDOM VARIABLES 231

Let now X, = ¥ &l
iz
be a representation of X, by indicators, for every n=1,2,.... Let

B; be the Boolean o-algebra of all Borel subsets of £. We shall say
an element ‘¥ € By possesses the property Py if and only if

given & > 0 there exist an index n, and a real number ¢ > 0 such that
for all n = ny

p(\/ a,; é,,je‘}’e) <8
J
where
Y, = {£e X: there exists an ne P n (Y9 with ||E—y| <€}

It may be proved that the property Py is independent of the choice of
the sequence X,eé&(B,X), n=1,2,..., with nolmX,=X (.
Georgiou [1]).

Let now By be defined as follows:

By = {WYeB;: ¥ possesses the property Py};

then By is a Boolean subalgebra of B; and for every W e By there exists
the
lim p(\/ {a,;: é,,je‘l’})

J

n— o

and is independent of the choice of the sequence
X,eé(B,%), n=12,....
Hence we may define

Px(¥) = lim p(\j/ (@ € ).

We notice that py is set-theoretically o-additive and normed, i.e.,
px(Z) = 1, on By, i.e., (Z, By, py) is a pr space, the so-called distribution
pr space or sample pr space of X.

4.2. The prspace (I, By, py) can be extended to a Borel pr space (I, By, py),
where B, is the smallest Boolean g-subalgebra of P(Z) containing By.
Moreover the pr space (X, By, py) can be extended to a Lebesgue pr space
(X, LBy, py), where LBy is the smallest Boolean o-subalgebra of P(X)
containing the Boolean o-algebra By and satisfying the condition :
Y e LBy with py(¥) = 0 implies ® e LBy for every ® c V.
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5. BOOLEAN HOMOMORPHISMS OF RV’S

5.1. In Section 1.1, Chapter VII, we noticed that a real-valued random
variable can be characterized uniquely by a Boolean g-homomorphism
‘of Br (the Boolean o-algebra of all Borel subsets of the real line R)
into B. Some analogous relation exists between a X-valued rv X and
a Boolean s-homomorphism of By into 8. Namely, let X € ¥ *(B, %)
with

X =np-llim X,, X,e6(8B,%), n=12,..,

and X,= X f,,jI,,nj
IE3!
be a representation of X, by indicators, for n =1, 2, ...; for every X,

we define the following function:
hX: By - hX(W) =\/{a,;: ;eI eB;
J

then it is easy to prove that the sequence
hXWP)eB, n=1,2,..,
converges in probability and defines a function
H*(¥) = p-lim h,X(¥), for all ¥ eB,,
independent of the choice of the sequence
X,eé(8B,%), n=12,...

The function 4* is a Boolean 6-homomorphism of By into B and can be
extended to a Boolean o-homomorphism #* of By into B such that

px(P) = p(h*(P)) for every ¥ eB,.

Moreover we have ~ N
X # Y implies h* # h”.
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LATTICES

The prerequisites for my lectures are a knowledge of the elementary
concepts of algebra, set theory and classical measure and integration
theory. We shall mention here briefly the main concepts and theorems
of lattice theory that are necessary for understanding the lectures. Most
theorems are given without proof. The reader who is interested in a
more detailed account of these theories may consult the following books:
P. R. Halmos [3], Dwinger [1], Sikorski [5], Birkhoff [1], Carathéodory

[6].

1. PARTIALLY ORDERED SETS

1.1. A non-empty set B is said to be a partially ordered set, herein
called a po-set, if and only if a binary relation < is defined on B satisfying
the following conditions:

(1) x < x, for all xeP (reflexive).
(2) If x<y and y < x, then x = y (antisymmetric).
(3) If x<y and y <z, then x <z (transitive).

The dual (converse) relation is defined, as follows: x = y if and only if
y < x. It is also reflexive, antisymmetric and transitive.

A map % of a po-set P into another po-set Q is called order preserving
if and only if the following condition is satisfied: If x < y then A(x) < h(y);
the map / is an isomorphic map if it is one-one and if # and 4~ ! are order
preserving.

233
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1.2. A po-set € is said to be a chain (also: a totally or linearly ordered
set) if and only if the following condition holds:

(c) For every pair (x,y)eE€x € either x <y or y < x.

Theorem 1.1.

Any non-empty subset of a po-set is itself a po-set under the same po-order
relation.

2. LATTICES

2.1. Let € be a po-set. An element ve £ is called a least upper bound
(lub) of the elements xe £, ye £ if and only if

1) x<v,y<y;
(2) ifx<zandy<zforanelementze®, then v < z.
The concept of greatest lower bound (gib) is defined dually.

A lattice is a po-set £ in which every two elements have a lub and a glb.

Instead of lub and glb we shall also use respectively the terms supremum
or join and infimum or meet. The join and the meet of two elements
x, y will be denoted by xv y and x A y, respectively.

Example. The set B(E) of all subsets of a non-empty set E. Here join
and meet are the usual set-theoretic union and intersection respectively.
Every finite sequence x;€ 8, i = 1,2, ..., n, has a join and meet in €

n n
denoted by \/ x; and /\ x; respectively.
i=1 i=1

In a lattice, the operations join and meet satisfy the following relations:
commutative : XVy=yVvXx, XAY=JPAX
associative: xv(yvz)=(xvy)vz, xA(yAaz)=(xAp Az
idempotent: xvx=x, xXAX=x
absorption laws: xv(xAy)=x, xA(xvy)=x.
Moreover, x < y if and only if x Ay = x, equivalently xvy = y.

Exercise. Prove that every algebra £ with two binary operations v
and A, satisfying the above relations is a lattice under the partial ordering
defined by: x < y if and only if xAy = x. Show that xvy and xAy
are lub and glb respectively.
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A sublattice of a lattice £ is a non-empty subset M < £, which is
closed under the lattice operations v and A. A map 4 of a lattice €,
into or onto another lattice £, is called a homomorphic map if and only
if it preserves the lattice operations, that is:

h(xvy) = h(x)v h(y)

h(x Ay) = h(x) Ah(y).
The order relation is obviously also preserved by a lattice homomorphic
map.

If the homomorphic map /4 is one-one, then we say A is an isomorphic
map of £, into or onto £,.

2.2. Now let € be a lattice and a;, iel, be a family of elements of L.
If the lub and the glb of this family exist in £ we write:

e £

(@) \/ a; or supa; and (8) A a; or infa,
iel iel iel iel

respectively. A lattice £ is called NX-complete, where N is a cardinal

number > N, if every family a;, iel, with 0 < |I| < ¥ (|I] = cardinal

number of I) has a supremum and an infimum in £. A lattice € is called

complete if it is N-complete for every cardinal N.

Exercise 1. Prove: If the lattices £, and £, are isomorphic as po-sets,
then they are isomorphic as lattices.

2.3. Anelement ec £ (Je Q) is said to be the largest or unit (smallest
or zero) element of € if and only if x < e (@ < x) for every xe L.

Exercise 2. Prove: A complete lattice has a unit and a zero element.

Theorem 2.1.

Suppose that B is a po-set with unit e and suppose B is complete with
respect to the operation A, i.e., every family a,e B, iel, has an infimum
in B. Then B is also complete with respect to the operation v, i.e., it
is a complete lattice.

2.4. Distributive lartices. A lattice £ is called distributive if the follow-
ing condition holds:

d) xAa(yvz)=(xAp)v(xaz).

1 instead of complete, the term saturated is also used.
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We remark that (d) is equivalent to its dual:
d) xv(yaz)=(xvy)Aa(lxvz).

Complete lattices may satisfy various infinite distributive properties,
for example:

(@ ya \a =\ (yAa) whenever ye @, a;e @ (iel).
iel iel

(B yv Na;= A\ (yva;) whenever ye @, a;e € (iel).
iel ]

iel
» V Aaj= AV a4 whenever a;;€8, (i, j)elxJ.
iel jeJ ¢peFiel
@ AV aj=\ A a4 whenever a;;e®, (i,j)elxJ.
iel jeJ ¢eFiel

In (y) and (8), F is the set of all mappings of I into J.

(o) and (B) are not, in general, equivalent, but each of them implies
(d) and (d’). A complete lattice satisfying one of the relations (y) and
(9) satisfies the other one and is said to be a completely distributive lattice.

2.5. A lattice £ with zero element & and unit element e is said to be
complemented if for every x € €, there exists an element x* € £ such that
xvx*=e¢ and xAx*=@. x* is called a complement of x.

Theorem 2.2.

If & is a distributive lattice with a unit and a zero element then the com-
plementation is unique, i.e., there exists at most one complement for every
element.

2.6. Orthocomplemented and orthomodular lattices. A lattice £ with
unit and zero elements is orthocomplemented if there exists a mapping
a — a* of € onto itself such that a'* =a, a*va=e, atra =@ and if
a < b then a* > b*. The element a* is called the orthocomplement of a.
An orthomodular lattice is an orthocomplemented lattice which satisfies
the condition:

(m) If x <z then xv(yaz)= (xvy) Az

Any lattice which satisfies the condition (m) is said to be a modular
lattice. Hence an orthomodular lattice is orthocomplemented and
modular.
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3. BOOLEAN ALGEBRAS
3.1. A lattice-theoretic definition of a Boolean algebra is the following:

A Boolean algebra B is a lattice with unit e and zero @, which is distri-
butive and complemented. Now it follows from the preceding sections
that a Boolean algebra can also be defined as an algebra with two binary
operations, v, A and with one unitary operation (formation of comple-
ments, i.e., a map a— a° of B into itself) satisfying the following properties:

XVy=yvx XAy =YAX
xv(yvz)=(xvy)vz xA(yAZ) = (xAY) Az
XVX =X XAX =X
xv(xAy)=x xA(xvy)=x

xA(yvz)=(xAy)v(xAz) xv(yaz)=(xvy)A(xvz)

xv@Q=x XAe=Xx
xXAND =0 xve=e
xvxt=e XAXS =@

In B we can introduce a partial ordering as follows: a < b if and
only if avb = b, or equivalently anb =a. The complementation is
unique in B and to every a < b there exists a relative complement, i.e.,
an element x such that b =avx and aanx = @; we call this relative
complement ‘the difference b—a’. For arbitrary a and b in B we
can now define a—b =a—anb.

3.2. The following relations hold in B:
(D) xvy=xv({x‘Ay)
(2) xAy=xA(xvy)
(3) x<yif and only if xAy° = @, equivalently x*vy =e
(4 If x <y then x° = )°
(5) x*=x.

In a distributive lattice R with zero @, in which for every a < b there
exists a complement of a relative to b, i.e., an element xR such that
avx=2> and anx = @, the relative complement x is also uniquely
determined and denoted by b—a; furthermore, to every two elements
x and y of R, there corresponds uniquely a difference x—y = (x—xAY).
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We define a third important binary operation, the so-called addition
modulo 2, or symmetric difference, as follows:
x+y=(Ap)v(xayd).

Then B, relative to + as addition and A as multiplication, is an algebraic
commutative ring with unit e and zero . That is, denoting x Ay by xy
for convenience, we have the following properties:

X+ty=y+x Xy = yx
x+(+2) = (x+y)+z x(yz) = (xy)z
X+ =x xe =X

x(y+z) = xy+xz.

Moreover x+x = O, i.e., algebraic difference and addition are identical.
Therefore, a+b = x implies a =x+b, b=x+a and a+b+x=0.
The algebraic multiplication is identical to the meet, hence idempotent.
We have x°=e+x.

We notice that the addition + can be defined also in a distributive
and relatively complemented, with zero element, lattice R, namely:

X+y=x=pv(y—x) = (x=—xAy)V(@P—xAY);

then R is with respect to the operations + as addition and A as multi-
plication an algebraic commutative ring perhaps without unit ¢ (neutral
element of the multiplication). Such an algebraic ring is called also a
Boolean ring; it is also an idempotent ring, but not necessarily with unit.

3.3. Conversely, we can define a Boolean algebra as an idempotent
algebraic ring with unit e, i.e., as an algebra with two operations “ +
and .7, satisfying the properties:

A. Addition
(1) a+b=b+a
2) a+(b+c)=(at+b)+c

(3) For every pair a, b of elements in B, there exists at least one
element xe B satisfying a+x = b.

Thus B, relative to the operation +, is a group and hence there exists
a unique element e B such that g+ = a for every ae B, i.e., there
exists a zero element & in B.



3. BOOLEAN ALGEBRAS 239

B. Multiplication
(1) a(bc) = (ab) c
(2) (a+b)c=ac+bc
(3) cla+b)=ca+ch
(4) There exists an element e € B such that ea = ae for every ae B
(5) aa=a*=a.
We can now prove the commutativity of multiplication:
(6) ab=ba
together with
(7 ad=9
®) ata=9
and the fact that
(9) The equation a+x = b has a solution x which is identical with

b+a, i.e., algebraic difference and addition are identical.

34. We can introduce in B a partial ordering relation by defining:
a < b if and only if ab = a, and prove that @ < x < e, for every aeB.
Multiplication is identical with meet (infimum), i.e., aAb = ab, and the
join v is related to the two operations + and . by the identity:

avhb =a+b+ab.

We also have
(avbyax = (arx)v (bAax),

ie., B is a distributive lattice. Further, for every ae B there exists a
complement, given by a° = e+a, i.e., B as a po-set is a Boolean algebra.
For proofs consult the books of Carathéodory ([6], Chapter I) and
Dwinger [1] mentioned at the beginning of this Appendix.

Prove that: In any idempotent algebraic ring R without unit e, the
lattice structure can also be introduced and it can be proved that it is,
with respect to this lattice structure, a relatively complemented and
distributive lattice with zero.

3.5. We can prove that Boolean algebras always satisfy the distributive
laws () and (B) of Section 2.4 (as far as the joins and meets involved
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exist). More precisely we have the following:

Theorem 3.1.

Let B be a Boolean algebra and let a; € B, i €I, be any family of elements
of B such that (B) \/ a; exists. Then (B) \/ (xra;) exists for every
x€®B and we have: <! el

XA \/"ai = \/I(ani).

The dual theorem also holds.

Theorem 3.2.

Let B be an N-complete Boolean algebra; then we have:

(M)~ ()= n

and dually, for every I and J with |I| < KX, |J] < X.

Theorem 3.3.

Let B be a Boolean algebra with |B| 2 Ny; then there exists an infinite
set S of pairwise disjoint elements of B.

We shall call an Nj-complete Boolean algebra a Boolean o-algebra.

Theorem 3.4.

If a Boolean algebra B is R-complete relative to meet, then B is N-com-
Dplete relative to join, and conversely.

Theorem 3.5.

Let B be a Boolean c-algebra with |B| = N,; then |B| > N, i.e., the
set B is uncountable.

We say that a Boolean algebra satisfies the countable chain condition
if every set of pairwise disjoint elements of B is countable.

Theorem 3.6.

Let B be a Boolean a-algebra satisfying the countable chain condition;
then B is complete.
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We have proved this theorem for the Boolean algebra of a pr g-algebra
in Section 2.2, Chapter 2.

3.6. We shall call an element a # & of a Boolean algebra B an atom
in B if and only if the following condition holds:

(x) If x < a, then either x =a or x = @.

A Boolean algebra B is said to be atomic if and only if for every be B
with b # O there exists an atom a such that a < 5. The Boolean algebra
B(E) of all the subsets of a set E is atomic; all one-point subsets
{x} < E, xeE, are atoms. A Boolean algebra without atoms is said
to be atomless.

One can prove that a Boolean algebra B is atomic if and only if the
unit element e is representable as the join of all atoms of B.

3.7. Let B be a Boolean N-algebra, i.e., a Boolean algebra which,
considered as a lattice, is N-complete. A subset A of B is said to be a
Boolean R* sub-algebra of B, where 2 < X* < N, if and only if:

(I) A is a Boolean subalgebra of B, (i.e., (1) ecA, FeA; (2)ifacNA
and beU, then avb and anbeN; (3) if aeA then a°e ), and

(I1) For every family a;e®, iel, with |I| <N* (B) A q,e.
iel
Obviously we then have

QL)) /\a,- = (B) /\I a;eN.

Let A be a Boolean N*-subalgebra of a Boolean N-algebra B, where
R* € N, and let N** be another cardinal number. We shall say that 2
is an N**.regular (or W**-jnvariant) Boolean N*-subalgebra of the
Boolean N-algebra B if and only if the following condition holds:

If (A) A a; exists with a;€?, iel, and |I| < N**, then (B) A «;

iel iel
exists and we have

(B) .‘Q a; = (A) .e/\z a.

If R*¥* < R* < R, then every Boolean N*-subalgebra of a Boolean
N-algebra 1s N**-regular. In particular, a Boolean o-subalgebra of a
Boolean o-algebra is always o-regular.

A Boolean subalgebra of a Boolean N-algebra is always finitely regular,
but not always NX*-regular if X* > N,.
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Example. Let PR(Q) be the Boolean algebra of all subsets of
Q={eR:0<¢< 1}

and A the Boolean subalgebra of P(Q) generated by the system of all
half-open subintervals [o, §) = [0, 1) = Q. 2 is not a o-regular Boolean
subalgebra of P(Q), because

@ A fo )

g,

but o 1
e A o <) -0re

that is the one-point subset {0} of [0, 1) = Q.

3.8. Let B be a Boolean N-algebra with X > 2 and K& a non-empty
subset of B; then there always exists a smallest Boolean ¥*-subalgebra
of B containing K], for every N* with 2 < X* < N; this Boolean
N*-subalgebra is uniquely determined and will be denoted by by.(8]) = B.

If we have B = by(R), then we shall say that the subset & is a
N*-generating basis of B or B is NK*-generated by K. If R¥* > N*,
then by.(R) is not always an N*¥*-regular Boolean N*-subalgebra of B.
For example, the smallest Boolean subalgebra 5() of a Boolean g-algebra
containing a subset & of B is not always g-regular (¢f. Example, Section
3.

4. HOMOMORPHISMS AND IDEALS OF A BOOLEAN ALGEBRA

4.1, A maph: B> x=h(x)eB* of a Boolean algebra B into a Boolean
algebra B* is a Boolean homomorphic map, if it preserves the three Boolean
operations, i.e.,

h(xv y) = h(x) v h(y)

h(x A y) = h(x) Ah(y)
[RGO) = h(x°).

Theorem 4.1.

A map h of a Boolean algebra B into a Boolean algebra B* is homo-
morphic if and only if it preserves the two operations of addition mod 2
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and multiplication . = A, i.e.,
A(x+y) = h(x)+h(y)
h(xy) = h(x) h(y)
and, moreover, maps the unit of B onto the unit of B*, i.e. h(e) = e*.

Obviously the image of the zero of B in B*, under a homomorphic
map, is the zero of B*. We remark that a Boolean homomorphism is a
special type of lattice homomorphism. It is easy to prove that a Boolean
homomorphic map of B into B* can be defined as a lattice homomorphic
map, i.e., a map preserving the lattice operations v and A, which maps
the zero element and the unit element of B onto the zero and unit element
of B* respectively. The image A(B) of B in B* under a homomorphic
map k1 of B into B* is a Boolean subalgebra of B*.

A map of B into B* is an isomorphic map, if and only if it is a one-one
homomorphic map. Let A and B be Boolean algebras. If there exists
an isomorphic map of U into the Boolean algebra B, then we shall say
that the Boolean algebra U can be embedded isomorphically into B.
The Boolean subalgebra A(21) is then isomorphic to A. If B is a Boolean
o-algebra and A(A) a o-generating basis of B, i.e., b,[H(A)] = B, then
we shall define B to be a g-extension of B. If #(A) is a g-regular Boolean
subalgebra of B, then we shall say B is a ¢-regular o-extension of U.

Every Boolean algebra U has a o-regular o-extension.

4.2. A subset 3 of a Boolean algebra B is said to be an ideal in B if
and only if the following conditions are satisfied:

(1) If xe3 and yeJ, then xAye3.

(2) If xe3 and yeB with y < x, then ye3J.

The following two conditions are equivalent to (1) and (2) together:
(1*) If xe3 and ye 3, then x+ye3.

2*) If xe3 and ye B, then xye 3.

An ideal 3 in B is said to be proper if I # B.

Let X be a subset of B. Then there exists a smallest ideal, 3(X),
in B containing X, the ideal generated by X.

A principal ideal is an ideal generated by one element aeB and is
denoted by a®B. Obviously we have a®B = {xe B : x < a}. The principal
ideal a®B with a # @ is itself a Boolean algebra with a as unit. The
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principal ideal @B is called the zero ideal and the principal ideal B is
identical with B.

43. Let h: B> x = h(x)e B* be a homomorphic map of B into B*
The kernel  of h is the set of all elements of B, which are mapped onto
the zero element of B*, ie., $ = {xeB: h(x) = G*}. It is easy to
verify that the kernel $ of & is an ideal in B.

Suppose now that J is an ideal in a Boolean algebra B. We define
a binary relation in B as follows: x =y if and only if x+ye 3. The
relation ““ = > is obviously an equivalence relation. Moreover, it is easy
to prove that it is a congruence relation, i.e., if x =y and a = b, then
x+a=y+b, xa=yb and x°=)°. The set B/I of all equivalence
classes of B modulo J is made into a Boolean algebra if we define:

x[3+y[3=x+y/3
x/3.y/3 = xy/3
[x/3]° = x/3

where x/3 denotes the equivalence class of B mod 3 containing the
element xeB.
There exists a natural (canonical) map s of B onto B/J defined by

h: Bax=x/3eB/3

and this map is obviously a homomorphic map of B onto B/J; the
kernel $ of 4 is 3. We shall call the Boolean algebra B/3J the quotient
(or factor) algebra of B modulo 3. Thus

Theorem 4.2.

(i) Every ideal 3 of a Boolean algebra B defines a Boolean quotient
algebra B* = B3I and a homomorphic map h of B onto B* such that
the kernel of h is 3, and

(ii) Conversely, every homomorphic map h of a Boolean algebra B
onto a Boolean algebra U defines an ideal 3 of B, namely the kernel of h;
the quotient algebra B|J is then isomorphic to .

4.4. Let B be a Boolean g-algebra. Moreover, let J be an ideal in B.
We shall say that J is a o-ideal if and only if x,€J, i = 1, 2, ..., implies

(B) \_/lxiefs. One can easily prove: If B is a Boolean g-algebra and

J a o-ideal in B, then the quotient Boolean algebra B/J is also a o-algebra.
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We shall say that a homomorphic map 4 of a Boolean algebra B onto
a Boolean algebra B* is a o-homomorphism if and only if the following
condition holds:

I (B) _/'_{la,. — @, then (B% _&h(a,.) — g%,
Obviously we have then:
I (B) i/ia,. —ae®B, then (B% _&h(a,.) — h(a)e B*.
and dually:
If (B) ‘_\Za,. —be®B, then (BY Q}h(ai) — h(b) e B*.
If B* is a Boolean subalgebra of a Boolean algebra B, then
®) i/'_(la,. =ae®

does not always imply
@) A\ ha) = h(a);

the implication is valid if and only if B* is a o-regular Boolean sub-
algebra of B.

4.5. An ideal 3 of a Boolean algebra B is said to be a prime ideal if
and only if the following conditions hold:

(1) e¢J, ie, e is not in ,
(2) For every xe3J, either xeJ or x°€3J.

According to (1), if xeJ, then x°¢ J.

The following two conditions are equivalent to the conditions (1)
and (2):

(I*) I#3B
(2*) If xAye3, then either x or y (or both) belongs to J.

The concepts of filter and ultrafilter are defined as the duals of the
concepts of ideal and prime ideal respectively, i.e., a subset § of a
Boolean algebra B is a filter in B if and only if

() xeFand ye§, implies x A ye §,
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(II) xe@ and ye B with y > x implies y € §.

The subset § is an ultrafilter in B if and only if § is a filter § # B
and x v ye § implies xe § or ye §. The following theorem holds:

Theorem 4.3.

An ideal 3 in a Boolean algebra B is a prime ideal if and only if the
quotient algebra B|J is isomorphic to the Boolean algebra U = {O, e},
i.e., to the Boolean algebra with two elements & and e.

4.6. Let B be a Boolean algebra and Q the set of all prime ideals of B.
We can prove that Q is not empty and that, for every x # @, there exists
a prime ideal Je€ Q such that x°eJ. We define now a map 4 of B
into P(Q) as follows:

Borx=h(x)=X={JeQ, x€J}. )

Then 4 is an isomorphic map of B into P(Q). The image h(B) of
the Boolean algebra B in the Boolean algebra R(Q) is a Boolean sub-
algebra of P(Q), i.e., a field #(B) = F of subsets X < Q isomorphic to
B. Hence the following theorem holds:

Theorem 4.4, (Stone).

Every Boolean algebra B is isomorphic to a field § of subsets of a set Q
with Qe §. The field § = h(B) defined by (1) is said to be the Stone field
or the Stone representation of B by a field.

There exist other fields of subsets of a set E, which are isomorphic
to a Boolean algebra 8. However, the Stone representation is important,
because if we take the system K& = A(*B) as a topological basis of open
sets, then Q, as a topological space, is a compact Hausdorff space which
is totally disconnected.

Loomis proved the following representation theorem for Boolean
g-algebras:

Theorem 4.5. (Loomis).

Let B be a Boolean o-algebra. Then there exists a o-field & of subsets
of a set E (i.e., a Boolean o-subalgebra of the Boolean algebra B(E) of
all subsets of E) and a o-ideal M of subsets of E such that B is isomorphic
to the quotient Boolean c-algebra {MN.
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5. ORDER CONVERGENCE

Let B be an N,-complete lattice or a Boolean o-algebra. Let

x, €8, v=1,2,..., be a sequence. Then
o0 oo
F= A Vx, and 3=\ X,
p=1v2p p=1vZp

exist and are called the o-limsupx, =% and the o-liminfx, = x
respectively of the sequence x,eB, v=1,2,....
If we have % = g, i.e.,

0

o0
\/xv=\/l Xy =X,
o=

p=1lvzp vZp

then we shall say that the sequence x,, v = 1,2, ... is order convergent
to x and we shall denote it by:

(%) o-lim X, =X Oor x, ; x.
If va’ ie y Xy < Xy+1s V= l, 2, “iey then

[+
olimx, = x=\/ x,
. . o . .
exists. We also write x, 1 x. Dually if x|, ie,, x, 2 x4, v=1,2, ..,
B

o
ollimx, =x= A x,
v=1

0
exists; we also write x, | x.
B

Order convergence can be defined in any lattice B without the assump-
tion that B is Ny-complete as follows:

Let x,€e®B, v=1,2,...; then we say

0
B-o-limx, =x or x, —; X

for an element xeB, if and only if there is an increasing sequence
a,eB, v=1,2,..., and a decreasing sequence b, e®B, v=12, ..,
such that
<b, v=12,..,

and

(%)\j/lav=x=(%)/°'\bv.

v=1
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It is easy to prove that, if B is Ny-complete, then this definition is equiva-
lent to that given previously.

6. CLOSURES

6.1. Let B be a Boolean ¢-algebra and S be a non-empty subset of B.
We assume that @ and e belong to ©. Then we shall denote by S*,
Sv, &* the so-called A-closure, v-closure. +-closure of & in B,
respectively, i.e., the smallest subset of B which is closed for the operation
A, v, +, respectively, and contains S. We can construct €%, v, &*
if we adjoin to & all those elements x € B that can be written in the form
X =S85 AS3A ... A8y X=8, V5 V...VS,, §=5+5,+...+s5, respectively,
where s5,€S, v=1,2,...,n Likewise, we define the countable
a-closure (or briefly the §-closure) G® and the countable A -closure (or
briefly o-closure) €° of & in B as the smallest subset of B which is
closed for meets and joins respectively of a countable number of elements
and contains &. We can construct &%, &° if we adjoin to S all those
elements xe®PB that can be written in the form x =sAs5,A...,
X = §,VS§,V... respectively, where x,e S, v=1,2, ....

The so-called order-convergence closure (briefly o-closure) G° of S
is defined as the smallest subset of & containing & and satisfying the
property: x,€S, v=1,2, ..., and o-lim x, = x imply xe S.

6.2. It is easy to prove that the smallest Boolean subalgebra 5(S) of
B containing S is equal to (&*)* = (&¥)*. The smallest Boolean
o-subalgebra b,(S) of B containing S can be generated by transfinite
induction as follows: we set

Uy =bB)=6C""=6v";
then A is a Boolean subalgebra of B. We then set
A=A, Wy =AO, L, U= AP
if ¢ is an isolated ordinal number,

A= J 2,
n<g

if £ is a limit ordinal number ( {J ¥, is the set-theoretical union of all
n<g
A, with 0 <y < é). Obviously we have:

UpcsWyc...cU. ..U, 0<l<w,
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where o, is the first uncountable ordinal number. Every 2, is a Boolean
subalgebra of B containing S and A, = b,(S) is the smallest Boolean
o-subalgebra of B containing €. b,(S) can be generated also as follows:
we set A =5H(S)=6"*=E"V", and then we set

oA+
A, = ( U 91,,)

n<g
for every ¢ with 0 <¢ <w,. Every U;, 0<{<w, is a Boolean
subalgebra of B containing S and moreover U,,, 1s the smallest Boolean
o-subalgebra of B containing S, i.c., we have U, = b,(S).

Let B be a Boolean algebra and S a subset of B such that (&) = B;
then & is said to be a basis of B. If B is a Boolean o-algebra and € a
subset of B such that 5,(S) = B, then S is said to be a g-basis of B.
We shall say also that & generates B in the first case and & o-generates
B in the second case.
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LATTICE GROUPS, VECTOR LATTICES

We shall also mention briefly here the main concepts and theorems of
the theory of lattice groups and vector lattices. The reader who is interested
in a more detailed account of these theories may consult the following
books: Birkhoff [1], Carathéodory [6], Fuchs [1], Peressini [1], Cristescu
[1], and the paper by Kantorovic-Vulikh-Pinsker [1].

1. LATTICE GROUPS

1.1. We shall consider additive (commutative) groups. The identity
of the group will be called zero element and will be denoted by 8. An
additive group X is said to be a lattice group (briefly I-group) if and only
if a partial ordering relation > is defined in X, which satisfies the
following axioms:

(1) If x>y, then x+z = y+z for every ze X.
(2) xeX and ye X imply that there exist
sup (x,y) = xvyeX
and inf(x,y) =xAyeZ.
Let us now define: x > y if and only if x > y but x # y; then we have:
(3 x>0and y>0 imply x+y > 0.
(4) x>y if and only if x—y > 6.
250
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The dual relations < and < can also be defined and satisfy the dual
to (1) to (4) properties. Moreover, we have:
(5) x <y if and only if —x > —y.

The following concepts play an important role in the theory of /-groups:

xt=xvl
x =(—-x)vl
x| = x*+x7,

which are called the positive part, the negative part, and the absolute
value (modulus) of x, respectively. Obviously, we have x* >0,
x"=(=x)* 20 and x = x*—x". The absoute value satisfies the
following conditions:

6 |xi=xv(-x)=x"vx.

(7) |x] =6, and |x] =0 if and only if x =6.

®) x4yl < [x|+1yl.

(9) |nx| < |n]|x|, where n any integer.

The following relations are valid:

(10) x+y=(xvy)+(xay).

(1) (xvy)+z= (x+z)v (y+2z) and dually.

(12) —(xvy) = (—=x)A(—y) and dually.

(13) |xva—yval <|x=y|, Ixna—ynral < |x-y|.
(14) |xvyl < [x]v Iyl

(15) |x—y|<aifand only if y—a<x<y+a.
(16) a<x<band a<y<bimply |[x—yl <b-a.

1.2. The elements x and y are said to be orthogonal (disjoint) denoted
by x Ly, if and only if |x|A]y| =8. We have:

(17) If xLzand ylz then xvylz, xAyLlzand x+ylz
(18) If x Ly, then mx L ny, where m and n are integers.

(19) We always have x* L x~.

(20) x Ly if and only if |x] v |yl = |x{+]|yl.
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(21) An l-group is, as a lattice, distributive, i.e.,
xv(yaz)=(xvy)A(xvz) and dually.
Moreover, if x;e X, iel, and there exist \/x; and A x; in X,

iel iel
then there also exist \/(xi+a), A (x;+a), \/(XiAa), V(Xiva),

iel

Voaxt VT, Axdt A xT ,/\( x;), and \/ (—x)) in X, and we

iel iel iel iel iel
have: l\e/’ (x;+a) = (.\e/z x,-) +a, IE/\I (x;+a) = (l/e\’ xi) +a
(ie\/’x,-)/\a=l_\e/l(x,-/\a), (/\x)va-l/e\’(x v a)
iE\/Ix,»* = ('e\/l x,-)+, ie/\’x,-' = (ie\/lx,-)_, .'/e\zxi = _ie\/l (—x)).

1.3. (I) Anl-group X is said to be archimedean if and only if the follow-
ing condition is valid:

(@) x=260 and ny <x, for every n=1,2,..., imply y<8, or
equivalent x > 6 and ny < x for every n = +1, +2, ... imply y =6.

(II) An I-group X is said to be saturated, resp o-saturatedf, if and
only if for every subset T < X, resp for every countable subset T < Z,
which is upper bounded in X there exists the least upper bound \/ tin E.

teT

It is easy to see that this condition implies its dual condition. A
saturated I-group is, obviously, o-saturated.

() An l-group X* is an l-subgroup of an l-group X or the I-group X
is an extension of the l-group X* if and only if T* is a subgroup and at
the same time a sublattice of X.

(IV) Let X* be an l-subgroup of an l-group . We say Z* is a
regular (invariant), resp g-regular (o-invariant)}, l-subgroup of X if and
only if the following condition is valid:

If for any decreasing directed family (net) x; € ¥, iel, resp decreasing
sequence x,e X*, n = 1,2, ..., we have

N\ x; =0, resp /\x =6,in T*

iel

1 Instead of “saturated,” “complete with respect to the lattice operations” is also used.
1 Instead of * regular >’ or * invariant >’, * correct * is also used.



2. VECTOR-LATTICES OR LINEAR LATTICE SPACES 253

then we have also

A x; =0, resp 7& x,=0, in Z;
iel n=1
the I-group X as an extension of the l-group X* is then a regular resp
o-regular extension.

We notice that every I-subgroup of a o-saturated I-group is always
archimedean. Conversely: every archimedean l-group can always be
extended regularly to a saturated I-group.

(V) An l-subgroup Z* of the I-group X is said to be normal in £
if and only if xe I, x*e X*, and |x| < [x*| imply xe £*. A normal
I-subgroup in X is also called an l-ideal in X.

(VD) An l-subgroup Z* of the lattice group X is said to be a component
or a band in X if and only if £* is regular and normal in Z.

14. Units. Very useful is the concept of a unit in an l-group X. An
element u € X is said to be a strong unit if and only if for every x € X there
exists a positive integer » such that »u > x. A positive element ¢ > 0
is said to be a weak unit if and only if e is orthogonal only to the zero
element, i.e., e A|x] = 0 implies x = 0 for any xe X. It is easy to prove
that any strong unit is a weak unit. In fact, let u be a strong unit; then,
if un|x| =06, for some xe X, there exists an integer n, > 0 such that
n.u > |x|, ie., (n.u)Alx| = [x|; but ualx] =6, implies (n, u)A|x| = 0;
hence |x| =0, ie., x=0.

2. VECTOR LATTICES OR LINEAR LATTICE SPACES

2.1. A vector lattice is a real vector (linear) space U which is an I-group
with respect to the operation of addition and which, furthermore, satisfies
the following condition:

(v) If x>y and AeR, A =0, then Ax = Ay.

It is easy to see that the following properties are valid in a vector lattice:
(1) If x>0 and AeR, A >0, then Ax > 6.

2) If AeR, 4= 0, then A(xvy) = Axv iy and dually.

(3) If 1 <0, AeR, then A(xvy) = AxA Ay and dually.

@) |ix| =141x], AeR, xel.

(5) Ox =20, and if 1 0 with Ax =6, then x = 6.
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(6) 1f there exists \/ x; in U and 4 > 0, A€ R, then there exists \/ Ax;
and we have el el

AV x; =V Ax;

iel iel
and dually, if 2 <0, then there exists /\ Ax; in U and we have
iel
AN x;= A ix,.
iel iel
We notice that all concepts and results in the theory of Il-groups are
carried over to the theory of vector lattices. It may happen that a
certain [-subgroup U of the vector lattice U is itself a vector lattice; in
this case we say that U is a vector sublattice of U. We may also speak
about regular vector sublattices and also about normal or component
vector sublattices in U. A component (i.e., regular and normal) vector
sublattice B of a vector lattice U is said to be a band in U.



BIBLIOGRAPHICAL NOTES

The literature indicated below has been used in the preparation of this monograph.
It must not be considered as a complete bibliography. Further references can be
found in the literature indicated.

CHAPTER 1

Probability algebras as Boolean algebras with an additive, non-negative probability
(normed measure) are considered by Birkhoff [1], p. 197, Halmos [1], Kappos [2, 4,
7, 8], Kolmogoroff [2], Segal [1], and others. Measure theory in Boolean algebras is
studied by Carathéodory [1, 2, 3, 6]. For further literature on this subject, see also
Sikorski [5], Section 42. Horn and Tarski [1] have considered Boolean algebras with
a strictly positive measure and have studied structure problems on these algebras.
Probability algebras with the assumption that the probability is strictly positive are
systematically studied by Kappos [8]. For Section 8.4 and the question of the existence
of Boolean algebras which cannot be endowed with a probability, ¢f. also Maharam
[2] and Kelley [1]. We notice that for every Boolean algebra 4 there exists a linearly
ordered. algebraic field F (in general non-archimedean), such that 4 can be endowed
with a strictly positive, finitely additive F-valued measure; compare Q. Nikodym {3]
and Luxemburg [1, 2].

CHAPTER II

A metric distance defined with the help of a measure was first used by O. Nikodym
[1]. Kappos [4, 6, 8) and Kolmogoroff [2] have used this metric to extend probability
algebras to probability o-algebras in which the probability is o-additive. For the
remarks of Section 2, see Horn and Tarski [1]. For Sections 3 and 4, see Carathéodory
[2], Horn and Tarski [1], and Halmos and v. Neumann (1].

CHAPTER IIT

Cartesian products of Boolean algebras have been studied by Sikorski [2, 3, 4],
Kappos [1, 4, 8], and Ridder [1]. Sikorski and Kappos have studied Cartesian products
of probability algebras and their relation to the concept of algebraic or probability
independence.

Section 3: A general classification of measure algebras, hence also of probability
algebras, has been first obtained by Dorothy Maharam [1, 4]; see also Kappos [8]
and Zink [1].

CHAPTER 1V

Kolmogoroff [1], p. 6, has defined a finite partition of the sure event as a trial (Ver-
such) and has used this concept to define the simple (with a finite number of values)
random variables. Carathéodory [1, 3, 4, 6] used later finite partitions of elements
(somata) of a Boolean algebra to define simple place functions (Ortsfunktionen) over a
Boolean algebra. To define all place functions over a Boolean algebra he has used
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other processes [1, 2, 3]. Analogous processes have been used by Wecken [1], Olmsted
[1], Gomes [1], Sikorski [1], Ridder [1, 2], Bishof [1], and Nikodym [2]. Carathéodory
has noticed in [4] that elementary random variables can be used to define by Dedekind
cuts all place functions; see also Kappos [3]. Kappos [3, 11] has used countable parti-
tions in measure algebras (probability o-algebras) to define the set of all elementary
random variables and has extended it with the help of uniform convergence t¢ obtain
the set of all random variables; see also Goffman [1].

In the present chapter we apply a process, which is well-known in the completion
theory of abelian lattice-groups (see Papangelou [1, 2], Banaschewski [1], and Everett
{1]), to complete the set of all elementary random variables and obtain the set of all
random variables by using the order relation and order convergence. This process
can be applied to define generalised random variables having values in abelian groups
or Banach lattices; see Kappos [13, 14] and, moreover, the theory stated in Chapter
VII of the present book.

CHAPTERS V AND VI

To define the expectation and moments of random variables we have used an integra-
tion theory, the details of which are stated in Kappos [1, II] and which was first used to
define the integral in the classical measure theorey by O. Nikodym [1].

For Chapter V, Sections 3 and 4, and Chapter VI, see also Halmos [2], Loéve [1],
Carathéodory [6], Krickeberg [1], and Neveu [l1]. For Chapter V, Section 3, we
notice that O. Onicescu and his school in Bucharest have used as fundamental concept
that of a signed measure (fonction-somme) to define random variables in Boolean
algebras; see Onicescu [1, 2] and Cristescu [2].

CHAPTERS VII AND VIl

In the text of these chapters and particularly in Chapter VII, Section 1, the main
literature on generalized random variables has been given. A Lebesgue integration
theory for functions having values in vector spaces has been first studied by Bochner
[1]11in 1933. For recent literature, compare Dunford-Schwarz {1], Chapter 111, Section
15, Hille-Phillips [I], Chapter III, Section 1, Dinculeanu [1}, and Bourbaki, N.:
‘ Eléments de Mathématique, Intégration,” Livre VI, Ch. 6, Intégration vectorielle,
Hermann, Paris 1959. Compare also two mimeographed editions of lectures given by
Laurent Schwartz on Radon measures on arbitrary topological spaces, 196465, in
Institut Henri Poincaré and later in Maryland University, U.S.A.

Applications of this theory to the definition of random variables having values in
Banach spaces and to the study of probability problems related to this theory first
began systematically by Fréchet in 1944 and are continued by his school in Paris.
Compare Fréchet, M.: “Abstrakte Zufallselemente. Bericht iiber die Tagung Wahr-
scheinlichkeitsrechnung und math. Statistik in Berlin ** vom 19 bis 22. Okt. 1954, 23-28,
Veb deutscher Verlag der Wissenschaften, Berlin 1956. Compare also the literature
given in this paper, Hans [1], and Metivier [1, 2]. For random variables over Boolean
g-algebras having values in Banach spaces and the problems related to this theory see
Georgiou [1, 2, 3}.

Remark: For Appendices 1 and II the literature is given in the text. Compare
also the new edition of Birkhoff’s book [1] and a translation of a book by Vulikh [1]-
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Absolutely continuous, 141, 146
Absolute value, 62, 251
Absorption laws, 234
Addition modulo 2, 238
Additive, 1
Adjoint space, 209
Aggregate, 36

equivalent, 38
Antisymmetric, 233
Archimedean property, 63
Atom, 241

B

B-algebra, 179

Banach space or B-space, 179
regular or reflexive, 210

Band, 253, 254

Bilinear functional, 210
B-lattice, 179

Bochner integration theory, 186

Boolean
algebra, 1, 237, 238
atomic, 241
atomless, 241
free, 4
generated by a chain, 5
generated by a subset, 249
isomorphic, 243
quotient, 244
g-extension of, 243
o-generated by a subset, 249
o-regular o-extension of, 243
kernel, 59, 164
ring, 238
o-homomorphism, 241
g-algebra, 240
character of, 34
homogeneous, 46
o-subalgebra, 241
subalgebra, 241
N-regular, or N-invariant, 241
o-regular, 241
Borel probability field, 13

Borel probability space, 13

INDEX

C

Cartesian ordering, 77

Cartesian product of Boolean algebras, 35
constructior of, 36

Chain, 234

Classification of p-separable
pr c-algebras, 33

Classification of pr ¢-algebras, 46, 50
Closure, 248

Closure operator, 109

Compact average range, 226
Compact direction, 226

Complement, 236
relative, 237
Completion of the generalized
elementary stochastic space:
with respect to o-convergence, 166
with respect to n-o-convergence, 183,
184, 187
Component, 253
Composition of rv’s, 120
Conditional expectation, 228
given an experiment, 229
given a o-subalgebra, 229
Conditional probability, 226
given an experiment, 227
Congruence relation, 244
Conjugate numbers, 214
Conjugate space, 209
Constant rv, 58
Continuity
of probability, 7
of quasi-probability, 12
Convergence
almost uniform, or au-, 97
in the mean, 156, 188, 197
in the g-th mean, or N,-, 152, 218
norm;-, or N;-, 125, 188
norm almost uniform, or n-au-, 185
norm-o, or n-o-, 183, 184
norm probability, or n-p-, 185
norm relative uniform, or n-ru-, 185
norm uniform, or n-u-, 184
order, in a lattice, 247
order, in an /-group, 166
order, in the stochastic space, 68
order star, or o*-, 106, 110
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C (contd.)
order, with respect to a
vector sublattice, 77
p-, in a pr algebra, 17
p-, in the stochastic space, 97
relative uniform, or ru-, 107
ru*-, 108
uniform, or u-, 79, 84
Countable chain condition, 240

D

8-closure, 248
Decomposition

into a net-like aggregate, 37

into homogeneous pr o-algebras, 50
Directed family, 76
Directed set, 76
Disjoint elements, 62, 251
Distribution functions, 65
Distribution pr o-algebra, 65
Distribution pr space, 66, 94, 231
Dual relation, 233

E

Elementary random variable, 58

generalized, 162
Equi-continuous, 155
Equi-integrable, 154
Equimeasurable rv’s, 95
Event, 1

almost impossible, 12

almost sure, 12

impossible, 1

independent, 53

possible, 1

sure, 1
Expectation

of a generalized erv, 203

of an erv, 122

of a rv, 130, 196, 204

of a simple generalized rv, 187
Experiment, 55

finer, 55

norm of, 56
Extension

of an /-group, 252

regular, 252
of a pr algebra, 16
of the elementary stochastic space. 89

F
Factor algebra, 244
Fatou lemma, 134
Filter, 245
Fréchet lemma, 103
Free Boolean algebia, 4
Freudenthal p.operty, 62
Freudenthal unit, 62

G

Generating basis, 242
Greatest lower bound, 234

H
Hahn decomposition, 139

Holder inequality, 150
generalized, 215

Homogeneity condition, 33
Homomorphic map, 235, 242

Ideal, 243

principal, 243

prime, 245

proper, 243

o-, 244
Idempotent, 234
Improper pr algebra, 3
Indefinite integral, 130
Independent classes, 53
Indicator, 58
Infimum, 234
Infinite distributive properties, 236
Integral representation, 119
Interval algebra, 6
Isometric pr algebra, 3
Isomorphic map, 233, 235, 243

J
Join, 234
Jordan decomposition, 141

K
K-B-lattice, 181
Kernel, 244
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L
Lattice, 234
complemented, 236
complete, or saturated, 235
completely distributive, 236
distributive, 235
modular, 236
orthocomplemented, 236
orthomodular, 236
Lattice group, or /-group, 250
archimedean, 252
of countable type, 175
saturated, or complete, 252
o-saturated, 252
Least upper bound, 234
Lebesgue cylinder, 52
Lebesgue probability space, 13
Lebesgue theorem on monotone
sequences, 133
Lebesgue theorem on term by term
integration, 134, 207, 218
Length of a monomial, 5§
l-ideal, 253
Linear functional, 208
bounded, 209
norm of, 209
Linear Lebesgue pr ¢-algebra, 29
Loomis theorem, 246
[-subgroup, 252
normal, 253
regular, 252
M
MacNeille extension, 165
Maharm’s theorem, 50
Markov chain, 227
Markov inequality, 150
Measurable function, 94
Measure, 145, 191, 224
comparable, 147
finite, 145
o-finite, 145
signed, 139, 191, 224
extended, 145
lower variation of, 140
o-finite, 146
total variation of, 141
upper variation of, 140
Z-valued, 224
p-continuovus, 225
total variation of, 225
with finite variation, 225
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Meet, 234
Metric distance in a pr algebra, 16

Minimal o-extension of a pr algebra, 16
construction of, 18
uniqueness of, 26

Minkowski inequality, 150, 217
Modulus, 62, 251

Monomial, 5

Moore-Smith condition, 55, 76

Multiplication of a rv by an element of a
vector space, 200

N
Natural map, 244

Negative element with respect to a signed
measure, 139
Negative part, 62, 251
Net, 76
% -o-convergent, 77
&% -o-fundamental, 79
increasing or decreasing, 77

Net-like aggregate, 36
Norm, 179

Normed, 1
commutative algebra, 179

Norm valuation, 182, 184

0]

o-continuous, 130, 132

Order continuous functional, 129
Order preserving map, 233
Orthocomplement, 236
Orthogonal, 62, 251

Outcomes of an experiment, 55

P

Partition of the real line, 115
rorm of, 115

p-Cauchy condition, 17
p-dense
family of experiments, 56
subset of a pr algebra, 7
Pettis integration theory, 208
p-independent rv’s, 95
Positive element with respect to a signed
measure, 139
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P (contd.)

Positive part, 251

Probability, 1
algebra, 1
examples of, 3
improper, 3
p-complete, 17
p-metric closure of, 17
p-separable, 7
continuous, 7
relative to an overalgebra, 11
convergence, 97
countably additive, or o-additive, 7
relative to an overalgebra, 11
field, 13
independence, 53
interval algebra, 6
properties of, 1
o-algebra, 10
B-homogeneous, 46
character of, 34
continuous, 33
discrete, finite or infinite, 33
homogeneous, 46
minus one-homogeneous, 47
mixed, 33, 34
p-separable, 29
o-generated by a chain, 30
space, 13
Borel, 13
p-complete, or Lebesgue, 13
subalgebra, 3
generated by a subset, 3

Product element, 36
disjoint, 36
unit, 36
zero, 36

Product limit element, 44

Product pr algebra, 41
Product pr o-algebra, 41

atoms in, 43
Q
Quasi-probability, 12
algebra, 12
properties of, 12
o-algebra, 12

two-valued, 12
Quotient algebra, 244

INDEX

R

Radon-Nikodym theorem, 144
for the Bochner integral, 225

Random variables, 92, 166, 184
absolute moments of, 149, 213
bounded, 96
norm of, 96
moments of, 149
powers of, 148
with values in a topological or abstract
space, 161, 162
Reduced representation by indicatots, 63
Reflexive, 233
Regular vector sublattice, 77
Representation pr space, 15
Resolution of the weak unit, 115
Restriction, 16

S
g-additive, 7
Sample pr space, 66, 94, 231
o-basis, 249

Schwartz inequality, 150

a-closure, 248

Separability, 7, 106

Sequence
au-convergent, 97
au-fundamental, 97
F-o-convergent, 77
F -0-equivalent, 85
F -o-fundamental, 79
fundamental in the g-th mean, 153
N,-fundamental, 125, 189, 197
n-o-fundamental, 183, 184
o*-convergent, 106
o-equivalent, 85
o-fundamental, 84, 165
order, or o-, conveigent, 68, 165, 247
p-Cauchy, 17
p-convergent, 17, 97
p-fundamental, 17, 97
ru-convergent, 107
u-equivalent, 85
weakly convergent, 212

Series
convergence, 110
o-convergence, 110
p-convergence, 109
u-convergence, 109

Set
partially ordered, or po-, 233
totally, or linearly, ordered, 234
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S (contd.) T
o-extension of the elementary stochast.c  Tchebichev inequality, 150
. space, 89 Transitive, 233
minimal, 89

g-generating basis, 243
Simple random variable, 58
Spectral chain, 65

upper, 72

lower, 72
Spectral representation, 119
Spectrum, 115
o-regular vector sublattice, 77
Star convergence, 106, 110, 185
Star property of convergence, 106
Stochastic process, 67

Stochastic space, 92
generalized elementary, 162
generalized simple, 162
of all rv’s with values in £, 166, 184

Stone field, 246

Stone theorem, 246

Strictly monotone functional, 129
Strictly positive, 1

Strong topology, 212

Strong unit, 62, 253

Sublattice, 235

Symmetric difference, 238

Trial, 55

U
Ultrafilter, 246
Unit, 235
Universal, 48

\Y
Vector lattice, 60, 253

normed, 179
continuous, 179

W

Weak o-distributivity, 28
Weak topology, 212
Weak unit, 62, 253

Zero, 235



